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Abstract Estimating heterogeneous treatment effects in survival settings is
complicated by right censoring as well as the time-varying nature of the es-
timand. While the conditional average treatment effect (CATE) provides a
natural target, most existing approaches focus on a single prespecified time
point and do not account for temporal trajectory, leading to instability in
estimation. We propose a deep survival learner (DSL) for estimating hetero-
geneous treatment effects with right-censored outcomes. The method is based
on a doubly robust pseudo-outcome whose conditional expectation identifies
time-specific CATEs under standard assumptions. This construction remains
unbiased if either the outcome model or the treatment assignment model
is correctly specified, when properly accounting for censoring. To estimate
CATEs over a clinically relevant time spectrum, DSL employs a multi-output
deep neural network with shared representations, enabling joint estimation of
treatment effect trajectories. From a theoretical perspective, we derive error
bounds for both pointwise and joint estimation over time. We show that joint
estimation can leverage temporal structure to control estimation error without
incurring much additional approximation cost under smoothness conditions,
leading to improved stability relative to separate estimation. Cross-fitting is
incorporated to reduce overfitting and mitigate bias arising from flexible nui-
sance estimation. Simulation studies demonstrate favorable finite-sample per-
formance, particularly under nuisance model misspecification. Applied to the
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Boston Lung Cancer Study, DSL reveals heterogeneity in the effects of peri-
operative chemotherapy across patient characteristics and over time.

Keywords Causal Inference · Conditional Average Treatment Effect ·
Double Robustness · Deep Neural Network

1 Introduction

A substantial literature has examined heterogeneity in treatment effects, of-
ten summarized by the conditional average treatment effect (CATE) within
the counterfactual framework (Imbens & Rubin, 2016). Modeling CATE as
a function of pre-treatment covariates enables systematic assessment of vari-
ation across patient subgroups, a central goal in precision medicine, where
large-scale studies have documented marked heterogeneity in patient charac-
teristics, disease awareness, and clinical outcomes across populations (Dhar-
marajan et al., 2017). In survival settings, this task is further complicated by
censoring and the time-to-event nature of the outcome. Moreover, biomedical
outcomes frequently arise from complex, interdependent processes involving
treatment, exposure, and patient characteristics, as illustrated in HPV-related
cancers (Haddad et al., 2008) and lung cancer (Zhai et al., 2022). These fea-
tures challenge the adequacy of traditional parametric and semiparametric
approaches. Recently, metalearner frameworks, including the M-learner, R-
learner, and X-learner, have been developed. These approaches leverage the
flexibility of modern machine learning methods by decomposing CATE estima-
tion into a sequence of regression problems that can be solved with off-the-shelf
algorithms. For instance, the M-learner constructs pseudo-outcomes based
on inverse probability weighting (Horvitz & Thompson, 1952). This modified-
outcome formulation reduces the problem of estimating CATEs to a regression
on covariates (Tian et al., 2014). The X-learner (Künzel et al., 2019) fits sep-
arate outcome models in the treated and control groups and uses them to
impute individual treatment effects, while the R-learner (Nie & Wager, 2021)
formulates the problem as a residual-on-residual regression. More broadly, dou-
bly robust learners have been developed to improve statistical efficiency and
to mitigate sensitivity to nuisance model misspecification (Kennedy, 2020).

Building on developments for continuous outcomes, recent work has ex-
tended metalearner approaches to survival settings. For example, Yang et al.
(2025) propose a doubly robust learner that combines inverse probability of
censoring weighting with nonparametric failure-time Bayesian additive regres-
sion trees to construct pseudo-outcomes for CATE estimation. Similarly, Bo
et al. (2025) develop alternative pseudo-outcome constructions and extend
a range of metalearners, including the X-learner, M-learner, and R-learner,
to right-censored data. Beyond the metalearner framework, tree-based and
forest-based methods have also been adapted to estimate heterogeneous treat-
ment effects with survival outcomes. Cui et al. (2023) introduce causal survival
forests, which extend causal forests to accommodate censoring, while Dandl
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et al. (2024) develop related model-based forest approaches. In a different di-
rection, Hu (2024) propose a random-intercept accelerated failure time model
combined with Bayesian additive regression trees to estimate differences in
log survival time between treatment groups. Finally, Curth et al. (2021) in-
troduce SurvITE, a neural network approach that models treatment-specific
discrete-time hazard functions to capture treatment effect heterogeneity.

Several methodological challenges remain. Many pseudo-outcome based ap-
proaches rely on complete-case information and do not fully account for cen-
soring, which can lead to bias or loss of efficiency in CATE estimation (Xu
et al., 2023). Survival outcomes are inherently time-dependent, and treatment
effects may evolve over follow-up due to delayed onset, attenuation, or time-
varying biological mechanisms. In many applications, the primary scientific
target is therefore the trajectory of heterogeneous treatment effects over a
clinically relevant time interval, rather than a contrast at a single prespecified
time point. Most existing methods, however, estimate CATE at a fixed time
and treat different time points as unrelated, without leveraging the underly-
ing temporal structure. This can result in unstable estimation and reduced
statistical efficiency.

To address these limitations, we propose a deep survival learner (DSL) for
estimating heterogeneous treatment effects with right-censored survival out-
comes. We adopt a pseudo-outcome formulation that enables the use of flexible
function approximators, such as deep neural networks, to learn its conditional
expectation. Our approach distinguishes from existing methods by unifying
causal identification, temporal modeling, and robust estimation within a sin-
gle framework. First, we introduce a doubly robust pseudo-outcome for sur-
vival settings whose conditional expectation identifies the CATE on survival
probabilities at each time point. The construction, when properly accounting
for right censoring, is unbiased if either the outcome model or the treatment
assignment model is correctly specified. Second, we cast CATE estimation as
a joint learning problem over time and develop a multi-output neural network
to estimate the entire treatment effect trajectory simultaneously. By sharing
representations across time points, the method exploits temporal structure in
the CATE, enabling information borrowing and leading to smoother and more
stable estimates than separate models fit at each time point. From a theoreti-
cal perspective, we derive error bounds for both pointwise estimation and joint
estimation over a time grid. We show that, under mild smoothness conditions
on the treatment effect trajectory, joint estimation can control estimation er-
ror without incurring much additional approximation cost, thereby improving
stability relative to separate estimation. Third, we incorporate cross-fitting to
separate nuisance estimation from target estimation, which mitigates overfit-
ting and enhances robustness when more flexible methods are used.

The remainder of the paper is organized as follows. Section 2 introduces
the data structure, notation, and target estimand, and presents the proposed
DNN estimator. Section 3 establishes the error rates at both a fixed time point
and over a grid of time points. Section 4 reports simulations under varying
degrees of nuisance model misspecification and different choices of time grids.
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Section 5 applies the proposed method to the Boston Lung Cancer Study,
a large prospective cohort in the country, to examine heterogeneous effects
of perioperative chemotherapy among patients with early-stage non-small cell
lung cancer.

2 Methods

2.1 Data Structure, Estimand and Pseudo-outcome Construction

Let T and C denote the event time and censoring time, respectively. With right
censoring, we observe U = min(T, C) and the event indicator ∆ = I(T ≤ C).
We observe i.i.d. data D = {(Ui, ∆i, Xi,Wi) : i = 1, . . . , N}, where Xi ∈ Rd

denotes pre-treatment covariates and Wi ∈ {0, 1} denotes treatment assign-
ment. Under the potential outcomes framework (Imbens & Rubin, 2016), let
Tw
i denote the potential survival time under treatment w ∈ {0, 1}. The ob-

served event time satisfies Ti = WiT
1
i + (1 −Wi)T

0
i . Our target estimand is

the conditional average treatment effect (CATE) on the survival probability
at any time t in the support of U , defined as

τ0(x; t) = P (T 1
i > t | Xi = x)− P (T 0

i > t | Xi = x). (1)

Since the potential survival times T 0
i and T 1

i in (1) cannot be observed
simultaneously (even in the absence of censoring), direct estimation of CATE
is infeasible. We propose to construct a pseudo-outcome whose expectation
conditional on Xi equals the target estimand:

φi(t) = π1
i (t)− π0

i (t), with

πw
i (t) = Sw(Xi; t) +

I(Wi = w)

ew(Xi)

{
Yi(t)

Gw(Xi; t)
− Sw(Xi; t)

}
, w ∈ {0, 1},

(2)
where Sw(x; t), Gw(x; t), and ew(x) denote the nuisance functions correspond-
ing to the conditional survival function P (Ti > t | Xi = x,Wi = w), the
conditional censoring survival function P (Ci > t | Xi = x,Wi = w), and the
propensity score P (Wi = w | Xi = x), respectively. Here, for a fixed time point
t, the at-risk indicator Yi(t) = I(Ui > t). In practice, these nuisance functions
are unknown and must be estimated from the data, and may be subject to
model misspecification.

Despite this, the pseudo-outcome in (2) remains unbiased under partial
misspecification due to its double robustness. Building on this property, we
estimate the pseudo-outcome by evaluating it over a prespecified grid of time
points, reflecting that the target CATE is indexed by time and typically of
interest over an interval rather than at a single time point. We then model its
conditional expectation given baseline covariates using a deep neural network
(DNN) introduced in the next subsection and obtain a flexible estimator of
the time-varying CATE function.
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2.2 Deep Neural Network: Architecture and Implementation

Let 0 ≤ tmin < tmax, where [tmin, tmax] is a compact subset of the support
of U , which is specified to balance clinical relevance and data support. In
our motivating lung cancer study, tmin = 0 represents the time of diagnosis,
whereas tmax is chosen to ensure that a sufficient number of patients remain at
risk at that time for stable estimation. We estimate τ0(x; t) on a prespecified
grid of J time points, tmin = t1 < t2 < · · · < tJ = tmax.

To model the smoothness of the treatment effects over time, we repre-
sent the time-varying CATE using a fixed basis; common choices include B-
splines or indicator basis functions (de Boor, 2001; Schumaker, 2007). With
{Bk(t)}mk=1 being m(≤ J) basis functions on [tmin, tmax], we approximate the
CATE by

τ(x; t) =

m∑
k=1

fk(x)Bk(t), t ∈ [tmin, tmax] (3)

which provides a concrete low-dimensional representation of temporal varia-
tion, facilitating our later theoretical analysis. To estimate (3), we consider
a fully connected feedforward network with L hidden layers. Let h(0)(x) = x
and, for ℓ = 1, . . . , L,

h(ℓ)(x) = σ
(
Wℓh

(ℓ−1)(x) + bℓ

)
,

where σ(u) = max(u, 0) is the ReLU activation applied componentwise. The
m spline coefficient functions in (3), i.e., f(x) = (f1(x), f2(x), . . . , fm(x))⊤,
are jointly estimated by the output layer

f(x) =WL+1h
(L)(x) + bL+1 ∈ Rm.

Let Fn,m denote the class of such networks subject to the following structural
constraints:

(Depth) L ≤ Ln;
(Width) max1≤ℓ≤L pℓ ≤ pn;

(Sparsity) the total number of nonzero parameters satisfies
∑L+1

ℓ=1 ∥Wℓ∥0+∑L+1
ℓ=1 ∥bℓ∥0 ≤ sn;

(Magnitude constraint) all entries of {Wℓ, bℓ} are bounded in absolute
value by Bn.

The corresponding DNN class of time-varying CATE functions is

Tn,m =

{
(x, t) 7→

m∑
k=1

fk(x)Bk(t) : f = (f1, . . . , fm)⊤ ∈ Fn,m

}
.

Taking m = 1 and B1(t) = 1 recovers the scalar network for estimating τ0(x; t)
at a single t. When J > 1, let B = [Bk(tj)]J×m, with m > 1, denote the
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fixed spline evaluation matrix. Then the CATE vector over the time grid is
represented by

τ (x) =
(
τ(x; t1), . . . , τ(x; tJ)

)⊤
= Bf(x).

