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Preface

Survival analysis plays a pivotal role in statistical modeling, particularly in medical, biological,
and reliability studies where time-to-event data is fundamental. Over the past few decades, the
development of rigorous mathematical frameworks, such as counting processes and martingales,
has significantly advanced the field. This note, based on several lectures delivered as part of the
Michigan Biostatistics survival analysis class, provides a comprehensive yet accessible treatment of
survival analysis through the lens of modern statistical methodology, focusing on counting processes
and their applications to survival models.

Unlike many existing books on survival analysis, this note takes a deeper dive into the un-
derlying stochastic structures that govern survival data. By leveraging counting processes and
martingale theory, we provide a robust theoretical foundation for a various topics, such as nonpara-
metric estimation and comparison of survival functions, Cox models, and competing risk processes.
A distinguishing feature of this note is its balance between theoretical rigor and practical implemen-
tation. While theoretical derivations are presented in a detailed and structured manner, the note
also incorporates applied examples, demonstrating how these advanced methods can be utilized in
real-world scenarios. Additionally, it connects classical techniques with their modern extensions,
bridging the gap between foundational concepts and cutting-edge applications. By equipping read-
ers with the tools necessary to analyze and interpret survival data within a rigorous stochastic
framework, the note aims to foster a more profound appreciation of the mathematical principles
that underpin survival analysis.

This note is intended for graduate students, researchers, and practitioners who seek a deeper
understanding of survival analysis. A working knowledge of probability theory and statistical infer-
ence will be beneficial, though essential concepts are introduced as needed. While measure theory
can enhance understanding, this note does not assume prior knowledge of it. I have intentionally
refrained from introducing the definitions of o-algebras and conditional expectations with respect to
o-algebras. Those interested in these topics can refer to a separate note I wrote while teaching mea-
sure theory in Harvard Biostatistics https://public.websites.umich.edu/~yili/yinote.pdf.
Additionally, I have tried to keep technicalities to a minimum to prevent confusion with complex
concepts, and to make the material self-contained. The list of references has been kept brief, with a
more comprehensive compilation to be provided at a later stage. I welcome feedback and discussions
from readers.


https://public.websites.umich.edu/~yili/yinote.pdf

1 Stochastic Processes

We consider (2, F, P), a probability space, where € is the sample space containing all the possible
outcomes (each element of € is called a sample point), F is a collection of subsets of Q (called a
o-algebra) so that each element of F is an event, and P measures the probability of each event.
In the context of stochastic processes, we introduce {F;}i>0 as a time-indexed filtration, meaning
a non-decreasing family of sub-c-algebras of F. That is, F; is a o-algebra containing history up
to time ¢, i.e., the collection of all the information up to ¢, such that information increases over
time, or Fg C F; C F if s < t; see a graphical illustration in Figure 1. The definition of a filtration
generated by a series of events can be found in Chung (1974) and Fleming & Harrington (2013).

Time 0 Time 1 Time 2 Time 3 Time 4

Start Event A Event B Event C Event D

0 1 2 3 4
Time

Figure 1: Illustration of a filtration: the progression of information over time, with accumulated
information shaded in blue and future information shaded in gray. The red line at t = 2 marks the
current time.

A stochastic process { X (¢,w)}+>0 is a collection of random variables indexed by time ¢, defined
on a (Q,F,P), where w € () represents a sample point in the sample space. The process is
essentially a bivariate map from the time domain and the sample space to a subset of the real line.
The evolution of the process over time is governed by a specified probability law.

A stochastic process {X (¢, w)}+>0 is said to be adapted to a filtration {F;}+>¢ if, for each ¢,
the random variable X (¢, w) is Fi-measurable. This means that for any b < oo, the event

{w: X(t,w) <b} € F, Vt>0.

Intuitively, this implies that at any time ¢, the value of X (¢,w) is completely determined by the
information contained in F;. Given a specific w, the function X (¢,w) as a function of ¢ is called the
sample path or realization of the stochastic process. Figure 4 shows 5 sample paths of a stochastic
process (more specifically, Brownian Motion) corresponding to 5 different w’s. For notational
convenience, we often drop w and write X (¢) instead of X (t,w). Even with this simplification, it is
important to keep in mind that the randomness of the process is induced by w. When the context
is clear, we may use X () to refer to the entire process {X (¢)}:>0, though Wikipedia recommends
against it.



Finally, in contexts involving multiple subjects, we may introduce subscripts, such as F;; and
X;(t), to denote individual-specific filtrations and processes for a particular subject i.

1.1 Counting processes in the survival context

Building on the defined probability spaces and filtrations, we turn to an application of stochastic
processes in survival analysis. All the random variables introduced below are defined in a common
probability space (2, F, P). As a special case of stochastic processes, we define counting processes
in a survival context with a homogeneous population consisting of n independent subjects indexed
by i = 1,2,...,n. For each subject, define the following random variables on (2, F, P):

o T;:Q — [0,00) denotes the true underlying continuous survival time for subject i.

e C;: Q) — [0,00) represents the potential continuous censoring time for subject 7, assumed to
be independent of T;.

Our primary interest is in the distribution of T;. However, since T; is subject to right censoring,

we do not observe T; directly. Instead, we observe

X; = min(T3, C;) ¥ 1, A O,

which represents the observed survival time, along with the event indicator

where A; = 1 indicates that the event occurred, and A; = 0 indicates that the observation was
censored. Here, I(-) denotes the indicator function. We aim to use the observed data, based on
some conditions, to estimate the distributions of T;’s.

Assume that the T;’s are independently and identically distributed (i.i.d.). For any ¢ > 0, define
the hazard function to be

1
Mt)= lim —Pt<T,<t+dt|T;>t),
) = i gPE<Ti<itdi|Tizi)

which is the instantaneous failure rate, given survival up to t. Also, define the cumulative hazard
function

which is of our main interest. It measures the total accumulated risk of an event occurring up to
time t and is directly linked to the survival function

st ™ P> 1)

via S(t) = exp{—A(t)}, meaning that higher cumulative hazard values correspond to lower survival
probabilities. We assume that A(t) < oo for all t < oo, implying that the survival time 7; is

unbounded. For simplicity, we also assume that the censoring times C;, 7 = 1,...,n, are i.i.d. Based
on the observed ii.d. data {(X;,A;)},, we can estimate A(t) via the Nelson-Aalen estimator.



A key assumption ensuring the validity of the Nelson-Aalen estimator is independent censoring.
Unfortunately, based solely on the observed data {(X;, A;)}7,, this assumption is not statistically
testable (Tsiatis 2006); one must rely on subject matter knowledge to justify it. When censoring is
dependent, the Nelson-Aalen estimator may yield biased results. Survival analysis with dependent
censoring is still an actively research area; for various methods to address dependent censoring, see
Tsiatis (2006). Throughout this note, we assume independent censoring, as is commonly done in
the literature.

Moreover, instead of the traditional approach that directly works with random variables, we
utilize counting processes, which offer a more elegant, flexible, and theoretically robust framework
for survival analysis and event-time modeling. Their deep connection to martingales, stochastic
integrals, and intensity functions makes them a powerful tool for both theoretical and applied
research.

Definition 1.1. Define the at-risk process for subject i, Y;(t), as Y;(t) = I(X; > t), where I1(-) is
the indicator function.

The at-risk process seamlessly integrates censoring mechanisms and keeps track of whether an
individual is still at risk of experiencing the event at time t; see Figure 2.

Definition 1.2. Define N (t) = I(T; < t), indicating whether death occurs prior to or at t.

This notion uses counting processes to conceptualize event occurrence. However, with censoring,
T; is not always observable, thus one cannot directly analyze N;(t). Instead, a counting process is
defined to handle censored observations, accounting for censoring in the process. In particular, we
introduce a modified counting process such that an event (e.g., death) is observed to occur only
when the individual is still at risk.

Definition 1.3. Define the observable increment as
dN;(s) = Y;(s)dN; (s), (1.1)

where dN(s) = N¥((s +ds)”) — N¥(s7).

The inclusion of Y;(s) in (1.1) ensures that event counting is restricted to an individual who is
still at risk at time s. As N is right-continuous, it follows that N/ ((s+ds)™) = Nf(sT) = Ni(s),
which implies that dN;(s) = N(s) — N(s™), corresponding to the conventional definition of
an increment. However, more broadly, for a stochastic process X, we define the jump size at ¢
as X((t 4+ dt)”) — X(¢7) rather than X (¢) — X (¢7) to account for a subtle distinction discussed
immediately before Proposition 2.5.

Definition 1.4. Define the observable counting process N;(t) by

Nt = [ anis) = [ vianis)

Here (and hereafter) the Stieltjes integral (Carter et al. 2000) of the type of flf k(s)dN;(s),
where Nj; is right continuous, is the sum of the values of k at the jump times of N;(-) in the



interval (u, t]; see Figure 2. Later on, we will also frequently use the notion of fi k(s)dM;(s), where
M;(s) = Ny(s) — [ Yi(u)dA(u) is a (local) martingale (defined later). Then,

t t t
/ k(s)dM;(s) / k(s)dN; (s) — / k(3)Y; () dA(s)
u u u
where the second integral is indeed a Stieltjes integral with respect to the deterministic process A(-),
inheriting well-defined properties from integrals of random processes with respect to nondecreasing
and deterministic functions.

Obviously, IV;(t) is the observable version of N/ (t). It can be shown that N;(t) = I(X; <t,A; =
1), indicating whether patient i is observed to die by time ¢, while dN;(s) is whether patient i is

observed to die at time s. In the following, we summarize the properties and interpretations for
Ni(t), le(t) and Y;(t)

Y() Ni(®)
- ;
@=1
X; Time ¢ Xi Time ¢
(a) Yi(t) (b) Ni(t)

Figure 2: Example figures for Y;(t) and N;(t).

1.2 Summary of counting processes and the important results

1. Yi(t) =Y;(t7) = I(X; > t) is left continuous, flagging whether patient i is at risk at time ¢.

2. 31, Yi(t) el Y (t) is also left continuous, counting the number of patients at risk at ¢ among
these n patients.

3. N;(t) = N;(t1) = I(X; < t,A; = 1) is right continuous, flagging whether patient ¢ is observed
to die at and before time t.

d A . . . .
4. 370 NG(t) I N (t) is right continuous, counting how many patients observed to die at and
before time t among the n patients.

5. dN;(t) = A; - I(X; = t), indicating whether patient ¢ is observed to die at time ¢.
6. > dN;(t) “an (t) denotes the number of patients die at time ¢t among these n patients.

Looking ahead, we enumerate important results which will be detailed later. We first define the
expectation. Let G :  — R be a random variable defined on (2, F, P). The expectation of G is
defined as E[G] = [, G(w) dP(w). In particular, if G has a probability density function f; on R,
then E[G] = [; = fa(z) dx.



1. Define dM;(t) = dN;(t) — Y;(t)dA(t), where M;(t) is a martingale process (defined later).
Then EdM;(t) = 0. So dM;(t) is like the residual term in regression models.
2. Cov(dM;(t),dM;(s)) =0, s #t.

