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SUPPLEMENTARY MATERIAL

The Supplement is structured as follows. Section 1 presents the derivation of the mean
residual life function based on our hazard model (1). In Section 2, we derive the estimators
for both the finite-dimensional parameters and nonparametric functions. The asymptotic re-
sults of these estimators are discussed in Section 3, where Section 4 provides the proofs for
prerequisite lemmas and the main theorems related to the asymptotic results. Additionally,
Section 5 explores a potential relaxation of an assumption concerning event times. To fa-
cilitate implementation, Section 6 offers the code for estimating both the mean residual life
function and the associated coefficients.

1. Derivations of the mean residual life function (2). As the left hand side of (2) is a
function of ¢, X, I(W < t) and WI(W < t), we discuss it separately when W < ¢ holds and
when it does not. First, when W < ¢ does hold, it means that W is observed by time ¢, and,
therefore, the left hand side of (2) will depend on ¢, X, W, or, specifically,

§,°S(s| X, W <t,W)ds
S(t| X, W <t,W)

E{T —t|T>t,X,I(W<t)=1W}=

a0
:eAT(t_W,x,W)J oA (s—WXW) g
t

Q0

_ AR WXW) f oA (s XW) g

t—Ww
based on our model, which is equal to the right hand side of (2) in this case. Second, when
W <t does not hold, i.e., no transplant by time ¢, we would effectively treat W > ¢ as

W = oo when we project the future survival at time ¢, given the information available up to
time ¢. Hence, the left hand side of (2) should only depend on ¢, X, and

E{T —t|T>t,X,I(W<t)=0}=E{T —t|T>t,X,W =0}
US| X, W = c0)ds
- S(t| X, W =)

o0
:eAN(t,X)f e~ (sX) g
t

which is equal to the right hand side of (2) in this case.

2. Derivations of the estimators for the finite-dimensional parameters and nonpara-
metric functions.
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2.1. Derivation of an efficient score function. Let Y (t) = I(Z > t) be the at risk
process and N(t) = I(Z < t)A be the counting process. Define the filtration F; to
be o{N(u),Y (u), X, I(W < u), WI(W < u),0 <u < t}, and, thus, M(t) = N(t) —
SéY(s)A{s,,@TX, I(W < s), WI(W < s)}ds is a martingale with respect to F;. The tan-
gent space for the nuisance parameters, which will be utilized in deriving our estimator, is
obtained through the following process.

PROPOSITION 1. The nuisance tangent space is T = T1 @ To ® T3, where each compo-
nent corresponds to fx w, m defined in (2), and \., respectively. Specifically,

T
= [a(X, W) : E{a(X, W)} =0,a(X, W) e RP~D yar{a(X, W)} < 0],

T2
B (f@ { hi{s, 87X, I(W <), WIW <s)}  h{s, 87X, I(W <s), WI(W <)} }

mi{s, BYX, I(W <s),WIW <s)}+1 m{s,8IX, I(W <), WI(W < s)}

xdM{s, BTX, I(W <), WI(W < s)}:VYh{z, BYX, I(W < 2), WI(W < z)} e RP~D,

0

var{z, BYX, I(W < 2), WI(W < 2)} < oo> ,
T3

= UOO h(s, X)dM.(s,X) : Yh(z,X) e RP~D9 yar{h(z,X)} < oo] .
0

The derivation of Proposition 1 is provided in Supplement 2.1.1. Taking the derivative of
the logarithm of (5) with respect to 3, we obtain the score function

Sp{A, Z, X, I(W < Z),WI(W < Z)}

B foo [ mupfs, 87X, [(W <), WIW <s)}  mufs, 87X, (W <s), WI(W < s)}}
a mi{s,BYX, I(W <s),WIW <s)}+1  mfs, B X, (W <s), WI(W < s)}
X dM{s, BTX, I(W < 5), WI(W < s5)},

0

where

mi{s,v,-, )} =om{s,v,-,-}/0s = dmp(s—W,v)/0sI(W < s)+dmn(s,v)/0s{1—I(W < s)},

mo{s,v,-,-} =om{s,v,-,-}/ov=0myp(s—W,v)/ovI(W < s)+0mpn(s,v)/ov{l—I(W < s)},
and

mia{s,v, -} = 0ma{s,v,,-}/ds = *mp(s—W,v)/0sovI(W < s)+0*mn(s,v)/0sov{l—I(W < s)}.

We can verify that, at 3, Sg{A, Z, X, I(W < Z), WI(W < Z)} L Ty and Sg{A, Z, X, I(W <
Z),WI(W < Z)} L T3 due to the martingale properties. The next steps are to look for an
efficient score. To proceed, we first project Sg{A, Z, X, I(W < Z),WI(W < Z)} at B to
7Tz, and we search for h*{s, BYX, I(W < s), WI(W < s)} such that

Set {A, Z, X, (W < Z),WI(W < Z)}

=8Sp{A, Z, X, I[(W < 2),WI(W < Z)} —f

. [ hi{s, 8, X, I(W <), WI(W < s)}
0

mi{s, By X, I(W <), WI(W <s)} +1
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b s, Bo X, I(W <), WI(W <)}

m{s, By X, I(W <), WI(W < s)}

_ foo [m12{57ﬂgX7[(W <s), WIW <s)} X — hT{S,ﬁOTX,I(W <s), WI(W < s)}
0 ma{s, By X, [(W <s), WI(W <)} +1

Cmy{s, By X, [(W <), WI(W <)} @X; —h*{s, B0 X, [(W <5), WI(W < s>}]
m{s, By X, I(W <), WI(W < s)}

xdM{s, By X, I(W < s),WI(W < )},

] dM{s, Ba X, I(W < s), WI(W < 5)}

where hi{s,v,-,-} = dh*{s,v,-,-}/0s, is orthogonal to 7. It implies that, for any
h{s, B3 X, I(W < s), WI(W < s)}, it holds that

(S

hl{SMBE)FXvI(W < 3)7WI(W < S)}
ml{S,BEX,I(W < S)a WI(W < S)} +1

0-E (f afs, BYX,I(W <), WI(W < s)}" [

_h{s, B0 X, I(W <), WI(W < s)} ] ds)
mis, B X, I(W < s), WI(W < 5)} ’
where
(52)
a{s, B X, I(W < s), WI(W < s)}
& qmu{s,ﬁgx,f(w <s),WI(W <8)}®X; —hi{s, B X, (W < 5), WI(W < 5)}
B ma{s, BEX, I(W <s),WI(W <)} +1

_mafs, B X, [(W <), WI(W < 5)} @ X; — h*{s, B3 X, (W < 5), WI(W < s>}]
m{s, By X, I(W < 5), WI(W < s)}

<5.(5.X) | BYX ) S{s BX. 1O < 9, W10V <)

mafs, Bo X I(W < 5), WIW <)} +1
m{s, BIX, I(W <s),WI(W <)}

and hy{s,v,-,-} = dh{s,v,,-}/0s. We can choose any h{s, BT X, I(W < s), WI(W < s5)}
function. Specifically, by letting h{s, B3 X, I(W < s), WI(W < 5)} =0 for s < ¢ and
h{s, B3 X, I(W < 5), WI(W < s)} = c(Ba X) for s > t with an arbitrary function c(3g X),
we obtain that

a{t, B X, I(W <t), WI(W <t)} _foo a{s, Ba X, (W <), WI(W < 5)}
ma{t, B X, I(W <), WIW <)} +1 )i m{s,BX, I(W <), WI(W <)}
Solving this integral equation leads to
al{t, B X, I(W <t),WI(W <t)}
= {mi{t,B; X, I(W < t),WI(W <)} + 1}
Py {s, By X, I(W < 8), WI(W <)} + 1
o mis,BEX, I(W <s), WI(W <)}

ds = 0.

< exp [_ ds] e(B3X),



4

for any function c(-). Thus, reusing (S2), we require that for all h{t, 33X, I(W <
t), WI(W <)},

0=F (Jw[ml{t,ﬂOTX, I(W<t),WIW <t)}+1]
0
tmy{s, BEX, I(W <), WI(W < s)} +1
o mis, B X, I(W <s), WI(W <)}
y [ hy {t, B X, I(W <t), WI(W <t)}  h{t,B0 X, I(W <t), WI(W <t)} ] dt)
mi{t, BEX, I(W <t),WIW <t)} +1  m{t,B3X, I(W <t),WI(W <t)}

—E[e(B5X) h{0,8; X, I(W <0), WI(W <0)}].

X exp {— dS] C(ﬁgX)T

Letting h{0, 80X, I(W < 0),WI(W < 0)} = ¢(83 X) yields the only possibility of
c(BEX) = 0, hence a{t, B X, I(W < t),WI(W < t)} = 0. Inserting the expression of
a{t, 3o X, I(W <t), WI(W <t)} into (S3), we have
hi{t, Bo X, [(W <t), WIW <t)}  h*{t,Bg X, I(W <t), WI(W <t)}
ma{t, BEX, I(W <t),WIW <t)}+1  m{t,BX, I(W <t),WI(W <t)}

=b{t,B0 X, I(W <t), WI(W <t)},

where

b{t, 85 X, [(W <t), WI(W <t

»_{nm%%XﬂW<WWﬂW<W
ma{t, Be X, I(W <), WI(W <t)} +1
_mz{tﬁoTX,I(W <t), WI(W <t)} } E{X;5:(t,X) | By X, W}
mit, B X, I(W <t), WI(W <t)} E{S.(t,X)| By X, W}
Thus, we have obtained an efficient score as follows:
Se{A, Z, X, [(W < Z),WI(W < Z)}
_J“W_nnﬂ&ﬁEXJUV<8%W7@V<SH _}nﬁ&B5XJ0V<5%WUUV<SH]
mi{s, BEX, I(W <s),WIW <s)}+1  mi{s,BoX, (W <s), WI(W <s)}
® E{X;S.(s,X) | By X, W}
E{S:(s,X)| By X, W}

] dM{s, B X, I(W < s), WI(W < s)}.

2.1.1. Proof of Proposition 1 . Proof: Let T, T3 and T3 be the nuisance tangent spaces
corresponding to fx w, m and A, respectively. The result of 7; follows obviously. To obtain
To, let m{z, BTX, I(W < 2), WI(W < 2)} + ¥y h{z, BT X, (W < 2), WI(W < 2)} be a
submodel of m{z, BT X, I(W < z), WI(W < z)}, where

h{z BTX, I(W < 2), WI(W < z)} e R4
with var[h{z, BYX, (W < z), WI(W < 2)}] < 0. We then differentiate the log of (5) with
respect to v and evaluate it at v = 0. Then, 72 is
{ h{z, "X, IW<2),WIW<z)}  hiz,8"' X, I(W<z
my{z BTX,I(W <2),WIW <z)}+1  m{z BTX, I(W <z),WI(W
_Jz hy{s, BTX, I(W < 5), WI(W < s)ym{s, BTX, (W < s), WI(W <
0 m2{s, BTX, I(W <s),WI(W <s)}
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A{muds, BTX,I(W <s), WI(W <)} + 1}h{s, 87X, (W <), WI(W < )}
m2{s, BT X, [(W <), WI(W < 5)}

_A{ hy {2, BTX, (W < 2), WI(W < 2)} _h{z,ﬁTX,I(W<z),WI(W<z)}}
T mi (s BT I(W <) WIW <2)}+1  mfz, B X, I(W <z2), WI(W < 2)}

B f { hi{s, B"X, I(W <s),WI(W <s)}  h{s, "X, I(W <s), WI(W <)} ]
mi{s, BYX, I(W <s),WIW <s)}+1 m{s,8IX, I(W <), WI(W < s)}

Ms, BYX, I(W < s), WI(W < s)}ds
_ Joo [ hy{s, 8" X, I(W <s), WIW <s)}  his, 87X, (W <s), WI(W <)} ]
ma{s, BTX, I(W <s),WIW <s)}+1 m{s,BIX, I(W <), WI(W <s)}
dM {s, BT X, I(W < s), WI(W < s)}.

To obtain 73, we let A.(t, X){1 +~Th(¢,X)} be a submodel of \.(¢,X), where h(z,X) e
RP=Dd  with var{h(z,X)} < 00. We then obtain 73 as follows

wl—yzo = (1-A)h(Z,X) — JZ h(s,X)Ac(s,X)ds
o0y 0

dt

/

0

0

_ F h(s, X)dM.(s, X),
0

where M. (t,X) = N.(t) — SS I(Z > s)\c(s,X)ds is a martingale by Theorem 1.3.2 in Flem-
ing and Harrington (1991). Because A.(¢, X) can be any positive function, so can be h(s, X),
which leads to the form of 73.