Thus, the spline formulation allows information to be shared across time
through a common basis. As characterized in the subsequent Theorem 6, joint
estimation can reduce approximation error when the CATE trajectory is suf-
ficiently smooth in time and admits a low-complexity representation; this ad-
vantage may not hold when such temporal structure is weak or misspecified.

2.3 Estimation

Let φ̂i =
(
φ̂i(t1), . . . , φ̂i(tJ)

)⊤
denote the vector of estimated pseudo-outcomes

for subject i on a prespecified grid of J time points, tmin = t1 < t2 <
· · · < tJ = tmax. To reduce overfitting and permit flexible nuisance estima-
tion, we employ K-fold cross-fitting throughout. Let the observed data be
D = {(Ui, ∆i, Xi,Wi)}Ni=1, and randomly partition D into K approximately
equal-sized, disjoint folds D1, . . . ,DK . For each fold k, let D−k = D\Dk denote
the corresponding training sample, and use Dk as the held-out sample.

Within each training sample D−k, we estimate the nuisance functions
needed for pseudo-outcome construction. Specifically, for each treatment group
w ∈ {0, 1}, we estimate Sw(x; t), and Gw(x; t) using only subjects in D−k with
Wi = w. These nuisance components may be estimated using Cox-type mod-
els, or, when greater flexibility is desired, using nonparametric survival learners
such as random survival forests. Also, the propensity score ew(x) is estimated
on D−k using a classification method, such as logistic regression or a more
flexible tree-based ensemble learner.

These estimators are then evaluated only on observations in the held-out
fold Dk. Thus, for each subject i ∈ Dk, the pseudo-outcome vector φ̂i is
constructed using nuisance estimates obtained from data that do not include
subject i. Repeating this procedure over all K folds yields cross-fitted pseudo-
outcomes for every subject in the sample.

We estimate the CATE at the evaluation times as

τ̂(x; tj) =

m∑
k=1

f̂k(x)Bk(tj), j = 1, . . . , J,

where

f̂ = arg min
f∈Fn,m

1

NJ

N∑
i=1

∥φ̂i −Bf(Xi)∥22 . (4)

That is, the parameters {Wℓ, bℓ}L+1
ℓ=1 associated with f are estimated by mini-

mizing the empirical squared loss over subjects and time points. The resulting
procedure, referred to as the Deep Survival Learner (DSL), is summarized in
Algorithm 1.
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Regardless of the specific choice of nuisance estimators, our theoretical
analysis shows that the error of the DNN estimator decomposes into nuisance
estimation error as well as approximation error and statistical error arising
from fitting the DNN.

Algorithm 1 Deep Survival Learner (DSL)

Require: Observed data D = {(Ui,∆i, Xi,Wi)}Ni=1, time grid {t1, . . . , tJ}, spline basis
{B1, . . . , Bm}, number of folds K

Ensure: Estimated CATE τ̂(·; t) on {t1, . . . , tJ}
1: Evaluate the spline basis on the time grid to calculate B = [Bk(tj)]1≤j≤J,1≤k≤m

2: Randomly partition D into K disjoint folds D1, . . . ,DK

3: for k = 1, . . . ,K do
4: Let D−k = D \ Dk

5: Estimate nuisance functions Ŝw(x; t), Ĝw(x; t), and êw(x) using D−k

6: for each i ∈ Dk do

7: Construct estimated pseudo-outcomes φ̂i =
(
φ̂i(t1), . . . , φ̂i(tJ )

)⊤
using the fitted

nuisance models
8: end for
9: end for
10: Fit a m-output DNN f̂ ∈ Fn,m by solving (4)

3 Theoretical Properties

Notation: For w ∈ {0, 1} and t ∈ [tmin, tmax], define

Sw
0 (x; t) = P (Ti > t | Xi = x,Wi = w), ew0 (x) = P (Wi = w | Xi = x),

Gw
0 (x; t) = P (Ci > t | Xi = x,Wi = w). Let Ŝw(x; t), êw(x), and Ĝw(x; t)

denote the corresponding estimators. For subject i, let Oi = (Ui, ∆i, Xi,Wi)
denote the observed data. For any measurable function g, define the empirical
measure by Png = 1

n

∑n
i=1 g(Oi). Further, for a random function ĝ(·) con-

structed independently of Oi, the quantities E{ĝ(Oi)} and E{ĝ(Oi) | Xi}
are understood as expectations taken with respect to Oi only, or E{ĝ(Oi)} =∫
ĝ(o) dPO(o), and E{ĝ(Oi)|Xi = x} =

∫
ĝ(o) dPO|X(o|x). For a vector x =

(x1, . . . , xd)
⊤ ∈ Rd, define its ℓq-norm by ∥x∥q =

(∑d
j=1 |xj |q

)1/q

, 1 ≤ q <

∞, and ∥x∥∞ = max1≤j≤d |xj |. Let PX denote the probability distribution
of the covariate vector X on X . For a measurable function f : X → R,
define ∥f∥Lq(PX) =

(∫
X |f(x)|q dPX(x)

)1/q
, 1 ≤ q < ∞, and ∥f∥L∞(PX) =

supx∈X |f(x)|.
We impose the following assumptions to establish the statistical properties

of the proposed estimator.

Assumption 1 (Consistency) For each individual, Ti = TWi
i .

Assumption 2 (Unconfoundedness) {T 0
i , T

1
i } ⊥⊥Wi | Xi.
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Assumption 3 (Overlap) Assume the support of X is X = [0, 1]d, and PX

has a density bounded away from 0 and ∞ on X . There exists a constant c > 0
such that ew0 (x) ≥ c, for all x ∈ X and w ∈ {0, 1}.

Assumption 4 (Noninformative censoring) For each w ∈ {0, 1}, we as-
sume that Ci ⊥⊥ Tw

i | (Xi,Wi = w).

Assumption 5 (Censoring positivity) There exists a constant c > 0 such
that Gw

0 (x; t) ≥ c, for all (x, t) in the support of (Xi, Ti) and all w ∈ {0, 1}.

Assumption 6 (Uniform convergence rate) For a fixed t ∈ [tmin, tmax],
assume the estimates, corresponding to Sw

0 (x; t), G
w
0 (x; t) and e

w
0 (x), satisfy

sup
x

|Ŝw(x; t)− Sw
0 (x; t)| = Op(r

(S)
n ), sup

x
|Ĝw(x; t)−Gw

0 (x; t)| = Op(r
(G)
n ),

sup
x

|êw(x)− ew0 (x)| = Op(r
(e)
n ),

for some positive sequences r
(S)
n , r

(G)
n , r

(e)
n that converge to 0.

Assumptions 1–3 are standard in causal inference and ensure identification
of the potential outcome distributions (Imbens & Rubin, 2015; Rosenbaum &
Rubin, 1983). Assumptions 4–5 are commonly imposed in survival analysis to
guarantee identifiability of the survival and censoring mechanisms (Andersen
& Gill, 1982; Tsiatis, 2006). Assumption 6 requires uniform convergence of
the estimated nuisance functions, which is standard in semiparametric and
machine learning-based inference and determines the convergence rate of the
proposed estimator (Chernozhukov et al., 2018b; van der Vaart, 1998).

Theorem 1 (Identification) Under Assumptions 1-5, if all nuisance func-
tions in (2) equal their true counterparts, it holds that

E{φi(t) | Xi = x} = τ0(x; t).

Theorem 1 establishes identification of τ0(x; t) via the conditional expec-
tation of φi(t) given Xi, thereby reducing the problem of estimating hetero-
geneous treatment effects under censoring to a conditional mean regression
problem.

Theorem 2 (Double robustness) Under Assumptions 1-5, suppose the cen-
soring model is correctly specified, i.e., Gw(x; t) = P (Ci > t | Xi = x,Wi = w).
If either the survival model is correctly specified, i.e., Sw(x; t) = P (Ti > t |
Xi = x,Wi = w), or the propensity score model is correctly specified, i.e.,
ew(x) = P (Wi = w | Xi = x), it holds that

E{φi(t) | Xi = x} = τ0(x; t).
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The double robustness of the proposed pseudo-outcome, established in The-
orem 2, is especially appealing in observational survival studies, where it is
often difficult to correctly specify all nuisance components.

The consistency of the final estimator further relies on the approximation
and estimation properties of the DNN. We establish consistency for the scalar
network estimator at a fixed time point t (i.e., m = 1 and B1(t) = 1). We
then extend the analysis to joint estimation at multiple time points with the
temporal basis representation and a multi-output DNN. Recall that τ0(x; t) =
E
[
φ0
i (t) | Xi = x

]
, where φ0

i (t) is the oracle pseudo-outcome and φ̂i(t) is its
cross-fitted counterpart (Section 2.3). The DNN estimator is obtained via

f̂ = arg min
f∈Fn,m

Pn

{
1

J
∥φ̂i −Bf(Xi)∥22

}
.

where Fn,m is the DNN class. We begin with the decomposition

τ̂(x; t)− τ0(x; t) = τ̂(x; t)− E
[
φ̂i(t) | Xi = x

]︸ ︷︷ ︸
regression error

+E
[
φ̂i(t)− φ0

i (t) | Xi = x
]︸ ︷︷ ︸

nuisance-induced error

.

The first term reflects the error from nonparametric regression, while the sec-
ond term captures the impact of estimating nuisance functions. We bound the
second term using the following results.

Theorem 3 (Bias decomposition with estimated nuisance functions)
Suppose Assumptions 3, 5, and 6 hold. Let φ̂i(t) and φ

0
i (t) denote the estimated

and population pseudo-outcomes, respectively, obtained by plugging the cross-
fitted and true nuisance functions into (2). Then, it holds that

E
[
φ̂i(t)− φ0

i (t) | Xi = x
]
=

1∑
w=0

(−1)w+1

[
êw(x)− ew0 (x)

êw(x)

{
Ŝw(x; t)− Sw

0 (x; t)
}

+
ew0 (x)

êw(x)

Sw
0 (x; t)

Ĝw(x; t)

{
Gw

0 (x; t)− Ĝw(x; t)
}]
. (5)

Consequently, it follows that

sup
x

∣∣E[φ̂i(t)− φ0
i (t) | Xi = x

]∣∣ = Op

(
r(e)n r(S)

n + r(G)
n

)
.

In particular, if Ĝw(x; t) = Gw
0 (x; t), then we have

sup
x

∣∣E[φ̂i(t)− φ0
i (t) | Xi = x

]∣∣ = Op

(
r(e)n r(S)

n

)
.

We impose smoothness conditions on the CATE function in x and addi-
tional regularity conditions on the cross-fitted pseudo-outcomes and the net-
work class, which are required for the consistency and error rate results at a
fixed time point.
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Definition 1 (Hölder class) Let X = [0, 1]d and let β > 0. Write

β = q + α, q = ⌊β⌋, α ∈ (0, 1],

where q = ⌊β⌋ is the integer part of β. Let ν = (ν1, . . . , νd), where each νj

is a nonnegative integer. For x = (x1, . . . , xd), define D
ν
x = ∂∥ν∥1

∂x
ν1
1 ···∂xνd

d

. For

M > 0, define Hβ(M) as the class of functions f : X → R such that, for all
mixed partial derivatives Dν

xf(x) with ∥ν∥1 ≤ q, these derivatives exist and
are uniformly bounded by M , that is,

max
∥ν∥1≤q

sup
x∈X

|Dν
xf(x)| ≤M,

and moreover,

sup
x̸=y

|Dν
xf(x)−Dν

xf(y)|
∥x− y∥α2

≤M, ∥ν∥1 = q.

Assumption 7 (Bounded second moments) The cross-fitted φ̂i satisfies
sup1≤i≤n E

[
φ̂2
i (t)

]
<∞.

Assumption 8 (Network approximation capacity) For any fixed m ≥
1, smoothness parameter β > 0, and g1, . . . , gm ∈ Hβ(M), the network class
Fn,m is rich such that there exists f⋆ = (f⋆1 , . . . , f

⋆
m)⊤ ∈ Fn,m satisfying

max
1≤k≤m

∥f⋆k − gk∥L∞(PX) ≤ Cn−β/(2β+d).