3. EM;(t) = 0, where M;(t) = N;(t) — /t Yi(s)dA(s).
0
4. ENl(t) = EAZ(t), where Al(t) = /t K(s)dA(s) = A(t A XZ)
0

5. Var(M;(t)) = EA;(t).

1.3 Nelson-Aalen estimator: representation and derivation via counting pro-
cesses

Given the data (X;,4A;),i = 1,...,n, we extract a total of ng (< n) distinct observed failure time
points, t1 < ta... < t,,. Let D;,Y; denote the number of observed deaths and subjects at risk at
t; respectively. The Nelson-Aalen estimator of the cumulative hazard can be expressed as

~ D
Aty=>" v
t;<t

which can be succinctly expressed in terms of counting process as well

-~ B dN(t]) _ t dN(S)
A= F67 = ), Yoo

tjgt
This follows from the definition of the Stieltjes integral, noting that
Dj = dN(tj) and Y} = Y(tj),
with N(t) only exhibiting jumps at ¢, to, .. ..

We can also derive the Nelson-Aalen estimator (Aalen 1978) using the fact of EdM;(t) = 0; see
Section 1.2. Indeed, the first moment estimation gives

SO A1) = 3 AN — 3 VihdA) = 0,
=1 =1 =1

which gives

ST NG av
WO =55 50 = vy

implying the Nelson-Aalen estimator of A(t) with 0 < ¢ < oo:

At) = /0 djfv((s‘;). (1.2)




The Nelson-Aalen estimator yields a right continuous step function; see Figure 3. In the following,

1.0p
0.8r

0.6

Cumulative Hazard

0.2r

0.0

Time

Figure 3: Example plot of the Nelson-Aalen estimator: the left-hand limits are marked using empty
green circles, while the cumulative hazard at event times is marked with solid red dots. The plot
shows right-continuous nature of the estimated function.

we will derive the variance of K(t) and other statistical properties of K(t), such as ubiasedness,
consistency and asymptotic normality, using the notion of counting processes and martingales.

We will first introduce the concept of a martingale, a modern probability tool that can signifi-
cantly simplify theoretical analysis. In stochastic processes, martingales represent systems with the
‘fair game’ property, where there is no net gain or loss on average over time. They model random-
ness in a way that future values depend only on the present and not the past history. We will show
that counting processes can be decomposed into a martingale component (capturing randomness)
and a predictable compensator component (representing deterministic trends). This decomposition,
as illustrated below, plays a crucial role in deriving estimators and testing hypotheses in survival
analysis.

2 Martingales and the Properties

We present the definition of martingales and their properties and discuss how to construct martin-
gales.

Definition 2.1 (Definition of Martingale). M (t) is a martingale with respect to Fy if

1. Adaptedness: M (t) is adapted to Fi. More precisely, we should say {M(t)}+>0 is adapted or
measurable to a filtration {F;}i>0; we use measurable and adapted interchangeably later.

2. Integrability: E|M(t)| < oo for all 0 < t < oco.

3. Martingale (‘fair game’) property: E(M(t)|]:s) = M(s) for any 0 < s < t, where the con-
ditional expectation with respect to a filtration is given in Chung (1974). Notationwise, here
and all “=" below should be interpreted as “=7 holds almost surely.

Measurability with respect to a filtration ensures the process depends only on current and past
information, aligning with the flow of time. Integrability maintains mathematical consistency by
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avoiding infinite values. The martingale property, which is central to the definition of martingales,
reflects their ‘fair game’ nature, where future values, given present knowledge, are not systemati-
cally predictable. This property is critical for various applications, including stochastic processes,
financial (stock price) modeling, and survival analysis Also, whenever we mention a martingale,
the underlying filtration, e.g., F¢, should be specified, in which case we may say M(t) is an “F-
martingale.”

Property 1 (Properties of martingale). Let M (t) be a martingale with respect to Fy.

1. If M(0) = 0, then EM(t) = 0.
Proof. EM (t) = E(E{M (t)|Fo}) = E(M(0)) = 0. O

2. (uncorrelated increments under disjoint intervals) If 0 < v < u < s < t, then E((M(t) —
M(s))(M(u) — M(v))) = 0. Also, E(dM (v)dM(s)) =0 or Cov(dM (v),dM(s)) =0 for v #s.

Proof. This follows as E((M (t)—M(s))(M (u)—M(v))) = E{E((M (t)— M (s))(M (u) — M (v)))|Fs}.
O

Definition 2.2 (Predictable). X (t) is predictable with respect to Fy if X(t) is determined by F;-,
i.e., a predictable process is one whose behavior at t is determined by the information over [0,t).
That is, for a predictable process X (t), if given Fi—, we know the exact value of X (t).

Example 2.3 (Example). A left continuous (and measurable) process is predictable. That is, if
X(t) =X (t), X(t) is predictable.

Example 2.4. Y;(t) is predictable as it is left continuous. But N;(t) is not predictable. This is
because, even with the survival information up to t but not including t, N;(t) may or may not have
a jump at t so it is not predictable.

Define the jumpsize of M(t) at ¢ as
dM((t) = M((t+dt)”)— M(t), (2.1)

i.e., the jumpsize of M(-) from ¢ to t+dt. We use M ((t+dt)™) instead of M (t+dt~) or M (t+dt) or
M (t) for a subtle reason. This way, we can write, aligning with the It6 stochastic integral ((Dksendal
2003), that

/ dM(u) = > dM(u)= > M((u+du)”)— M(u")=M(t) - M(s).

This facilitates the proof of the following important proposition for the infinitesimal characterization
of a martingale.

Proposition 2.5. Suppose M(t) is integrable and is determined by Fi, then M(t) is a martingale
if and only if

E(dM(t)|F-) = 0.

11



Proof. “=" If M (t) is a martingale, then it holds that
E(M((t+dt)”) = M(t") | F-) =M@Et")— M) =0.

Here, the first equality is by the definition of martingale and (¢t + dt)~ > t~. By the definition in
(2.1), we have that

E(dM(8)|F,-) = E(M((t +dt)) — M(t7) | Fi-) =0.

“<:” We need to show that E(M(t)|Fs) = M(s) for any s < t. We have
E{M(t)|Fs} = E{M(s) + M(t) — M(s)|F5}

— M(s) + Ef / M (u)| F.}
= M(s) + / [E(dM (u)|Fy)]

_ M(s) + / E{ [E(dM ()| F, )] | F,)}
= M(s).

Here, as noted before, f; dM(u) = > yey M((u + du)™) — M(u™) = M(t) — M(s). Also, the
second equality is by that M(s) is measurable with respect to Fs, the third equality is by Fubini’s
Theorem and the fourth equality is by the iterated expectation theorem (Chung 1974):

E{E (G | Fs) [ Fi} = EAE(G | o) | Fs} = E(G | F5)

if Fs C Ft, where GG denotes a generic random variable. The last equality comes from the condition
that E(dM (u)|F,-) = 0. O

Then, if M(t) is a martingale, immediately
E(dM(t)) = E(E(dM(t)|F-)) = 0.

This local characterization of martingales is valuable as it provides an explicit method for computing
the compensator of a right-continuous but non-predictable process, which we will utilize in our
subsequent development.

An example of a continuous Martingale is the Brownian motion (Morters & Peres 2010), often
denoted as B(t),t > 0, satisfying (i) B(0) = 0; (ii) Independent increments: The changes in B(t)
over non-overlapping time intervals are independent; (iii) Gaussian increments: For any 0 < s < t,
the increment B(t) — B(s) ~ N(0,t — s); (iv) Continuous paths: B(t) is continuous in ¢; (v)
Martingale property: E[B(t)|B(u),0 < u < s] = B(s), for s < t. Figure 4 shows sample paths of
a Brownian motion. Brownian motion has been widely applied across various fields: in physics, it
describes the movement of particles suspended in a fluid, as first observed by Robert Brown (Brown
1828); in finance, it serves as the foundation for modeling stock prices and option pricing within the
Black-Scholes framework (Black & Scholes 1973); in engineering, it is utilized for signal processing,
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noise modeling, and control systems (Franklin et al. 2023); and in biology, it helps explain the
random motion of molecules and cellular processes (Berg 2023).

Path 1
—— Path 2
2 — Path3
—— Path 4
—— Path 5
---- Zero Drift

o N e

0 W

0.0 0.2 04 06 08 1.0
Time

Value

Figure 4: Sample paths of a Brownian motion: the plot highlights the unpredictable nature of the
paths while maintaining no overall trend (zero drift); 5 sample paths are shown, with each being a
realized trajectory of the process over time.

Now we apply the martingale theory to the survival process. First, for subject 4, define F;; =
g{Ni(s),Yi(s),0 < s < t} the o-algebra generated by the events in the bracket. Basically, this is the
survival information for subject ¢ up to (including) ¢; see a formal definition regarding a o-algebra
generated by events in Chung (1974). We will show

M;(t) = Ni(t) - /0 Yi(s)dA(s)

is a martingale process with respect to F; ;. Here, A;(t) =l fg Yi(s)dA(s) is called the compensator
of N;(t), i.e., the “predictable” part of N;(¢). While it is natural to think that many predictable
processes are left-continuous, not all predictable processes have this property. In fact, A;(t) is right
continuous because A is right continuous by definition. On the other hand, if A has a discontinuity
at t, A;(t) will not be left continuous at ¢. In this case, A;(t) is still predictable. However, if A(t) is
continuous or even differentiable with a derivative A(t) (as we will assume in the following), A;(t)
is continuous everywhere and we can simply write A4;(¢) = fot Yi(s)A(s)ds.

Proposition 2.6. Assume T;,C; are independent and T; is continuous. If P(X; >t) > 0, then

1
lim fP(tSXi<t—|—dt, Al:1|XlZ7f):)\(t)
dt—0+ dt

Proof. We consider

P(tﬁXi<t+dt,Ai:1)

Pt <Xy <t+dt, A =1]X;>1)= P(X, > 1) ’

13



while expanding the numerator,

PE<X;<t+dt,Aj=1) = Pt <T,<t+dtT;<C)
= Pt <T;<t+d)P(T; <C;|Ti € [t,t+dt]).

Since T; is continuous, its density function gives:

1
lim —P(t<T, <t+dt) = f(t).
A, TS T <t d) = £)

Then we consider

P(T; < Ci | T; € [t,t + dt))
P(T; < G, T; € [t,t + dt))
P(T; € [t,t + dt))

[ p(5)P(Cy > s)ds

t
ftt-i-dt f(S)dS

where the last equality comes from the independence of C; with T;. Let dt — 0% and apply
L’Hopital’s rule, we have

lim P(T; < i | T € 1t +dt)) = LDPC 20

g0+ Fay LGzt =Sclt),

where Sc(t) is the survival function of C; or S¢(t) = P(C; > t). Thus, the numerator (after
dividing by dt and taking the limit) becomes:

1
lim —Pt<T;,<t+dt,T; <C;)
dt—0+ dt

1
= lim —Pt<Ti<t+dt) lim P(T,<C;|T;€[tt+dt))
dt—0+ dt dt—0+

f(#)So(t-).

