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SUMMARY: In many genomic studies, gene co-expression graphs are influenced by subject-level covariates like SNPs.
Traditional Gaussian graphical models ignore these covariates and estimate only population-level networks, potentially
masking important heterogeneity. Covariate-dependent Gaussian graphical regressions address this limitation by
regressing the precision matrix on covariates, thereby modeling how graph structures vary with high-dimensional
subject-specific covariates. To fit the model, we adopt a multi-task learning approach that achieves lower error
rates than node-wise regressions. Yet, the important problem of statistical inference in this setting remains largely
unexplored. We propose a class of debiased estimators based on multi-task learners, which can be computed quickly
and separately. In a key step, we introduce a novel projection technique for estimating the inverse covariance matrix,
reducing optimization costs to scale with the sample size n. Our debiased estimators achieve fast convergence and
asymptotic normality, enabling valid inference. Simulations demonstrate the utility of the method, and an application

to a brain cancer gene-expression dataset reveals meaningful biological relationships.

KEY wOrDS: Debiased inference; Gaussian graphical models; Graphical model with covariates; Multi-task learning;

Projection.

This paper has been submitted for consideration for publication in Biometrics



Statistical Inference on High Dimensional Covariate-Dependent Gaussian Graphical Regressions

1. Introduction

Gaussian graphical models are powerful tools for describing dependencies among response
variables in a homogeneous population (Peng et al.; 2009). In precision medicine where
subject-specific gene co-expression graphs are of interest, precision matrices may depend on
external covariates (Saegusa and Shojaie, 2016). For instance, genetic variants and environ-
mental factors affect both genes and their co-expression relationships in gene co-expression
graphs (Wang et al., |2012)); external factors like gender, age and genetic variants influence
functional connectivity between brain regions (Zhang et al., |2023)). Our motivating dataset
(GSE108476) comprises 178 glioblastoma multiforme patients with both microarray and
SNP chip profiling. We aim to analyze 73 KEGG glioma-pathway genes with 120 covariates
(118 nearby SNPs plus age and gender) to investigate how these covariates shape gene
co-expression patterns. Towards this goal, Zhang and Li| (2023) proposed high-dimensional
Gaussian graphical regression, modeling the precision matrix as a covariate function with
sparse group lasso and node-wise regressions. Zhang and Li| (2025) further introduced a joint
multi-task learning approach with an efficient augmented Lagrangian algorithm. While these
works focus on estimation, inference in high-dimensional settings remains underexplored.
In high-dimensional problems, debiasing is a key tool for inference, as lasso-type estimators
suffer from bias in second-order expansions, yielding inaccurate results (Bellec and Zhang
2022;|Cai et al., 2022). Debiasing within the lasso framework has enabled confidence intervals
and p-values in high-dimensional linear regressions (Javanmard and Montanari, 2014} |Zhang
and Zhang), 2014), while Neyman-orthogonal moments with cross-fitting address nuisance
parameters (Chernozhukov et al., 2018). Extensions include debiasing without sparsity (Zhu
and Bradic, 2018), sample-splitting (Fei et al, 2019; Fei and Li, 2021)), and unbiased tensor

regression algorithms (Xia et al.,2022). |Li et al.| (2023)) proposed a direct debiasing approach
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without extra score calculation, but their i.i.d. auxiliary dataset framework does not apply
to covariate-dependent settings where no common covariance matrix exists.

Estimation and inference in high-dimensional Gaussian graphical regressions face chal-
lenges from model complexity, dimensionality, and computational burden. A multi-task
estimator solving all O(p?q) coefficients (p Gaussian variables, ¢ covariates) achieves fast con-
vergence, and augmented Lagrangian algorithms enable efficient estimation (Zhang and Li|
2025). However, debiasing all O(p?q) coefficients remains demanding. Theoretical challenges
arise because the design matrix, formed from interactions between p dependent Gaussian
variables and ¢ covariates, has a complex joint distribution that is neither sub-Gaussian
nor sub-exponential (Cai et al., 2022). Furthermore, unlike standard multi-task problems
with independent regressions, the p tasks here are dependent through external covariates,
rendering joint inference infeasible.

We tackle these challenges in what is, to our knowledge, the first study to enable inference
for network regressions with high-dimensional responses and predictors. Our key insight
is that although coefficients are estimated jointly, they can be debiased separately; we
thus propose a marginalized debiasing procedure that decomposes inference node by node
while maintaining validity. Unlike traditional methods (Javanmard and Montanari, 2014}
Cai et al., |2022) with polynomial costs in p and ¢, we develop a projection technique
that maps the optimization from R®-D@+D to R" solves it efficiently, and maps back,
reducing computational cost. This enables scalable inference in high-dimensional Gaussian
graphical regression with combined penalties. We establish asymptotic theory and relax
sparsity requirements from O(n'/®) to o(n'/?) compared to Zhang and Li| (2023, 2025).