By taking conditional expectations given X and W, it follows that 77 | 75 and 77 L
7Ts. Further, 72 L 73 because the martingale integrals associated with M {s, B8TX. I (W <
s), WI(W < s)} and M.(s,X) are independent conditional on X due to 7L C | W, X. O

2.1.2. Proof of Equations (7) and (8). Proof: First, we note that, when ¢ < 7,

E{X)Y(t)|B"X,W} =E[E{X, (T >t)I(C>1t)|BTX,X,W}|BTX, W]
= E[E{X[(T=t)I(C=t)|X,W}|BTX, W]
=B [X;S{t, 87X, I(W <t), WI(W <t)}S.(t,X) | 87X, W]
= S{t, 87X, I(W <t), WI(W < )} E {X;5.(t,X) | 87X},

where the second to last equality holds because of 7' 1L C' | X, W and that pr(T > t|X) is a
function of 37X and W. Similarly, for ¢t < 7, we obtain that

E{Y(t)|BTX, W} =S{t,BTX, I(W <t), WI(W < t)}E{S:(t,X) | BTX}.
Hence, when t < 7,
E{X;Y(t)|8"X, W} E{X;S.(t,X)|B8"X}
E{Y(t)|B"X, W} E{S.(t,X)|8TX}

Second, when ¢ > 7, Y'(t) = 0 and S.(¢,X) = 0. Hence, we have a 0/0 scenario in (S3),
in which case, we define the left hand side of (S3) to be

E{X;S.(m,X)| B"TX} _ E{Xip(X) | BTX}
E{S.(r.X)|8'X}  E{pX)|BTX} "

(83)
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a time-invariant constant, where p(X) is as defined in Section 3. Therefore, (6) and (7) hold
over [0,00), when 3 = 3, the truth.
With a generic 3, (S3) leads to

E (f g{s,8TX, I(W <), WI(W <)} ® [Xz _ E{XiS8.(s,X) | ﬂTX}]

b {SC(S»X) | BTX}
< Y (s)ho{s, BT X, I(W < s), WI(W < s)}ds)
- FE (LOO g{s, BTX, I(W <), WI(W < 5)} ® [E{X;Y (s) | BTX, W}
| B{Xi5.(5,X)| 87X}
E {Sc(st) | ﬂTX}

E{Y(s) | BTX, I(W <), WI(W < s)}] )\O(S,BTX)d5>

=0,
as the quantity inside the square bracket is zero. In addition,
0
B ([ ele s, 107 <0, WIO0V <)
0
E{X;S.(s,X)| BTX}
E{S.(s,X)|BTX}

because dM{s, 3T X, (W < s),WI(W < s)} = dN(s) — Y (s)\o{s, 8 X, I(W < s), W
I(W < s)}ds is a martingale. Therefore, we have

®[Xl_

=0.

E (LOO g{s,BTX, I(W <s), WI(W <s)}® [Xl _E{XSe(5,X) | BTX}] dN(s))

E{S.(s,X)|B*X}
Hence, (8) holds when 3 = 3, the truth. O

2.2. Explicit Expressions of Nonparametric Estimators.

2.2.1. Nonparametric Estimators of Hazard and Mean Residual Life Functions and Their
Derivatives. The estimators of A7 and Ay have a similar form, differing only in the samples
utilized and an additional argument of W in the estimator of Ar. Also, the nonparametric
estimators for (9) are given by

E{Yi(Z:) | BYX;, I(W; < Z3), Wil (W; < Z3) }
_ -1 Kn(BYX,; — B X, W, — W)I(Z; = Z)I(W; < Z;)
S Kn(BTX; = BT, Wi = W) (W < Zj)
S Kn(BTX; — BTXi)I(Z; = Zi) {1 - I(W; < Z))}
S4) + - T T
21 Kn(B7 X = 8" X){1 - I(W; < Z;)}
E {XuYi(Zi) | BT X, I(W; < Z3), Wil(W; < Z;) }
_ S Kn(BTX; — BT X, Wy — W) Xy1(Z; = Z) I(W; < Z;)
S Kn(BX; — 87X, Wy — W) [(W; < Z;)
Y1 Kn(BYX; = BTX0)Xy;1(Z = Zi){1 - 1(W; < Z;)}
(S5 + - T T
21 Kn(B X =8 Xi){1 - I(W; < Z;)}

Wi < Z;)

{1-1(W: < Zy)},

Wi < Z;)

{1—-I(W; < Z;)}.
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We propose a general form of the nonparametric estimators of Ao(t, 31X), \(t,87X),
Xo(t, BYX), where Ay (t,v) = dA(t,v)/0v and Ao (t,v) = ON(t, v)/Ov.

KZ(taBTX)
& I(Zi < AKX - X)
i=1 Z?:l I(Zj > Zi)Kh(BTXj - BTX)

S i 1(Zy = 2K (BTX, — BTX)
S6 I(Z; < )N KR (BTX; — BTX) =2 ,

A(t, 8TX)

& Ky(Zi - )AKA(BTX - BTX)
D=2 S 1z, > 20k (57X, - 5TX)

=1
X2(t7/6T)()
_ Z”: Ky(Zi — ) AK) (BYX; — BTX)
i=1 Z?:l I(Zj = Zi)Kh(BTXj - 6TX)
N i1 1(Z; > Z)K;, (B"X; - BTX)
S8 Ko(Z; — )N Ky (BTX; — BTX) =2 ,

The estimators of my (t, B1x), mp(t, BTx), mi{t, BT X, I(W <), WI(W <t)}, my{t, 37X,
I(W <t),WI(W <t)},and myo{t, BTX, I(W <), WI(W <t)} are

mn(t, B x) = An(t.87%) JT ¢ An(s.87%) ds,
t

mT(tuBTX> = €AT(thBTX) JT e_//iT(S7ﬂTx)d3,
t

ma {t, BTX, I(W < t), WI(W <t)}

= A (t — W, BTX)eAr(t-WETX) f e M (=WB"X) g 1(W < )
t

+ AN (t, BTX) b (87X J e~ M EAX) g1 T(W <)} — 1,
t
mof{t, 37X, (W <t), WI(W < t)}

= {f&m(t -W, ﬂTX)exT(t_W’BTX) JT e~ Ar(s=WBTX) g
t
— A= WBTX) L " Ara(s — W, BTX)e Arls-WBX) d,s} (W <t)
+ {KNQ (t, ﬁTX)eﬂN(t’ﬁTX) JT e An(587X) g
t
—An(tAX) JT Ana(s, BTX)e_’A\N(SﬁTX)ds} {1—I(W <)},
t

ffllQ{thTX7I(W < t)a WI(W < t)}



= {XTz(t — W, BTX)ehr(t-WATX) J T R (s-WETX) g
t

~r(t— W, BTX)Ar (- W8"X) f Ara(s — W, BTX)e o= W) g
t

A (t— W, BTX)Ars(t — W, ,@TX)e?\T(t—WﬁTx) J

elA\T(SWﬂTX)ds} I(W <t)
¢

+ {S\NQ(t,IBTX)e?\N(tﬁTX)J‘ e*AN(S”@TX)dS
t
A {t. 8K I(W <), WI(W < t)}exN(t’BTX) J Ana(s, BTX)G_?\N(S’BTX)ds.
t

AN (8, BTX) Awa(t, B7X) M (8™ J

e—ﬁN(SﬁTX)ds} {1-1I(W <)}
t

3. Discussion of asymptotic properties and semiparametric efficiency. We briefly
summarize the implications and utility of the three major theorems. First, Theorems 1 and 2
establish the root-n consistency and asymptotlc normality, respectively, of the profile param-

eter estimator ,8 The asymptotic variance of ﬁ can be estimated as follows. With S.g being
a martingale,

E[S&{Z,B"X, I(W < Z),WI(W < Z)}]

AL (e s e
|

(
Cmy{s, BTX, I(W <), WI(W < s)}
m{s, BTX, I(W <), WI(W < s)}

E{X;S:(s,X)|BTX}
®[X" B (5.5 %) | 97X] D e

which leads to a consistent estimator of E[S®?{s, 3TX, I(W < s), WI(W < s)}] as follows

725 (/\Q{Zz,ﬁ xi, [ (w; < z), wil (w; < 2;)}

)\{Z'L?ﬁ Xiy (wz < Zz) wiI(wi < Zl)}

i=1

~ AT ®2
E{XIY(ZZ‘) ‘ J6] Xi,f(wi < zi),wil(wi < ZZ)}

~

E {Y(Zz) \ BTXi,I(wz‘ < zi), wil (w; < Zz)}

& | xi —

Here & {Y(z,) ] ,E‘}Txi, Iw; < z),w;il(w; < zz)} E {XZY(zZ-) | BTxi,I(wi < z),wil (w; < zz)},

X{zi,BTxi,I(wi < z),w;I(w; < z)} and XQ{ZZ‘,BTXZ‘,I(QUZ‘ < z),w;I(w; < z;)} are given
in (S4), (S5), (S7) and (S8) respectively.

Second, Theorem 3 implies that we can estimate the variance a%(t, 8x, w), U%V(t, ﬁTx),
without estimating \ or fﬁTX(ﬁTx). Specifically, we have the following estimators:

~T
53(t, 8 x,w)
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— I(w < t)e2hr B xw JKQ duZI <t)
=1

A ( /8 ) KT( (2 1)7BTX7w)

Z I(tgj) > t)e~Mrlto-nB xw) g o max(t b))}

+ > I{t ) > max(t, t_qy) e AP W o - max (o)t
=1

5% (.8 )
C (1= I(w < £)}2hn 0B JKQ Jau 31— I(w; < )
=1

Rn(t, B %) = Ay (ti_1),B %)

1mxﬂnwﬂ>aﬁw—ﬁm

t(z 1) < t) Z I(t G) > t)e —An(ti-1).B X){t(j) — max(t,t(j_l))}
J=1

+ Z I{t () > max(t, t_1)) e P g —max (b, tg-1)} | |,
=1

where ¢(1) <t(g) <--- <t(,,) are the observed event times and () = 0.

4. Proofs of Theorems 1-3. This section includes the regularity conditions, useful lem-
mas with their proofs, and the proofs of Theorems 1-3.

4.1. Regularity conditions.

C1 (kernel function) The kernel function Kj,(-) = h=%K(-/h) where K (a) = ]—[?:1 K(aj)
for a = (a1,...,aq)" is symmetric on each individual entry and K (x) is differen-
tiable, decreasing when 2 > 0, and {* K(z)dx =1, §* 27K (z)dz =0, for 1 <
j<wv,0<§” a"K(z)dz < o, and S_oo 2(z)dz, §* 2K2(x)dx, §° K™(z)da,
§°, 22K (z)dx, §© K" (x)dz, {© x>K"?(z)dz are all bounded. When there is no
confusion, we use the same K for both univariate and multivariate kernel functions for
simplicity.

C2 (bandwidths) The bandwidths h and b satisfy h — 0, nh? — 0, b — 0 and nh%+2b — w0,
where 2v > d + 1.

C3 (density functions of covariates) For all 3 € B, the parameter space, the probability den-
sity function of 81X, fﬂTx(ﬂTX), has a compact support and is bounded away from
zero and co. Furthermore, the first and second derivatives of fﬂTx(ﬂTX) exist and are
Lipschitz continuous.
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C4 (smoothness) For all B e B and t > 0, E{X,;I(Z; > t) | B"X; = BTx} is bounded
and its first derivative is a Lipschitz continuous function of 87 x. E{XijTI (Zj=t)|
ﬁTXj = BTX} is a bounded and Lipschitz continuous function of BTx.

C5 (survival function) For all B € B and t € (0,7), E{S.(t,X) | 8Tx} and f(t,8Tx) are
bounded away from zero. Their first derivatives with respect to ¢ and first and second
derivatives with respect to 87 x exist and are Lipschitz continuous. In addition, S.(7, X)
is bounded way from zero.

C6 (boundedness) The true parameter 3 is an interior point in B, and B is bounded.

C7 (uniqueness) The equation of

mi{Z,BTX, I(W < Z),WI(W < 2Z)}+1
my{Z, 87X, I(W < Z),WI(W < Z)}]
m{Z,B"X, I(W <2Z),WI(W < Z)}
E{XyY(2)|BTX I(W < 2),WI(W
E{Y(Z \ B X, I(W < ) W<2Z) }

has a unique solution in B.