Assumption 9 (Uniform convergence over network) The empirical squared-
loss process for the scalar network class Fn,1 satisfies

sup
f∈Fn,1

∣∣Pn

[
{φ̂i(t)− f(Xi)}2

]
− E

[
{φ̂i(t)− f(Xi)}2

]∣∣ = Op(ρn),

for some ρn → 0.

Assumption 10 (Controlled optimization error) For fixed J ≥ 1 and

m ≤ J , let f̂ = (f̂1, . . . , f̂m)⊤ ∈ Fn,m denote the fitted m-output DNN. The
optimization error is controlled in the sense that

Pn

 1

J

J∑
j=1

{
φ̂i(tj)−

m∑
k=1

f̂k(Xi)Bk(tj)

}2
 ≤ inf

f∈Fn,m

Pn

 1

J

J∑
j=1

{
φ̂i(tj)−

m∑
k=1

fk(Xi)Bk(tj)

}2


+ δ2n,J,m

where δ2n,J,m = op(1)
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The Hölder class in Definition 1 is a standard smoothness condition in
nonparametric regression used to characterize approximation error and min-
imax rates (Györfi et al., 2006; Tsybakov, 2009). Assumption 7 imposes a
bounded second moment condition on the pseudo-outcomes, ensuring well-
behaved risk and concentration properties (Chernozhukov et al., 2018a). As-
sumption 8 requires that the network class Fn can approximate τ0(·; t) at the
optimal rate, consistent with approximation results for ReLU networks under
Hölder smoothness atm = 1 (Schmidt-Hieber, 2020). Form > 1, the scalar ap-
proximating networks can be combined in parallel into a singlem-output ReLU
network without changing the approximation rate in n. Assumption 9 ensures
uniform convergence of the empirical loss to its population counterpart over
Fn, providing control of the estimation error in empirical risk minimization
(Bartlett et al., 2017; van der Vaart & Wellner, 1996). Finally, Assumption 10
controls the optimization error arising from approximate minimization of the
empirical loss (Schmidt-Hieber, 2020).

The consistency of the final estimator relies on the approximation and esti-
mation properties of DNNs. We first consider the scalar network estimator at
a fixed time t. This corresponds to the special case of general basis representa-
tion with J = m = 1 and B1(t) = 1. We denote τ(x; t) = f1(x), f1 ∈ Fn,1. We
now establish consistency and convergence rate for this fixed time estimator.
For the fixed-time analysis, we write δn = δn,1,1 for simplicity.

Theorem 4 (Consistency of the constructed estimator at a fixed t)
Suppose Assumptions 1– 9 hold and that the convergence rates of nuisance

functions in Assumption 6 satisfy that r
(e)
n r

(S)
n + r

(G)
n → 0. It follows that

∥τ̂(·; t)− τ0(·; t)∥L2(PX)
p−→ 0.

.

Theorem 5 (Rate for the constructed CATE estimator at a fixed t)
Suppose τ0(·; t) ∈ Hβ(M) for some β > 0 andM > 0, and that Assumptions 1–
10 hold. It follows that

∥τ̂(·; t)− τ0(·; t)∥L2(PX) = Op

(
n−β/(2β+d) + ρ1/2n + δn + r(e)n r(S)

n + r(G)
n

)
.

In particular, if ρn ≲ n−2β/(2β+d), it holds that

∥τ̂(·; t)− τ0(·; t)∥L2(PX) = Op

(
n−β/(2β+d) + δn + r(e)n r(S)

n + r(G)
n

)
.

Remark 1 Cross-fitting ensures that the pseudo-outcome φ̂i(t) is constructed
using nuisance estimators that are independent of observation i. This allows
us to treat the estimated nuisance functions as fixed when taking conditional
expectations, which is critical for establishing the bias decomposition in The-
orem 3. In particular, it justifies the expansion E{φ̂i(t) | Xi = x}, leading to

the second-order term r
(e)
n r

(S)
n arising from the product of estimation errors

in the propensity score and outcome model. Without cross-fitting, additional
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first-order bias terms of order r
(e)
n + r

(S)
n may appear due to overfitting. We

note that estimation of the censoring model introduces an additional first-order

term r
(G)
n , as reflected in the bias decomposition.

To quantify the gain from joint estimation of {τ0(x; tj)}Jj=1, we impose
additional regularity on the CATE surface in the time dimension. In contrast
to the single-time-point setting, where only smoothness in x is required, joint
estimation exploits cross-time dependence by modeling τ0(x; t) as a function
that is jointly smooth in (x, t). We formalize this through a bivariate Hölder
class and prove that it induces a low-complexity representation in the time
direction and enables control of the joint approximation error. The following
lemma establishes this representation, and the subsequent theorem uses it to
characterize the advantage of shared network estimation across time. Without
loss of generality, we take [tmin, tmax] = [0, 1] throughout the development.

Definition 2 (Hölder smoothness in (x, t)) Let X = [0, 1]d and T = [0, 1].
For βx > 0 and βt > 0, write

βx = qx + αx, qx = ⌊βx⌋, αx ∈ (0, 1],

and
βt = qt + αt, qt = ⌊βt⌋, αt ∈ (0, 1].

Let ν = (ν1, . . . , νd), where νj is a nonnegative integer. For x = (x1, . . . , xd),

define Dν
x = ∂∥ν∥1

∂x
ν1
1 ···∂xνd

d

. For M > 0, define Hβx,βt(M) as the class of functions

f : X × T → R such that, for all mixed derivatives

Dν
x∂

m
t f(x, t), ∥ν∥1 ≤ qx, m = 0, 1, . . . , qt,

these derivatives exist and are uniformly bounded by M , and moreover satisfy

sup
t∈T

sup
x̸=y

∣∣Dν
x∂

m
t f(x, t)−Dν

x∂
m
t f(y, t)

∣∣
∥x− y∥αx

2

≤M, ∥ν∥1 = qx, m = 0, 1, . . . , qt,

and

sup
x∈X

sup
s̸=t

∣∣Dν
x∂

qt
t f(x, t)−Dν

x∂
qt
t f(x, s)

∣∣
|t− s|αt

≤M, ∥ν∥1 ≤ qx.

Lemma 1 (Basis expansion under Hölder smoothness) Suppose τ0(·; ·) ∈
Hβx,βt(M) in the sense of Definition 2. Let qt = ⌊βt⌋. For any integer K ≥ 1,
there exist m = (qt + 1)K basis functions B1, . . . , Bm on [0, 1] and coefficient
functions b1, . . . , bm ∈ Hβx(CM ) : X → R such that

sup
1≤j≤J

∥∥∥∥∥τ0(·; tj)−
m∑

k=1

bk(·)Bk(tj)

∥∥∥∥∥
2

L2(PX)

≤ Cm−2βt ,

where C > 0 and CM > 0 depend only on the Hölder smoothness parameters.
Consequently, it holds that

1

J

J∑
j=1

∥∥∥∥∥τ0(·; tj)−
m∑

k=1

bk(·)Bk(tj)

∥∥∥∥∥
2

L2(PX)

≤ Cm−2βt .
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Theorem 6 (Error bound for joint estimation over time) For fixed
J > 1, let B1, . . . , Bm, with m ≤ J , be fixed basis functions satisfying the
approximation property in Lemma 1, and let B = {Bk(tj)}1≤j≤J, 1≤k≤m de-
note the corresponding basis evaluation matrix.The joint estimator τ̂(x; t) =∑m

k=1 f̂k(x)Bk(t) is defined by

f̂ = arg min
f∈Fn,m

Pn

{
1

J
∥φ̂i −Bf(Xi)∥22

}
where Fn,m is the class of m-output neural networks with shared hidden layers.
Suppose τ0 ∈ Hβx,βt(M) and that the basis stability condition holds:

λmax

(m
J
B⊤B

)
≤ CB .

Under Assumptions 1–10, then

1

J

J∑
j=1

∥τ̂(·; tj)− τ0(·; tj)∥2L2(PX)

= Op

(
m−2βt + n−2βx/(2βx+d) +

√
mρn + δ2n,J,m +

{
r(e)n r(S)

n + r(G)
n

}2
)
.

Remark 2 If one instead fits J separate DNNs, one for each time point tj
without using smoothness in t, then the empirical process fluctuation is of
order

√
Jρn. By contrast, the joint estimator exploits the temporal smoothness

through a lower-dimensional representation with m < J basis functions and
achieves a smaller empirical process fluctuation of order

√
mρn at the cost of

temporal approximation error of order m−2βt . Therefore, the joint estimator
provides a complexity advantage over fitting J time-specific DNNs separately
when the CATE varies smoothly over time and can be well represented using
m basis functions. This advantage need not hold when such temporal structure
is weak or misspecified.

4 Simulation Study

To evaluate the finite-sample performance of DSL and to empirically verify its
double robustness property, we conducted simulation studies under settings
where either the survival model or the propensity score model is misspeci-
fied. We compared DSL with several commonly used causal machine learn-
ing methods, including the M-learner (Bo et al., 2025; Tian et al., 2014), X-
learner (Künzel et al., 2019), and R-learner (Nie & Wager, 2021). We also
included two doubly robust learners based on nonparametric failure time
Bayesian additive regression trees (NFT-BART), namely DRL-NFT-BART
and PSDRL-NFT-BART (Yang et al., 2025), and the causal survival for-
est (Cui et al., 2023).

Across all scenarios, we generated independent datasets consisting of 800
training samples and 400 testing samples. For each subject i, a 30-dimensional
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covariate vector Xi was generated independently from a uniform distribution
on [−3, 3]30.

Case 1: Correct survival and propensity score models In this setting, both
the survival model and the propensity score model were correctly specified.
The treatment assignment Wi was generated from a logistic regression model,

logit{P (Wi = 1 | Xi)} = α⊤Xi,

where logit(p) = log{p/(1 − p)}. The survival time followed a Weibull-Cox
proportional hazards model,

λi(t) = λνtν−1 exp
(
β⊤Xi +Wi θ

⊤Xi

)
,

and the censoring time followed an Exponential-Cox model,

λCi (t) = λC exp(γ⊤Xi).

We set λ = 0.1, ν = 1.2, and λC = 0.2, so the average censoring rate is
approximately 35%. The coefficient vectors α, β, θ, γ ∈ R30 were generated
as evenly spaced values on the intervals [−1, 1], [0.4,−0.2], [0.3,−0.1], and
[0.3,−0.3], respectively. Additional simulation results under a simplified set-
ting with lower-dimensional covariates and a larger sample size are provided
in the appendix for comparison.

Case 2: Correct survival model, misspecified propensity score This setting
evaluates robustness to misspecification of the propensity score model. The
survival and censoring mechanisms were identical to those in Case 1, while the
treatment assignment followed a nonlinear model,

logit{P (Wi = 1 | Xi)} = 0.5+0.45 tanh(ηi/1.2)+0.25I(ηi > 0)−0.15I(ηi < 1)+0.1 sin(η2i /3),

where ηi = α⊤Xi and α is defined as in Case 1. The resulting censoring rate
was approximately 40%.

Case 3: Misspecified survival model, correct propensity score This setting
evaluates robustness to misspecification of the survival model. The propensity
score was generated as in Case 1, while the survival time followed a non-
proportional hazards model with time-varying treatment effects,

λi(t) = λ0 exp
{
g(Xi) +Wi · h(Xi) · sin

(
v(Xi) t

)}
,

where
g(Xi) = β⊤Xi, u(Xi) = γ⊤Xi, v(Xi) = θ⊤Xi,

h(Xi) = 0.5 cos
(
u(Xi)

)
+ 0.2u(Xi)

2.

The coefficient vectors β, γ, θ were generated as evenly spaced values on the
intervals [−0.3, 0.5], [−0.2, 0.3], and [−0.2, 0.4], respectively. We set λ0 = 0.05.
The censoring mechanism was the same as in Case 1, except that λC = 0.05,
yielding a censoring rate of approximately 50%.