Related to our work, Hudson and Shojaie| (2022) explored a debiasing method for covariate-
adjusted testing in differential graph analysis, but their approach is limited to a small number

of variables; |Cai et al.| (2022) considered debiased sparse group lasso, but their method is
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not directly applicable in our settings with high-dimensional interaction terms and incurs
prohibitive computational costs that scale polynomially with p and q.

In the following Section [2, we describe the Gaussian graphical regression model and review
its multi-task estimators. Section |3| proposes a new inference method for Gaussian graph-
ical regression models. Section [4| conducts simulations and Section |5| applies our inference

approach to analyze a brain tumor data set. Section [6] concludes the paper.

2. The Preamble

Lowercase letters denote scalars, boldface vectors and matrices. We write N and R for natural
and real numbers, [ny : ny] = ny,...,n9, and [n] = 1,...,n. The Hadamard product is
“®.” For sequences, X;(n) = O(Xz2(n)) (or X1(n) 2 Xa(n)) if |X;1(n)/Xa(n)| is bounded
in probability, and X;(n) = o(Xa(n)) (or Xs(n) = w(Xi(n))) if Xi(n)/X2(n) — 0 in

probability. We denote the £, norm by || - ||,

2.1 Gaussian graphical regression

We consider covariate-dependent Gaussian graphical models (Zhang and Li, 2023, 2025)) ,
where U = (Uy,...,U,)" represents a g-dimensional vector of covariates and the conditional

distribution of X given U = u is modeled as:
X |U =ur~ Ny(p(u), 27 (u)). (1)

The mean vector p(u) and precision matrix €2(u) are given by

q
p(u) =Tu, Q(u)=DBo+ Z Brup, (2)
h=1
where I' € RP*? is the coefficient matrix for the mean vector, and By, B4,...,B, € RP*?

are symmetric matrices. This framework allows covariate effects to enter through each B,
in the precision matrix, with diagonal elements fixed as Q(u);; = 0%/; so residual variances

remain covariate-invariant for tractability. The formulation of and is useful as, after
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centering the vector Z = X —Tu = (Z,...,Z,)", they can be rewritten as:

p p q
Zi=> BixoZe+ > Biwn - un - Zk+ej, (3)

k#j k#j h=1 Interaction term

where S, = —(By);r/0%, €; is independent of Z_; and Var(e;) = 1/0%, for all j, k and h.

2.2 Multi-task learning for Gaussian graphical regressions

Consider n independent observations, (u®”,x®) € R? x R?, where i € [n]. Let z(9 = x() —
T'u®®. To expose the key ideas, we assume I' is known in the ensuing development and focus
on the estimation and inference of 3;,,’s. We discuss the situation of unknown I' in of
the Supplementary Material. Letting z; = (z](l), . z](-”))T for j € [p] and vy, = (ug), . u;"))T

for h € [q], the Gaussian graphical regression model on the jth response variable can be

written as

p P q
;= Biozi+ )Y Bt Oz + €.

ki k#j h=1

Here, e; € R™ is the regression error vectors of the node j with &; ~ N/(0, G—;I) We write
B, = (B (B)L)T € ROV where (8;)py = (Bn,- ., Bipn)T € RPL groups
all the coefficients in the h-th group. Let 3 = (8{,...,8))" € RP?=D@D "and collect all
group vectors (3;)n) defined above into the vector by, where by, = (([31)&), ce ([5'1))(Th))T €
RP(P~D We then introduce the norm || - ||,,.4, based on the group structure of a vector. Let
v = ('y(Tl), e ,'y(Tq))T be a vector associated with a pre-defined group structure with ¢ groups,
where ;) is the sub-vector corresponding to group j for j € [¢]. Then, the {4 4,-norm of
. 1/q
~ is defined as: [|7¥]/4 .4 = (ZJ v gg) , for 0 < q1, ¢2 < +o00. For example, ||B)loc2 =

maxy, ||(B;)(n)l]2. To ease notation, we define a large design matrix W € R™*Pe=D+1) 45

W, o On(p—1)(g+1)

Onx(p-1)(g+1) - W,
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where Wj = [Zl, oy 251325415 ey D, z1Ouy, ..., zj_1®u1, Zj—i-l@ul; R Zp®uq] e Rnx(p—l)(q—&-l)?
and the response vector y as 'y = (29), e z%n), zél), o z;(,n))T € R, The multi-task learn-

ing simultaneously estimates all 8; by minimizing the following loss function:

. 1 g
B = argming - [ly = W, + Aell Bl + A D [1bule, (4)

h=1
where A¢, A\, > 0 are two tuning parameters. Here, tasks are defined by nodes in the graphical

model, with each node j representing one of p regression problems. (4)) jointly estimates these
using a group Lasso penalty that couples coefficients by, across tasks, enforcing shared sparsity
within a multi-task learning framework. To ensure symmetry of the estimated €(u) in finite
samples, we consider the post-processing step in Zhang and Li| (2025)).