Conditions C1 and C2 are standard assumptions in kernel regression analysis (Silverman,
1986; Ma and Zhu, 2013). Conditions C3 and C4 assume the boundedness of covariates and
their expectations, while Condition C5 assumes the boundedness of the density functions of
event and censoring times. These assumptions are generally applicable to real datasets. Addi-
tionally, the smoothness of several functions in Condition C4 is ensured by constraining their
derivatives, a common practice in literature (Silverman, 1978). The boundedness assumption
on the parameter space B in Condition C6 is reasonable in practical problems (Hardle et al.,
1997). Furthermore, Condition C7 prevents the estimating equation from being degenerate.

4.2. Two useful lemmas. We present two lemmas and their proofs that are useful for
proving Theorems 1-3. Specifically, Lemma 1 will be needed for proving Theorems 1-3,
while Lemma 2 is also needed by Theorem 3.

4.2.1. Lemma 1.

Lemma 1. Under the regularity conditions CI-C5 listed above,

(S9) E{Y(2)|BTX} = E{Y(2)| BTX} + Op{(nh)""/? + h?},
(S10) E{XY(2)|B™X} = E{XY (2) | B*X} + Op{(nh)™*/* + h?},
(S11) Az, 87X) = Az, 87X) + 0p{(nhb) /% + h? + b?}
(S12) Xo(z,BTX) = ( ,BTX) + Op{(nbh®) 712 + h* + 1%}
(S13) A(z,87X) = A(z,87X) + Op{(nh) ™2 + h?}

(S14) As(2,B7X) = As(2,8"X) + Op{(nh?) ™12 + h%}

uniformly for all z, BT X.

Proof: For notation convenience, we prove the results for d = 1. We prove

E{XY(2)| B*X} = E{XY(Z) | BYX} + O,{(nh)™V/? + h?}
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and
As(z,8"X) = Ay(z,87X) + 0, {(nh®) "2 + B2},

and skip the remaining results because of the similar arguments.
First, for any X and 3 in a local neighborhood of 3,

1 ¢ 1/9, -
(S15) > Kn(BTX; — BTX) = fgrx (BTX) + Op(n~2h™2 4 1),
j=1
To see this, the absolute bias of the left hand side of (S15) is

E {Tll Z Ku(B"X; — 5TX)} — farx(B7X)
j=1

1 T, . TX
= JhK <ﬁxjhﬂ> fBTX(ﬁTXj)dﬁTXj - fBTX(,BTX)‘

— J K (u) farx (BT X + hu)du — fBTX(ﬁTX)‘

= J K (u) { farx(BTX) + frx (BT X)hu + O(hZ)vﬂ} du — fﬂTX(ﬁTX)‘
= 0(h?)
under Conditions C1-C3. The variance is

1 n
var{n D En(BTX; - ﬂTX)}

j=1
= %VarKh(BTXj - 8TX)
- BRI, - BTX) — {EK (87X, - A1X))]

= % [ %KQ{(BTXJ —B"X)/h} farx (B7%;)dB  x; — fErx (BT X) + 0(/#)}

= % JKQ(U)ngX(ﬁTX + hu)du — %féTX(gTX) +O(h%/n)

< %fﬂTX(BTX) JK2(u)du + O(h/n) quKQ(u)du + %|ngX(5Tx)| +Oh2/n).

Therefore, applying the central limit theorem, we have that

1« 19, —
~ 2 Kn(B7X; = BTX) = farx (BTX) + Op(n 20712 + 17)
j=1
for all 8 under Conditions C1-C3. Condition C3 also holds for any 3 in a local neighborhood
of B, due to the continuity. Similarly, We have

(S16) —% D VKLBTX = BTX) = [l (BTX) + Op(n ™ 2h7%2 + 12).
j=1
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To show (S10), the absolute bias is

{ Z X;1(Zj = 2)Kn(B"X; ﬂTX)} — farx (BT X)E{X;(Z; > 2) | 5TX}‘

= Ungx(ﬂTX)E {X,;1(Zj = 2) | BTX} K (u)du — farx (BT X)E{X;(Z; > z) | BT X}

0
+hf6(BTX)f,6Tx([3TX)E {X;1(2; > 2) | B X} uK (u)du + O(h?)

=0(h?)
under Conditions C1-C4. The variance is
var {— Z X;1(Z; = 2)Kn(BTX; [-}TX)}
J=1
1
7

M:

(E{X,;X[1(Z; > 2)Kj(B"X; — BTX)}

<.
Il
—_

~[B{X;1(2; = 2)Kn(B™X, - 7X)}]")
1
< sup | frx (BT X)BIX, X1 T(2; > 2) | 87X} f K2(u)du + O(1/n)
BTX
under Conditions C1-C4. So
- Z X;1(Zj 2 2)Kn(B"X; — BX) = ferx (B"X)E{X;1(Z; > 2) | B X}
j 1
(S17) +0,(n Y2012 4 h?)

under Conditions C1-C4.
To show (S14), let

Y I(Zi<2)AKL(BYX; - BTX)
s

Asi(2,87X) = ST 107, > 20 Kn(BX, — BTX)

Y1 1(Z; = Z) K} (B'X,; - B'X)

Aos(2,87X) = Y I(Z; < 2) AR (BTX; — BTX)

'M3

1 {30 1(Z; = Zi)Kn(BTX; — BTX)}2
= .//igl(z,,BTX) + AQQ(Z, BTX). To analyze A21,

X)

(2

Then A, (z,8TX
E—/A\21(2’,,3

—I(Z; < 2) KL (BTX; — BTX) ]
farx(B"X)S(Zi, BTX)E{Se(Z:,X;) | B7X; = 87X, Z;}

+E

1 Z —1(Z; < 2) N K (B — BTX) ( A)]
n = farx (BYX)S(Z:,8 TX)E{S (Z,X,)|8"X,; =B"X,z;} "
The first term is
[ —1(Zi < 2)\K) (87X, — BTX)
E T T T T
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JI 0 f (2, BTX)E{Sc(2:,Xi) | BTX, 2} farx (BT X)] /0BT X
= (z: < 2) T T = d
farx (B X)S(2i, 8 X)E{Sc(2i,X;) | B X, 2}
(S18) H Hud K (u)dudz;
under Condition C1 and C3-C5. Hence
~I(Z; < 2)AK; (BYX; — BTX)
L T T T T

N J Iz <z)a[f(zin@TX)E{Sc(ZhXi) 187X, 2} farx (B7X)] /aﬂTXd

i

Torx(BTX)S (e BT X) B (Sl X)) | 87K, 2
= O(h?)
under Condition C1 and C3-C5. Similarly, we conclude that
1 & —I(Z; < 2) 0K (BYX; — BTX)

n . = 2 —1/2
" fﬁTX(IBTX)S(Zia/BTX)E{Sc(Zi,Xj)|;6TXj:/3TX,Zi}Op(A) Op{h” + (nh)~ "%}

under Conditions C1-C5 due to A = O,{h? + (nh)~'/?}. Therefore

0[f(zi, 8T X)E{Se(2i,X) |,5TX,Zi}ngx(5TX)]/55TXd
Farx (BTX)S (21, BT X) E{Se(2:,X;) | BTX, 2}

+O{(nh)™Y2 4+ n?}.

For Ao, let B = —1/n Y} 1(Z; > Z) K (87X, — BX) — 0 farx (B"X)E{I(Z; > Z;) |
BTX}/0BTX, then

A (z,87X)

i

EAg(z,87X) = f I(z < z)

== Z 2)AKR(BTX; - BTX)

y [ farx (BT X)S (2, BT X)E{Sc(2:,X;) | BTX, 2:}] /0BT X
Fox (BTX)S2 (2, BT X) E*{Se (21, X;) | BTX, 2}
X {1+ O0p(B)+ Op(A)}.

We have
E [_1 Z 1(Z; < 2) N KL (BTX; — BTX)
nia

o farx (BT X)E{I(Z; = Z;) | B'X, Zi}] JoB" X
(B"X)EX1(Z;= Z:) | BT X, Zi}

forx
JJ 2) K (B X; — B1X)

[fﬁTX(BTX) (ZZMBTX)E{SC(ZH X]) ‘ /BTX7 ZZ}] /5,3TX
(BTX)S%(2i, BT X)E*{Sc(2i,X;) | BT X, 2}

féTX
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x f 2, BTX) B{Sc(2:,Xa) | BT X, 2} farx (BT Xi)dzdB X

- _f](z, <2) o[ farx(BTX)S (2, 8 X)E{S.(2i,X;) | BT X, 2:}] /0BT X
Z Trx BTX) S (20, BT X) B{S. (1, %) | 87X, 2]

ff 0 farx (B7X)S (2, BT X) E{Sc(2,X;) | BTX, zi}] /0BT X

f (2. BT X)dz;

[2ex (B7X)52 (20, X B2 (S.(21, X;) | BT, 1)
xO(h?)u*K (u)dz;du,
(S19)
therefore

n

Z 2)A KL (BTX; — BTX)
o[ farx (B 2)E{I(Z; > Z;) | 87X, Zi}] /0B X
fBTx(IBTX)EQ{I(ZJ = Z ) ‘ ﬁTX7Z }

0 [farx(BX)S (21, BT X) E{Sc(2:, X;) | BT X, zi}] /0BT X
Farx (B X)S2(2i, BT X) E{Sc(2:,X;) | B X, 2}

f(z.BTX)dz

+ 1<)

= O(h?)
under Conditions C1-C5. Recall B = O,(n~/2h=3/2 4 h2), then

—= Z I(Z; < 2)NKRL(BTX,; — B7X)

o farx(B"X)B{1(2; > Z;) | 87X, Z}] /087X
[ax BTX)EX{1(Z; > Z) | B7X, i}

Op(B)
= 0p(n2h32 4+ 1?),

_% Zn: I(Z; < 2) 0 Kp (B X5 — BTX)

— =

farx(B"X)E{I(Z; > Z;) | B'X, Z;}] /0BT X
Frx (BT X)E{1(Z; > Z;) | BTX, Zi}

Op(4)

= Op(n2h712 4+ 1?)
under condition C1-C5. Therefore

~  (0[ferx(BTX)S(zi, BT X)E{Sc(2,X;) | B X, zi}] /0BT X
EAy = _j T T T

xI(z; < 2) f(zi, BYX)dz; + O(n~Y2h=32 4 p?).

In addition
f ( (s < Z)ﬁ [f (2, BTX)E{Sc(2:,X;) | BTX, 2} fgrx (BT X)] /0BT X
. Jarx(BTX)5 (20, 7X) E{S.(20, X;) | BTX, 21}
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0 [farx (BT X)S (2, BTX) E{Se(21,X;) | BT X, zi}] /0BT X

—I(z<2) Farx (BTX)S2(2:, BYX) B{S.(2:,X;) | BYX, 2}

f(z’in@TX)> dz;
= As(z,BTX).
Combining Efxm(z’ng) and EKQZ(Z,ﬁTX) gives

‘EKQ(Z”BTX) — AQ(Z,QTX)’ _ O V2h B2 4 p2)

under Conditions CAl—CS .
The variance of Ay (z, 3T X) is

var {KQ(Z,BTX)} = var {1121(2,,6TX) + KQQ(Z,ﬂTX)}

< 2var{Ag (z, 8TX)} + 2var{Ag(z, 87X)}.
The first term
var{As1 (z, 87X)}

<

var

—1(Z; < 2) KL (BTX, — BTX) ]
farx(BTX)S(Z;, BTX)E{S:(Z;,X;) | BTX; = BTX, Z;}

n

1 i —1(Z; < 2) K (BYX; — BTX) 0u(A)
n = farx(BTX)S(Zi, BTX)E{S(Z;,X;) | BTX; = 87X, Z;} P

+2var [

The first part is

2 [ —I(Z; < 2)AKL(BTX; — BTX) ]
—var
ferx(BTX)S(Zi, BT X)E{S.(Zi, X;) | B Xi = 87X, Z;}
_2p [ —1(Zi < 2)AK} (BT Xi — B7X) r
n | ferx(BTX)S(Zi, BTX)E{S.(Zi,X;) | BT X: = BTX, Z;}
_2 (E[ (2 < )AKG ("X~ BTX) D
n farx(BTX)S(Zi, BTX)E{S:(Z;,X;) | BTX; = BTX, Z;}
2 (2 < 2) f(2,8"X) _ { 2 }
<as ) T (BT X)P (B X)B(S. (X)) | B X, o) J e
1
o3 O(h®)u?K"(u)du + O(1/n)

(S20) = O{1/(nh?)}

under Conditions C1-C5. The second part is
1 ¢ —1(Z; < 2)\KL(BTX; — BTX
2var [ ( ) AL A X) (A)]

0
n ;1 farx(B"X)S(Zi, BT X) E{S:(Zi, X;) | B'Xi = 87X, Z;} "

<2F

O
n Z; farx(BTX)S(Zi, BTX)E{S:(Z;,X;) | BTX; = BTX, Z;} .