In each simulation setting, we evaluated CATE over a grid of J time points,
with J ∈ {1, 50, 100}. The time grid consisted of J equally spaced points be-
tween the 20th and 80th percentiles of the observed survival time distribution.
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When J = 1, the evaluation time corresponded to the median observed sur-
vival time.

We generated 200 independent replicates. For each replicate, DSL was
trained on the training sample and evaluated on the testing sample. For repli-
cate r = 1, . . . , 200, we computed the bias and mean squared error (MSE)
averaged over test subjects and time points,

Bias(r) =
1

NJ

n∑
i=1

J∑
j=1

{
τ̂ (r)(X

(r)
i ; t

(r)
j )− τ0(X

(r)
i ; t

(r)
j )

}
,

MSE(r) =
1

NJ

n∑
i=1

J∑
j=1

{
τ̂ (r)(X

(r)
i ; t

(r)
j )− τ0(X

(r)
i ; t

(r)
j )

}2

,

where N = 400 denotes the number of test samples. We report the average
bias and MSE across replicates, along with their corresponding 95% Monte
Carlo confidence intervals, in Tables 1 and 2.

We employed five-fold cross-fitting to construct the estimated pseudo-
outcomes. The nuisance functions for the survival and censoring time was
estimated using Cox proportional hazards models with linear predictors, and
the treatment assignment was modeled using a logistic regression with linear
covariates. The DSL architecture uses the basis-expansion representation de-
scribed in Section 2.2. Specifically, we use the indicator basis (Bℓ(tj) = I(ℓ =
j), ℓ, j = 1, . . . , J , so that the basis evaluation matrix is (B = IJ). Under this
representation, the coefficient functions f1(x), . . . , fJ(x) are jointly estimated
by a J-output DNN with shared hidden layers, resulting in τ(x; tj) = fj(x)
at each evaluation time (tj). The DNN consists of three fully connected hid-
den layers with 128, 64, and 32 neurons, respectively, each using ReLU ac-
tivation functions, and is trained using the Adam optimizer with a learning
rate of 0.003. Regularization is achieved through the architectural design of
the network, including its depth and width, which implicitly control model
complexity. All neural network models are implemented in PyTorch. For com-
peting methods, the M-Learner used logistic regression (via glm) for propen-
sity score estimation and generalized boosted regression models (GBM; gbm
package) for outcome regression, with inverse probability of censoring weights
estimated using random survival forests. The X-Learner employed survival
random forests implemented in randomForestSRC, with tuning over termi-
nal node sizes from 1 to 100 and candidate splitting variables starting at 15.
The outcome regressions for the X-Learner were also fitted using GBM. The
Causal Survival Forest was implemented using the grf package with 2000
trees and a minimum node size of 5. Finally, we implemented two doubly ro-
bust learners, DRL-NFT-BART and SDRL-NFT-BART(Yang et al., 2025) via
nftbart. DRL-NFT-BART combines inverse probability of censoring weight-
ing with outcome regression, while PSDRL-NFT-BART uses a propensity-
score-weighted pseudo-outcome. Propensity scores were estimated via Super
Learner, censoring probabilities via random survival forests, and NFT-BART



16 Yuming Sun et al.

was fitted with 1000 burn-in and 2000 posterior samples; CATE was estimated
using a regression forest with 2000 trees.

Table 1 summarizes the mean bias and corresponding 95% Monte Carlo
confidence intervals across all simulation settings. Overall, the proposed DSL
consistently exhibits the smallest bias among competing approaches. When
both the survival and treatment models are correctly specified, the confidence
intervals for DSL include zero at J = 1 and J = 50, indicating negligible bias;
similar behavior persists when only the survival model is correctly specified,
with coverage maintained across all J . In contrast, competing learners, includ-
ing M-, X-, and R-learners, exhibit substantial and persistent bias that does
not diminish with increasing J . Among the doubly robust methods, DRL-NFT-
BART shows partial robustness, with bias substantially reduced under treat-
ment model misspecification but remaining non-negligible when the survival
model is misspecified. PSDRL-NFT-BART, which relies on propensity-score-
weighted pseudo-outcomes, exhibits consistently large bias across all scenarios,
indicating limited robustness in finite samples. When only the treatment model
is correctly specified, DSL continues to outperform all competitors, achieving
markedly smaller bias. For example, at J = 100, DSL attains a bias of 0.011
(95% CI: 0.005, 0.016), compared with 0.219 (95% CI: 0.203, 0.234) for the
R-learner and 0.236 (95% CI: 0.217, 0.255) for DRL-NFT-BART.

Table 2 reports the corresponding mean squared error (MSE). Across all
scenarios, DSL achieves competitive performance, with only a mild increase
in MSE as the number of time points J grows. In the fully correctly specified
setting, DRL-NFT-BART and the X-learner attain slightly lower MSE than
DSL, although the differences are modest. Under nuisance misspecification,
DSL demonstrates a clear advantage. When only the survival model is cor-
rectly specified, DSL substantially outperforms all competing methods, with
MSE increasing only slightly from 0.070 (95% CI: 0.068, 0.072) at J = 1 to
0.076 (95% CI: 0.074, 0.077) at J = 100, compared to higher MSEs for alter-
natives such as the X-learner. When the survival model is misspecified, DRL-
NFT-BART achieves lower MSE at small J , but this advantage diminishes as
J increases, and DSL remains competitive. In contrast, PSDRL-NFT-BART
exhibits consistently higher MSE across all settings, consistent with its large
bias.

In summary, DSL remains competitive under correct specification, incur-
ring minimal efficiency loss, while offering clear advantages under nuisance
misspecification through reduced bias and enhanced robustness, particularly
as model complexity increases.

5 Boston Lung Cancer Study

We apply the proposed method to investigate heterogeneous treatment effects
of perioperative chemotherapy using data from the Boston Lung Cancer Study
(BLCS), a large prospective longitudinal cancer cohort initiated in 1992 (Al-
varez et al., 2026; Wang et al., 2023; Zhai et al., 2022). The BLCS has enrolled
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Table 1 Bias of conditional average treatment effect estimators across time under nuisance
model misspecification

Case 1: Correct Survival
Correct Treatment

Case 2: Correct Survival
Wrong Treatment

Case 3: Wrong Survival

Correct Treatment

J = 1

Deep Survival Learner 0.002(-0.003, 0.007) 0.003(-0.003, 0.010) 0.012(0.005, 0.018)
M-Learner 0.199(0.193, 0.204) 0.221(0.213, 0.229) 0.305(0.300, 0.310)
R-Learner 0.068(0.054, 0.082) 0.030(0.011, 0.049) 0.223(0.207, 0.239)
X-Learner 0.204(0.198, 0.211) 0.221(0.210, 0.232) 0.297(0.289, 0.305)
DRL-NFT-BART 0.177(0.161, 0.194) -0.033(-0.067, 0.001) 0.209(0.188, 0.231)
PSDRL-NFT-BART 0.360(0.354, 0.367) 0.372(0.364, 0.380) 0.386(0.380, 0.391)
Causal Survival Forest 0.378(0.371, 0.384) 0.392(0.382, 0.402) 0.475(0.468, 0.481)

J = 50

Deep Survival Learner -0.001(-0.006, 0.004) 0.001(-0.006, 0.007) 0.012(0.006, 0.018)
M-Learner 0.199(0.194, 0.204) 0.221(0.213, 0.229) 0.305(0.299, 0.310)
R-Learner 0.068(0.054, 0.081) 0.022(0.003, 0.041) 0.220(0.205, 0.234)
X-Learner 0.206(0.200, 0.213) 0.226(0.216, 0.236) 0.300(0.292, 0.308)
DRL-NFT-BART 0.167(0.147, 0.187) -0.024(-0.056, 0.009) 0.238(0.221, 0.255)
PSDRL-NFT-BART 0.360(0.354, 0.366) 0.373(0.364, 0.381) 0.386(0.380, 0.392)
Causal Survival Forest 0.378(0.372, 0.384) 0.393(0.383, 0.403) 0.474(0.468, 0.481)

J = 100

Deep Survival Learner -0.007(-0.012, -0.002) -0.001(-0.008, 0.005) 0.011(0.005, 0.016)
M-Learner 0.198(0.193, 0.204) 0.221(0.213, 0.229) 0.305(0.299, 0.310)
R-Learner 0.073(0.061, 0.086) 0.028(0.010, 0.047) 0.219(0.203, 0.234)
X-Learner 0.205(0.198, 0.212) 0.229(0.219, 0.240) 0.295(0.286, 0.303)
DRL-NFT-BART 0.158(0.136, 0.180) -0.037(-0.071, -0.002) 0.236(0.217, 0.255)
PSDRL-NFT-BART 0.360(0.354, 0.367) 0.373(0.364, 0.381) 0.384(0.378, 0.389)
Causal Survival Forest 0.378(0.372, 0.384) 0.393(0.384, 0.403) 0.474(0.468, 0.481)

1 Mean bias and 95% Monte Carlo confidence intervals are computed based on 200 simulation replicates.
2 Conditional average treatment effects are evaluated at J ∈ {1, 50, 100} time points, equally spaced between the
20th and 80th percentiles of the observed survival time distribution.
3 Columns correspond to combinations of correctly and incorrectly specified survival and treatment assignment
models; the censoring model is correctly specified in all scenarios.

over 12,000 patients treated at Massachusetts General Hospital and includes
detailed clinical, pathological, and follow-up information, including treatment
history and survival outcomes.

We evaluate the effect of perioperative chemotherapy on overall survival
among patients with non–small cell lung cancer (NSCLC). The primary out-
come is the time from diagnosis to death or censoring. Because perioperative
chemotherapy is primarily administered to patients with early-stage disease,
we restrict the analysis to patients with stage II or III NSCLC who under-
went surgical resection. Within this subset, we compare patients who received
perioperative chemotherapy with those who did not. Patients with missing
information on cancer histology, stage, treatment status, or diagnosis date are
excluded. After applying these inclusion and exclusion criteria, a total of 784
patients from the BLCS cohort are included in the analysis.

Based on the descriptive statistics in Table 3, the study cohort consists
of 784 patients, among whom 521 (66%) deaths were observed during follow-
up. The median survival time for the overall population is 5.4 years (95%
CI: 4.7–6.1). Patients who received surgery plus perioperative chemotherapy
are defined as the treatment group, whereas those who underwent surgery
alone constitute the control group. A total of 214 patients (27%) received
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Table 2 Mean squared error of conditional average treatment estimators across time under
nuisance model misspecification

Case 1: Correct Survival
Correct Treatment

Case 2: Correct Survival
Wrong Treatment

Case 3: Wrong Survival

Correct Treatment

J = 1

Deep Survival Learner 0.077(0.075, 0.080) 0.070(0.068, 0.072) 0.104(0.101, 0.106)
M-Learner 0.114(0.110, 0.117) 0.122(0.117, 0.127) 0.190(0.185, 0.194)
R-Learner 0.174(0.168, 0.180) 0.235(0.227, 0.244) 0.260(0.251, 0.269)
X-Learner 0.081(0.078, 0.084) 0.093(0.089, 0.098) 0.154(0.150, 0.159)
DRL-NFT-BART 0.070(0.064, 0.075) 0.133(0.113, 0.153) 0.087(0.077, 0.097)
PSDRL-NFT-BART 0.142(0.138, 0.146) 0.152(0.147, 0.157) 0.152(0.148, 0.156)
Causal Survival Forest 0.156(0.151, 0.160) 0.170(0.163, 0.176) 0.229(0.222, 0.235)