The regularization in is the sparse group lasso penalty (Cai et al., [2022; Zhang and
Li, 2023), where each group vector by, pools coefficients (31)(h), ..., (3,)(h) across p tasks.
This multi-task framework leverages shared sparsity to select and estimate covariates, with
Zhang and Li| (2025)) showing error rates can improve by a factor of p. The problem can be

solved efficiently via Fenchel convexification (MifHlin, 1977)).

3. Segmentally Debiased Multi-task Graphical Regression via Projection

Because ,[/3\ is biased by shrinkage, debiasing is essential for valid inference. Although
converges quickly, joint debiasing is infeasible since the p regression tasks are dependent
with intractable error covariances. Our key insight is that, while coefficients are estimated
jointly, they can be debiased separately. We propose segmental debiasing, which reduces
complexity and ensures valid inference within each node, akin to generalized estimation
equation (GEE) approaches.

Specifically, we segment the debiasing procedure of B to each component B\j individually,

i.e., for each j € [p|, we debias B\j separately and denote the estimator by B}‘

B =B + EMJTWJ-T(ZJ‘ — W,8)). (5)
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We refer to as the segmentally adjusted graphical regression (SAGE) estimator. We later
show the SAGE estimator B}L asymptotically follows a multivariate normal distribution,
laying a foundation for inference. In (), /1\/\Ij = [Myy,...,Mp_1)g+1)) 1S an estimator of
Z;&j, where Xw, = E W/ W, /n. Let f]wj = W/ W, /n. In existing methods (Javanmard
and Montanari, [2014; Cai et al., [2022), mj;’s are typically estimated by solving:

argmin,, g (r—1)(a-+1) m’ i\3Wj1fn

(6)

subject to ||Ha(§]wjm —€)|loo2 <,
where the soft-thresholding operator H,(x) = sign(z)-(|x|—«) applies pointwise to vectors,
e; € RP=D+D) js the standard basis vector, and the thresholding scalars a and v will be
defined through theoretical analysis; see Theorem [2]

In (6), the computing cost for estimating each mj in the space of RP~D@) increases
polynomially with p and ¢. Alternatively, since f]wj has rank n, this motivates us to map
the optimization problem from R®~D@+D) to R™ making computation feasible. Specifically,
consider the n x n matrix E; = VVjoT /n, with its eigen-decomposition given by E; =
UijUjT, where U]TU]- = UjUjT = I, (Golub and Reinsch, 1971). The diagonal matrix
D; € R™" collects the eigenvalues of &;, which are also identical to the non-zero eigenvalues
of iwj. Now, define V; = W]-TUJ-DJ-_I/Q/\/E. It is then easy to derive that W;/y/n =
U]-Djll/QVjT and V] V; =I,,. Correspondingly, we have f]wj =W/W,/n=V,D;V]. This
allows us to consider the following optimization problem in R":

argming g. 0' D;0,
(7)
subject to  ||Ho(V,;D;0 —€))|lc2 < 7,
where a and v are defined later in our main results. Denote by é\jl, which solves (7). As the
columns of the orthonormal matrix V; are eigenvectors of iwj spanning an n-dimensional
subspace, the @ in is a projection of m in () onto the columns of V;. The following
proposition shows the properties of 4/9\]-1 and mj;, justifying the utility of this projection, and

its proof is in Section [S1| of the Supplementary Material.
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ProprosiTION 1: If é\jl is a solution of , then m; = Vjajl is a solution of @ Inversely,

if mj is the solution of (6)), then é\jl = V] my is a solution of (7).

The advantage of @ lies in its estimation in R™, a space whose dimension does not
depend on p or ¢ and is typically much lower than (p — 1)(¢ + 1), avoiding estimating the
inverse matrix directly in the original R®=D@+1) and saving much computation. Once (9\]-; is
computed, we can map it back to R®?=D@+D) to obtain the estimate of each column of the
inverse matrix as mj; = Vjéjl, with j € [p — 1)(q¢ + 1)]. Moreover, the diagonal structure
of D; simplifies the computation in @ by avoiding full matrix operations. Thus, it is clear
that our debiased method remains computationally efficient even as the dimension of Y,
grows. When estimating m;;, the computational cost with is O(n), whereas the direct
applications of optimization in @ incur a cost of O(p%¢?); see Remark |1]in Section [S1|of the
Supplementary Material. Recently, Banerjee et al. (2025)) derived a closed-form debiasing
matrix for the lasso, but their results do not extend to our covariate-dependent Gaussian
setting with sparse group lasso; see Remark [2| in the Supplementary Material.