Lo —1(Zi < 2)AiK}(B"Xi — 87X) (A)] 2
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Jarx (BTX)S(Z:, BTX) E{S.(Z:. X,) | B7X; = BTX. Z;)

+—var [ —1(Z;i < Z)AiK;'l(ﬂTX,- — BTX)
n fﬁTX(,BTX>S(Zi;ﬁTX)E{Sc(Z%Xj) | 87X; — 37X, Z,)
— O{1/(nh) + 1}

}O{l/(nh) +hY

under Conditions C1-C5, where the second to last equation holds because of (S18) and (S20)

Therefore var{As;(z, 3T X)} = O{1/(nh?)} under Conditions C1-C5.
For A22 (Z, /BTX),

var{Ass(z, 8TX)}

2
< —var
n

. o aT aTe O Larx (BTX)E{I(Z; > Zi) | BTX}] /0BT X
I(Zz < Z)Ath(IB X, ﬂ X) fﬂTX(/@TX)E2{I(ZJ > Zz) | BTX}

+4var [711 2 1(Z; < 2) N KR (BTX; — BTX)

o[ farx(B"X)E{I(Z; > Z;) | BT X}] /aﬁTXO B)
T BTX)EH1(Z;> 2;) | 87X}y

+4var [;Z 2)NKR(BTX; — BTX)

O [f@Tx (B'X)E{1(Z; > Z) IﬁTX}] /op'X
T T Op(A) | .
The first part is

2 A kaTx. - grx X (BT X E(Z; > 7) | 87X, 2] /o™X
var [I(Zz <2)AKR(BX; — B X) féTx(l@TX)E2{I(Zj > 7)) | BTX, Z;}

BN PPN [ UG YR ST 1o

[k (BTX)S4 (2, BT X) E}{Se (21, X;) | BTX, 2} =
X {JKz(u)du}

(0[farx (B7X)S (21, BTX) E{Sc(z:, X,) | B7X}] /087X)”
Farx (BT X)S4 (21, BT X) EHSe (21, %) | BT X, 2}

y UO(h2)u2K2(u)du} +0(1/n)
= O{1/(nh)}
(S21)
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under Conditions C1-C5. The second part is

4var[ ZI 2)AKL(BTX; — BTX)

0[fax(B"X)E1(2;> 2) | BX)] /08"X ]
T . »(B)
(B"X)EX1(2; > ) | 87X, Z;}
<4F (

xO{1/(nh?®) + h*}
= O{1/(nh®) + b1}

under Conditions C1-C5, where the second to last equation holds because of (S19) and (S21).
The last part is

fﬁTX

2 I(Z; < 2)AiKR (87X — BTX)

o[farx(BTX)E(I(Z; = Z) | BTX}] /oB™X |
Fax BTX)E2{1(Z; > Z:) | B7X, Zi}

4var [ 2 1(Z; < 2) N KR (BYX; — BTX)
o farx (BT X)E{1(Z; > Z;) | BTX}] /0BT X ]
x 2 T 2 T OP(A)
( %2 2)AK(B"X, — BTX)

_ lax(BTX)B((Z; > 2) | 87X)] /287X |
(B"X)E2{1(2; > ) | B7X. Z)

Firx
xO{(nh)~! + n'}
= O{(nh)~' + nt}
under Cogditions C1-C5 where the second to last equation is due to (S19) and (S21). There-
fore var{Ags(z, 3TX)} = O{1/(nh?)} under Conditions C1-C5.

Combining all these results, we have that var{As(z, 87X)} = O{1/(nh?)}. Hence, the
estimator As(z, 3T X) satisfies

KQ(Z,,BTX) = AQ(Z”@Tx) + Op{(nh?’)_l/z n h2}

under Conditions C1-CS.

We provide a detailed proof for the uniform result of (S10) only. Since the domain of 87X
is compact, we divide it into rectangular regions. Within each region, the distance between a
point 3Tx and the nearest grid point is less than n~2. We need only N < C'n? grid points,
where C' is a constant. Let the grid points be &1, ...,k y. Let p(8TX) = E{XY(Z) | BTX}
and p(BTX) = E{XY(Z) | BYX}. Then for any (87X), there exists a k;, 1 <i < N, such
that

B(B"X) — p(BX)| < [B(ki) — p(ki)| + [P(BTX) = B(k:)| + |p(B"X) — p(ks)|
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<|p(ki) — p(ri)| + Din~?,
for an absolute constant D; under Conditions C1 and CS5. Thus, for any D > D1,
pr(sup [p(BTX) — p(B8TX)| > 2D[* + {logn(nh)~'}"/?])
BTx
< pr(sup|p(rs) — p(r:)| > 2D[h? + {logn(nh) ' }/2] — Dyn~?)
< pr(sup |p(ki) — p(ki)| > D[I® + {logn(nh)~'}1/?])

under Condition C2. Using Bernstein’s inequality on p(k;), under Conditions C1-C5, we
have that

prl|p(ki) — p(ki)| = Aflogn/(nh)}'/?] < 2exp {

—nA2logn/(nh) }

2Dyh~1 + 2/3AD3(logn)Y/2(nh)~1/2
—A%logn }

2Ds + 2/3AD3(lognh/n)/2

—A?logn
2Dy + ADs3

= Qexp{

< 2exp<

forall A > D3+ +/ D§ + 4D5, where Dy and D3 are constants satisfying
~ D
var(p(B'X) — p(BTX)} < .
K,(B™X,; - BTX)XI(Z; = Z)
1m0 Kn(B7X; — B7X)

This leads to

— p(BYX)| < D3 with probability 1.

—A?%]
prlsup [A(s) — Ep(s)| > Aflogn/(nh)}?] < 2Cn? exp< ogn )
K

2Dy + ADs3
=2C exp [{2 — A*/(2D5 + ADs)}logn] — 0
because A > D3 + \/Dg + 4D5. Combining the above results, for A} = max(A, D),

pr(sup |p(BTX, B) — p(BTX)| > 24, [h* + {logn(nh) "' }1/3])
BTx

< pr(SLl_p B(ki) — p(Ki)| > Ai[h? + {logn(nh)~'}?])

< pr{sup [p(ri) — p(ri)| > Arh?} + pr([sup [p(r:) — p(k:)| = Arflogn(nh)~'}'2])
— 0.

The uniform convergence results for (S11)-(S14) exhibit slight variations due to the addi-
tional component Z in these functions. Nonetheless, under Condition C5, the support of
(BYX;, Z;) or (BYX;,Z;) is also bounded. Consequently, we can divide the region using
N < Cn®*2 grid points, ensuring that the distance of a point to the nearest grid point is less
than n~2. The subsequent analysis follows a similar approach as outlined above, leading to
the establishment of uniform convergence. O
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4.2.2. Lemma 2.

~, AT
Lemma 2. The estimator A(t,3 X) has the expansion

Vnh {fx(t,BTX) —ALATX)}

Kn(B'X; - BTX)

\/> ' I Z] Yi(s)Kn(B7X; — BTX) > o}
J farx( (B"X)E{I(z=5) | BTX}
xdM;{s, BYX, (W < s), WI(W < 5)} + 0,(1),
and satisfies
Vah {R(t,B'X) - A1,B7X)} - N{0,0%(t, 67X)}
in distribution when n — oo for all t, 3* X under Conditions C1-CS5, where

s, 8'X)

J farx(B"X)E{I(Z > s) | ﬁTX}dS'

o?(t,BTX) = JKQ )du

Proof: We only need to prove vn {K(t, BTX) — A(t, ﬁTX)} — N{0,0%(t,8TX)} in dis-
tribution because vn { (, ﬁ X)— (t,BTX)} = O0,(vVh) = 0,(1) due to Theorems 1

and 2. For notational convenience, let d = 1 and v = 2. For any ¢ and ﬁTX, define

(5,8TX) = i s)Kn(B"X; — BTX),
Qn(t,87X) = A(t,B7X) — f I{¢n(s,87X) > 0} \(s,8TX)ds

t
D, (t,8TX) = J As,BTX) [1 = I {¢n(s,87X) > 0}]ds

0

Then
Vah {A(t,87X) = A(t,87X) } = VihQu(t, BTX) — v/nhDy(t, A7X).
We first show that vnhD,(t, BTX) — 0 in probability uniformly. It suffices to show that
Vnh[1—1I{¢n(s,87X) > 0}] 50,
which is equivalent to show that for any € > 0,
Pr(Vih [1 = I {¢n(s,87X) > 0}] > ¢) -0,

Now for € = +/nh, the above holds trivially. For € < v/nh, this is equivalent to show
(S22) Pr{n'¢,(s,87X) <0} —0.

Because n~ (s, 87 X) = farx (BT X)E{I(Z; = s) | BTX} + Op{h? + (nh) =12}, (S22)
is equivalent to

Pr| farx (BTX)E{1(Z; > ) | 87X} + Oy {h? + (nh) 1/} < 0] -0,
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which automatically holds under Conditions C3 and CS5. Hence v/nhD,(t,3TX) — 0 in
probability uniformly. Second we inspect the asymptotic property of vnhQ,(t, BTX) Re-
call M;(s, 3TX) is the martingale corresponding to the counting process N;(s) and satisfies

dM;(s, BYX) = dN;(s) — Yi(s)A(s, BT X)ds.
VnhQn(t, 8" X)

t 1 .
fo i) K(BTX; - gTX); w(B7X; — BT X)dNi(s)

- Jt VnhI {¢n(s, 87X) > 0} M(s, 87X)ds
0

t H{én(s,87X) <0 "
— J mznzl Ygfs)(Khﬂ(ﬁT))(j—},@TX) ;Kh(,@TXi — BTX)dNi(s)

! H{pn(s 3TX)>O} S T~y. AT (s
+JO\/77 ST )Kh(ﬁTXj_BTX);Kh(ﬁ X; — BTX)dN;(s)
bn(s, BTX) > 0}

t I ; Tx, — 3" (s)A\(s, BT s
—L\AT STV, BT, BT L 8K = BRI (e)3 (s, BTX)d

Y;(s
_ t - I{¢n(s,8TX) > 0}
J HZ% Y;(s)Kn(B"X; — BT X)

x > EKp(B"X; — BTX)dM;{s, 87X, I(W < 5), WI(W < s)}
=1
(S23)

! H{on(s,BTX) <0} S T~ _ AT A
(524)+J0\/77 ST )KthXj_BTX);Kh(ﬁ X; — BYX)dN;(s).

In (S23), it leads to the same martingale dM;{s, BT X, I(W < s), WI(W < s)} = dN;(t) —
Y;(s)[Mr(t — W, BTX)I(W <t) + An(t, 8T X){1 — I(W < t)}]ds in either group of trans-
plant or nontransplant because one of Ap(t, 37X) and Ay (¢, 31 X) is zero.

We decompose (S23) as

e H{on(s,87X) >0}
J\ﬁ S Yi(s)Kn(BTX; — B7X)

i K(B7X — BTX)dMi{s, 87X, I(W <), WI(W < 5)}

I{pn(s,8TX) > 0}
\/72J 1/nd" (s)Kn(B™X; — BTX)

jl]

En(B"X; — BTX)dM;{s, 87X, I(W < s), WI(W <)}

S st 1
_\/; 3 L om0 70> 0} | e
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C1/n o Y(s VEn(B'X; - BTX) N 1
farx(BTX)EHI(Zj=5) | BTX}  ferx(B'X)E{I(Z;>5)| BTX)}
+O0,{h* + (nh) ™} x Ky (B™X; — BTX)dM;{s, BT X, I(W < 5), WI(W < 5)}
(8259 in - Qn2 + Op(l)a

where

T T T
in—\[ZJI{% 5,8'X) > 0} Kx(B'X; — B7X)

farx(BTX)E{I(Z = s)| BTX}

xdM;{s,B X, I(W < s), WI(W < s)},
_ 1 {0u(s.87X) > 0}
n2 = \ﬁZJ 0 forx (BTX)EX{1(Z; > 5) | BTX)

[ ZY VEn(B"X; — BTX) — farx (BT X)E{I(Z > 5) | B X}

x Kp(BYX; — BTX)dM{s,BTX, I(W < 5), WI(W < s5)}
I{¢n(s,87X) >0}

\/7 21 JZJ farx (BT X)EXHI(Z; = s) | BX)

x [Yi(s)Kn(B8"X; — BTX) — ferx(B"X)E{I(Z > 5) | BT X}]

x K (BTX; — BTX)dM;{s, BTX, (W < s), WI(W <)},

and the remaining term in (S25) is 0,(1) because /n/hO,{h* + (nh)~'} = Op{n'/2h7/% +
(nh®)~1/2} = 0,(1) by Condition C2.
Using the U-statistic property, (0,2 has leading order terms Q21 + Qnoo — Qpno3, Where

) I {¢n(s,8"X) > 0}
Q@n21 = \/7 <121J0 fﬁTX (BYX)E2{1(Z; = 5) | BTX}

x [Y; () Kn(B"X; — BTX) — farx (BT X)E{I(Z = s) | BTX}| Kn(8"X; — BTX)

xdM{s,BTX, I(W < s), WI(W <)} | Ay, B8YX;, Zi, W < 8), WI(W < s)> :

0 _\f J I{¢n(s,87X) >0}
e 0 g (BTX)E2(1(2; > 5) | BTX}

[l@(s)KthXj - B"X) — ferx (BT X)E{I(Z = 5) | BTX}] Ku(B"X; — BT X)

xdM;{s, 87X, I(W < s),WI(W <)} | A;, 87X, Z;, (W < 5), WI(W < s)> ,

) : I{pn(5,8"X) > 0}
Qn23 = mE(L farx (B"X)EX1(Z; = s)| BTX)

x [Y;(s)Kn(BTX; — BTX) — farx (BTX)E{I(Z = s) | BTX}]
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x E{K,(B"X; — BTX)dM{s,B X, I(W < 5), WI(W < s)}} ) .