J = 50

Deep Survival Learner 0.084(0.082, 0.086) 0.074(0.072, 0.076) 0.112(0.109, 0.115)
M-Learner 0.114(0.110, 0.117) 0.122(0.117, 0.127) 0.189(0.185, 0.194)
R-Learner 0.174(0.168, 0.180) 0.237(0.229, 0.245) 0.261(0.251, 0.270)
X-Learner 0.083(0.080, 0.085) 0.094(0.090, 0.098) 0.157(0.152, 0.161)
DRL-NFT-BART 0.077(0.062, 0.091) 0.126(0.108, 0.143) 0.087(0.081, 0.094)
PSDRL-NFT-BART 0.141(0.137, 0.146) 0.152(0.147, 0.158) 0.152(0.148, 0.156)
Causal Survival Forest 0.156(0.152, 0.160) 0.170(0.164, 0.177) 0.228(0.222, 0.235)

J = 100

Deep Survival Learner 0.084(0.082, 0.086) 0.076(0.074, 0.077) 0.114(0.111, 0.117)
M-Learner 0.114(0.110, 0.117) 0.123(0.118, 0.128) 0.190(0.185, 0.194)
R-Learner 0.173(0.167, 0.179) 0.233(0.225, 0.241) 0.260(0.252, 0.269)
X-Learner 0.082(0.080, 0.085) 0.096(0.091, 0.100) 0.154(0.150, 0.158)
DRL-NFT-BART 0.082(0.066, 0.098) 0.139(0.117, 0.161) 0.088(0.082, 0.094)
PSDRL-NFT-BART 0.142(0.138, 0.146) 0.152(0.147, 0.158) 0.150(0.146, 0.155)
Causal Survival Forest 0.156(0.152, 0.161) 0.171(0.164, 0.177) 0.228(0.222, 0.234)

1 Mean squared error and 95% Monte Carlo confidence intervals are computed based on 200 simulation replicates.
2 Conditional average treatment effects are evaluated at J ∈ {1, 50, 100} time points, equally spaced between the
20th and 80th percentiles of the observed survival time distribution.
3 Columns correspond to combinations of correctly and incorrectly specified survival and treatment assignment
models; the censoring model is correctly specified in all scenarios.

perioperative chemotherapy. Baseline characteristics differ between the two
groups. Patients in the treatment group are younger (median age 64 years,
IQR: 58–71) than those in the control group (median age 68 years, IQR: 60–
75), and a higher proportion of treated patients are male (54% vs. 48%).
Survival outcomes appear more favorable in the treatment group: 110 deaths
(51%) were observed among treated patients compared with 411 deaths (72%)
in the control group. The median survival time is 6.5 years (95% CI: 5.3–8.6) for
the treatment group, versus 4.8 years (95% CI: 4.1–5.8) for the control group.
Missing values in age, BMI, and smoking intensity are imputed using their
respective sample means (mean imputation). Kaplan–Meier curves (Figure 1)
further illustrate differences in survival probabilities between patients who
received perioperative chemotherapy and those who did not.

We estimate CATEs at 10 prespecified time points ranging from 1 to 23
years after surgery. At each time point t, the CATE is defined as the dif-
ference in survival probabilities at time t between surgery plus perioperative
chemotherapy and surgery alone, conditional on pre-treatment covariates. In
our implementation, DSL employs an indicator basis over the 10 prespecified
evaluation time points, such that Bℓ(tj) = I(ℓ = j) and the corresponding ba-
sis evaluation matrix is B = I10. Thus, the 10 coefficient functions are jointly
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Table 3 Clinical Characteristics of Patients from the Boston Lung Cancer Co-
hort

Characteristic
Overall
N = 7841

Surgery

N = 5701
Surgery + Chemotherapy

N = 2141

Death 521 (66%) 411 (72%) 110 (51%)
Median Survival Time (years) 5.4 (4.7, 6.1) 4.8 (4.1, 5.8) 6.5 (5.3, 8.6)
Age at disgonsis (yrs) 67 (59, 74) 68 (60, 75) 64 (58, 71)

Unknown 19 12 7
BMI (kg/m2) 25.8 (22.9, 29.5) 25.8 (22.8, 29.6) 26.3 (23.5, 29.5)

Unknown 60 53 7
Tumor Stage

II 445 (57%) 333 (58%) 112 (52%)
III 339 (43%) 237 (42%) 102 (48%)

Gender
Female 394 (50%) 296 (52%) 98 (46%)
Male 390 (50%) 274 (48%) 116 (54%)

Race
White 746 (95%) 547 (96%) 199 (93%)
Asian 15 (1.9%) 7 (1.2%) 8 (3.7%)
Black 8 (1.0%) 5 (0.9%) 3 (1.4%)
Other 15 (1.9%) 11 (1.9%) 4 (1.9%)

Smoking Status
Current Smoker 213 (27%) 166 (29%) 47 (22%)
Former Smoker 490 (62%) 353 (62%) 137 (64%)
Never Smoker 81 (10%) 51 (8.9%) 30 (14%)

1
Median (IQR); n (%)

estimated by a 10-output DNN with shared hidden layers. The DNN consists
of three-layer feedforward network with hidden layers of sizes 64, 32, and 16,
respectively, and uses ReLU activation functions.

Figure 2 presents the estimated CATEs across key baseline covariates, in-
cluding gender, tumor stage, age, body mass index (BMI), and smoking in-
tensity. Across all subgroups, perioperative chemotherapy is associated with
positive treatment effects over the time horizon considered, corresponding to
higher survival probabilities relative to surgery alone. The magnitude of the
estimated CATE increases during the first ten years following surgery and
attenuates thereafter.

Gender-specific results (Figure 2(a)) indicate larger treatment effects for
female patients. Holding other covariates at their mean or mode, the estimated
increases in 5-, 10-, and 20-year survival probabilities are 3.9%, 9.7%, and 6.8%
for female patients, compared with 2.7%, −2.8%, and −0.5% for male patients.
Substantial heterogeneity is also observed by tumor stage (Figure 2(b)). For
patients with stage II NSCLC, perioperative chemotherapy is associated with
increases of 3.9%, 9.7%, and 6.8% in 5-, 10-, and 20-year survival probabilities,
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Fig. 1 Kaplan–Meier survival curves by treatment group.

respectively. In contrast, the estimated effects for stage III patients are smaller,
with corresponding increases of 3.3%, 3.7%, and 3.3%.

Age-specific effects (Figure 2(c)) are relatively stable. Holding other co-
variates at their mean or mode, the estimated increases in 5-, 10-, and 20-year
survival probabilities are 3.9%, 10.1%, and 7.1% for patients aged 65 years,
and 3.6%, 6.7%, and 5.1% for patients aged 75 years. Figure 2(d) suggests that
patients with higher BMI experience larger treatment effects: patients with
BMI = 32 show increases of 4.0%, 10.1%, and 7.1% at 5, 10, and 20 years,
compared with 3.8%, 8.1%, and 5.9% for patients with BMI = 22. Smok-
ing intensity also modifies treatment effects (Figure 2(e)). Patients smoking
10 cigarettes per day exhibit larger survival gains (4.3%, 13.2%, and 8.9%)
than those smoking 30 cigarettes per day (3.7%, 7.6%, and 5.6%). Overall,
perioperative chemotherapy is associated with meaningful survival benefits
for patients with early-stage NSCLC, with effects concentrated in the first
ten years following surgery and attenuating thereafter. This temporal pattern
is consistent with long-term follow-up from the International Adjuvant Lung
Cancer Trial, which reported a significant interaction between treatment and
follow-up time, with benefits diminishing beyond five years (Arriagada et al.,
2010). The observed heterogeneity by gender and tumor stage aligns with prior
studies reporting greater benefits among female patients (Leiter et al., 2022;
Sandler et al., 2016) and stronger effects in stage II disease relative to more
advanced stages (Douillard et al., 2006). The findings on smoking intensity
are also consistent with prior evidence linking lower smoking exposure to im-
proved chemotherapy outcomes (Zhang et al., 2008). Finally, patients with
higher BMI appear to benefit more from perioperative chemotherapy, a pat-
tern consistent with the reported obesity paradox in lung cancer (Sakin et al.,
2021). These results underscore the importance of accounting for treatment ef-
fect heterogeneity and equity in evaluating treatment effectiveness (Arriagada
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et al., 2010; Douillard et al., 2006; Leiter et al., 2022; Sandler et al., 2016;
Zhang et al., 2008).

Fig. 2 Estimated conditional average treatment effects across key baseline co-
variates. Each panel displays the estimated CATE as a function of one covariate of interest
(gender, tumor stage, age, body mass index, or smoking intensity), with all remaining co-
variates fixed at their sample means or modal values.

6 Discussion

We propose the Deep Survival Learner (DSL), a causal deep learning frame-
work for estimating heterogeneous treatment effects with right-censored sur-
vival outcomes. The key contribution is the integration of a doubly robust
pseudo-outcome for time-specific conditional average treatment effects with
joint learning across time via shared representations. This formulation directly
targets treatment effect trajectories over clinically relevant follow-up intervals
and improves efficiency relative to pointwise approaches that ignore temporal
dependence.

The method relies on standard identification conditions, including uncon-
foundedness and appropriate handling of censoring. While the doubly robust
construction mitigates misspecification of either the outcome or treatment
model, correct specification of the censoring mechanism remains essential. This
highlights the need for extensions that relax noninformative censoring, for ex-
ample through joint modeling, sensitivity analysis, or alternative identification
strategies.

From a statistical perspective, DSL performs joint estimation of a vector-
valued target over a time grid, trading bias and variance through shared rep-
resentations. This raises questions on optimal grid design, regularization, and
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approximation error in high-dimensional settings. Extensions to competing
risks would further broaden the framework to multivariate event processes
and require redefining target functionals.

Finally, our current analysis focuses on point estimation. Developing valid
uncertainty quantification for time-indexed CATEs under censoring remains
an important open problem, requiring new theoretical tools that account for
dependence across time and the complexity of deep learners.
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Supplementary Materials for
“estimating heterogeneous treatment effects with survival outcomes
via a deep survival learner”

Proofs of Theorems

Proof of Theorem 1: It suffices to show that, for each w ∈ {0, 1},

E{πw
i (t) | Xi = x} = P (Tw

i > t | Xi = x),

since this immediately implies

E{φi(t) | Xi = x} = P (T 1
i > t | Xi = x)− P (T 0

i > t | Xi = x) = τ0(x; t).

We prove the result for w = 1; the case w = 0 follows by symmetry.
Recall that

π1
i (t) = S1(x; t) +

I(Wi = 1)

e1(x)

{
I(Ui > t)

G1(x; t)
− S1(x; t)

}
,

where S1(x; t) = P (Ti > t | Xi = x,Wi = 1), e1(x) = P (Wi = 1 | Xi = x),
and G1(x; t) = P (Ci > t | Xi = x,Wi = 1).

Taking conditional expectation given Xi = x yields

E{π1
i (t) | Xi = x} = S1(x; t) + E

[
I(Wi = 1)

e1(x)

{
I(Ui > t)

G1(x; t)
− S1(x; t)

}∣∣∣∣Xi = x

]
.

By the law of iterated expectations, the second term can be written as

E
[
E
{
I(Wi = 1)

e1(x)

(
I(Ui > t)

G1(x; t)
− S1(x; t)

)∣∣∣∣Xi = x,Wi

}∣∣∣∣Xi = x

]
.

Conditioning on Wi, and noting that I(Wi = 1) is deterministic given Wi,
we obtain

= E
[
I(Wi = 1)

1

e1(x)

{
E
[
I(Ui > t)

G1(x; t)

∣∣∣∣Xi = x,Wi = 1

]
− S1(x; t)

}∣∣∣∣Xi = x

]
.

Using the definition Ui = min(Ti, Ci), we have I(Ui > t) = I(Ti > t, Ci >
t). Under Assumption 4, Ci ⊥ Tw

i | (Xi,Wi = w) for w ∈ {0, 1}. Under
Assumption 1, when conditioning on Wi = w we have Ti = Tw

i , which implies
Ci ⊥ Ti | (Xi,Wi = w), and in particular, Ti ⊥ Ci | (Xi,Wi = 1). This implies

E[ I(Ti > t, Ci > t)|Xi = x,Wi = 1] = P (Ti > t | Xi = x,Wi = 1)P (Ci > t | Xi = x,Wi = 1).