Importantly, the asymptotic results of B\y of , with ﬁj estimated based on éjl’s, can be

established under the following assumptions.

ASSUMPTION 1: Suppose u®” are i.i.d mean zero random vectors with a covariance matrix
satisfying ¢p = Amax(Cov(u®)) > A\pin(Cov(u®)) > 1/¢, for some constant ¢y > 0.

Moreover, there exists a constant M > 0 such that ]us)| < M for all ¢ and h.

ASSUMPTION 2: Suppose that ¢1 < Amin(Cov(z™)) < Apax(Cov(z®)) < ¢y for some

constants ¢q, ¢ > 0.

AssumpPTION 3: The dimensions p, ¢, and the element-wise sparsity s, satisfy s.(log(p) +
log(q)) = o(y/n/log(n)). Additionally, the maximum column ¢, norm of Q(u) is bounded

above by a positive constant dy > 0.
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Assumption (1| characterizes the joint distribution of each row in W;. This condition is
not restrictive, as genetic variants are often encoded as 0,1 or 0,1,2 (Chen et al. 2016).
Similar assumptions can be found in Zhang and Li (2023, 2025)). Assumption [2| imposes
bounded eigenvalues on Cov(z"), which, alongside Assumption , provides a well-defined
characterization of the joint distribution for each row in W;. Assumption [2| is mild and
commonly used in the literature (Chen et al., 2016} |Cai et al., 2022; Zhang and Li, 2023)).
Assumption [3[ is also mild, as we assume /n = w(s.(logp + logq)). This condition is
less restrictive compared to Zhang and Li (2025), where s., logq and loggq are required

/6 Our assumption allows s.(logp + log q) to grow more slowly

to grow no faster than n
than y/n, providing more flexibility. The condition on the ¢; norm of Q(u) follows from
Bikn = —(Bn)jr/0%, linking column sparsity of ©(u) to that of 8. This is not overly
restrictive, as it only requires each response (e.g., a gene) to interact with finitely many
others, a biologically plausible assumption also used in [Zhang and Li (2025).

Let candidate models be those evaluated during tuning, and define s) as the maximum

number of nonzero coefficients across them. We then state the following theorem.

THEOREM 2: Suppose 3 € RPP=D+D) s (5, Sq)-sparse, Assumptions hold, s. < sy

and sylog(pq) = O(\/n/logn). For some large constant C' > 0, set

A = C\/2se log(ep) + s log(eq/sg)7 - 2/\6’
NSe \/ s,

and let o = C'\/log(pq) /n, v = \/Se/S4-t, then with probability at least 1—C4 exp(—Ca{s. log(ep)+

sqlog(eq/sy)}/se) for some constants Cy,Cy > 0, with the ezistence of M\j, the SAGE
estimator B;‘ defined by can be decomposed into \/ﬁ(ﬁj“ - B;) = Aj +w;, where

(log(p) +1 L
s (og(p\)/ﬁ Og(Q))’ w;|W; NN(O,E

and M\j is obtained via and Proposition . Also, for any l € [(p—1)(¢+1)] it holds that
Va((BY)i = (Bi)) q 1

~ TS ~ o
\/ijJEijjl

1A][oo 2 M/ Sw,M,),

).
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The theorem and proof yield several advances. First, we establish the existence of a solution
to under suitable o and vy, despite the complex, non-sub-Gaussian design matrix W, by
deriving tailored probability bounds to control A;. Second, we provide a nonvanishing lower
bound for r?lelEerYlﬂ, ensuring estimator stability through advanced techniques beyond
standard concentration bounds (e.g., Lemma . Third, since lacks a closed form, the
proof carefully handles this under weaker sparsity assumptions than Zhang and Li (2025)),
as detailed in Section [S2 and Lemmas [4H5]

We may apply this theorem to construct confidence intervals. If ¢/ were known, an

asymptotic (1 — a)-confidence interval of (3;); would be

(B — (B + (8)

> '(1-a/2) fflel w,my 11— a/2) fflel w,my;
] n 9 - "

O'j] 0‘j]

As proposed by Zhang and Li| (2023)), a natural and consistent estimator of a—ﬁj is

S nTlg;HZJ — W]B?LSH%, where BfLS is the OLS estimator constrained on the set S;,

satisfying (BJOLS> = (W)L (Wj)g,)_l(Wj)I z; and (B-OLS> _ = 0. Here, S; is the set
Sj Sj J Sj J S¢

indexing the non-zero estimates under the sparse group lasso. Hence, we can construct the

confidence interval for (8;); by replacing ¢’/ with 3%/ in (8. Moreover, for tests of linear

contrasts, such as (8;)1 = (8;)2, the following corollary addresses the inference for Ag3;

for fixed matrix A. It forms the basis for testing, for example, whether a QTL modulate

co-expressions in a gene pathway consisted of a set of genes.