IH{gn(s,87X) >0} = I[fgrx(B"X)E{I(Z; = 5) | 87X} + Op{h® + (nh) '} > 0] = 1
almost surely. Thus, almost surely,

Qn21 = \/72 (f Farx (BTX) E{I (Z; =) | BTX}

xE [Y;(s)Kn(BTX; — B'X) — farx (BT X)E{I(Z > 5) | B7X}]

x Kp(B7X; — BT X)dMi{s, BTX, I(W < ), WI(W < s>}>

_ . |h O(h*)Kn(B™X; — BTX) | .
= \/;ZZJ Farx ( ﬁTX VE{I( Zg>8)\ﬁTX}dMZ{$”6 X, I(W <s),WI(W <s)}

uniformly as h — 0. Similarly, almost surely,

Qn22 = \/72J\OfﬁTX

x [Yi(s)Kn(B"X; = BTX) — farx (B"X)E{I(Z > 5) | B7X}]
x E[Kp(BTX; — BYX)dM;{s, BTX, I(W < s), WI(W < 5)}]
=0.

47X) E?{uzj >5[ 87X)

Obviously, Q23 = E(Qna2) = 0, hence Q2 — 0 in probability uniformly as n — co.
For (524)

! I{¢n(3u@TX> <0} S T T
W K, X; — BTX)dN;(s) — 0
J, vom ST (o) (BTX, — BTX) 2 (8 X~ ATX)AN:(s)

in probability uniformly. We have obtained

VnhQy(t, BTX)

I{on(s (s,87X) ) >0} T~ T
\f JfﬁTX BTX)E{I( Z>s)\,8TX}Kh('B Xi=BX)

xdM{s,BTX, (W < s), WI(W < s)}

(S26)
+op(1).
Applying the martingale central limit theorem to (S26), we have

S TX I{on (s, TX 0
" ZJ Furn FXV BT 5 5) BRI % B0V

Cf BT {pa(5.8TX) >0} 1 ¢ | |
B J;) [fﬁTx(,BTX)E{I(Z > 8) BTX}]Qni:ZlhK}QL(IBTXz _,BTX)Y@(s)dS
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- ft A(s, B7X) H{gn (s, 87X) > 0}
0 [farx (BTX)B{I(Z = 5) | BTX}]?

x [ farx (BTX)E{I(Z; = 5) | BTX} J K2(u)du + Op(n~2p=1/2 4 hz)} ds

f A(s,8'X) s
fﬁTX BTX)E{I(ZJ >5s) | BTX}

(827)= o*(t, 87 X).

—>JK2 )du

Kji(B"Xi — BT X)Yi(s)

K,(BTX; — 8TX) A(s, BTX)ds

>€

Next we inspect the following integration for any € > 0.
ZJ I{pn(s,87X) > 0}
=Jo n [farx( (B"X)E{I(Z = s)| BTX}]?
[ \/ﬁ I{én(s,87X) > 0}
x T T T
ferx (B X)E{I(Z 2 5) | B7 X}
_f H{gn(s,87X) > 0}
[forx(B'X)E{I(Z = 5) | BT X}] 1
[ \/ﬁ I{6n(s,87X) > 0}
x I — T T
n | farx (B X)E{I(Z = 5) | B"X}

Z(KhﬁTX — BTX)Y;(s)

K,(BTX; — BTX)| > €

))\(s,ﬂTX)ds

! T Hon(s 5TX)>O} T T
SR Farx (B X)E(Z > )| ATX) P { ZhKh S ”}
X Su T T
swp 1| forx (BT EL(Z )| 57X < S as,

where & = [I{¢n(s,87X) > 0}K{(B8"X; — BTX)/h}|, which is bounded following Con-
dition C1. In the above display,

sup f[mﬂx (BTX)E(I(Z; > 5) | BTX}| <

1<isn

o
evnh
as long as n is sufficiently large, because the right hand side converges to 0 by Condition C2

while the left hand side will be bounded away from 0 by Conditions C3 and C5. On the other
hand,

p Z hER(B"X: = BT X)Yi(s)
2 1
— farx(B"X)E{I(Z: > 5) | B7X) f K2(u)du + Op(n=Y2h12 4 42)
—0

in probability uniformly. Hence

“h (s, 8TX) > 0) ot
M;J ok BTX)EI(Z = )| B 1P X = BIXON(e)
H{pn(s,8TX) >0}
fox (B X)EI(Z > 5) | AX)

Ku(B"X; — BTX)

> e] As,8TX)ds =0
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(528)

with probability 1 uniformly for any € > 0.
In summary

Vah {R(t,87X) — A(t.8"X) } - N{0,0(t, 87X))
uniformly. O

4.3. Proof of Theorem 1. Because the result regarding (10) is the most difficult to es-
tablish, we provide only the proof concerning (10), the result concerning (9) is based on a
similar proof.

For each n, let B satisfy

E{Xh (7 )|BnXZ,I(W i),WiI(WiéZi)}

Q | Xy — =0.

~

B {Yi(ZZ-) | B X, [(Wi < Z3), Wil (W < Zi)}

Under condition C6, there exists a subsequence of Bn, n=1,2,..., that converges. For no-

tational simplicity, we still write 3,,,n = 1,2,..., as the subsequence that converges and let
the limit be 3*.
From the uniform convergence in (S9), (S10), (S11), (S12) given in Lemma 1,

1 i A'S\Q{Zuﬁzxi,f(Wi < Zi), Wil(W; < Z;)}
NS N2 B X, I(Wi < Zi), Wil (Wi < Z3))}

B {Xuil2) | B, Xi, 1(Wi < 2), Wil (Wi < Z)}
® | Xii —

~

E{Vi(2:) | By X0, 1(Wi < ). Wl (Wi < Z0) |

*ZA )\Q{ZZ,,B X, I(W; < Z3), Wil (Wi < Z)} + Op{(nbh3)~V2 + h? 4 %}
i=1 )\{Zz,ﬁ Xi, I(W; < Z;),Wil(W; < Z;)} + Op{(nbh)~1/2 4+ h2 + b2}

E {Xh (Z:) | B X, I(W; < Z;), Wil (W; < Zi)} +0,{(nh)~12 + 12}

® | Xy —
E{¥i(Z)| B X, [(Wi < Zi), Wil(W; < Zi)} + Op{(nh)=1/2 + h2}

RN [AQ{ZiﬁZXi,I(Wi<Zi>7WiI<Wi<ZZ-)}
1

— + Op{(nbh®) =2 +h2+b2}]
MZ;, B8, X, I(W; < Z;), Wi L (W; < Z;)}

E {XZ,;E(ZZ-) | B X, (Wi < Z;), Wil (W < Zi)}

® | Xy — + Op{(”h)_l/2 +h?}

E{Yi(2)| B, X (Wi < 2). Wil (W < Z,)}

’ZA >\2{Zz,ﬁ X, I(W; < Z), Wil (Wi < Z;)}
S MZu B X LW < Z,), Wil(W; < Z,)}
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B {XuYi(Z)) | B X, I(W; < Z0), Wil (Wi < Z)}

Q| Xy, — + op(1).

E{Vi(2) | B X (Wi < Z). WiL(Wi < Z,) |

Thus, for sufficiently large n,

,ZA Az{ZZ,B X, I(W; < Z;), Wil(Wi < Z:)}
S MZLBL X I(W; < Z3), Wil(W; < Z:))}

E{XuYi(Z) | By Xi (Wi < 2), Wi (Wi < Z)}
® | Xii —

E{Yi(Z:) | B, Xi, I(W; < Z;), Wil (Wi < Z3)}

_ ;iA,AQ{Zi,ﬁ*TXi,I(Wi

7)), Wil(W; < Z;)}
n SN2, 8T X I(W; <

Zi) Wil (W; < Z;)}

B{XuYi(Z) | 8" X, 1(Wi < Z), Wil (W < Z) |

<
<

~

® | X — - +0p(B,, — B7)
BAYi(Z) | 8" X0, I(Wi < 2), Wil (Wi < Z3) |
1 Z A 220 BTX0 I(Wi < Z), Wil (W; < Z3))
n S MZ, B X LW < Z3), Wil (W < Z3)}
B{X,Yi(2)| 8" X, I(W: < Z), Wil (W, < )}
® | Xy — + 0p(1),

B{YiZ) | B X I(W; < 2). Wil (W, < Z,)}

under Conditions C1-C2, where the last equality holds because Bn converges to 3*. In addi-
tion,

Zi)}
Zi)}

B{Xui(Z) | B X0, 1(Wi < Z) Wil (Wi < Z,) |

n

<
i=1 Z )\{Zlaﬁ*TXUI(I/VZ < Zz), WZI(WZ <

® | Xy —

E {Y;(Zi) | B TX,, I(W; < Z3), Wil (W; < Zi)}

_ [ a2iZ BIX, (W <2Z),WIW < Z)}
MZ, B X, I(W < Z),WI(W < Z)}

{ B{X\Y(2)| 8" X, 1(W; < Z), WiL(W; < z»}D
® | X — -

E{ (2) | B"X, I(W < Z), WI(W }
+0p(1)

under Conditions C1-C2. Thus, for sufficient large n

o LN o {20 B, X 1(Wi < 20), Wil (Wi < 20))

LN ~T
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E{xh (7)) | BaXa, I(W; < Z)), WiI(WigZi)}

® | Xy —

~

E{Vi(£) | By X 1(Wi < Z). WiL(Wi < Z0)|

*ZA Az{Zuﬁ X, I(W; < Z;), Wil (Wi < Z;)}
ni4 {ZZ,B X, I(W; < Z3), Wil (W; < Z;)}

E{Xh (Z )|ﬂ X, I(W; < Zy), WiI(Wi<Zi)}

® | Xy — +0p(1)
B{Yi(Z)| By X (Wi < 2). Wil (Wi < Z3) |
1 Z A AelZi B* X0, (Wi < Zi), Wil (Wi < Zi)}
n s} ‘ A{ZZ,B*TX“I(WZ < Zz>7 WZI(Wz < Zz)}
E{Xll (Z:) | BT, I(W; < Z:), Wil (W < Zi)}
® | Xy — +0p(1)

E {Yi(ZZ-) | 3 TX,, (Wi < Z;), Wi (W; < ZZ-)}

RS BIX, (W < Z),WI(W < Z)}
MZ, BT X, I(W < Z2),WI(W < Z)}
E {XZY(Z) | B*TX, I(W < Z), WI(W < Z)}

®|X;— T +Op(1)
E{Y(Z) |3 TX, (W < 2),WI(W < Z)}

under Conditions C1-C2 and C6. Note that

g AAQ{Z,ﬁ*TX,I(W <2),WI(W < Z)}
MZ,8 "X, (W < 2), WI(W < Z)}

E {XZY(Z) |3 TX, (W < 2),WI(W < Z)}

® | X — -
E {Y(Z) | B*TX, I(W < Z), WI(W < Z)}

is a nonrandom quantity that does not depend on n, hence it is zero. Thus the uniqueness
requirement in Condition C7 ensures that 8% = 3,,.