For the denominator:
P(X;>t)=P(T; > t)P(C; > t) = S(t)Sc(t—).
Hence,

.1 ( )
1 —Pt<X; A, =1]X;>¢t) = = = .
A P s Xo<tad, Mi=1]Xi21) = g5 07 = 55 = A0

The result indicates that under independent censoring, the observed data can be used to estimate
the hazard function, so methods like the Nelson-Aalen or Kaplan-Meier estimators can be applied.
Moreover, the result serves as a key step in developing the martingale framework for survival
analysis, as shown below.

Proposition 2.7. M;(t) = N;(t) — fg Yi(s)dA(s) is a martingale process with respect to Fi.

14



Proof. First, we show M;(t) is measurable with respect to F;;. In fact, N;(t) is measurable with
respect to . Also, Yi(s), when s < ¢, is measurable with respect to F; s and hence F;;. This
follows because of the increasing property of filtrations, i.e., F; s C F;; when s < t. Therefore,
fotY;(s))\(s)ds is measurable with respect to F;;, leading to N;(t) — fJYi(s)dA(s) is measurable
with respect to F;; as the countable summation of measurable functions is measurable.

Second, we note that M;(t) is integrable for any ¢t < oco. This follows as
¢
EIMi(t)] < ENi(t)+ / P(X; > 5)dA(s)
0
t
< 1+ / P(T; > s)dA(s)
0

t
= 1+ / e A dA(s)
0

= 1+1-8(t) <2 (2.2)

Now with Proposition 2.5, it only remains for us to prove
E(dM;(t)|F; ) = 0.
In fact, it holds that

E(dM;(t)|F;p-) = E(dN;(t) — Yi(t)dA(t)| F; )

LR(N((t 4 dt)) — Nt Fy) — E(Vi(OADdH )

=E(I(t < X; <t+dt,A; =1)[Y;(t)) — Yi(t)A(t)dt.

Here, E(Y;()dA(t)|F; - ) = Y;i(t)dA(t) because Y;(t) is predictable. Also, the third equality follows
because events of X; > ¢ and X; < ¢ are measurable with respect to F; ,—, and you can compute the
conditional expectation conditional on Y;(t) = I(X; > t). More rigorous justifications can be found
in Theorem 1.3.1 of Fleming & Harrington (2013). We can separately compute the expectation for
the two cases depending on the value of Y;(¢).

e Case 1: If Yj(t) = 0 (the patient has already experienced an event or been censored before
time t), then:

EIt<X;<t+dt, Aj=1)|Yi(t)=0] =Pt <X, <t+dt, Ni=1]X;<t)=0

This follows because patient who is no longer at risk at t~ will have no chance to be observed
to die later.

e Case 2: If Y;(t) = 1 (the patient is still at risk just before time t), then:
EI(t<X;<t+dt,A;=1)|X;>t] =Pt < Xy <t+dt, Aj=1|X; >t)=At)dt

which holds with independent censoring (Proposition 2.6).
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Combining these two cases, we have:

E[I(t < X; <t-+dt,A;=1)]Y;(t)] = Yi(t)A(t)dt.

We hence have

E(dM;(t)|Fip-) =E(I(t < Xi < t+dt,A; = 1)|F; - ) — Y;()A(t)dt = 0.
That is, we have shown that M;(t) fo s)ds is a martingale process with respect
to Fi or, succinctly, M; is an F; 4- martmgale ]

Recalling the definition of A(t) in (1.2), we observe that

~ YdN(s) — Y (s)dA(s) EdM(t)
A(t) — A(t) = / = , 2.3
e () o Y9 2
where we ignore the small possibility of Y(s) = 0. More rigorous treatment can be found in
Theorem 3.2.1 of Fleming & Harrington (2013), which noted that ft dN(S = /o (Y(())>O) dN(s)

with 0/0 =N Here, dM(s) = > ; dM;(t). With i.i.d. data, M(t) = Zi:l Mz(t) can be shown to
be a martingale with respect to a richer o-algebra F; = o{N;(s),Yi(s),i =1,...,m,0 < s < t}, the
survival information of the whole population up to (including) ¢; see Exercise 1.11(a) of Fleming &
Harrington (2013). Recall

=Y N(t), Y(t)=>_ Yi(t)
=1 i=1

the martingale M (t) can be written as

We define the compensator A(t) of N(t) as

A =3 At) = /0 ¥ (s)dA(s)
=1

The mean and variance for the martingale M (¢) can be written as
EM(t) = E{EM (t)|Fo} = EM(0) = 0;
Var M (t) = EM?(t) — (EM(t))* = EM?*(t).

To compute EM?(t) (if it exists or the second moment of the process exists), we introduce the
variation process of M (t), denoted as (M)(t), which helps understand the behavior and character-
istics of M (t), particularly in terms of sample paths and changes over time.
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2.1 Variation process and covariation process

Square integrable processes are important for analyzing predictable variation and martingale dy-
namics, and square integrability provides a framework to manage and quantify the variability of
stochastic processes.

Definition 2.8. A stochastic process X (t) is said to be square integrable if for all t,

E[X?(t)] < oo.

This means that the second moment of X (t) exists and is finite, which ensures the process does
not exhibit unbounded variance over time. Square integrability is particularly important when
studying martingales and their associated properties. A key concept related to square integrable
martingales is the variation process, which quantifies the accumulation of variability in a martingale.
This is formalized in the following definition.

Definition 2.9. Suppose that M (t) is a square integrable martingale with respect to Fy, (M)(t) is
called the variation process of M(t) if

M?(t) — (M)(t) is a martingale with respect to F;.

Here, (M)(t) is the unique predictable and non-decreasing process with (M)(0) = 0.

In fact, the existence and uniqueness of such (M)(t) is the result of the famous Doob-Meyer
decomposition theorem (Meyer 1963).

Theorem 2.10. (Doob-Meyer decomposition) Let X (t) be a right continuous (with left hand limits)
and integrable process, and is measurable with respect to Fy, satisfying E{X (t)|Fs} > X(s) whenever
s < t. Then, there exists a unique, increasing, predictable process A(t) with respect to Fy, and a
right continuous (with left hand limits) martingale process M(t) with respect to F; such that:

X(t) = M(t) + A(t), forallt >0,

Such defined X(¢) in the theorem is called submartingale in the literature (Meyer 1963). It is
easy to verify that the counting process N(t) and also M?(t) = (N(t) — A(t))? are submartingales.
As opposed to martingales which represent a “fair game,” submartingale represent a “favorable
game,” meaning there is an expected upward tendency over time, given the current information.
Readers may refer to a probability text book for the proof of Doob-Meyer decomposition. With
the uniquely defined (M)(t) when M(t) = N(t) — A(t) is a martingale, it is easy to see that

Var M (t) = EM?(t) = E(M)(t). (2.4)
Hence, (2.4) implies that (M)(t) is an unbiased estimator for Var M (t).

To compute (M)(t), we resort to the infinitesimal characterization of a martingale. We first
compute the expectation E(dM?(t)|F,-) for a general martingale.
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Lemma 2.11. Suppose that M(t) is a square integrable martingale with respect to Fy, then

E{dM?(t)|F;- } = E{[dM (t)]*|F;- } = Var (dM(t)|F;-).

Proof. Recall the definition of dM?(t) we have
dAM?(t) = M?((t +dt)”) — M*(t7).

By separating M ((t + dt)™) into M ((t +dt)™) — M(t™) + M(t™), we write dM?(t) as

T) = M)+ M(t)]? — M2(t)
t) + M(t)]* = M2(t)
6)]? + 2M (t7)dM(t).

Here, the third equality comes from the definition dM (t) = M ((t +dt)~) — M(t7). Given F;—, we
have

E{dM(t)|F,- } = B{ [dM (£)]* + 2M (t7)dM (£)| F- }
— B{ [dM(8)]*|F,-} + 2M (t7)E{dM (£)| F,- }
= E{[dM(®)]*|F- }.

Here, the second equality is by M (¢7) is deterministic given F;- and the last equality applies
Proposition 2.5 that when M (t) is a martingale with respect to F;, then E(dM(t)|ft_) = 0.
E{[dM (¢)]?|F;- } = Var (dM(t)|F;-) directly comes from E(dM (t)|F-) = 0. O

By Lemma 2.11, we calculate the value of E{dM?(t)|F;- } when M(t) = N(t) — fg Y (s)dA(s).
Before applying the lemma, we note that

M?2(t) < 2N(t) + 2 {/tY(s)dA(s)}Q <24 A%(t) < oo,
0

and hence M?(t) is integrable and the Doob-Meyer decomposition would apply. Now recall A(t) =
fg Y (s)dA(s). Note that if we condition on F;—, Y (¢) is constant, therefore we have

E{dM?(t)|F,- } = Var {dM(t)|F,- }

= Var {dN(t) = Y (t)dA(t)| ;- }

= Var {dN(t)|F- }

= E{dN(#)|F,- } (1 - E{dN(®)|F;- })
(1= Y(O)AB)dt)

(OBt - (1 —
HA()dt = dA(L).

=Y )dt
=Y (t)\(t)dt
Here, the third equality comes from the statement above that Y (¢) is a constant conditional on
Fi—, the fourth equality comes from the property of Bernoulli distribution and the second-to-last
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equality is by the property that (dt)? = 0 (Refer to the property of exterior derivative). We hence
have

E{dM?(t) — dA(t)|F-} = 0.

Again by Proposition 2.5, we have M?2(t) — A(t) is a martingale with respect to JF; refer to Doob-
Meyer Decomposition for the uniqueness of A(t). We have that (M)(¢t) = A(t). As a remark, with
respect to F;, we have A(t) is a compensator for both N () and M?(t). That is, M (t) = N(t)— A(t)
and M?(t) — A(t) are both martingales. We have the following properties.

Property 2. Suppose that M (t) is a square integrable martingale and K (t) is a bounded predictable
process with respect to Fy, then

1. f(f K(s)dM(s) is also a square integrable martingale with respect to Fy.

Proof. Homework. Hint: Let Z(t) = fg K(s)dM(s). We apply the Ito isometry to obtain
EZ2(t) = f(f K2(s)d(M)(s) < co. We then apply the local charaterization proposition to
Z(t). O

2. (Jo K(s)dM(s)) = [y K*(s)d(M)(s).
Proof. Homework. Hint: Compute E(dZ2(t)|F,-). O

We can also define the covariation process of two martingales.

Definition 2.12. Suppose that Mi(t) and Ms(t) are two square integrable martingales with respect
to Fi, (My, M2)(t) is called the variation process of Mi(t) and M (t) if

M (t)Ma(t) — (My, M2)(t) is a martingale with respect to Fy.

Here, (My, M2)(t) is the unique predictable and right continuous process with (M, M3)(0) = 0.

The covariation process generalizes the notion of quadratic variation to two different martin-
gales, describing their joint variability over time. If My = My, then

(My, Ma)(t) = (My)(t) = (M2)(2),
which recovers the standard quadratic variation. In addition, it can be shown that
1
(M, Ma)(t) = Z{<M1 + M) (t) — (M1 — Ma)(t)}.

Hence, the existence and uniqueness of the covariation process come from the Doob-Meyer decom-
position as both M; 4+ Ms and M; — My are square integrable martingales.