Therefore,

E
[
I(Ui > t)

G1(x; t)

∣∣∣∣Xi = x,Wi = 1

]
=
P (Ti > t | Xi = x,Wi = 1)P (Ci > t | Xi = x,Wi = 1)

P (Ci > t | Xi = x,Wi = 1)
= S1(x; t).
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Substituting back yields

E{π1
i (t) | Xi = x} = S1(x; t) + E

[
I(Wi = 1)

1

e1(x)

{
S1(x; t)− S1(x; t)

}∣∣∣∣Xi = x

]
= S1(x; t).

Finally, by Assumptions 1 and 2,

S1(x; t) = P (Ti > t | Xi = x,Wi = 1) = P (T 1
i > t | Xi = x).

This completes the proof.

Proof of Theorem 2: It suffices to show that for each w ∈ {0, 1},

E{πw
i (t) | Xi = x} = P (Tw

i > t | Xi = x),

because then E{φi(t) | Xi = x} = P (T 1
i > t | Xi = x)−P (T 0

i > t | Xi = x) =
τ0(x; t). We prove the claim for w = 1; the case w = 0 follows by symmetry.

Recall the definition

π1
i (t) = S1(Xi; t) +

I(Wi = 1)

e1(Xi)

{
Yi(t)

G1(Xi; t)
− S1(Xi; t)

}
,

where Yi(t) = I(Ui > t) = I(Ti > t, Ci > t), and where the nuisance functions
S1(x; t), G1(x; t) and e1(x) are intended to approximate

S1
0(x; t) = P (Ti > t | Xi = x,Wi = 1), G1

0(x; t) = P (Ci > t | Xi = x,Wi = 1),

e10(x) = P (Wi = 1 | Xi = x).

Throughout, Assumptions 1–5 ensure that these conditional probabilities are
well-defined and that G1

0(x; t) > 0.

Case A: the survival model is correctly specified. Assume S1(x; t) =
S1
0(x; t) and the censoring model is correctly specified, i.e., G1(x; t) = G1

0(x; t).
Then, regardless of whether the propensity score model e1(·) is correct, the
argument in Theorem 1 applies verbatim and yields

E{π1
i (t) | Xi = x} = S1

0(x; t) = P (T 1
i > t | Xi = x),

where the last equality follows from Assumptions 1 and 2. For completeness,
we provide the key step:

E
[

Yi(t)

G1
0(x; t)

∣∣∣∣Xi = x,Wi = 1

]
=
P (Ti > t, Ci > t | Xi = x,Wi = 1)

P (Ci > t | Xi = x,Wi = 1)
= P (Ti > t | Xi = x,Wi = 1),

where the second equality uses Assumption 4 (noninformative censoring), i.e.,
Ti ⊥ Ci | (Xi,Wi = 1). This establishes unbiasedness in Case A.

Case B: the propensity score model is correctly specified. Now as-
sume the censoring model is correctly specified, G1(x; t) = G1

0(x; t), and the
propensity score is correctly specified, e1(x) = e10(x) = P (Wi = 1 | Xi = x),
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while allowing the survival model S1(x; t) to be misspecified. We show that
E{π1

i (t) | Xi = x} = S1
0(x; t).

Condition on Xi = x. Using the definition of π1
i (t),

E{π1
i (t) | Xi = x} = S1(x; t) + E

[
I(Wi = 1)

e10(x)

{
Yi(t)

G1
0(x; t)

− S1(x; t)

}∣∣∣∣Xi = x

]
.

Apply the law of iterated expectations conditioning on (Xi,Wi):

E
[
I(Wi = 1)

e10(x)

{
Yi(t)

G1
0(x; t)

− S1(x; t)

}∣∣∣∣Xi = x

]
= E

[
E
{
I(Wi = 1)

e10(x)

(
Yi(t)

G1
0(x; t)

− S1(x; t)

)∣∣∣∣Xi = x,Wi

}∣∣∣∣Xi = x

]
.

Inside the inner expectation, I(Wi = 1) is fixed given Wi. Hence

= E
[
I(Wi = 1)

e10(x)

{
E
[

Yi(t)

G1
0(x; t)

∣∣∣∣Xi = x,Wi = 1

]
− S1(x; t)

}∣∣∣∣Xi = x

]
.

We next compute the conditional mean term. Since Yi(t) = I(Ti > t, Ci > t)
and G1

0(x; t) = P (Ci > t | Xi = x,Wi = 1),

E
[

Yi(t)

G1
0(x; t)

∣∣∣∣Xi = x,Wi = 1

]
=

E[I(Ti > t, Ci > t) | Xi = x,Wi = 1]

P (Ci > t | Xi = x,Wi = 1)
.

By Assumption 4 and a similar argument in the Proof of Theorem 1, Ti ⊥ Ci |
(Xi,Wi = 1), so

P (Ti > t, Ci > t | Xi = x,Wi = 1) = P (Ti > t | Xi = x,Wi = 1)P (Ci > t | Xi = x,Wi = 1).

Therefore,

E
[

Yi(t)

G1
0(x; t)

∣∣∣∣Xi = x,Wi = 1

]
= P (Ti > t | Xi = x,Wi = 1) = S1

0(x; t).

Substituting this back,

E{π1
i (t) | Xi = x} = S1(x; t) + E

[
I(Wi = 1)

e10(x)

{
S1
0(x; t)− S1(x; t)

}∣∣∣∣Xi = x

]
= S1(x; t) +

{
S1
0(x; t)− S1(x; t)

}
E
[
I(Wi = 1)

e10(x)

∣∣∣∣Xi = x

]
.

Because e10(x) = P (Wi = 1 | Xi = x), we have

E
[
I(Wi = 1)

e10(x)

∣∣∣∣Xi = x

]
=

E{I(Wi = 1) | Xi = x}
e10(x)

=
P (Wi = 1 | Xi = x)

P (Wi = 1 | Xi = x)
= 1.

This identity follows from correct specification of the propensity score and
Assumption 3, which guarantees 0 < e10(x) < 1. Hence,

E{π1
i (t) | Xi = x} = S1

0(x; t) = P (Ti > t | Xi = x,Wi = 1).
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Finally, by Assumptions 1 and 2,

P (Ti > t | Xi = x,Wi = 1) = P (T 1
i > t | Xi = x),

so E{π1
i (t) | Xi = x} = P (T 1

i > t | Xi = x), completing the proof for w = 1.

The proof for w = 0 is identical after replacing 1 by 0 throughout.

Proof of Theorem 3: We first analyze the treatment-specific component π̂w
i (t)

for fixed w ∈ {0, 1}. As defined in the notation section, conditioning onXi = x,
and using cross-fitting so that Ŝw(x; t), êw(x), and Ĝw(x; t) are fixed, we take
expectation with respect to Ti, Ci:

E{π̂w
i (t) | Xi = x} = Ŝw(x; t) +

1

êw(x)
E

[
I(Wi = w)

{
Yi(t)

Ĝw(x; t)
− Ŝw(x; t)

}∣∣∣∣∣Xi = x

]
.

By iterated expectation,

E

[
I(Wi = w)

{
Yi(t)

Ĝw(x; t)
− Ŝw(x; t)

}∣∣∣∣∣Xi = x

]

= ew0 (x)

{
E

[
Yi(t)

Ĝw(x; t)

∣∣∣∣∣Xi = x,Wi = w

]
− Ŝw(x; t)

}
.

Since Yi(t) = I(Ti > t, Ci > t), by noninformative censoring,

E

[
Yi(t)

Ĝw(x; t)

∣∣∣∣∣Xi = x,Wi = w

]
=
P (Ti > t, Ci > t | Xi = x,Wi = w)

Ĝw(x; t)

=
P (Ti > t | Xi = x,Wi = w)P (Ci > t | Xi = x,Wi = w)

Ĝw(x; t)

=
Sw
0 (x; t)G

w
0 (x; t)

Ĝw(x; t)
.

Hence,

E{π̂w
i (t) | Xi = x} = Ŝw(x; t) +

ew0 (x)

êw(x)

{
Sw
0 (x; t)G

w
0 (x; t)

Ĝw(x; t)
− Ŝw(x; t)

}
.

Subtracting Sw
0 (x; t) from both sides gives

E{π̂w
i (t) | Xi = x} − Sw

0 (x; t)

= Ŝw(x; t)− Sw
0 (x; t) +

ew0 (x)

êw(x)

{
Sw
0 (x; t)G

w
0 (x; t)

Ĝw(x; t)
− Ŝw(x; t)

}
.
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Add and subtract
ew0 (x)
êw(x)S

w
0 (x; t) to obtain

E{π̂w
i (t) | Xi = x} − Sw

0 (x; t)

=

{
1− ew0 (x)

êw(x)

}{
Ŝw(x; t)− Sw

0 (x; t)
}
+
ew0 (x)

êw(x)

{
Sw
0 (x; t)G

w
0 (x; t)

Ĝw(x; t)
− Sw

0 (x; t)

}

=
êw(x)− ew0 (x)

êw(x)

{
Ŝw(x; t)− Sw

0 (x; t)
}
+
ew0 (x)

êw(x)

Sw
0 (x; t)

Ĝw(x; t)

{
Gw

0 (x; t)− Ĝw(x; t)
}
.

Now use

φ̂i(t) = π̂1
i (t)− π̂0

i (t), φ0
i (t) = π1

i,0(t)− π0
i,0(t),

together with

E{πw
i,0(t) | Xi = x} = Sw

0 (x; t), w = 0, 1,

to obtain

E
[
φ̂i(t)− φ0

i (t) | Xi = x
]
=

(
E{π̂1

i (t) | Xi = x} − S1
0(x; t)

)
−
(
E{π̂0

i (t) | Xi = x} − S0
0(x; t)

)
,

which yields (5).
It remains to bound the right-hand side uniformly in x. By positivity and

uniform consistency of êw and Ĝw (Assumption 6) , with probability tending
to one,

inf
x
êw(x) ≥ c/2, inf

x
Ĝw(x; t) ≥ c/2.

Also 0 ≤ Sw
0 (x; t) ≤ 1. Therefore,

sup
x

∣∣∣∣ êw(x)− ew0 (x)

êw(x)

{
Ŝw(x; t)− Sw

0 (x; t)
}∣∣∣∣ = Op

(
r(e)n r(S)

n

)
,

sup
x

∣∣∣∣∣ew0 (x)êw(x)

Sw
0 (x; t)

Ĝw(x; t)

{
Gw

0 (x; t)− Ĝw(x; t)
}∣∣∣∣∣ = Op

(
r(G)
n

)
.

Summing over w = 0, 1 yields

sup
x

∣∣E[φ̂i(t)− φ0
i (t) | Xi = x

]∣∣ = Op

(
r(e)n r(S)

n + r(G)
n

)
.

If Ĝw = Gw
0 , the second term vanishes and the bound reduces to

Op

(
r(e)n r(S)

n

)
.

This completes the proof.
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Proof of Theorem 4: For notational simplicity, write

φ̂i = φ̂i(t), φ0
i = φ0

i (t), τ0(x) = τ0(x; t).

Define the conditional mean of the estimated pseudo-outcome by

mn(x) := E[φ̂i | Xi = x].

Then
τ̂(x)− τ0(x) = {τ̂(x)−mn(x)}+ {mn(x)− τ0(x)},

and therefore

∥τ̂ − τ0∥L2(PX) ≤ ∥τ̂ −mn∥L2(PX) + ∥mn − τ0∥L2(PX). (6)

We study the two terms separately.
By definition of τ0,

τ0(x) = E[φ0
i | Xi = x].

Hence
mn(x)− τ0(x) = E[φ̂i − φ0

i | Xi = x].

By Theorem 3,

sup
x

|mn(x)− τ0(x)| = sup
x

∣∣E[φ̂i − φ0
i | Xi = x]

∣∣ = Op

(
r(e)n r(S)

n + r(G)
n

)
.