We show by contradiction that the subsequence that converges includes all but a finite
number of n’s. Suppose that, for contradiction, this were not true, then we could obtain an
infinite sequence of Bn’s that did not converge to 3. Given that this infinite sequence lies
in a compact set B, we can extract another subsequence of ,E)n’s that converges to, say, 3**.
However, by using the prior derivations, we conclude 3** = 3, a contradiction to that Bn’s

did not converge to 3°. Thus we conclude B — By — 0 in probability when n — o0 under
Conditions C1-C6. O

4.4. Proof of Theorem 2. The terms A and B in Theorem 2 are

A=F {Ma(ﬂ)Tvecl (Ag{Z, B X, I(W < Z),WI(W < Z)}
X E{a(X))Y(2)|B"X, (W < Z),WI(W < Z)}
©|aX) = =% (Y(2)| B°X.I(W < 2),WI(W < 2)} !
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)|
Here vecl(A) represents the vectorization of the lower (p — d) x d block of a generic matrix
A and A®? = AAT for any matrix or Vector A. Note that in (9) a(X;) = X; and in (10),
a(X;) = X1, 9{2.8"X, I(W < 2),WI(W < 2)} = fa{ 2. 8" X, I(W < Z),WI(W <
INm{Z, B8YX, 1(W < 2), WI(W < Z)} +1} — ﬁlg{Z,,BTX,I(W < Z),WI(W <
20 md{Z,BTX, I(W < Z), WI(W < Z)}.

We only present the proof concerning (10); the result concerning (9) follows with a similar
and simpler proof.

We first expand (10) as

B = E {vecl (Ag{Z,8"X, I(W < Z),WI(W < Z)}

E{a(X)Y(2)|B"X, (W< Z),WI(W < Z)}
E{Y(2)|B"X, I(W < Z),WI(W < Z)}

® |a(X;) —

(S29P =n

_1/QZA )\2{Z27/6 X, [(W; < Z;), Wi I(W; < Z;)}
=1 )\{Zuﬁ Xi, (Wi < Z), Wi l(W; < Z;)}

B{XuYi(2:) | B Xi, (Wi < 20), Wil (Wi < Z0)}
® | Xy —

E {Yi(Zl-) 1B X0, I(Wi < Z;), Wil (W < Zi)}

$30) =n 23 A, olZi B X (Wi < 2), Wil (W < Z,)}
S M2 BEXa, I(W; < Zi), Wil (Wi < Z4))

olx, - E{XyuYi(Z:) | BE X, I(W; < Z3), Wil (W; < Z3)}
" E{Y(Z) | 83X, I(Wi < Zi), Wil (Wi < Z3)}

(S31)
+li AQ{ZiaﬁTXi7[<WigZi)vwiI(WigZZ’)}
n o XTﬁ R 20 BTX o LW, < 20, Wil (W, < Z0))
E X,;Y; X, I(W; < Z;), Wi I(W; < Z;
s32) © { ! )If ( ) ( )} X}
E{Y{(Z)| B X, I(W; < Z), Wil(W; < Z;) } 8B

X\/ﬁ(,@ — Bo);

where B is on the line connecting 3 and ,@
We first consider (S32). Because of Theorem 1 and Lemma 1,

li >\2{Zi75TXi7[<Wi < Zi), Wil (Wi < Z;)}
n XTB A{Zi,ﬁTXi,I(Wi < Z;), Wil (W; < Zy)}

i=1

EA )Iﬁ Xz,I(W1<Z> WJ(W&&-)}

B=8

1 Z AQ{Zi,ﬁOTXi,I(Wi < Zi), Wil (Wi < Zi)}
n 8 XTBO

i—1 )\{ZivﬁoTXz‘J(Wz‘ < Z;), Wil (W; < Z;)}

®

T~ . X . ; . .
[Xh B{XYi(Z) | BYX I(W; < 22) Wil(W; < ZMD @X;} +o(D)
E{Yi(Z;) | By Xi, (Wi < Zi), Wil (Wi < Z3)}



_ ! Z A, N {2, BYXi, I(W; < Z), Wil (Wi < Zy))
n N2 Zi, B X, (Wi < Zi), Wil (W; < Zi)}

[ E{XyYi(Z:) | BEXi, I(W; < Zy), W1<m<2)}] T)
E{Yi(Z) | BEXi, I(W; < Zi), Wil (W; < Z;)}

1« A,
+—Z - '
n; =1 {Zza/BOXhI(W'LgZ) WI(W Zl)}

0
Xo{Z;, B0 Xi, I(Wi < Z;), Wil (W; < Zi
sy (M2 B0 1W< 20, WL(W < 2,))

T

®[XM_ AEE (Z)|ﬁ§xi71<wi<zi>,wi1<wi<Zi)}]>® r

{Yi(Zi) | By X, (Wi < Zi), Wil (Wi < Zi) }
(834)

+op(1).
Because of Lemma 1, (S33) converges uniformly in probability to

e [XHeBIX (W < 5), WIW < 5)}
N {s, BTX, I(W < 5), WI(W < 5)}

E{Y(s)|B3X, I(W < s), WI(W <)}

__p JA§2{S,5TX,I(W<s),WI(Wgs)}
- N2{s, ATX, I(W < ), WI(W <)}

®[Xz— E{X;Y (s) | BEX, I(W < 5), WI(W<S)}] & XTdN/( )>

[ E{X)Y(s) | Bg X, I(W < s), WI(W<S)}]
® X — T
E{Y(s) | Bg X, I(W <), WI(W <)}

XY (s)Ms, BTX, I(W < 5), WI(W < 5)}ds)

_ B fA§2{3a5TX,I(W<s),WI(Wgs)}
- Ms, BTX, (W <s), WI(W < s)}

[ E{XY(s)| BIX, I(W < 5),WI(W <5)} |
®| X~
E{Y(s)| By X, I(W < 5), WI(W <s)} |

. ‘X L E{XY(s) | Be X, I(W <), WI(W < 5)} | Ty(s)ds)
E{Y(s) | By X, I(W < 5), WI(W < s)} |

B f AP s, BYX, I(W < 5), WI(W < 5)}
Ms, BTX, I(W < s), WI(W < 5)}

[ E{X;Y(s)| BEX, I(W <), WI(W<S)}]
® | X - T
E{Y(s)| By X, I(W < s5),WI(W <)}
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E{X,Y(s)| BEX, I(W < s),WI(W < s)} " )
Y (s)ds
E{Y(s)| BeX, (W < s), WI(W <)}

= —E{Sez(A, Z,X)®%},

where the last equality is due to that the second term above is zero by first taking expectation
conditional on B3 X

Similarly, from Lemma 1, the term in (S34) converges uniformly in probability to the limit
of

A;
FE
{A{Zi,ﬁoTXz-,I(Wi < Z),Wil(W; < Z;)}
w0
(X} Bo)

(Xz{zi,ﬁgxi,f(wi < Z.), Wil (W; < Z;)}

E{Y \,6 Xi,I(WigZ) WI(Wng)}

Now let Ay _Z(Z BEX) be the leave-one-out version of XQ(Z, BaX), i.e. it is constructed
the same as )\2 (Z, ,@0 X)) except that the ith observation is not used. Obviously,
A
MZi, By X, I(W; < Z;), Wil (W; < Z;)}
w0
X By)
® [Xl' | B{XuYi(Z) | B3 X, I(Wi < Zi), Wil (W; < Z~)}]> o XT
Y E{Yi(Z) | BE X, LW < Zi), Wil (W; < Zi)} b
A
M2 BEX LW < Z,), Wil (W; < 7))
w0
X By)
© [Xi  B{XuYi(Z) | By X, [(Wi < Z3), Wil (Wi < Z,»)}D @XT
E{Yi(Z;) | By X, I(W; < Z;), Wil (Wi < Z;)} '

(Rel 20, BE X, LW < 20), WL (Wi < Z,)}

<3\27—i{Zi7/6§Xi7[<Wi < Zi), Wil (Wi < Z;)}

=o0p(1).
Let E; mean taking expectation with respect to the ¢th observation conditional on all other
observations, then
E, { A; 0
MZi. By Xi, I(W; < Z;), Wil (Wi < Z4)} (X Bo)

« (3\27_i{Zi,ﬁOTXZ-,I(Wi < 7)), Wil (W; < Zy)}

% - E{XuYi(Z) | By Xi, I(Wi < Zi), Wil (W; < Zi)}
" EYI(Z) | BYXG, I(Wi < Z), Wil (W; < Z4)}

)

0
E; {5,30 J)\g _i{s, Be Xy, I(W; < 5), Wil (W; < 5)}
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E{X;Yi(s) | By Xi, I(W; < 5), Wi I(W; < 5)}

®|X
E{Y )| Ba X, I(W; < 5), Wi l(W; < 5)}

li —

E{Y(s) | Xi}ds}

= agEz {JXQ,—i{S;ﬁgXZ',I(Wi < 3)7 WiI(WZ‘ < 8)}
0

® | X

li —

E{XI’L ’L |/80TX17I(W1<5) WI(W )} Y(S)ds
E{Yi(s) | BeXi, I(W; < s),WiI(W; <s)} |
=0.
The last equality holds because the integrand has expectation zero conditional on ,BOTXi and
all other observations, and the third to last equality follows because the expectation is with

respect to X; and does not involve 3. Therefore, the term in (S34) converges in probability
uniformly to

AA
E 3
{ MZi, Bo X, I(Wi < Z), Wi l(W; < Z;)}

0 ~
S (A2 —i{Zi, By X, [ (Wi < Z4), Wi (Wi < Z;
<y (Raoil 2 BE X IOV, < 20), W (Wi < 20)

E{X;;Yi( ')|50TX1',I(W1'<Zi)aWiI(Wi<Zi)} <7\ _p
B{Yi(Z) | BEXi L (W, < Z3), Wi (W, < Z,)} )

® | Xy —

Combining the results concerning (S33) and (S34), thus the expression in (S32) is
—E{Ser(A, Z,X)®2} + 0,(1).
Next we decompose (S31) into
3 A el Zi, B0 X I(Wi < Z2), Wil (Wi
7~
S MZi, By X, I(Wi < Zy), Wil (W

Z;)}

<
< Z;)}

o lx E{Xy;Yi( )|ﬁ§xi,I(Wi < Zi),Wil(W; < Z;)}
li —
E{Y ) | By Xa, I(Wi < Z;), Wl (W; < Z;) }
(835) =T+ Ty + T3+ Ty,

where

172 Z Xo{Zi, By X, I(Wi < Z3), Wil (W; < Z;)}
" MZi, B0 X, I(W; < Z3), Wil (Wi < Z;)}

i=1

®[ E {Xy;Y;(Z:) | BEXi, (Wi < Zi), Wi (Wi < Z>}]
li —

E{Yi(Z)| B8 X, [(W; < Zi), Wil (W; < Z)}

Ty = 012 Zn: A, >:2{ZiaﬁoTXiJ(W < Z), W‘I(WZ- < Zi)}
=1 A{Z’HﬁTXZ)I( < z) ( ZZ)}

AZ{ZZHBEXZ?I(W\ l)uw‘[(‘/vl< )}j|
MZi, By X, I(Wi < Z;), Wi l(W; < Z;)}

®[ E{X,Yi(Z) | BY X, I( Z<ZZ>WI<WZ<Z>}]
li — <7 ’

E{Y ’,3 XZ',I( i z)’W (Wigzi)}
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Zi)}
Zi)}
E{XlZ : »)\,6 X, I(W; < Zy), WI(Wzg Z)}
E{Y IBEXZ,I( < Z0), Wil (W; < Zi)}
{ )|IB Xz’I(Wzgzz) WI(W1< l)}]
E{ ( )Iﬂ X, I(W; < Zi), Wil(Wi < Zi)} |
A2{Z7,7/3E)F}<Z>I(
 Xef{Zi, B0 Xi, [(Wi < Zi), < Z)}]
MZi, By X, I(W; < Z;), Wi l(W; < Z;)}
E{X;Yi(Z) | By X, I(W;i < Z;), Wil (W; < Z;)}
E{Y ) | B0 X, I(W; < Z;), Wil (W; < Z;)}

71/22 AQ{ZZMBEXHI(W’L <Z ) WI(VI/Z
< Z

<
" MZs, B X, I(Wi < Zi), Wil (W; <

=1

S

< 1) WI(WiéZi)}

7
z(zi

Ty = n_1/2i A;

i=1

=

%

=

E{X;Yi(Z) | B) XuI( <Zz‘)7Wz‘f(Wi<Zi>}
E{ ( )’5 Xi, I(W; < Z;), Wil(Wi < Z))} |

First,

T2_n1/2zn:f[A2{5 /8 X’MI( 8),W¢I(Wi<5)}

Ms, By Xi;I(Wi < 8), Wil(W; < 5)}

~ Xafs, B X, [(Wi < 5), Wil (W < 3)}]
Ms, BEX;, I(W; < s), Wil (W; < 5)}

) E{XZ'L ) |B szl( ) WI(W1< )} .
© [X“ E{Yi(s |,60TXZ-,I(WZ- <s),WiI(WZ~ s)} ]dNZ(S)
e B {XyYi( IB X, I(W; < 5), Wil (W; < s)}
_ 1/2
op <TL ;J E{Y Xz,I(Wzés),VVJ(Wiés)} ]

xE(s)A(s,,@EXli)ds)
= Op(1)7

where the last equality holds because the quantity inside the parentheses is a mean zero
normal random quantity of order O,(1). Further,