Property 3. Suppose that M;(t), Ma(t) are two square integrable martingales and K1 (t), Ko(t) are
two bounded predictable processes with respect to Fy, then

([ Ko, [ Kalparia(o) = [ KoK, 15))
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Proof. Homework. O

2.2 Local martingales

As we have seen and shall see, martingales play a central role in the theory of survival analysis.
However, many stochastic processes of interest fail to satisfy the strict requirements of martingales
over their entire domain. Local martingales become useful, allowing us to generalize martingale
properties while retaining their local behavior. The term “local” refers to behavior restricted
to a finite interval or under certain conditions. By relaxing global constraints, local properties
allow processes to exhibit martingale-like behavior locally, even if they fail to do so globally due to
integrability or boundedness constraints. Local properties enhance scalability, enabling the analysis
of a process in manageable segments that can be pieced together for a global understanding.

Specifically, local martingales enable the study of processes that locally satisfy martingale prop-
erties without requiring global adherence to strict conditions. They generalize martingales, captur-
ing processes that behave like martingales on a local level and thereby broadening the applicability.
As many of our applications require boundedness or integrability only on a local scale, the introduc-
tion of local martingales allows theorems to be applicable in more general contexts or in a broader
range of situations.

To define local martingales, we first define a stopping time is a random variable 7 such that the
occurrence of the event “time 7”7 depends only on the information available up to time 7. Formally,

Definition 2.13. 7 is a stopping time with respect to a filtration {Fi}i>o if {7 < t} € F; for all
t>0.

Stopping times are used to “stop” a process at a random time, preserving its adaptedness to
the filtration; see Figure 5 where a process is stopped at two stopping times.

Definition 2.14. A sequence of stopping times {Tp}n>1 is called a localizing sequence if T, T 0o as
n — 0o almost surely, and 7, < 71 for all n.

Localizing sequences allow us to break a process into intervals where it exhibits desirable prop-
erties, such as boundedness or integrability; again see Figure 5.

Definition 2.15. A process X (t) is locally bounded if there exists a localizing sequence {1} such
that the stopped process X, (t) = X (t A1) is bounded for each n.

For a non-random function, it is locally bounded if it is bounded on each finite interval [0, s, s <
oo. For example, f(t) =t is locally bounded in [0, c0), but not bounded in the usual sense. For a
stochastic process, local boundedness means that the boundedness would hold on intervals whose
right end point is a random time determined by each sample path, which may be easier to satisfy
than the original stochastic process.

Definition 2.16. A process X (t) is locally integrable if there exists a localizing sequence {1} such
that E[| X (t A 1y,)|] < oo for allt and n. A process X (t) is locally square integrable if there exists a
localizing sequence {T,} such that E[X2(t A 1,)] < 0o for all t and n.
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Figure 5: A sample path of Brownian Motion stopped at two stopping times.

Definition 2.17. A stochastic process M (t) is a local martingale with respect to a filtration {Fi}i>0
if it is adapted and continuous with left limits, and if there exists a localizing sequence {T,} such
that for each n, the stopped process M, (t) = M(t A 1,) is a martingale respect to {Fi}t>0.

Local martingales generalize martingales by allowing the martingale property to hold on inter-
vals defined by stopping times. Every martingale is a local martingale because the martingale
property holds globally, and we can trivially choose 7,, = n. However, not every local mar-
tingale is a martingale, as a local martingale may fail to satisfy the integrability condition re-
quired for martingales over the entire time domain. For example, Brownian motion B(t) is a
martingale with respect to Fs = o{B(u),0 < u < s}, because E[B(t)|Fs] = B for all s < t.
On the other hand, the process X(t) = B3(t) is not a martingale, because E{dB3(s)|F,-} =
E{B?(s7)dB(s) + B(s™)ds|F,-} = B(s™)ds, which has a nonzero drift. However, it is a local
martingale by taking 7, = sup{s : |B(s)| < n}; the stopped process B3(t A 7,,), for any n < oo,
eliminates issues from the unbounded growth of B(¢), making the process a martingale within finite
intervals. The following generalizes variation and covariation processes to local (square integrable)
martingales.

Definition 2.18. Suppose that M(t) is a local square integrable martingale with respect to F,
(M)(t) is called the variation process of M(t) if

M?(t) — (M)(t) s a local martingale with respect to JF;.

Here, (M)(t) is the unique predictable and non-decreasing process with (M)(0) = 0.
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If {7,}>°, is the localizing sequence such that the stopped process M, (t) = M(t A T,) is a
square integrable martingale with respect to JF; for each n, then it follows that, for any ¢

(M)(t) = lim (Mr,)(t),

n—oo

where the limit is taken pointwise. The uniqueness of (M)(t) is established by Theorem 2.2.3
in Fleming & Harrington (2013). Similarly, we can define the covariation process for two local
martingales.

Definition 2.19. Suppose that M;(t) and Ms(t) are two local square integrable martingales with
respect to Fi, (My, Ma)(t) is called the variation process of Mi(t) and Mi(t) if

My (t)Ma(t) — (My, Ma)(t) is a local martingale with respect to Fy.

Here, (My, M2)(t) is the unique predictable and right continuous process with (M, M3)(0) = 0.

We can extend Properties 2 and 3 to local square integrable martingales.

Property 4. Let M(t) be a local square integrable martingale and K (t) be a locally bounded pre-
dictable process with respect to Fy, then

1. fot K (s)dM(s) is also a local square integrable martingale with respect to Fi.

2. (fo K(5)AM(s) = Jo K ()d{M)(s).

3. Suppose that M(t), Ma(t) are two local square integrable martingales and Ki(t), Ka(t) are
two locally bounded predictable processes with respect to Fy, then

</Ot Kl(s)dMl(S),/Ot K2(S)dM2(S)> = /Ot Kl(S)KQ(S)d<M1,M2>(S).

3 Properties of the Nelson-Aalen Estimator: a Martingale Ap-
proach

We apply Property 2 of a martingale to obtain the following results for the Nelson-Aalen estimator.

3.1 Unbiasedness

First, we have that A(t) — A(t) = g d%gi) is a martingale with respect to 3, because Y (¢) in (2.3)
is left continuous and hence is predictable with respect to F;. In addition, it is bounded above
from 1. (Again we ignore the small possibility of Y (¢) = 0.) Therefore EA(t) — A(t) = 0. That is,

EA(t) = A(t).
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3.2 Variance of the Nelson-Aalen estimate

From (2.4),

Var A(t) = E(A — A)(t) = E/O W =B fﬁg =E iﬁ\((ss))

This follows by taking K(s) =1/Y(s) in Property 2 and also using the fact that (M)(t) = A(t).

This means that |, PdAS) s an unbiased “estimator” of Var A(t). However, because A(s) is

0 Y(s)
unknown we replace it by its estimate and assess

PdA(s) [t dA(s) LAN(s) [t dA(s) P dM (s)

0o Y(s) o Y(s) B 0 Y2(s) o Y(s) B o YZ2(s)’

which is a martingale with respect to F; by taking K(s) = 1/Y?2(s) in Property 2 and ignoring
the small possibility of Y'(¢) = 0. Hence,

PdA(s)  [tdA(s)| . [fdM(s)
E{/o v, Y(S)}_E/o Y2(s)

t dN(s) 5 D;

leading to

o Y?(s)
is an unbiased estimator of Var K(t) Hence, we have justified the empirical variance formula for
the Nelson-Aalen estimator.

3.3 Consistency

As n — oo, heuristically, we expect E fg %ﬁ\((j)) — 0 under appropriate conditions (e.g., at the tail of

~

t), which implies Var(A(t)) — 0. This suggests that the Markov inequality can be applied to show
that, for any € > 0,

< ER -~ AP

~

P(R() ~ A(t)| > )

Hence, A(t) 2 A(t).

Moreover, by using a valuable tool in the context of stochastic processes, the Lenglart inequality
(introduced later as Lemma 4.3), we can rigorously demonstrate that within an interval where
subjects have a non-zero probability of being at risk at the end of the interval, uniform consistency
holds at every time point within the interval; see Proposition 4.5.
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3.4 Asymptotic normality

We show that \/ﬁ(K(t) —A(t)) asymptotically follows a normal distribution. To establish this result,
we employ the Martingale Central Limit Theorem (MCLT) (Brown 1971). For simplicity and to
avoid introducing unnecessary new concepts, we present a simplified version of the theorem.

Theorem 3.1. (Martingale Central Limit Theorem) Let {M;(t)}}'_; be independent martingales
with respect to Fi, each with a predictable quadratic variation process (M;)(t). Consider

U =3 /0 HP (s)dM(s).
i=1

Suppose:

1. The integrands H]'(t) are locally bounded and predictable.
2. Quadratic variation: there exists a(t) > 0 such that (U™)(t) = a(t) in probability.
3. Big jump tightness: for any e >0, (UM)(t) — 0 in probability, where

vre) = 30 [ NI ) > i)
=1

Then
U™(t) % N0, a(t)).

The condition of “big jump tightness”, similar to the Lindeberg condition in the classical CLT,
is a stability condition ensuring that when n gets large, there cannot be too many big size jumps.
The local boundedness as mentioned in the theorem is as defined in Definition 2.15. In particular,
recall that H(t) is locally bounded if there exists a localizing sequence of {7,}2°;, such that the
stopped process H™(t) = H(t A 7,,) is bounded for every n.

We are ready to present the asymptotic normality of the Nelson-Aalen estimator and prove it
by showing that it satisfies every condition of MCLT.

Proposition 3.2. Suppose at a t > 0 with S(t)S.(t) > 0, i.e. P(X; >t) > 0 or there is nonzero
probability for subjects to be at risk at t. Then

Va(R(t) — A1) % N(0,0%(1)),

where o2 (t) = f(f #é‘:)(s), with S(s) = P(T; > s) and S.(s) = P(C; > s).

Proof. Define

n

U0 = ViR - A®) = vi [y =3 | VI IM(s),

= Jo V()
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where M;(t),i = 1,...,n are independent martingales. First it is obvious that

H(s) = Y\'/(Z)’i_ 1,....,n

is predicable. Take 7, = sup,~o{Y(s) > 1} A n, which leads to {7, <t} € F; for any ¢ > 0 and n,
and hence they are stopping times. This follows as (i) when ¢t > n, {7, <t} = Q € F4; (ii) when
t<mn, {m <t} ={Y(t) =0} € F. Also, 7, - 00 as n — 00, because the support of each X; is
(0,00). Then the stopped process H* (7, At) < /n, and is hence locally bounded.

We next consider the quadratic variation. It follows

W) = [ gadone = [ 5

Y(s)

We may show

— 5(5)Se(s)

in probability uniformly over [0, ] by using empirical process arguments (Shorack & Wellner 1986,

van der Vaart & Wellner 1996). Also, because, S(S)lsc(s) < S(t)i%‘c(t) < oo when s <'t,

in probability uniformly over [0, ¢] as well. Hence,

/ot Y?ij}nds - /Ot 5,(2)(58,0)(8)@ = /Ot (Y?S) = S(S)gc(s)) A(s)ds — 0

in probability. Hence,

n

(Un)(t) :/0 YT(S)CNM)(S) — o2(t) :/0 m

in probability. Here, 0%(¢) corresponds to a(t) in the statement of MCLT.