Since r
(e)
n r

(S)
n + r

(G)
n → 0,

sup
x

|mn(x)− τ0(x)| = op(1).

Therefore,

∥mn − τ0∥L2(PX) ≤ sup
x

|mn(x)− τ0(x)| = op(1). (7)

For any measurable function f ,

Rn(f) := E
[
(φ̂i − f(Xi))

2
]
<∞

by Assumption 7
Expanding the square conditional on Xi,

Rn(f) = E
(
E
[
(φ̂i − f(Xi))

2 | Xi

])
= E

(
Var(φ̂i | Xi) + {mn(Xi)− f(Xi)}2

)
.

Thus,
Rn(f) = E[Var(φ̂i | Xi)] + ∥f −mn∥2L2(PX).

Therefore mn is the unique population minimizer of Rn(f) over all square-
integrable functions, and over Fn the excess risk satisfies

Rn(f)−Rn(mn) = ∥f −mn∥2L2(PX). (8)
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Let

f∗n ∈ arg min
f∈Fn

Rn(f)

be a population risk minimizer over Fn. Since τ̂ minimizes the empirical risk,

Pn[(φ̂i − τ̂(Xi))
2] ≤ Pn[(φ̂i − f∗n(Xi))

2].

Subtract Rn(τ̂) from the left-hand side and Rn(f
∗
n) from the right-hand side:

Rn(τ̂)−Rn(f
∗
n) ≤

{
Rn(τ̂)− Pn[(φ̂i − τ̂(Xi))

2]
}

+
{
Pn[(φ̂i − f∗n(Xi))

2]−Rn(f
∗
n)
}
.

Hence

Rn(τ̂)−Rn(f
∗
n) ≤ 2 sup

f∈Fn

∣∣Pn[(φ̂i − f(Xi))
2]−Rn(f)

∣∣ = op(1)

by Assumption 9. Using (8),

∥τ̂ −mn∥2L2(PX) ≤ ∥f∗n −mn∥2L2(PX) + op(1). (9)

We now relate mn to τ0. For any f ∈ Fn,

∥f −mn∥L2(PX) ≤ ∥f − τ0∥L2(PX) + ∥τ0 −mn∥L2(PX).

Taking infima over f ∈ Fn and using Assumption 8 together with (7), we
obtain

inf
f∈Fn

∥f −mn∥L2(PX) ≤ inf
f∈Fn

∥f − τ0∥L2(PX) + ∥τ0 −mn∥L2(PX) =

inf
f∈Fn

∥f − τ0∥L∞(PX) + op(1) = op(1).

Since f∗n minimizes Rn(f) over Fn, equivalently it minimizes ∥f −mn∥2L2(PX)

over Fn. Therefore,

∥f∗n −mn∥L2(PX) = op(1). (10)

Combining (9) and (10) yields

∥τ̂ −mn∥L2(PX) = op(1).

Finally, substitute this and (7) into (6):

∥τ̂ − τ0∥L2(PX) ≤ ∥τ̂ −mn∥L2(PX) + ∥mn − τ0∥L2(PX) = op(1).

Hence

∥τ̂(·; t)− τ0(·; t)∥L2(PX)
p−→ 0.

This completes the proof.
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Proof of Theorem 5: Write

φ̂i = φ̂i(t), φ0
i = φ0

i (t), τ0(x) = τ0(x; t),

and define

mn(x) := E(φ̂i | Xi = x).

Because τ̂(·; t) is obtained by regressing the cross-fitted pseudo-outcome onXi,
the relevant population regression target is mn, not τ0 directly. We therefore
decompose

∥τ̂ − τ0∥L2(PX) ≤ ∥τ̂ −mn∥L2(PX) + ∥mn − τ0∥L2(PX). (11)

We first control the second term using the explicit construction of the
pseudo-outcome. By definition,

mn(x)− τ0(x) = E{φ̂i − φ0
i | Xi = x},

since

τ0(x) = E{φ0
i | Xi = x}.

By Theorem 3,

sup
x

|mn(x)− τ0(x)| = Op

(
r(e)n r(S)

n + r(G)
n

)
.

Hence

∥mn − τ0∥L2(PX) ≤ sup
x

|mn − τ0| = Op

(
r(e)n r(S)

n + r(G)
n

)
, (12)

which accommodates censoring estimation error with r
(G)
n .

Next, consider the population risk associated with the constructed pseudo-
outcome,

Rn(f) := E
[
(φ̂i − f(Xi))

2
]
.

Since mn(x) = E(φ̂i | Xi = x), conditioning on Xi gives

Rn(f) = Rn(mn) + ∥f −mn∥2L2(PX).

Thus mn is the population least-squares target for the regression step, and

Rn(f)−Rn(mn) = ∥f −mn∥2L2(PX). (13)

We now use the fact that τ0 is Hölder smooth. By Assumption 8, there
exists f⋆n ∈ Fn such that

∥f⋆n − τ0∥L∞(PX) ≤ Cn−β/(2β+d).

Therefore,

∥f⋆n−mn∥L2(PX) ≤ ∥f⋆n−τ0∥L2(PX)+∥τ0−mn∥L2(PX) = Op

(
n−β/(2β+d) + r(e)n r(S)

n + r(G)
n

)
,
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where we used (12) and the density bound in Assumption 3. Consequently,

Rn(f
⋆
n)−Rn(mn) = ∥f⋆n−mn∥2L2(PX) = Op

(
n−2β/(2β+d) + {r(e)n r(S)

n + r(G)
n }2

)
.

(14)
Because τ̂ is an approximate empirical minimizer, it follows that

Pn

[
(φ̂i − τ̂(Xi))

2
]
≤ Pn

[
(φ̂i − f⋆n(Xi))

2
]
+ δ2n,

by Assumption 10. Adding and subtracting population risks yields

Rn(τ̂)−Rn(f
⋆
n) ≤

{
Rn(τ̂)− Pn[(φ̂i − τ̂(Xi))

2]
}

+
{
Pn[(φ̂i − f⋆n(Xi))

2]−Rn(f
⋆
n)
}
+ δ2n

≤ 2 sup
f∈Fn

∣∣Pn

[
(φ̂i − f(Xi))

2
]
−Rn(f)

∣∣+ δ2n

= Op(ρn) + δ2n,

where the last equality is due to Assumption 9. Combining this with (14), we
obtain

Rn(τ̂)−Rn(mn) = Op

(
n−2β/(2β+d) + ρn + δ2n + {r(e)n r(S)

n + r(G)
n }2

)
.

Applying (13),

∥τ̂ −mn∥2L2(PX) = Op

(
n−2β/(2β+d) + ρn + δ2n + {r(e)n r(S)

n + r(G)
n }2

)
,

and hence

∥τ̂ −mn∥L2(PX) = Op

(
n−β/(2β+d) + ρ1/2n + δn + r(e)n r(S)

n + r(G)
n

)
. (15)

Finally, combine (11), (12), and (15) to conclude

∥τ̂ − τ0∥L2(PX) = Op

(
n−β/(2β+d) + ρ1/2n + δn + r(e)n r(S)

n + r(G)
n

)
.

This completes the proof.

Proof of Lemma 1 We give a constructive proof based on a local polynomial
approximation in the time direction. We aim to show that the coefficient func-
tions in this expansion inherit the βx-Hölder smoothness of τ0(x, t) in the
covariate direction.

Write
βt = qt + αt, qt = ⌊βt⌋, αt ∈ (0, 1].

Fix an integer K ≥ 1. Partition [0, 1] into K equal subintervals

Ir =
[r − 1

K
,
r

K

)
, r = 1, . . . ,K − 1, IK =

[K − 1

K
, 1
]
.

Let ur denote the midpoint of Ir. For each interval Ir, we approximate τ0(x, t)
in the time variable t by its Taylor polynomial of order qt around ur.
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For r = 1, . . . ,K and ℓ = 0, . . . , qt, define

Br,ℓ(t) := (t− ur)
ℓ1{t ∈ Ir},

and define the corresponding coefficient functions

br,ℓ(x) :=
∂ℓt τ0(x, ur)

ℓ!
, x ∈ X .

Then, for t ∈ Ir,

qt∑
ℓ=0

br,ℓ(x)Br,ℓ(t) =

qt∑
ℓ=0

∂ℓt τ0(x, ur)

ℓ!
(t− ur)

ℓ,

which is the Taylor polynomial of τ0(x, ·) at ur.
We now verify that, uniformly over r and ℓ, the function br,ℓ belongs to a

βx-Hölder ball on X .
Write

βx = qx + αx, qx = ⌊βx⌋, αx ∈ (0, 1].

Fix r ∈ {1, . . . ,K} and ℓ ∈ {0, . . . , qt}. By definition,

br,ℓ(x) =
∂ℓt τ0(x, ur)

ℓ!
.

For any multi-index ν with |ν| ≤ qx,

Dν
xbr,ℓ(x) =

Dν
x∂

ℓ
t τ0(x, ur)

ℓ!
.

Because τ0 ∈ Hβx,βt(M), Definition 2 implies that all such derivatives exist
and are uniformly bounded:

sup
x∈X

|Dν
xbr,ℓ(x)| ≤

1

ℓ!
sup
x∈X

|Dν
x∂

ℓ
t τ0(x, ur)| ≤

M

ℓ!
≤M.

Next, for any multi-index ν with |ν| = qx, the Hölder condition in the x-
direction yields

|Dν
xbr,ℓ(x)−Dν

xbr,ℓ(y)|
∥x− y∥αx

=
|Dν

x∂
ℓ
t τ0(x, ur)−Dν

x∂
ℓ
t τ0(y, ur)|

ℓ! ∥x− y∥αx
≤ M

ℓ!
≤M.

Thus each br,ℓ lies in a βx-Hölder class on X , with Hölder radius bounded by
a constant depending only on M,βx, βt. In particular, there exists a constant
CM > 0, depending only on M,βx, βt, such that

br,ℓ ∈ Hβx(CM ) for all r = 1, . . . ,K, ℓ = 0, . . . , qt.

Fix j ∈ {1, . . . , J}, and let r(j) denote the unique index such that tj ∈ Ir(j).
Define the local polynomial approximation at the grid point tj by

Pj(x) :=

qt∑
ℓ=0

br(j),ℓ(x)Br(j),ℓ(tj) =

qt∑
ℓ=0

∂ℓt τ0(x, ur(j))

ℓ!
(tj − ur(j))

ℓ.
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We claim that
sup
x∈X

|τ0(x, tj)− Pj(x)| ≤ CK−βt ,

uniformly in j.
To see this, fix x ∈ X . By Taylor’s theorem in the one-dimensional variable

t, applied to the function t 7→ τ0(x, t) around the point ur(j), there exists a
point ξx,j between ur(j) and tj such that

τ0(x, tj)− Pj(x) =
∂qtt τ0(x, ξx,j)− ∂qtt τ0(x, ur(j))

qt!
(tj − ur(j))

qt .

Because τ0 ∈ Hβx,βt(M), the derivative ∂qtt τ0(x, ·) is αt-Hölder uniformly in
x, so

|∂qtt τ0(x, ξx,j)− ∂qtt τ0(x, ur(j))| ≤M |ξx,j − ur(j)|αt ≤M |tj − ur(j)|αt .

Therefore,

|τ0(x, tj)− Pj(x)| ≤ C|tj − ur(j)|qt+αt = C|tj − ur(j)|βt .

Since both tj and um(j) lie in the same interval Im(j), whose length is K−1,
we have

|tj − um(j)| ≤ K−1.

Hence
sup
x∈X

|τ0(x, tj)− Pj(x)| ≤ CK−βt ,

uniformly in j. Since PX is a probability measure,

∥τ0(·, tj)− Pj∥2L2(PX) ≤ sup
x∈X

|τ0(x, tj)− Pj(x)|2 ≤ CK−2βt .

Taking the supremum over j gives

sup
1≤j≤J

∥τ0(·, tj)− Pj∥2L2(PX) ≤ CK−2βt .