T3

_1/22 Ao Zi, By Xi, I(W; < Z;), Wil (Wi < Z;)}
" MZi, BEX, I(Wi < Z:), Wi (Wi < Zi)}
E{XuYi(Z) | BEXi, I(Wi < Z), Wil (W; < Zi)}
E{Yi(Z:) | BEXi, I(W; < Z;), Wil (W; < Z;)}
E{Y;(Z) | BEXi, I(W; < Z3),Wil(W; < Zy)}
[E{Yi(Z) | B3 Xi, I(W; < Zi), Wi l(W; < Zy) }]
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EA{XnYi(2) | 80X 1(Wi < Z), Wil (Wi < Z0)} toy(1)
[E{Yi(Z) | B3 Xi, I(W; < Zi), Wil (W; < Z)}] ) "

=172 Z Nao{Zi, B0 X, I(W; < Zi), Wil (Wi < Z;)}

i=1 )\{ZZ?IBOTXlaI(Wzgz) WI(WZ<Z)}
_IZ? VKn(Bo X — BE X)X 1(Z5 = Zy)

®< fBTX(,BOTX VE{Yi(Z) | By X, IW; < Z), Wil (W; < Z;)}

E{X;Yi(Z;) | By X, I(Wi < Z3), Wi l(W; < Z;) }
farx (B X E{Y i) | 8 X, I(W; < Zi), WiI(W; < Z3) }

x {nl Z Kh(B;)FXj - IBOTXi) - fﬁgx(ﬁoTXi)}

j=1
E{XuYi(Zi) | B X, I(Wi < Zi), Wil (Wi < Zi) }
[E{Yi(Z) | B4 Xi, (Wi < Zi), Wil(W; < Z;) }]?
"_12j=1 Kn(B5 X — By X)I(Zj = Zi)
f;agx(ﬁoTXz‘)
E{Yi(Z)] Bo X, I(W; < Z;), Wi l(W; < Z;) }}
farx (B0 Xa)
y {130 Kn(By X; —ﬁng’) - fﬁgx(ﬁoTXz‘)}D +op(1)
farx (8o Xi)

—3/22 Z Xo{Zi, By X, I(Wi < Z;), Wil (W; < Z;)}
" MZi, B3 X, I(W; < Zi), Wil (Wi < Z;))

®

i=1j5=1

Kn(By X; — By X0)Xy;1(Z; > Z;)

O\ T (BUX) B {Yi(Ze) | BYX, (Wi < Z5), W, (Wi < Z,))

E{Xy;Yi(Z;)| By Xe, Wi} Kn(By X5 — BOXi)I(Z = Z;)
f,@TX(@oTX [E{Y;(Z:) | By Xi, I(W; < Z;), Wil (W; < Z;) }]2

] +op(1)

=T31 + T3 + T334+ 0p(1),
where

_ 12 Z Ao{Zi, By Xi, (Wi < Z;), W, I(W; < Z;)}
" MZi, B0 Xi, I(Wi < Zi), Wil (W < Z;)}

=1
En(B0X; — Bo X)Xy 1(Z; > Z;)
farx (B3 X E{Y ) | B X, IW; < Z;), Wil (W; < Z;)}

F | —

E{Xy;Yi(Z) | By X, Wi} Kn(B3 X — B3 X:)1(Z; > Zi)
Farx (B0 X)[E{Yi(Z:) | By Xi, I(Wi < Zi), Wil (Wi < Zi) }]?

| Ai,Zi,Xi,I(WZ‘ < Zi),WZ[(WZ < Zz)]
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n . T~ . < 7 <
':[\32 _ n*l/Q Z E <A7, A2{Z1)/6’I(‘) XZaI(Wz = Zz),WI(WZ < Z )}
MZ;, By X, I(W; < Z;), Wi I(W; < Z;)}

j=1
®[ K (83X, — By X)Xy, 1(Z; > Zi)
farx (B0 X E{Y i) | Bo X, I(W; < Z3), Wil (Wi < Zi) }
. E{XuYi(Z) | By X, IW; < Zi), Wil (W; < Z;) }
farx (8o Xi) E{Y !ﬁEXz,I(Wst) Wil(W; < Z;) }]?
xKpn(BoXj — By Xi)I(Z; = Zi)| | Aj, Z;, X5, I(W; < Z3), Wil (Wi < Z;))

. ATy, < 7 <
T33= _nl/ZE (Az)\z{ZZ”B’IO‘ XUI(Wz\Zz),WI(W Zz)}
MZi, By Xi, IW; < Z;), W, I(W; < Z;)}
Kh(BoTX ﬁTX )Xl]I(Z > 7))

QL | —

E {Xlimzz») | B3 X, L(Wi < Zi), Wil (W; < Z3)} Kn(B3 X — B Xi)1(Z; > Z)
Farx(BYXOIE{YA(Z:) | BYXo, I(Wi < Z2), Wil (W; < Z;)}]°
Here we used U-statistic property in the last equality. Now when nh* — 0,

_"_1/22 Ao{Zi, B0 X, I(Wi < Zi), Wil (W; < Z4)}
" MZi, B0 X, L(W; < Z3), Wil (W; < Z;)}

| B{XuYi(Z) | By X, (Wi < Zi), Wil (W; < Z;)}
E{Y;(Z:) | By Xi, I(W; < Z3), Wil (W < Z;) }

E{X;Y;(Z;) | BOTXi,HW- < Z) ,Will(W; < Z;)}

[E{Yi(Z:) | BE X, I(W; < Z3), Wil (W; < Z;) } ]2
xE{Y;(Z !ﬁEfXZ,I(WZ < Z;), Wil (Wi < Z)}] + O(n/21?)
= op(1).
Thus, T35 = 0,(1) as well. Also,
T32
v T
MZi, By Xi, I(W; < Z) ( ;< Zl)}

o | — Kn(B3X; — B X)Xy, 1(Z; = Z)
Farx(Bo X E{I(Z = Z;) | By X = By Xi, Zi, (Wi < Zi), Wil (W; < Z;)}

E{XI(Z>7Z;)| By X = B4 Xi, Zi, (Wi < Z3), Wil (Wi < Z;) } Ki (B X — By Xa)[(Z; > Zy)

)
f,egx(ﬂgxi)[E {1(Z>2;)| By X = B Xi, Zi (Wi < Z;), Wil (W < Z;) }]?
| Aja Zj)XjaI(Wi < Zl)7WlI(Wl < ZZ))

n - ATy
=172 Z E{E (Ai)‘Q{ZzaBTQ X, I(W;
i A{ZZMBO XZ7I(W’L
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. leI(Zj = Zi)
Farx(BOXDE{I(Z > Zi) | B3 X = By X4, Zi, (Wi < Z;), Wil (W; < Zy) }

®

E{XI(Z>2;)| By X = B8 Xi, Zi [W; < Z;), Wil (Wi < Zy) } I(2) = Z;)
Farx (BOX)E{I(Z = Z:) | By X = By X, Zi, (Wi < Z4), Wil (W; < Z;) }]?

| Bo X, I(Wi < Zi), Wil (W; < Z;)) Kn(By x5 — By X) }

n 2j T
12N Aals, Bo X, [(wi < s), wil (wi < 5)}
Y (L E{Se(s,X) | By X = B x;}

E{X,S.(5,X) | B3 X = By %}
E{S:(s,X) | BiX = Bgx;}

) X”] Sels, Xi)ds | BpXi = ﬁoTxa) +0,(n"h?)

Aafs, B X, I(wi < s),wil (w; < s)}

—n_l/QZJY I8, Bo xj, [(w; < s),w; I (w; < s)}

)\{s,ﬁng,f(wi < s),wil(w; < 8)}

E{XUY}(S> ’160 Xj7I(wi < S),U}Z‘I(wi < 3)}
E {Yj(s) \ ngjaj(wi < s),wil (w; < 5)}

xlj] ds + O, (n*/?h?).

When nh* — 0, plugging the results of T and T3z to (S35), the expression in (S31) is
—1/22 A?{Zl7ﬁgXZ7I(W Z)?W’LI(WZ gZ’L)}
S MZ0 B X, (Wi < Z,), Wil (Wi < Zi))
o lx E{XuYi(Z:) | BEXi, I(W; < Z3), Wil (W; < Z;)}
li —
E{Yi(Z)| BEXi, [(W; < Zi), Wil (W; < Z;)}

_1/2ZJ>\2{t BYX,, T(W; < ), WiI(W; < t)}
Mt, B3 X, I(W; <t), Wi I(W; < t)}

[ E{X,Yi( IﬁoTXz,I(W Zi), Wil (W, <Z>}]
® | Xy —
E{Y;(t) | BEXi. I(W; < Z;), Wil (Wi < Z3)}

dei{t,ﬁoTXi,HWi <t), Wil (W; <)} + 0,(1)

n Y2 Se{ A, Zi, X, I(W; <), Wil (W; < Z3)} + 0,(1),.
i=1
Finally,
n K\ T

T, = n71/22 A {2{21‘7,30 X, I(W; < Z3), Wi l(W; < Z;)}

MZi, 85 Xi, L(Wi < Zi), WI(W Zi)}
)\2{217,30TX“I(W ),WZI(
MZi, By Xi, I(W; < Z;), WZI(WZ
B {XyYi(Z) |ngial( < Z;
E{Y i) | B X, I(W,

i=1

§
//\ //\
;,

§
/)
N
=

E{X; )IBEXZJ(W1<2

E{ < )!ﬁ X, I(W; < Z;), W,

~
Sl
e



EVALUATION OF TRANSPLANT BY MEAN RESIDUAL LIFE 35

( —-1/2 Zn: A,
CE{X

{ )|/63‘X17I<WZ<Z) WI(W Zz)}
E{ )]ﬁgXZ,I(ngZ)W[(WzéZ)}

E{Xy;Yi(Z;) | By Xi, I(Wi < Z;), Wi I(Wi < Zy) }
E{Y;(Z;) | B3 Xi, I(W; < Z;), Wil (Wi < Z;)}

—op <n1/2 3 JYi(s))\{s,BOTXi,I(Wi <s), W;I(W; < 5)}

E{Xlz \5 Xz'af(Wz'<Z‘) I(Wz< )}

- Xli] d8> + op(n1/2h2)

= op(1),

where the last equality holds because the integrand has mean zero conditional on ﬂgX, and
the second to last equality follows through the same derivation as that of T's. Utilizing these
results in (S31), in conjunction with (S32), establishes the theorem. ]

4.5. Proof of Theorem 3. The asymptotic variances of 7y (t, 31 X) and (¢, BT X, W)
are

2 T o2An (8,87X) SK2(w)du (T An(r,8TX)
P 7X) = o) by T ST

2
X {I(r < t)f e Av(sB X) gg 4 J e_AN(S’BTX)ds} dr,
t max(r,t)

o2(t, BT, W) = e (eamxw) SO (r, 87X, W)
e fﬁTXWﬁ XW E{IZ>7~ )| 8TX, W}

X {I(r < t)J e Ar(sBTXW) g 4 J e Ar(s,8 X’W)ds} dr,
t max(r,t)

respectively.

We begin by analyzing 7y (t, 3" X). Our focus is on examining v/nh {fy (t, 8T X) — my (¢, 87X)},
because vnh {r’ﬁN(t,EITX) - ﬁzN(t,ﬁTX)} = O,(V/h) = 0,(1) based on Theorems 1 and
2.