We then study the big jump control by considering

wno= [ vy (3 2 ¢) e = [ vt (7 2 ) pos

As Y (s) is non-increasing,

when s < t. Hence,
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We first show 51 (ﬁ > e) 20, To see this, we need to prove for any ¢ > 0

v (Y@ =
P{YZ)I (})/g)ze) >e'}—>0. (3.1)

As the event of {%I (% > e) > €'} is equal to {% >ln {% > €}, it leads to

With the Law of Large Numbers, Y (t)/n % S(t)Sc(t) > 0. So for any § > 0, P(|Y(t)/n —
S(t)Sc(t)| > §) — 0. In particular, taking 6 = S(¢)Sc(t)/2, we have P(Y (t) < nS(t)S.(t)/2) — 0.

Now for a given ¢, when n is sufficiently large, i.e. when n > m, it follows that

Vnje < nS(t)S.(t)/2,

implying
P(Y(t) <v/n/e) < P(Y(t) <nS(t)S.(t)/2) — 0.

Hence (3.1) holds. As A(t) < 0o when ¢ < oo, it follows (U)(t) 2 0.

With all the conditions satisfied for the Martingale CLT, we thus obtain

V(R(t) — A1) S N(0,0%(1)).

O]

The normality results justify the use of confidence intervals based on the normal distribution.
To implement it, we first recall that P(X; > s) = P(T; > s,C; > s) = S(s)Sc(s) given T; and C;
are independent, and hence Y (s)/n =1 3" | Vi(s) ~ S(s)S.(s) by the Law of Large Numbers. So,
an estimator for o2(t) is

5
tj<t *J

b dA(s) _ [TANG) D
o Y(s)/n /0 Y2(s) 2

3.5 Numerical example: Nelson-Aalen estimator

Consider a toy study with 3 individuals, with the observed survival times (X;) and event indicators
(A):

Individual | X; (Time) | A; (Event)
1 2 1
2 3 0
3 4 1
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We estimate A(t) at 4 and give the variance of the estimate. Distinct event times are ¢; = 2 and
to = 4. At each event time, we calculate the number of individuals at risk (Y (¢;)) and the number
of observed events (dN (t;)):

ti | Y(t;) | AN(2))
2 3 1
41 1 1

The Nelson-Aalen estimator is calculated as:

~ dN(t;
A= tz;t Y(gjj))'

In particular, at t = 4:
~ 1 1
A4) = -+ - ~ 1.333.
() 3 + 1

The variance of the Nelson-Aalen estimator is given by:

~ dN (t;)
Var(A(t)) = e,
— Y(t;)?
J>
Using the data:
~ 1 1
Var(A(4)) = 2 T 1.111.

Thus, the estimated variance at t = 4 is approximately 1.111.

4 The Kaplan-Meier Estimator

The Kaplan-Meier estimator, or product-limit estimator, is a non-parametric method for
estimating the survival function from time-to-event data, commonly used in medical research,
reliability engineering, and social sciences. Introduced by Fdward Kaplan and Paul Meier in 1958,
it provides a stepwise survival curve that adjusts at observed event times, effectively handling
censored data without assuming a specific probability distribution.

Let T be a non-negative random variable representing the survival time, and recall the survival
function is defined as:

S(t) = P(T > t),

which gives the probability that the event has not occurred by time ¢. The derivation of the
estimate of S(t) is best understood when T only takes discrete values. Specifically, assume we
observe survival times from n individuals. Define:

o 11 <ty <--- <ty ordered, distinct event times.

e D;: number of individuals experiencing the event at time ¢;.
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e Y;: number of individuals at risk just before time ¢;.
Given a t such that ¢t;_; <t < t;, we use the conditional probability rule:

S(t) = P(T > t) = P(T > t,T > tj_l,...,T > tl) = P(T > t|T > tj_l)P(T > t]‘_1|T > tj_g)-"P(T > tl)
(4.1)
Each conditional probability can be estimated as:

P(T>tj’T>tj_1> = 1—P(T§tj’T2tj> = 1—P(T:tj’T2tj> = 1—P(X=tj,A: 1‘X th)

where X =T ANC,A = I(T < (), the last equality comes from the independence of 7" and C', and
the last probability can be estimated by

S

P(X =t;,A=1]X >t;) = =L

<.

Thus, based on (4.1), the Kaplan-Meier estimator is given by:

0 T1(0-3)-00-5%)

t;<t J s<t

Figure 6 illustrates that the Kaplan-Meier estimator is a step function that is right-continuous
with left-hand limits. The survival probability remains constant until the next failure time point,
at which it drops.

Kaplan—-Meier Estimator (Right Continuous)

0.6 0.8 1.0
Il Il

|

Survival Probability
0.4

0.2

Time

Figure 6: Illustration of the Kaplan-Meier estimator; the plot demonstrates the step-function nature
of the estimator, where each step corresponds to an event (death), and censored observations do not
lower the steps. Right-continuous survival probabilities are marked with filled blue circles, while
left-discontinuities at the end of each step are indicated by open red circles.
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Consider the differential

dS(t) = S((t+dt)")—8(t)

L) D

s<(t+dt)~

L (-5

t<s<( t+dt)*

- (- dijfvéf))) ¢

where the second to last equality holds as dt — 0. Integrating from 0 to ¢:

S(t) = 5(0) /5 dN —1—/5 (4.2)

= dA(s).

asg()—laddN((s‘;)

Lemma 4.1. Let U,V be right-continuous functions of locally bounded variation on (0,t]. Then
t t
Ut)V(t)=U(0)V(0) +/ U(s—)dV(s) +/ V(s)dU(s). (4.3)
0 0

Proof. When s <'t,

while

Then

- /Ot OtI:r:<ydU // (y < 2)dV (y)dU (z)
- /O<U<y> U(0)dV (y) + /D<v<x> V(0))dU ().

The results follow immediately.
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Proposition 4.2. If S(t) > 0, then
B P S(s—) [dN(s)
== [ 5 (v ).

Proof. For a right continuous function W (s),

~

t

(t

—~
~—

n

AW (s)™") = W((s+ds)") ' =W(s)™"
W((s+ds)”)—W(s)
W ((s+ds)")W(s—)
dW (s)
W(s)W(s—)’

where the last equality holds because of the right continuity. Setting U(s) = 3 (s), W(s) = S(s),
and V(s) = S(s)~!, and using (4.3) we obtain:

SH)S@t)~ = S(s—)dV (s e (4.4)
o [ S [

Then the results follow by using (4.2). O

4.1 Unbiasedness

The proposition established that, when S(t) >

S(t) — S Y ) (4.5)
Immediately, because Séi;)) is measurable with respect to F; and bounded, hence f t S )) d%g)) i

a martingale with respect to F; by Property 2, and has expectation 0. We therefore have

For simplicity, we have ignored the small possibility (which goes to 0 as n — o00) that ¥{s) = 0
for some s € [0,¢], in which case, Fleming & Harrington (2013) shows the bias goes to 0 at an
exponential rate as n — oo.

4.2 Uniform consistency

We state a version of the Lenglart inequality which will be useful for showing the consistency of
the Kaplan-Meier estimator.

Lemma 4.3. (The Lenglart inequality) Let N be a counting process, and M = N — A the corre-
sponding local square-integrable martingale. Suppose H is an adapted left-continuous process with
right-hand limits or, more generally, a predictable and locally bounded process. Then for any finite
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stopping time T, and any €, > 0,

P< sup

0<s<r

/OS H(u)dM (u)

> &?) < 8% +P (/OT H2(s)d(M)(s) > n) .

Proof. See the proof of Corollary 3.4.1 in Fleming & Harrington (2013). O

Proposition 4.4. Let T be a failure time random variable with continuous survival function S(s) =

P(T > s) and cumulative hazard function A(s) = — ] dg((vv))' If u € (0,00] is such that

Y(s) = oo in probability as n — oo,

for any s < u, then
sup |S(s) —S(s)] =0 asn— oo,
0<s<u

where S is the Kaplan-Meier estimator.

Proof. Denote by

~

[P S(s—) dM(s)
20 = [ 555 Y(s)

As |S(t) = S(t)| < |Z(t)], for any € > 0, we only need to quantify P {supgcs<y Z2%(s) > €}. In fact,
by the Lenglart inequality, for any 1 > 0, it holds that

arn _ R u §2(s—) dA(s)
P{sup |S(¢) S(t)\>\[}<P{ p Z%(s) > }< +P{0 S2(s) y<3>>n}

0<s<u 0<s<u €

Since Y (u) — oo in probability as n — oo, the second term on the right-hand side above
converges to zero as n — oo for any n > 0. Since 1 and € are arbitrary, the uniformly convergence
holds. O

The empirical distribution function is a consistent estimator of an underlying arbitrary cumu-
lative distribution function, uniformly over the entire real line by Theorem 5.5.1 of Chung (1974).
The Kaplan-Meier estimator coincides with the empirical cumulative distribution function in the
absence of censoring. However, it is unreasonable to expect uniform consistency over the entire
real line, regardless of censoring or failure time distributions. For instance, if P(C; > t) = 0 but
S(t) > 0 for some time ¢, then there will never be items at risk at or after ¢, making the sur-
vival probability unestimable beyond t. Nevertheless, the theorem guarantees that if there is a
nonzero probability of subjects being at risk at a given time, the Kaplan-Meier estimator provides
a uniformly consistent estimate of the survival curve up to that point as the sample size increases.

Finally, as we noted before, we can easily prove the uniform consistency of the Nelson-Aalen
estimator by using the Lenglart inequality as well.
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Proposition 4.5. Let A(t) be the Nelson-Aalen estimator, as defined in (1.2), for the cumulative
hazard function A(t). If u € (0,00] is such that

Y (s) — oo in probability as n — oo,

for any s < u, then

sup |1A\(s) —A(s)| =0 asn— oo.
0<s<u

Proof. Denote by ¢ (s
Z(t) =A(t) — A(t) = V()

For any € > 0, we bound P {supogsgu Z%(s) > 5}. In fact, by the Lenglart inequality, for any n > 0,
it holds that

P{ sup |A(s) — A(s)| > ﬁ} < P{ sup Z2(s) >€} < Z+P{ Ou dA(s) >n}

0<s<u 0<s<u Y(s)
n A(u)
< - + P {Y(u) > 77} .

Since Y(u) — oo in probability as n — oo, the second term on the right-hand side above
converges to zero as n — oo for any 7 > 0. As 1 and € are arbitrary, the uniformly convergence
holds. t

4.3 Weak convergence over a time interval

We now establish the weak convergence of S on a time interval. We state a lemma without proof.

Lemma 4.6. Denote by Z = {t : n(t) = P(X; >t) > 0}. Over I, define a process
U = [ HO(s)am ),
0

where H™ is a locally bounded predictable process and M(t) = N(t) — fg Y (s)dA(s). If there exists
a nonnegative function h such that, for anyt € Z,

sup ‘{H(")(s)}QY(s) —h(s)] =0 asn— oo,
0<s<t

then
vm) % Z() inDl0,t], tel,

as n — oo, where Z(-) is a zero-mean Gaussian process with independent increments and variance
function of v(t) = fg h(s)dA(s), i.e., Z(t) = B(v(t)) with B(-) being the Brownian motion, and
DJ0,t] is the space of functions on [0,t] which are right-continuous with finite left-hand limits.