COROLLARY 1: Under the same condition of Theorem [3, for any fixed matriz A €
REXP=D(+D) for some K € N, it holds that, with probability at least 1—C exp(—Cy{s. log(ep)+
sqlog(eq/sy)}/se) for some constants Cy,Cy > 0, the vector Aﬁ;‘ — AB; can be decomposed
into \/H(A,éj“ —AB;) = A, 4+ w,;, where

CllA | sose(log(p) + log(q))
NG

with R/I\j obtained via and Proposition .

1
Ao < ;o wy | Wy~ NG(0, EAM;‘FEWijAT>7
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Corollary (1| provides a concrete framework for conducting inference on linear combinations
of form A3;. A direct application is testing whether €2, (u) = 0 holds for all u. Recalling the
definition of 3; in Section , this hypothesis is equivalent to testing whether 3, = 0 for
all h € [1+ ¢]. This can be formulated by a specific matrix A € RUFOXEP=D+1) that selects
the relevant entries in 8;. The constructed A satisfies ||A|« = 1. Through this construction,

Corollary [1] enables valid inference on functional edges across varying covariate levels.

4. Numerical Experiments

To evaluate the finite sample performance of the proposed SAGE estimator, we conduct
numerical experiments to: [Aim (i)] assess the bias and variance of the estimates, along with
the coverage probability of the confidence intervals; [Aim (ii)] examine how performance
varies with sample size; [Aim (iii)] test the feasibility of conducting linear contrast tests; and
[Aim (iv)] analyze computation time.

For Aim (i), we simulate n samples {(x,u®) : i € [n]} from (@) with n = 400, where
x(?) € RP represents p response variables, and u'” € RY is the external covariate vector, such
as SNPs. The elements u®® are generated independently from a Bernoulli(0.5) distribution.
Given u?, we set Q(u);; = 0% = 1, and for the off-diagonal elements, we choose h = 1,2
to allow non-zero values in B, meaning the number of effective covariates is 2. For each
h € {1,2} (corresponding to the matrix By,), the values at positions (4,7 + 1) and (j + 1, j)
are set to 0.3, with j = 1. We also set By = I. Once Q(u”) are generated, we sample
x@ from N(0, Q27 (u®)) for each i € [n]. For each simulation configuration, we generate
200 independent datasets. Based on the parameter setting, the non-zero coefficients in 3
are located at indexes ind; = p, indg = 2p — 1, ind3 = (p — 1)(¢ + 1) + p and indy =
(p—1)(qg+ 1)+ 2p — 1, respectively.

As a benchmark for assessing biases, we first compute the pre-debiased multi-task learning

estimates (Zhang and Li, [2025)). We then compare two methodologies for bias correction
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and statistical inference. The first is the SAGE estimator B\? in the multi-task learning
framework, with inference results provided in Theorem [2 In this methodology as well as
for the pre-debiased multi-task estimates, we consider two fixed tuning parameter choices,
Ae = 0.3 and 0.6, both of order \/W (as required by the theorem), along with
cross-validated A, and A,. For the fixed A, and A,, we set A\, as ./ V2. The second is
an oracle method, serving as a “golden standard” approach by assuming prior knowledge
of the non-zero sets S; and applying ordinary least squares (OLS) to each non-zero set S;
to obtain B}”’“de for inference. To ensure comparability with the oracle estimates, we focus
on specific sets in the debiasing procedure, such as § where Bs # 0. This approach also
allows us to evaluate whether the debiased estimates within & exhibit a second-order normal
distribution centered around the true values. The debiasing parameters are set to o = 1/y/n
and v = 2/4/n to satisfy the theoretical requirements for asymptotic normality. Following
Javanmard and Montanari (2014]), these parameters influence finite-sample performance
only at a second-order level. In other words, as long as the parameters scale correctly, the

asymptotic properties of the debiased estimator remain unaffected.
[Figure 1 about here.|

We first visually assess the performance of the bias correction of the proposed debiased
method by presenting histogram figures of the SAGE estimates B“ across 200 repetitions,
plotting the histogram of B&dl for (p,q) = (70,120), respectively. We select the B obtained
from (A, Ag) = (0.3,0.212) and show in Figure[l|how the SAGE estimates concentrate around
the true parameter value of —0.3. As shown in Figure |1, the undebiased estimates display
a clear bias away from the true value of —0.3. However, after applying our debiasing pro-

cedure, the SAGE estimates are tightly concentrated around —0.3. The resulting histogram

appears nearly normal and symmetric around the line —0.3, demonstrating the approximate

11
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normality of our proposed estimator. We next discuss the performance of statistical inference

as reported in Table (1| over 200 data replicates.
[Table 1 about here.]