We expand v/nh {mn(t, BTX) — mN(t,,BTX)} as
m {mN(tuBTX) - mN(tHBTX)}

(836) =+vnh {ei\N(t’ﬁTX) - eAN(tﬁTX)} JT e AN EATX) g
t

(S37)  +Vnhet~tBTX) f

{67/A\N(S,BTX) _ efAN(s,BTX)} ds.
t

(538)  +Vnh {eMATX) _ Av (AT f e e
t
It is easy to see that the term in (S38) satisfies

S {ef\N(t,ﬁTX) i eAN(tﬁTX)} J ’ {efﬁN(s,ﬁTm o~ An(s,87X) } s
t
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= VnhO,{An(t,8TX) — An(t, 37X)} f e M EBX)0 (AN (s, BTX) — An(s, BTX)}ds
t

= 0,(Vnh)O,{h* + (nh)~1}

= op(1),

by Condition C2.
We inspect the terms in (S36) and (S37). For (S36), based on Lemma 1,

m{eﬁN(t,ﬂTX) _ eAN(tﬂTX)} JT o AN (s,87X) g

t

— ke ) (R (1, B7X) — Ay (t, 87X) + O, [{An (£, 87X) — An(t, 87X) 1))

x fT e M8 X) g
¢

= VnheP (687X) {KN(t,BTX) — An(t, BTX)} f e~ MW EATX) g 4+ o, (1),

t

where the last step uses Condition C2.
For (S37), using Condition C2 as well, we get

Vnhe v (t87X) f i {G*KN(sﬂTX) _ e*AN(s,ﬂTX)} ds
t

= \/nheAN(t"@TX)f [IA\N(s,,@TX) — An(s,87X) + Op{(nh) " + h4}] e M (BT X) g
t

= Vnhev®HATX) f {/AXN(SNBTX) —An(s, /BTX)} e M8 X) gg 4 op(1).
t

Now combine the leading terms in (S36) and (S37) and use the expansion of A ~(t, ,BTX) —
An(t,8YX) in Lemma 2,

Vinhety (87X) {KN(t,ﬂTX) —AN(t,BTX)} f e M (ATX) g
t
+V/nhety G87X) J {An(5,87X) = Ax(s,87X) f e (A X) g

An(EBTX) Zf \[I{% (r,8X) > 0} Kn(8"X; — B1X)
ferx(B"X)E{I(Z =7) | B"X}

(S39) x { (r<t) f —A(s87X) g 4 f eAN<SﬁTX>d3} dM;(r, BYX) + 0,(1).
t max(r,t)
Note that I {¢,,(r, 87X) > 0} = 1 almost surely and according to Lemma 1

—EhKZ (BTX; — BTX)Y;(r) = fﬁTX(,@TX)E{I(Z>T)|[3TX}JK2(u)du+op(1).
=1

The leading term in (S39) converges to N{0, 0%,(, 37 X)} uniformly by the martingale cen-
tral limit theorem, where

20n (£,87X) §K?(u (r,BTX)
farx ﬂ X) E{I Z>r | 8TX}

o (t,8TX) =
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2
N {I(T‘ < t)J e A8 X) g 4 J e_AN(s’BTX)dS} dr.
t max(r,t)

Therefore /nh {fn(t,37X) —mny(t,87X)} — N{0,0%(t,37X)} uniformly for all ¢
and BTX.

Similarly, vnh {fr(t, 87X, W) — mr(t, 37X, W)} — N{0,02(t, 37X, W)} uniformly
for all ¢ and 37X where

o (t, BTX, W)

_ 2Ar(tBTX,W) § K (u) (r,BTX,W)
[ ﬂ X, W) E{I 2= pTX.07)

x{](r<t)f e ArBTX W) gg 4
t

Furthermore, m{t,3TX, I(W < t),WI(W < t)} = mp(t — W,B8TX)I(W < t) +
i (t, BT X){1 — I(W < t)} and

max(r,t)

2
e Ar(sBTXW) g } dr.

Vah{ift, BIX,I(W <), WIW <)} —m{t,B X, I(W <), WI(W < 0}

SN[0,02 (4,8 X, I(W <), WI(W < t)}]

uniformly for all ¢ and B*X where O'?n{t,BTX,I(W < ),WIW < t)} = o2.(t —
W,BTX)I(W <t) + 0% (t, BTX){1 — (W <t)}.

5. Relaxation of the Complete Follow-up Assumption. To weaken the complete
follow-up assumption that the event time is supported on [0, 7], we relax the compact support
assumption on the event time, while allow a sample size dependent end of the study time 7,.
Because the estimation and inference of 3, A{t, 3T x, (W < t), WI(W < t)} does not rely
on the complete follow-up assumption, hence under the weakened assumptions, the same
analysis as in the main text leads to the same results for B — 3 as in Theorems 1 and 2.

We assume

)

(844300 efA{s,ﬁTx,I(w$s),wl(w<s)}dS _ O(n%)efA{Tn77’0,,3Tx,1(w<7—n770),w](w<7n77—0)}

where 7 is a small positive constant. (S40) is equivalent to

7 eA{T,, —70,8T %, I (w< T, —70 ), wl (W< —70) } = A{7,B8Tx, I (w<T,),wl (W)}
lim =0,

n—o0 21 L% 4w Mr, — 70, 87%, I (w —10),wl(w < 1, — 70)} 75

where 7/, = dr,,/dn. Clearly, a sufficient condition for (S40) to hold is that the cumulative
hazard function A(t, 3Tx) > C(B%x)t!** for some constant a > 0, and 7, = n* for some
constant w > 0. We point out two facts about this condition. First, w can be very small as
long as it is fixed, for example, we can set w = 1/2. This implies that the end of the study
time 7, although required to increase with sample size n, can increase very slowly. Second,
the tail condition on the distribution family of 7" given 37 x is very weak. For example, all
sub-Gaussian distributions satisfy this requirement, this naturally includes all the Cox pro-
portional hazard model with the baseline hazard ¢ for ¢ > 0 and the Weibull family with
increasing risk, which are often used as baseline to generate various survival models in prac-
tice.
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Let
m*{t, BYx, (W <t), WI(W <t)}

— MEBTXI(WSt),WI(W<t)} J% o~ MsB T I(W<s) WIWSs)} gg

Then, under Condition C2,
Im{t, BTx, (W <t),WI(W <t)} —m*{t, 8%, (W <t), WI(W < t)}|
(S41) =o(n &) = of(nh) Y2}
Note that our estimator described in the main text, when viewed as an estimator for
m*{t,BYx, (W < t),WI(W < t)}, satisfies the same properties as described in The-
orem 3, i.e. vVnh[mi{t,3Tx, I(W < t),WI(W < t)} —m*{t,8Tx, (W < t),WI(W <
)}/ om={t, BTx, I(W < t), WI(W <t)} — N(0,1) in distribution when n — oo, where
o2 {t, ﬁ x, [(W <t), WI(W <t)}
§ K?(u)du (r —w, BTx,w)
fBTXM/ BTX,w E{I (Z=r) |BTX w}

X{I(r<t—w)f” e~ Ar(s—wBT X“’)ds—i—f e~ Ar(s—wBT X“’)ds}d
t—w max(r,t—w)

K2 (uw)du (™ v (r, BTx)
farx(B™x) Jo E{I(Z=7)|B"x}

x {I(r <t) f e AT gg 4 J " eAN(SﬁTxms} dr.
t max(r,t)

Indeed, the proof of Theorem 3 will still follow by substituting 7 with 7,,, in combination
with (S41) and the fact that o, (¢, BTX) converges to

_ I(w < t)62AT(t—w,BTx,w)

{1 — I(w < t)}e?Av(B87%)

o2 {t.B %, I(W <t), WI(W <)}
§ K2 (u)du © Ap(r—w, 8%, w)
forxw (B x,w) Jo E{I(Z=7)|B"x,w}
Q0 0
X {I(r <t—w) L . e Ar(smwBTxw) g 4 J e_AT(S_w’ﬁTx’w)ds} dr

max(r,t—w)

= I(w < t)GQAT(tiwyﬁTx/w)

SKZ @ )\N(rv BTX)
f,@Tx(ﬂTX) o B{I(Z=r)|B"x}

0 0
X {I(r <t) J e A8 g 4 J e‘AN(S’ﬁTX)ds} dr.
t max(r,t)

This further leads to
Vah[idt, B x, IW <), WI(W <)} — m{t,B x, (W <t), WI(W < t)}]
— N[0,02 {t,8Tx, (W < t), WI(W <t)}]

{1 = I(w < b))t (A7)

in distribution when n — oo.
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6. Code. The MATLAB code of estimating the mean residual life function m and the
parameter 3 is given in github.com/Ge-zichuan/Mean-residual-life.
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Fig S1: Performance of the semiparametric method on estimating the mean residual life func-
tion of Study 1 without censoring. First row: my (¢, 37 X) and its estimates. Second row:
mp(t, BYX, W) and its estimates at 3T X = —1.6; Third row: mp(t, 37X, W) and its es-
timates at 37X = 0; Fourth row: mp (¢, 37X, W) and its estimates at 37X = 1.6. First
column: contour plot of the true my (¢, 37 X) and 7y (t, 31 X). Second column: contour
plot of the residuals of the proposed method; Third column: contour plot of the residuals of
the PM method;
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Fig S2: Performance of the semiparametric method on estimating the mean residual life func-
tion of Study 1 under the censoring rate of 20%. First row: my (t, 37 X) and its estimates.
Second row: m(t, 3T X, W) and its estimates at 3T X = —1.6; Third row: mr(t, 31X, W)
and its estimates at 37 X = 0; Fourth row: mrp(t, B8TX, W) and its estimates at BTX =1.6.
First column: contour plot of the true my (¢, 3T X) and 7y (¢, 3T X). Second column: con-
tour plot of the residuals of the proposed method; Third column: contour plot of the residuals
of the PM method;
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Fig S3: Performance of the semiparametric method on estimating the mean residual life func-
tion of Study 1 under the censoring rate of 40%. First row: my (t, 37 X) and its estimates.
Second row: m(t, 3T X, W) and its estimates at 3T X = —1.6; Third row: mr(t, 31X, W)
and its estimates at 37 X = 0; Fourth row: mrp(t, B8TX, W) and its estimates at BTX =1.6.
First column: contour plot of the true my (¢, 3T X) and 7y (¢, 3T X). Second column: con-
tour plot of the residuals of the proposed method; Third column: contour plot of the residuals
of the PM method;
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Fig S4: Performance of the semiparametric method on estimating the mean residual life func-
tion of Study 2 with no censoring. First row: my (t,37X) and its estimates. Second row:
mp(t, BYX, W) and its estimates at 37X = —2; Third row: m(t, 37X, W) and its esti-
mates at 37 X = 0; Fourth row: mrp(t, B8TX, W) and its estimates at BTX = 2. First column:
contour plot of the true my (¢, 3T X) and 7y (t, 3T X). Second column: contour plot of the
residuals of the proposed method; Third column: contour plot of the residuals of the PM
method;
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Fig S5: Performance of the semiparametric method on estimating the mean residual life func-
tion of Study 2 under the censoring rate of 20%. First row: my (t, 3T X) and its estimates.
Second row: m(t, 3 X, W) and its estimates at 87X = —2; Third row: mr(t, 31X, W)
and its estimates at 37 X = 0; Fourth row: mrp(t, BTX, W) and its estimates at B8TX =2.
First column: contour plot of the true my (¢, 3T X) and 7y (t, 3T X). Second column: con-
tour plot of the residuals of the proposed method; Third column: contour plot of the residuals
of the PM method;
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Fig S6: Performance of the semiparametric method on estimating the mean residual life func-
tion of Study 2 under the censoring rate of 40%. First row: my (t, 37 X) and its estimates.
Second row: m(t, 3 X, W) and its estimates at 87X = —2; Third row: mr(t, 31X, W)
and its estimates at 37 X = 0; Fourth row: mrp(t, BTX, W) and its estimates at B8TX =2.
First column: contour plot of the true my (¢, 3T X) and 7y (t, 3T X). Second column: con-
tour plot of the residuals of the proposed method; Third column: contour plot of the residuals

of the PM method;
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Fig S7: Performance of the proposed method on estimating the mean residual life function
of the nontransplant group of Study 3 at different 37 X. Left column: contour plots of true
my(t,0,37X); Column 2 to 4: contour plots of the residual of 7 (t, 85" X,0) under the
censoring rates of 0%, 20%, and 40%.
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Fig S8: Performance of the proposed method on estimating the mean residual life function
of the transplant group of Study 3 at different 37 X. Left column: contour plots of true
mr(t,0,3TX); Column 2 to 4: contour plots of the residuals of 7r(t, 351X, 0) under the
censoring rates of 0%, 20%, and 40%.
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Fig S9: Performance of the mean residual life function estimation in Study 4. Row 1: Perfor-
mance of my (t,8; T X); Row 2 to 4: mp(t, 37X, W) at BTX = —1.6,0,1.6. Left column:
Contour plot of true mean residual function. Middle column: Residual from the proposed

method. Right column: Residual from the PM method.
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Fig S11: Mean residual life improvement from UNOS/OPTN data. Stratified by Race, Gen-
der, and Insurance Status with median ,BTX per strata.
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Fig S12: Mean residual life improvement from UNOS/OPTN data. Stratified by Race, Gen-
der, and Insurance Status with maximum 6Tx per strata.