Proof. See Anderson & Gill (1982) and Fleming & Harrington (2013).
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Proposition 4.7. Suppose

and that B is Brownian Motion. Then, as n — oo, for anyt € I:
1. /n(S() = S() LN S(-)B(v(+)) on DI0,t], where v(t) = gwfl(s)dA(s), and

Cou[S(s)B(v(s)), S(t)B(v(t))] = S(s)S(t)v(s At).

2. Let LN (s)
ﬂﬂznl}ﬂ@.
Then
sup |v(s) —v(s)| = 0
0<s<t
in probability.
’ S() - 5()
S() = S(-) 4
Ve 4 B

on D[0,t].

4. Uniform bounds for the above convergence apply, e.g.,

<s<t 6(8)

Proof. With the notion of (4.5), we can obtain the asymptotic distribution of the process

S(s) — S(s)

d
5o — sup |B(s)] (4.7)

0<s<1

{AZW@MMW%O<3<*,

where

o~

S(s=)

H(n)(s) = \/ﬁm7

and

M@:N@_/}mmmm
0
To apply Lemma 4.6, we set h(t) = 77 1(t), and show

n& — W_l(t)‘ —0

2|52 ()Y (s)

0<s<t
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in probability. In fact,

§2(3—) -1
A LrTos s S
o | P01 So) 1 Sy
= ISV w(e) 28 Al &2 ")
§2(5*) no S 32(s_) — §2(s
= 2R ) ’ws) | TR, s ) )
1 n 2 ~
S PO |VE | T rmsem on, 19 =56

Hence, the claim is satisfied by the assumption of (4.6) and the uniform consistency of the Kaplan-
Meier estimator as established in Proposition 4.4.

We then study

s - [ o8- 2
/0 (

[t
o Y2(u) Y o Y Sy w(w)
* dM(u) / s ( n 1 >
- n + — —— | dA(u 4.8
/0 Y2 (u) 0o \Y(u) m(u) (u) (4.8)
Consider the uniform convergence of the first term of (4.8). For any €, > 0, the Lenglart inequality
gives
S dM(u) | n ( /t n2 )
Pl su N—ms— >e| <—-+P ——d{M)(s) >
(0§sr_<)t 0 Y2(u) ) € 0 Y4(S) (M)(s) >n

<2ip (/Ot Y?(Qs)dA(s) > n)

n n?A(t) 1
<t+7 (v v > )

As Y (t)/n — 7w(t) > 0 in probability and, hence, Y (t) — oo and
as n — oo, therefore, the probability of the event of

— —35 > 0 in probability

n2
Y2(t) (1)

n?A(t) 1
Y2(t) Y(t)
goes to 0. Because 7 is arbitrary, hence,
P LAM@ P
su n € .
ozsze|Jo " Y2 (u)




On the other hand, the uniform convergence of

over [0,¢] implies the uniform convergence to 0 of the second term of (4.8).

Part 3 of the theorem comes from Part 1 and the uniform convergence of S. Part 4 comes from
the Continuous Mapping Theorem. O

4.4 Confidence intervals versus confidence bands

The weak convergence results allow the construction of confidence intervals and bands for S. For
large n, point-wise (1 —«) x 100/% approximate confidence intervals for survival estimates at s can
be given by:

§(5) % 21-0/25(s) Afj] ,

where z;_/ is the (1 —a/2) x 100 percentile of the standard normal distribution, e.g. z9.975 ~ 1.96.
On the other hand, the confidence band, for s € [0,t], can be obtained as:

n

S(s) £ ¢S (s) 6(8)] , (4.9)

where ¢ is a constant chosen to ensure the desired simultaneous coverage probability (e.g., 95%)
using the weak convergence result of (4.7). Specifically, ¢ is chosen based on the distribution of the
supremum of B(t)) over [0, 1] to ensure the simultaneous coverage probability meets the desired
level.

To see why (4.9) is the desired confidence band, we aim to show that (4.9) covers S(s) over [0, ¢]
with probability (approximately) at least 1 — «, or more explicitly,

P (S’(s) € [§(s) (1 — Cl_a @?)1/2) ,S(s) (1 + €l (%”)1/2)] Vs € [O,t]) >1-a.

(4.10)
From Proposition 4.7 (Part 4), we have:
P (021; <6Zg)>1/2 S(S)g(_S;S(S) < c1—a> — P (021;21 |B(s)] < cl_a> =1-a. (4.11)
Or, when n is sufficiently large,
S(s) — 5(5)

S(s)

n O\ /2
P | sup <,\ >
0<s<t \0(8)

< C1—a> ~1-—a.
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This means

P <<£8)>1/2 < Clon, Vs € [O,t]> > P (Oggt (629))1/2

meaning that with probability (approximately) at least 1 — a,

5(s) ~ 5(s)
S(s)

S(s) = S(s) (s)\"/”
7§(s) < Cl_q < ) , Vselo,t.

n

Rearranging the bound, this means (4.10) holds or (4.9) covers S(s) for all s € [0, t] with probability
(approximately) at least 1 — «.

To select ¢1—q, one can apply the formula derived by Billingsley (2013):

P (s 1) <) :4§%exp (-,

0<s<1

Now, if we set
= (—1)k 72 (2k 4+ 1)?

) . _mERT T 2o,
kzo T2k +1) P 82 095

and solve for ¢ numerically, we find the ¢ satisfying

P< sup |B(s)| < 60,95> =0.95
0<s<1

is co.95 &~ 2.241. Note that cg95 > z0.975 ~ 1.96, meaning that confidence bands are wider than
pointwise confidence intervals. This makes sense because confidence bands account for simulta-
neous uncertainty across an entire range of values, whereas pointwise confidence intervals only
provide coverage at individual points. In particular, when estimating a survival function S(t), a
pointwise 95% confidence interval means that at a fixed ¢, the true S(¢) will fall within the interval
95% of the time if we repeat the procedure. However, a confidence band at the same confidence
level ensures that the entire survival function lies within the band with 95% probability. Since
this requires controlling the error across all ¢ values, the resulting confidence bands are necessarily
wider than the pointwise confidence intervals; see, for example, Figure 7.

Finally, perhaps a more straightforward approach to identify ¢;_, is to determine the distribu-
tion of the supremum of B(t) via simulations:

1. (simulate Brownian motion): We simulate n independent realizations of a Brownian motion
process B(t) over the interval [0, 1].

2. (calculate the supremum): For each simulated path, compute the supremum (maximum value)
of the Brownian motion over the interval [0, 1].

3. (quantile selection): Based on the desired simultaneous coverage probability 1 —« (e.g., 95%),
we determine the quantile from the distribution of the supremum values. This quantile will
be our constant ¢i_g,.
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Figure 7: Kaplan-Meier survival curve with confidence intervals and confidence bands. The confi-
dence intervals (shaded darker) are narrower, compared to confidence bands (lighter shading) which
account for greater uncertainty across all time points.

We typically run simulations with a large number of sample paths (e.g., 100,000 simulations,
each with 10,000 equally spaced time points over the interval [0, 1]), and compute the supremum
of the absolute values for each path. The 95% quantile of the supremum values gives us the value
of ¢g.95. Our simulation returned a value of 2.243, which closely matches the theoretical value of
2.241. The following R code simulates Brownian motion paths, calculates the supremum for each
path, and computes the 95% quantile (or any other desired quantile) of the supremum distribution.
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supremums [i] <- max(abs(B_t))

}
¢ <- quantile(supremums, 1 - alpha)
cat ("Thevalueo0f c, for,the,95% ,quantile is:", c, "\n")

5 Nonparametric Comparison of Hazard Functions

It is often necessary to compare the effectiveness of two treatment arms—typically an experimental
treatment group and a control (placebo) group. The comparisons help assess whether a new
treatment significantly improves survival outcomes compared to standard care or no treatment.
More specifically, we aim to evaluate differences in survival distributions and determine whether
the treatment has a statistically significant impact on the time to event (e.g., death or disease
progression). For independent individuals ¢ = 1,...,n, we introduce a binary indicator Z;, where
Z; = 0 if individual i belongs to the placebo arm and Z; = 1 if they are in the treatment arm.
We extract the distinct observed failure time points, t1 < to < ... < t,,, from these n subjects.
Let Dy; and Yy; denote, respectively, the number of observed deaths and the number of subjects
at risk at time t; for group k = 0 (placebo group) and 1 (treatment group). The total number of
observed deaths and the total number of subjects at risk at time ¢; across both groups are given
by D; = Do; + D1j, Y; = Yy; + Yi;. Since Z; indicates treatment assignment, we can express the
number of deaths and subjects at risk in the treatment group as

n n
i—1 =1

where dN;(t;) represents the increment in the counting process for individual ¢ at time t;, and
Yi(t;) is the at-risk indicator for individual i at time ;.

5.1 The log-rank test

The log-rank test (Mantel 1966) is to test the null hypothesis, Hy : A\o(t) = Ai(¢) for all t > 0,
where A (t) is the hazard function for patients in group k& = 0,1, or plainly, both treatment arms
have the same hazard function. That is, under Hy, the true survival time 7T;, regardless of the value

of Z;, has a hazard of \o(t) = A1 () et A(t).
We have shown that the numerator of the log-rank test statistic is

nq

U, =) (Dij— D;jY1;/Y;)
j=1
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which can be expressed, by using the counting process notation, as

UL—ZZZ Z(t;))dN;(t;) Z/ (Zi — Z(s))dNy(s)

7j=11i=1

where Z(s) = %, or the proportion of the at-risk population at s from group 1. We now
=1 "1
derive the variance of Uy, under the null hypothesis of Hy. Indeed, if Hy holds, some algebra will

yield
n o0 B
U= [z 2(s)aniis),
=170
where M;(t) fo s)ds is a martingale with respect to

Fi = 0{N;(s),Yi(s), Zi,i =1,...,n,0 < s < t}.

Compared to the filtration defined in Section 2, this updated filtration is enriched by incorporating
the treatment assignment information, Z;.

Now consider the process

n

Ui =% /0 (Z: — Z())dM(s).

=1

We note U, = U(o0) or U = limy_,o U(t), where the limit is defined for each sample point in the
sample space. We first establish the property of U(t) before studying Uf..

Proposition 5.1. U(t) is a martingale with respect to Fi.

Proof. To prove that U(t) is a martingale, we proceed in three steps: (1) show that U(¢) is adapted,
(2) demonstrate that U(t) is integrable, and (3) verify that it satisfies the martingale property using
the infinitesimal characterization.

Step 1: we first show that U(t) is adapted. Recall M;(t) fo s)ds. We then consider
the adaptness of

/ (Zi = Z(s)) dM;(s) = Y (Zi = Z(s)) (Ni(s + ds)”) = Ni(s7)) — /0 (Z; — Z(s))Yi(s)dA(s).