The tabulated results confirm that the proposed SAGE estimator consistently outperforms
the undebiased estimator across all four indices. The undebiased estimates show larger
pre-bias values, reflecting systematic bias, while the SAGE estimates achieve substantially
reduced post-bias values, offering more accurate parameter estimates. Our SAGE estimator
also performs comparably to the oracle estimator, which achieves minimal bias and near-
nominal coverage probability. This highlights the robustness of the SAGE estimator in pro-
viding reliable inference without knowledge of the true support. Additionally, the theoretical
variance aligns well with empirical variance, though variations in tuning parameters can
affect this alignment. For instance, smaller tuning parameters may lead to model-based
variance overestimating true variance, causing slight under-coverage in confidence intervals,
likely due to finite sample effects. We further compare our method with the post-selection
inference of [Lee et al| (2016), implemented in the node-wise regression setting , using
same datasets. Unlike their lasso-based approach, our method employs group lasso. While
their procedure ensures valid coverage via polyhedral selection, in our covariate-dependent
graphical regression the design matrix has a complex distribution, so the selection event is not
polyhedral. Consequently, their method produces overly conservative intervals and low power,
as shown in the last row of Table[I]and further in Section of the Supplementary Material.
By contrast, our SAGE estimator attains accurate coverage and substantially higher power.
We also benchmark against the framework of Ning and Liu (2017)) via point-wise tests, where
our method again outperforms as shown in Section of the Supplementary Material.

For Aim (ii), we conduct additional experiments with n = 200,800 and present the results

in Section of the Supplementary Material. These results, along with Table [I, show
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that when the sample size is small, the under-coverage of confidence intervals becomes more
pronounced. However, as the sample size increases, such as n = 800, the empirical variance
aligns more closely with the theoretical values and the bias of the SAGE estimates becomes
closer to 0. We also vary p and ¢ in Section of the Supplementary Material and observe
similar patterns.

For Aim (iii), we focus on the case of j = 1, where the non-zero indices for (3, are p
and 2p — 1. We estimate the following linear combinations and conduct testing for the

corresponding linear contrasts respectively:

2(B1)1 — (B1)p
(B1)2 + (B1)p

L:(B1)p — (B)ap—1: 1L (B1)1 — (Br)p; IL:(B1)1 +2(B1)2; IV:

Case I examines the relationship between two non-zero parameters, Case II compares a non-
zero parameter with a zero parameter, Case III assesses the relationship between two zero
parameters, and Case IV explores simultaneous inference. We set (A, A;) = (0.6,0.424).
Based on Corollary [T} the non-zero rows of matrix A corresponding to the four cases is given
by (e, — e 1)", (1 — ez 1)", (€1 +2e3)" and (((2;1;;’3);), and the values of A3 for the

four cases are 0,0.3,0 and (0.3, —0.3)".
[Table 2 about here.]

Table [2] presents the results based on 200 repetitions. As shown in Table [2] the results of
Corollary (1| hold under the examined hypotheses. In particular, under Case IV which involves
two different dimensions and shares the same (3;), in both values, the standardized bivariate
SAGE estimates, i.e., \/ﬁ(AK/I\JTiwjﬁjAT)_l/Z(Aﬁl — Af3,), approximately follows a two-
dimensional normal distribution with mean 0 and an identity covariance matrix. The Q-Q
plots in Figure [2| further confirm the asymptotic standard normal distribution. The joint

distribution shown in Figure shows a small Pearson correlation of only 0.057 between

13
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the two dimensions, and the histograms for both variables exhibit a shape consistent with

the standard normal distribution.
[Figure 2 about here.|

For Aim (iv), we conduct an experiment on our debiasing algorithm in (7)), comparing it
to the optimization problem in @ similar to previous works (Javanmard and Montanari,
2014; Cai et al., 2022)), to evaluate the computation time. For simplicity, we focus on solving
@ and , where we set [ = 1 for the comparison of computation time. Table in
Section of the Supplementary Material compares the computation time between our
debiasing procedure by and the direct optimization of (@ The results indicate that the
projection method is much faster. As p increases, the projection method remains feasible,

while the direct optimization of @ becomes increasingly computationally prohibitive.