So far we have constructed (qt + 1)K basis functions Br,ℓ and the same
number of coefficient functions br,ℓ. Each approximant Pj can be written as

Pj(x) =
K∑
r=1

qt∑
ℓ=0

br,ℓ(x)Br,ℓ(tj).

Relabel the collection

{Bm,ℓ : 1 ≤ r ≤ K, 0 ≤ ℓ ≤ qt}

as
ψ1, . . . , ψ(qt+1)K ,

and similarly relabel the coefficient functions

{br,ℓ : 1 ≤ m ≤ K, 0 ≤ ℓ ≤ qt}
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as
b1, . . . , b(qt+1)K .

Now define
m := (qt + 1)K.

Since qt depends only on βt, this is only a constant rescaling of K, and thus

K−2βt ≍ m−2βt .

Absorbing constants into C, we obtain

sup
1≤j≤J

∥∥∥∥∥τ0(·; tj)−
m∑

k=1

bk(·)Bk(tj)

∥∥∥∥∥
2

L2(PX)

≤ Cm−2βt .

Finally,

1

J

J∑
j=1

∥∥∥∥∥τ0(·; tj)−
m∑

k=1

bk(·)Bk(tj)

∥∥∥∥∥
2

L2(PX)

≤ Cm−2βt .

This completes the proof. This completes the proof.

Proof of Theorem 6: For j = 1, . . . , J , let

φ̄j(x) = E{φ̂i(tj) | Xi = x}

By Theorem 3

sup
x

|φ̄j(x)− τ0(x; tj)| = Op

(
r(e)n r(S)

n + r(G)
n

)
Therefore

1

J

J∑
j=1

∥φ̄j(·)− τ0(·; tj)∥2L2(PX) = Op

({
r(e)n r(S)

n + r(G)
n

}2
)

(16)

For f ∈ Fn,m, let

τf (x; t) =
m∑

k=1

fk(x)Bk(t)

We then define the empirical and population risks as

Rn,J(f) = Pn

 1

J

J∑
j=1

{φ̂i(tj)− τf (Xi; tj)}2


and

RJ(f) = E

 1

J

J∑
j=1

{φ̂i(tj)− τf (Xi; tj)}2

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We can write

E
[
{φ̂i(tj)− τf (Xi; tj)}2

]
= E

[
{φ̂i(tj)− φ̄j(Xi)}2

]
+ ∥τf (·; tj)− φ̄j(Xi)∥2L2(PX) .

where the interaction term is zero because φ̄j(Xi) is the expectation of φ̂i(tj)
conditional on Xi. Then,

RJ(f) = Cn,J +
1

J

J∑
j=1

∥τf (·; tj)− φ̄j(·)∥2L2(PX) , (17)

where

Cn,J =
1

J

J∑
j=1

E
[
{φ̂i(tj)− φ̄j(Xi)}2

]
does not depend on f .

By Lemma 1, for fixed m, there exist basis functions B1(t), . . . , Bm(t) and
coefficient functions b1, . . . , bm ∈ Hβx(C) such that

J∑
j=1

∥∥∥∥∥τ0(·; tj)−
m∑

k=1

bk(·)Bm(tj)

∥∥∥∥∥
2

L2(PX)

≲ m−2βt .

Since each bk is βx-Hölder, by Assumption 8, there exists f⋆ = (f⋆1 , . . . , f
⋆
m)⊤ ∈

Fn,m such that

max
k=1,...,m

∥f⋆k − bk∥2L2(PX) ≲ n−2βx/(2βx+d).

We define the optimization error as

δ2n,J,m = Rn,J(f̂)− inf
f∈Fn,m

Rn,J(f)

then for f⋆, we have

RJ(f̂)−RJ(f
⋆) ≤

{
RJ(f̂)−Rn,J(f̂)

}
+ {Rn,J(f

⋆)−RJ(f
⋆)}+ δ2n,J,m

≤ 2 sup
f∈Fn,m

|Rn,J(f)−RJ(f)|+ δ2n,J,m.

Using (17), we have

1

J

J∑
j=1

∥∥∥τf̂ (·; tj)− φ̄j(·)
∥∥∥2
L2(PX)

≤ 1

J

J∑
j=1

∥τf⋆(·; tj)− φ̄j(·)∥2L2(PX) + 2 sup
f∈Fn,m

|Rn,J(f)−RJ(f)|+ δ2n,J,m.

(18)
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We first bound
∑J

j=1

∥∥∥τf̂ (·; tj)− φ̄j(·)
∥∥∥2
L2(PX)

. For the basis functionsB1(t), . . . , Bm(t)

and coefficient functions b1, . . . , bm satisfy the conditions in Lemma 1, let

τb(x; t) =

m∑
k=1

bk(x)Bk(t),

we have

τf⋆(x; tj)− τb(x; tj) =

m∑
k=1

{f⋆k (x)− bk(x)}Bk(tj).

By the spline stability condition,

λmax

(
1

J
B⊤B

)
≤ CB

m
,

and therefore

1

J

J∑
j=1

∥τf⋆(·; tj)− τb(·; tj)∥2L2(PX)

≤ CB

m

m∑
k=1

∥f⋆k − bk∥2L2(PX)

≲ n−2βx/(2βx+d). (19)

Combine this with

J∑
j=1

∥τ0(·; tj)− τb(·; tj)∥2L2(PX) ≲ m−2βt .

we have

1

J

J∑
j=1

∥τf⋆(·; tj)− τ0(·; tj)∥2L2(PX) ≲ m−2βt + n−2βx/(2βx+d). (20)

Next, by

τf⋆(·; tj)− φ̄j(·) = {τf⋆(·; tj)− τ0(·; tj)}+ {τ0(·; tj)− φ̄j(·)} ,

together with (16) and (20),

1

J

J∑
j=1

∥τf⋆(·; tj)− φ̄j(·)∥2L2(PX)

= Op

(
m−2βt + n−2βx/(2βx+d) +

{
r(e)n r(S)

n + r(G)
n

}2
)
. (21)

We then bound the empirical process fluctuation supf∈Fn,m
|Rn,J(f)−RJ(f)|.

For the scalar output DNN Fn,1, let ρn denote the corresponding empirical
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process fluctuation from Theorem 5. For τ, τ̃ ∈ Tn,m, define the aggregated
metric

d2J(τ, τ̃) =
1

J

J∑
j=1

∥τ(·; tj)− τ̃(·; tj)∥2L2(PX).

Since Fn,m ⊆ Fm
n,1 and, by the basis stability condition,

d2J(τf , τf̃ ) ≤
CB

m

m∑
k=1

∥fk − f̃k∥2L2(PX),

the metric entropy of the induced joint class satisfies

logN (ε, Tn,m, dJ) ≤ m logN (cε,Fn,1, L2(PX))

for some constant c > 0. Applying the standard symmetrization, contraction,
and entropy-integral argument for the squared-loss class, together with the
entropy condition on Fn,1, gives

sup
f∈Fn,m

|Rn,J(f)−RJ(f)| = Op

(√
mρn

)
.

Combining this together with (21) and (18), we have

1

J

J∑
j=1

∥∥∥τf̂ (·; tj)− φ̄j(·)
∥∥∥2
L2(PX)

= Op

(
m−2βt + n−2βx/(2βx+d) +

√
mρn + δ2n,J,m +

{
r(e)n r(S)

n + r(G)
n

}2
)
.

(22)

Finally, since

τ̂(·; tj)− τ0(·; tj) = {τ̂(·; tj)φ̄j(·)}+ {φ̄j(·)− τ0(·; tj)} ,

with (16) and (22), we obtain

1

J

J∑
j=1

∥τ̂(·; tj)− τ0(·; tj)∥2L2(PX)

= Op

(
m−2βt + n−2βx/(2βx+d) +

√
mρn + δ2n,J,m +

{
r(e)n r(S)

n + r(G)
n

}2
)
.

This completes the proof.

Additional Simulation Results
To further investigate the finite-sample behavior observed in Case 1, we

conducted an additional set of simulations under a simplified setting with
lower-dimensional covariates (d = 10) and a larger training sample size (N =
2000). This setting is closer to those often considered in prior methodological
work and therefore provides a useful benchmark for assessing whether the
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performance patterns in Case 1 were driven by limited sample size and model
complexity. The results are reported in Table A.1.

As shown in Table A.1, all methods worked better under this easier setting,
and several competing approaches achieve noticeably smaller MSE than DSL.
In particular, PSDRL-NFT-BART attains the lowest MSE overall, approxi-
mately 0.014 across all choices of J , while X-Learner and causal survival forest
also perform strongly, with MSEs around 0.020 and 0.021, respectively. DRL-
NFT-BART improves substantially as the number of evaluation time points
increases, with MSE decreasing from 0.042 at J = 1 to 0.022 at J = 100. By
comparison, DSL yields MSEs of 0.042, 0.046, and 0.047 for J = 1, 50, 100,
respectively, which are somewhat larger but remain reasonably stable across
grid sizes.

A notable feature of DSL is its very small bias. Its bias remains close to
zero across all three values of J , around 0.005, and is clearly smaller than
that of several competitors, including M-Learner, PSDRL-NFT-BART, and
causal survival forest, all of which exhibit substantially larger systematic bias.
R-Learner and DRL-NFT-BART also have relatively small bias, but their
MSE is not uniformly better than that of the strongest competitors. Taken
together, these results suggest that in a simpler and more data-rich setting,
competing methods can achieve very strong predictive accuracy, sometimes
surpassing DSL in MSE, while DSL continues to provide stable estimation
with consistently low bias. This supports our interpretation that the larger
performance gaps seen in Case 1 may be primarily attributable to the more
challenging finite-sample and high-complexity setting.
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Table A.1 Performance comparison under simplified setting

J = 1 J = 50 J = 100
MSE
Deep Survival Learner 0.042(0.041, 0.043) 0.046(0.045, 0.048) 0.047(0.045, 0.048)
M-Learner 0.049(0.047, 0.051) 0.049(0.047, 0.051) 0.049(0.047, 0.051)
R-Learner 0.049(0.047, 0.051) 0.051(0.049, 0.053) 0.048(0.046, 0.050)
X-Learner 0.020(0.019, 0.021) 0.020(0.019, 0.021) 0.020(0.019, 0.021)
DRL-NFT-BART 0.042(0.026, 0.057) 0.025(0.020, 0.030) 0.022(0.020, 0.024)
PSDRL-NFT-BART 0.014(0.013, 0.015) 0.014(0.014, 0.015) 0.014(0.014, 0.015)
Causal Survival Forest 0.021(0.020, 0.022) 0.021(0.020, 0.022) 0.021(0.020, 0.022)
Bias
Deep Survival Learner 0.005(0.001, 0.010) 0.005(0.000, 0.009) 0.005(0.000, 0.009)
M-Learner 0.109(0.105, 0.113) 0.109(0.105, 0.113) 0.109(0.105, 0.113)
R-Learner 0.012(0.006, 0.017) 0.007(0.000, 0.014) 0.012(0.006, 0.018)
X-Learner 0.037(0.031, 0.043) 0.041(0.036, 0.046) 0.038(0.032, 0.043)
DRL-NFT-BART 0.013(0.003, 0.023) 0.012(0.005, 0.020) 0.013(0.007, 0.020)
PSDRL-NFT-BART 0.083(0.079, 0.087) 0.084(0.081, 0.088) 0.084(0.080, 0.088)
Causal Survival Forest 0.107(0.103, 0.111) 0.107(0.102, 0.111) 0.107(0.102, 0.111)

1 The simulation setting uses a training sample size of N = 2000 and a testing sample
size of 400, with covariate dimension d = 10 and approximately 35% censoring.
2 Mean squared error and 95% Monte Carlo confidence intervals are computed based on
200 simulation replicates.
3 Conditional average treatment effects are evaluated at J ∈ {1, 50, 100} time points,
equally spaced between the 20th and 80th percentiles of the observed survival time dis-
tribution.