0 s<t

For any s < t, the term Z; is adapted to F;, while the term Z(s) = % depends on
=1

Yi(s), which is measurable with respect to Fs and therefore with respect to F;. Hence, fg (Z; —
Z(s))Yi(s)dA(s) is measurable with respect to F;. This is natural as the trajectory of the integrand
is deterministic given F;. Moreover, Z(s~), N;((s + ds)™), N;i(s™) are all measurable with respect
to to F(s4ds)- and hence with respect to F. Therefore, so is the countable summation, > ,(Z; —
Z(s)) (Ni((s +ds)~) — Ni(s™)), with respect to to F;. In this case as N; can jump at most once,
the sum is either 0 or one term. As each stochastic integral fg(Zi — Z(s)) dM;(s) is adapted to JFy,
their sum U (¢) is also adapted, i.e., U(t) is Fr-adapted. Here we have repeatedly used the fact that
the countable summation of measurable functions is also measurable.

39



Step 2: we show that U(t) is integrable by showing E[|U(¢)|] < oo for any ¢t < oco. Indeed, as
|Z; — Z(s)| < 2, it follows

[z - zenane) <2 [ < v +2 [ visiae

whose expectation is less than 4 by (2.2). Hence, E[|U(t)|] < 4n < oo for any ¢ < oo, concluding
that U(t) is integrable.

Step 3: we verify the “fair game” property by using the infinitesimal characterization and showing
EldU(t) | Fi-] =0,
where F;- is the filtration just before time ¢.

In fact, by definition,

dU(t) = (Zi — Z(t)) dM;(t).
i=1
Since Z; — Z(t) is predictable and M;(t) is a martingale, the increments dM;(t) satisfy E[dM;(t) |
F;—] = 0. Substituting dU (¢) into the conditional expectation:

E[dU(t) | F-] =E i(zz — Z(t)) dM;(t) | Fy-
i=1

Since Z; — Z(t) is predictable with respect to F; and therefore adapted to J,, it follows that:

EldU(t) | -] =Y (Z; — Z(t)) - E[dM;(t) | Fi-] = 0.
=1

Thus, U(t) satisfies the martingale property. Combining this with its adaptedness and integra-
bility, we conclude that U(t) is a martingale. O

Immediately, we can conclude EU (t) = 0 for all ¢ because U(0) = 0 and U (¢) is a martingale. We
then prove the log-rank test statistic has mean 0 under the null by using the dominated convergence
theorem (DCT) stated below.

Theorem 5.2. (Dominated convergence theorem) Let (Xj)r>1 be a sequence of random variables
such that (i) Xp 22 X (almost surely) as k — oo; (ii) there exists an integrable random variable
Y (i.e., E[|Y]] < 00) such that | Xi| <Y for all k > 1 almost surely. Then, X is integrable (i.e.,
E[|X]] < o), and

lim E[X;] = E[X].

k—o0

The proof can be found in the probability text books. Applying DCT, we have the result of the
unbiasedness of the log-rank test.

40



Proposition 5.3. EUyp, = 0. That is, the expectation of the log-rank test statistic is 0 under the
null hypothesis.

Proof. Consider any sequence of txy — oo as k — oo and the sequence of random variables,
{U(tx)}k>1. To apply DCT, we verify its required conditions:
(i) (pointwise convergence) By definition, U(t;) — Uy, pointwise and hence almost surely.

(ii) (integrable dominance) For each i = {1,...,n} and any t; < oo, it follows that

def

/ (2 — 2(s)) dMi(s)| < 2 / " lan(s) < @
0 0

Similar to what we have shown in (2.2), we can show E [°[dM;(s)] < 4 and hence EG; < 8.

Therefore, we have identified a dominating random variable G = Yo, G; such that EG < 8n is
uniformly bounded (with respect to k) and

> /0 (Zi - Z(s)) dMi(s)

for any k. Then DCT implies that

U (te)| =

n
<)
=1

/Otk(zi 2| <3 i =
=1

E[UL] = E [klggo U(tk)} = lim E[U(t)] = 0.
O

We now study the variance of U(t). Because |Z; — Z(s)| < 2, fg(Zi — Z(s))dM;(s) is square
integrable by Property 2. So U(t) is square integrable as

(1) < 22 { ‘- Z(s))dMi<s>}2.

Further, as subjects are independent, we have the following result.

Lemma 5.4. E(dM;(s)dM;(s)|Fs-) =0 when i # j.
Proof. Exercise. O

With this, the following gives the variation process of U ().
Proposition 5.5. (U)(t) =Y ", fg(ZZ- — Z(8))?Yi(s)dA(s),

Proof. Applying Lemmas 2.11 and 8.6, we can show

E(dU(t)|F-) = ) _(Zi — Z(1))*d(M;)(¢),
1=1

41



where d{M;)(t) = Y;(t)dA(t). O
With (U)(t) = X1, o (Zi — Z(s))?Yi(s)dA(s), it follows

Var(U EZ/ (Zi — Z(s))7Y;(s)dA(s)

which can be estimated by

Z/ (Zi — Z(s))*Yi(s)dA(s / ))QE(s)d}]/\f(S).

This can be shown to be equal to

> Mo,
vz o
jitg<t 3
which follows because > i, (Z; — Z(s))?Yi(s) = Y, Z:Yi(s) — (31, Z:iYi(s))?/Y (s), which is
Y1, Yo;
Yj

equal to when evaluated at ¢;.

Considering t — oo in U(t), applying DCT may give
Proposition 5.6. Suppose EA?(X;) < c0,i=1,...,n. Then

VarUj, = ZE/OOO(ZZ — Z(s))2}/;(s)d/\(8)

=1

Proof. As EU(t) = EUL = 0, we only need to consider any sequence of t;, — 0o as k — oo and the
sequence of random variables, {U(tx)}x>1, and show

EU? = Jim EU?(ty).

This follows by applying DCT. In particular, we note

n

> [z - 26 anacs)

i=1

\U(te)] =

n

D

i=1

< 22 (tr) + A(X <221+A

IN

[ - 209y @it - ms)dA(s))\

Therefore, U?(tx) <16 Y1, (1+ A%(X;)) %/ &. Given the condition of EA%(X;) < o0,i=1,...,n,
it follows that G is integrable. Hence we can apply DCT and conclude

VarUy = EUZ = lim EU(t5) = Jim VarU(t;) ZE / — Z())2Yi(s)dA(s).

42



O
We impose a sufficient condition EA?(X;) < oo, i.e., the transformed observed survival time
A(X;) has finite variability, to prevent excessively heavy tails in the distribution of X;.

Thus, we may estimate Var(Up) with

nd

> D
vz v
j=1 J

which justifies the use of the variance formula for the log-rank test. Note in the counting process,
we do not allow ties, and hence D; =1 for all j.

5.2 The weighted log-rank test

The log-rank test is most powerful under the proportional hazards assumption, which assumes a
constant hazard ratio. When this assumption fails, the weighted log-rank test extends the method
by emphasizing early, middle, or late differences with tailored weight functions, enhancing sensi-
tivity to time-specific survival differences. We consider the weighted log-rank test (Harrington &
Fleming 1982), in the form of

ng
Uw =Y _ W;(Di; — DjY1;/Y).
j=1

Suppose W (s) is predictable and W (t;) = W;. Then we can express Uy, by using the counting
process notation, as

Uw = > W;(Zi— Z(t;))dNi(t;)
j=1i=1
_ ; /0 W (s)(Zi — Z(s))dNi(s)
_ T W()(Zi - Z(s))dMi(s)
=1 0

Then similarly, under the null, we can show .7 | fg W (s)(Z; — Z(s))dM;(s) is a martingale
with respect to F; as both W (s) and Z(s) are predictable. Further, under the null, it follows that
EUw = 0 and

VarUy =E [ W2(6)(Z - Z(5)PYi(s)aA().
i=1"0
which can be estimated by

oA WY Yoy

ZTD].

j=1 J
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In particular, for the Wilcoxon test (Peto & Peto 1972), where W(s) = Y (s), and hence W; =Y},
the variance can be estimated by Z;Lil Y1,;Yo;D;.

While similar in nature, the log-rank and Wilcoxon tests are suited to different application
scenarios. The log-rank test is most sensitive to differences in hazard functions that are proportional
over time, performing well when the hazard ratio remains constant and the proportional hazards
assumption holds. The Wilcoxon test, as a special case of the weighted log-rank test, applies weights
based on the number of individuals at risk, placing greater emphasis on earlier time periods. This
makes it more sensitive to survival differences that occur early in the study and potentially more
effective in detecting deviations from proportional hazards, such as when treatment effects diminish
or intensify over time. More broadly, by selecting different weights, the weighted log-rank test can
be adapted to emphasize specific time periods, allowing it to detect survival differences that align
with particular patterns, including early effects, late effects, or proportional hazards throughout the
follow-up period. This makes them particularly valuable in clinical trials where treatment effects
vary over time, such as delayed benefits in immunotherapy.

5.3 Numerical example: Log-Rank and Wilcoxon tests

Consider a study with two groups, Group 0 (placebo) and Group 1 (treatment). The observed
survival times (X;) and event indicators (A;) are as follows (with no ties in failure times):

Individual | Group | X; (Time) | A; (Event)
1 0 2 1
2 0 5) 1
3 1 3 1
4 1 6 1

As the first step, we extract failure times. Here, the distinct observed failure times are t; = 2,
to = 3, t3 = 5, and t4 = 6. For each t;, calculate the number of subjects at risk (Yj;) and the
number of events (Dy;) for each group (k =0,1):

tj | Yoj | Doj | Yij | D1y | Y5 = Yo; + Y1, | Dj = Doj + D1y
21212700 4 1
301021 3 1
501110 2 1
6|0 0|11 1 1

We then calculate the log-rank test statistic. The numerator of the log-rank test is:

ng Y
UL=>Y_ <D1j ~ Dj;?> :
j=1 J
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For each t;:

tj | D1y DjYy%j Dy —Djyy%j

210 [1-3=05]0-05=-05
3/ 1 [1-2~0.67|1—0.67~0.33
5/ 0 [1-2=05[0-05=-05
6] 1| 1-1=1 1-1=0

Hence, the numerator is:
Urp=(-0.5)+0.33+ (—0.5) + 0 = —0.67

and the estimate of its variance is:

nd

— Y1, Yo
Var(UL) = Z 1}]/20] D],
J=1 J

where for each t;:

] B [0,
J J

2 122=025] 1| 025

3% ~022| 1 | 022

5157 =025 1| 025

6] =0 |1 0

So
Var(UL) = 0.25 + 0.22 4+ 0.25 + 0 = 0.72.