5. Analysis of glioblastoma multiforme gene expression graphs

Glioblastoma multiforme is a lethal brain cancer, and existing therapies are largely ineffective
(Kwiatkowska et al., 2013). To develop effective treatments, such as novel gene therapies, a
better understanding of the disease’s molecular mechanisms is critical. We apply our methods
to infer the effects of single nucleotide polymorphisms (SNPs) on gene co-expression in a
Glioblastoma trial. The dataset, publicly available via the NIH Gene Expression Omnibus
database (labeled as GSE108476), comprises n = 178 glioblastoma multiforme patients with
both microarray and SNP chip profiling.

Following preprocessing described by (Gusev et al.| (2018]), we analyze expression levels of 73
glioma-pathway genes from KEGG (Kanehisa and Goto, |2000). Covariates include 118 nearby
SNPs (within 2kb upstream and 0.5kb downstream, coded as “0/1”), plus age and gender,
yielding 120 covariates and 317,988 parameters (73 x 36 x 121). We apply Gaussian graphical

regression to assess their influence on network structure, tuning (A, ;) by cross-validation
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as in simulations, and then use the debiased SAGE estimator for inference. Parameters
a = 1/V/178 and v = 2/4/178 are set per Theorem , affecting only second-order finite-
sample performance; data-driven tuning may improve results but with more computational

cost.
[Figure 3 about here.]
[Figure 4 about here.|

We first established the population-level gene network using multi-task learning estimates
prior to debiasing (Figure , then applied debiasing and significance testing. As shown
in Figures and , this reduced the number of edges, retaining only those with strong
evidence. Biologically, the PI3K/AKT/MTOR pathway is central in glioblastoma (Network),
2008), with EGFR driving tumor progression via this pathway (Melenhorst et al., 2008). At
a = 0.001, EGFR shows few direct links but connects broadly through SHC4 (Figure; at
a = 0.05, it exhibits numerous connections, underscoring its network impact. These findings
are consistent with prior reports on EGFR’s role in glioblastoma (Network, 2008) and with
Zhang and Li (2025), supporting the importance of targeting interconnected pathways in
treatment.

The fitted graphical regression identified nine eQTLs at v = 0.05 (“rs10509346”, “rs1347069”,
“rs6701524”, “rs723210”, “rs93035117, “rs503314”, “rs728655”, “rs759950”, “rs306098”), of
which three (“rs10509346”, “rs1347069”, “rs759950”) remained significant at @ = 0.001.
At this level, “rs10509346” revealed a positive MTOR-EGF and negative SHC2-RAF1
correlation (Figure [4(c)), both linked to cancer progression (Hua et all, [2019); “rs1347069”
indicated upregulated PI3K/AKT signaling via AKT1-IGF1R (Figure (Manning and
Toker, 2017); and “rs759950” showed a negative GADD45G-CAMK2A correlation (Fig-
ure [4(1)]), suggesting opposing roles in growth regulation (Coultrap and Bayer, [2012). Addi-

tional eQTLs were significant at o = 0.05, e.g., “rs6701524” with PDGFRB-CAMK1 and
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“rs503314” with CCND1-CDKN2A (see Section[S4 of the Supplementary Material). The full
estimated network is shown in Figure [4l These findings may inform oncologists in tailoring

treatments to patients’ genetic profiles and tumor microenvironments (Li et al., [2023).

6. Discussions

We have developed a segmentally adjusted graphical regression (SAGE) estimator for multi-
task Gaussian graphical regression models, enabling valid statistical inference in high-dimensional
settings. In addition, we proposed a projection-based approach to compute the SAGE esti-
mates, which simplifies the estimation of the inverse variance-covariance matrix and enhances
computational efficiency. We have shown that the SAGE estimator asymptotically follows a
normal distribution, paving the way for inference in network regression analysis, as further
confirmed by our simulations.

In finite-sample settings, positive definiteness of the estimated £2(u) is not automatically
guaranteed. To address this, we suggest a diagonal scaling strategy that enforces positive
definiteness post estimation; see Zhang and Li (2023)) for additional details on this post hoc
rescaling approach. While this strategy is effective in practice, further work is needed to
formally quantify the uncertainty introduced by this correction.

We take a frequentist approach, while recent Bayesian methods (Ni et al., 2022; |[Niu et al.,
2024} Zeng et al.||2024)) address low-dimensional settings; extending them to high-dimensional
inference is a promising direction. Additionally, our inference procedure is currently designed
to operate on each node individually. For simultaneous inference across multiple nodes, one
could employ procedures such as the Bonferroni correction or false discovery rate (FDR)
control. However, these methods do not explicitly account for the dependencies among nodes
and may therefore suffer from reduced power. A more promising alternative could be a

joint debiasing approach, which could improve efficiency and reduce variance by leveraging
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the dependence structure across tasks. Developing such methods may pose theoretical and
computational challenges, which we intend to investigate in future work.
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Figure 1: Histograms of pre-debiased estimates (referred to as Pre) and SAGE estimates
(referred to as Post) for Bina, and Bing, with p = 70 and ¢ = 120.
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Figure 2: The example figures demonstrate the asymptotic standard normal distribution
behavior of the standardized SAGE estimates, \/ﬁ(A/l\EjTiwjﬁjAT)_l/Q(Aﬁl — AfB), in
the cases with (p, q) = (70,120). Figures 2(a)| [2(b)|and [2(c)| present QQ plots for the Case I,
Case II and Case III, respectively, illustrating the asymptotic normality. Figure shows

the joint distribution of two asymptotically independent standard normal variables under

Case IV.



Statistical Inference on High Dimensional Covariate-Dependent Gaussian Graphical Regressions 23

Population Level (Original) Population Level (alpha=.05) Population Level (alpha=.001)

(a) Original Selected Edges (b) Significance Level 0.05 (¢) Significance Level 0.001

Figure 3: Population-level gene co-expression graph (left), shown with significance levels
of 0.05 (middle) and 0.001 (right). Positive partial correlations are shown with red dashed

lines, while negative correlations are indicated by black solid lines.
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SNP effects for “rs10509346”,

“rs1347069” and “rs759950”, respectively, at significance levels of 0.05 (middle) and 0.001
(right). Positive partial correlations are shown with red dashed lines, while negative correla-

tions are indicated by black solid lines
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Table 1: Simulation results with n = 400. Standard deviations are shown in parentheses. Pre-
Bias: the average bias of B prior to debiasing; Post-Bias: the average bias of the SAGE
estimates post debiasing; Emp-SD: the empirical standard deviation of debiased estimates
after standardization with the theoretical value being 1; Cov-Prob: the estimated coverage
probability of the 95% confidence interval; Rej-0: the probability that the statistical inference

rejects the true parameter being zero; AIL: average interval length.

()\67 )‘g) /6ind1 /Bindg IBindg /Bind4
Pro-Bias 177(.052) .175(.054) .178(.049) .175(.053)
Post-Bias .051(.073) .050(.075) .055(.068) .053(.073)
(.3,212) EmpSD 1.23 1.30 1.22 1.30
Cov-Prob  84.5% 87.5% 85.5% 88.5%
Rej-0 95.5% 96.5% 98.0% 96.0%
Pro-Bias .281(.018) .280(.018) .231(.018) .280(.018)
Post-Bias .024(.057) .025(.060) .031(.056) .029(.055)
(.6,.414) Emp-SD  1.02 1.07 1.04 1.04
Cov-Prob  93.5% 92.5% 93.5% 92.5%
Rej-0 99.5% 99.5% 99.5% 100%
Pro-Bias .157(.052) .156(.049) .157(.052) .156(.050)
Post-Bias .006(.050) .006(.048) .008(.049) .006(.048)
Cross Validation ~Emp-SD 1.28 1.20 1.25 1.24
Cov-Prob  87.0% 89.5% 87.5% 89.5%
Rej-0 100% 100% 100% 100%
AL 074(.002) 07A(.002) 074(.002) .07A(.002)
N Bias  -.002(.040) -.003(.046) -.000(.047) =.001(.048)
Goracte Emp-SD 971 912 944 952
Cov-Prob  96.5% 98.0% 96.0% 97.0%
Rej-0 100% 100% 100% 100%
AL 0S8
Bias  .030(.055) .034(.052) .031(.(54) .034(.9753)
 Cov-Prob  97.5% 98.0% 96.0% 94.5%
Post Selection =70 701 07(100)  1.00(0.95)  1.04(1.02)  1.02(1.05)
Rej-0 63.0% 68.0% 68.5% 62.0%
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Table 2: Results for the four cases with n = 400 and n = 800. Emp-AVE: empirical
mean of SAGE estimates after standardization with the theoretical value being 0; Emp-SD:

empirical standard deviation of SAGE estimates after standardization with the theoretical

Biometrics, 000 0000

value being 1; Cov-Prob: estimated coverage probability of the 95% confidence interval. V1

and V2 correspond to the two vector values being tested in Case IV.

IV
(p,q) I II 111 Vi V2
Emp-Ave -.003 -.148 -.021 -.029 .162
n =400 | Emp-SD 1.23 1.22 1.12 1.25 1.16
Cov-Prob 92.5% 89.0% 94.5% 90.0%
Emp-Ave  .006 118 -076 -.126 .073
n =800 | Emp-SD 1.10 1.14 1.09 1.15 1.06
Cov-Prob  93% 92.5% 93.5% 91.0%
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