The test statistic is:
—0.67

\/Var(UL) V0.72

Finally, we calculate the Wilcoxon test statistic by noting the Wilcoxon test weights events by
the number of individuals at risk (IW; =Y}). That is, the numerator is:

ng e
B NACIEEA]
j=1 I

—0.79.

where for each t;:

tj | Wi Wj'DjY%j Wi (Dlj _Dj%>
2[4 | 4.05=2 4.(=05) = —2
313 13:-067=2.0 3:033=1.0
502 2.05=1 2.(=0.5) = -1
61| 1-1=1 1-0=0

So the numerator is:
Uy =(-2)+1+(-1)+0=-2.
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On the other hand, the variance of the Wilcoxon test is:
Var(Uy) ZYUYOJ i

where at each t;:

tj Y1, Yo, Dj | Y1;Y0,D;
2116-025=4] 1 4
3/19.02=211 2
504-025=1 11 1
6 1-0=0 1 0

Using this table gives
Var(Uw) =4+2+140=T,

and, therefore, the test statistic is:

—2
Z:/Ziwz—%—&?ti.
Var(Uyw ) 7

6 Kernel-Smoothed Hazard Estimator

Estimating the hazard function provides valuable insights into the instantaneous rate of failure (or
event rate) over time, which is essential for understanding and predicting survival outcomes. The
shape of the hazard function can reveal important information about the underlying dynamics of
the event, such as whether the risk of failure increases or decreases as time progresses. In contrast to
the Nelson-Aalen estimate, which produces a stepwise hazard estimate with spikes at the observed
failure times and zero elsewhere, smooth estimates of the hazard function help reduce variance and
noise. This leads to a more stable, continuous, and interpretable representation of the event risk
over time. We consider the kernel-smoothed hazard estimator defined by

where Kjp(u) = %K(%), and we recall that N(s) and Y (s) are the aggregated counting and at-
risk processes, respectively. The kernel function K is central to the smoothing process with these

properties (Wand & Jones 1995):
e Normalization: K(u) > 0 for all v and [%_ K (u)du = 1.
e Symmetry: K(u) = K(—u) so that the weighting is balanced around zero.

e Choice of Kernel: Typical kernels include:

— Gaussian: K(u) = %6_13/2.
— Epanechnikov: K (u) = 2(1—u?)I(|u] < 1).
— Uniform: K (u) = 3I(|u| < 1).
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o Effect of Bandwidth: The bandwidth h determines the window (see Figure 8) over which the
data are smoothed, controlling the trade-off between bias and variance; a smaller h leads to
less smoothing (lower bias, higher variance), while a larger h leads to more smoothing (higher
bias, lower variance).

0.8 —h=05|
0.6 A=l
5 — h=2
o 041 2
0.2} l
R —2 0 2 4

u

Figure 8: The effect of the bandwidth A on the kernel function. A larger h yields a wider, flatter
kernel.

We next discuss how to estimate the variance of X(t) Recall we use the Doob-Meyer decom-
position for the counting process, obtaining

dN(s) =Y (s)A\(s)ds + dM(s),
where A(s) is the true hazard function and dM (s) is a martingale increment satisfying

E[dM(s) | Fo-] =

Thus, we can write

= [ I -

That is,

) = /OOO Kn(t — $)A(s) ds + (1),

where €(t) = [i° Kp(t — s) dy(g‘;). Hence, A(t) is decomposed into two terms. The first one is
deterministic, while the second term, €(t), is a stochastic integral with respect to the martingale
M (s) and captures the variance of \(¢), which is given by

M)(s
Var /Kht— §/2(>3())

Under the Doob—Meyer decomposition, the predictable variation process of M(s) is

= /OS Y (u)A(u) du
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so that

Substituting, we obtain

(s)A(s) ds _

Var(e(t)) = IE/OOO K?(t — s) YYQ(s) dA(s)

E/O Kit ) P

Using the Nelson-Aalen estimator, we can estimate the variance with

nd

oe dN (s D;
| i G =3 mit- o))

Figure 9 illustrates how the hazard estimate depends on the bandwidth of the kernel function:
For h = 0.1, the estimated hazard function is highly variable, showing sharp fluctuations due to
overfitting; for moderate bandwidths (h = 0.5,1.0), the estimate smooths out, providing a more
stable representation of the hazard; for a large bandwidth (h = 2.0), the hazard function is overly
smoothed, losing important details. Thus, it is critical to find an A that strikes a balance between
bias and variation.

Hazard Estimate (bw=0.1) Hazard Estimate (bw=0.5)

1.0 1.0
Bandwidth = 0.1 Bandwidth = 0.5
08 08
o 0.6 o 0.6
5 5
g g
by by
T o4 Toa
0.2 0.2
0075 2 7 6 8 0075 2 4 6 8

Time
Hazard Estimate (bw=1.0)
Bandwidth = 1.0

Time
Hazard Estimate (bw=2.0)
Bandwidth = 2.0

2 4 6
Time

2 4 6
Time

Figure 9: Kernel hazard function estimates for different bandwidths.

6.1 Derivation of the optimal bandwidth

Recall that we assume (7;,C;) are i.i.d. for i« = 1,...,n and so are (Xj;,4A;). For simplicity, we
consider points ¢ away from 0 (in particular, ¢ > h). To facilitate the later development, we extend
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the integration limits to (—oo,00) as A(s) = 0 when s < 0:

/ Kn(t—3) (s)ds:/_ZKh(t—s))\(s)ds.

L tj) and change variables by letting

Substitute Kp(t —s) = EK( -

u:t;S = s=t—hu, ds= —hdu.
Then,
~ 1
E[X?)] :/ FK(u) At~ hu) (hdu)

= /OO K(u) A\t — hu) du.

Assume that A(¢) is twice continuously differentiable and expand A(t — hu) in a Taylor series

about t:
h2u?
At —hu) = At) — huN(t) + TA”(t) + o(h?).

Thus,
- [e%S) 2
E[)\(t)] :/ K(u) [)\( ) —huN(t) + hu )\"( )+0(h2)} du

/ K(u)du —hN(t )/ uK(u)du—i—hQ)\;(t) /oo u® K (u) du + o(h?).

—0oQ
Since K satisfies normalization and is symmetric about zero, we have

[e.e]

/_ZK(U)dUzl and / w K (u) du = 0.

—00

So K can be regarded as a probability density function. Define the second moment of K as

o (K) = /OO u? K (u) du.

—0o0

Thus,
R2N\(t)

E[A(®)] = A(t) + 5 H2(K) + o(h?).

The bias of the estimator is
~ ~ h?
Bias[A(t)] = E[A(t)] — A(t) = EMQ(K)X’(t) + o(h?).

Neglecting the o(h?) term, the leading term in the bias is given by

~ h2
Bias[A(t)] ~ ?,ug(K)/\”(t),
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and the squared bias is
T ht
Bias”\(1)] ~ - pa(K)2 (X' (1)),

Next, we recall the variance of X(t) can be approximated by

Var(X(t)) ~ /OOO K]%(t — 8) ;/\,((Z)) ds = /_Oo K]Ql(t _ 8) ;((Z)) dS,

where the last equality holds because A(s) = 0 when s < 0. Changing variables with u = (t — s)/h
so that ds = —h du and using

Kot -9 = 11 (5] = 1K),

we have

With h small, we approximate
At —hu) = \(t), Y(t—hu)=Y(t),

because of the smoothness of A(t) and the left continuity of Y'(¢). Thus,

Var(X(t)) R~ hiﬁt()t) /oo K?(u) du,

—00

and defining

we obtain
Va0 MO

When the sample size n is large, one may approximate Y (¢) ~ n Sx(t), where Sx(t) = P(X; > t)
is the survival function of the observed survival time.

We choose h to minimize the integrated mean squared error (IMSE), defined as

o0
IMSE(h) = / E[(X(1) ~ A(1))?]at.

0
Neglecting higher-order terms, this decomposes into the integrated squared bias and integrated
variance:

oo 1,4 00
ase(h) ~ [ (2 vo) e [T AT

For simplicity, denote

O IR
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and, assuming Y (t) ~ n Sx(t),
R(K) [ @)

nJo Sx(t)

B = dt.

Then, we can write

B
IMSE(h) ~ ARr* + o

To find the optimal h, we minimize IMSE(h) by differentiating it with respect to h and setting

1/5

the derivative to 0: 4 [An% + B| = 44h® = B = 0. Solving it for h yields: hop = (&) -
Substituting back the definitions of A and B, we have

o A(t) St 1/5
fo —O(n_1/5).

opt = =

nm(K) I (A"( )2t

Below Figure 10 shows bias, variance and IMSE and how optimal h can be obtained (with
constants chosen as 1 for illustrative purposes).

2.5 | | |
—  Bias?(h) x h*
—  Var(h) x1/h
20 J .
—MSE(h) < h* +1/h
1.5
S
g
m
1 [
0.5
O |

| |
02 04 06 08 1 12 14 16 18 2 22 24

Figure 10: Squared bias, variance, and MSE versus the bandwidth h.

7 Cox Proportional Hazards Models

The Cox proportional hazards model (Cox 1972) is a widely used survival analysis method that
estimates covariate effects on the hazard function without assuming a parametric baseline hazard,
ensuring flexibility across fields like medicine and epidemiology. Its key innovation, partial likeli-
hood, enables efficient estimation of regression coeflicients without modeling the baseline hazard,
focusing on relative hazard ratios (Tsiatis 2006).
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We define the hazard function for individual i with a vector of covariates Z; € RP, at time t, as

1
)\,-(t) = lim —P(t <T;,<t+dt | T >t, Zi).
dt—0+ dt

The Cox proportional hazards model stipulates that
Ai(£) = Ao(t)eZi P (7.1)

where \o(t) represents the baseline hazard and f is the vector of regression coefficients which is to
be estimated based on the observed (X;, A;, Z;), for i = 1,...,n. The term “proportional hazards”
indicates that covariates have a multiplicative effect on the baseline hazard, e.g., if one group has
a hazard that is twice that of another group at any time point, it remains twice as high at all
times. This assumption allows the model to estimate the coefficients without specifying the exact
form of the baseline hazard function. For simplicity in theoretical derivations, we assume that Z;
belongs to a compact subset of RP and that the true parameter value, By, also lies within a compact
subset of RP. Additionally, we assume Z; is time-independent, though our results can be extended
to the time-dependent case. The filtration considered hereafter has been extended to incorporate
covariate information. Specifically, for ¢t > 0, we define

Fi = o{Ni(s),Yi(s),Zi,1 <i<n,0<s <t}

Proposition 7.1. Suppose that Z;,i = 1,...,n, are bounded in RP and so is the true parameter
value, By. We define a right continuous process:

t
M;(t) = Ni(t) — / Y;(s)eZi Poxg(s)ds. (7.2)
0
Then it is a square integrable martingale with respect to Fi, with the variation process of

(M) (1) = Ai(t) < /Ot Yi(s)e P (s)ds.

Proof. Homework. O

We estimate 5y based on the observed data. Let us extract the observed failure time points:
t1 <ty <...<ty, from the data. Assuming no ties at the failure time points, we let (k) provide
the case label for the patient failing at ¢ (thus T(y) = t), so the covariates associated with the
ng failures are Z(yy,. .., Z(,,), and in particular, A)(t) = Ao(t) exp(Z(Tk)ﬁ). For an individual who
experiences an event at time ¢y, the probability of this event occurring, given that one event occurs

at this time point, is:

Aty (tk)
2 jeR(t) Ni(te)’

where at each time ¢, the risk set R(t) consists of individuals who are at risk of experiencing the
event just before time ¢. It follows that the overall partial likelihood is the product of the individual

P(the observed failure at t;|one failure at t; among R(tx)) = (7.3)
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likelihood contributions for all observed events:

- A (k) Ai(Xi %o
L(B) = (k) = ( A) = I1 Tl (7.4)
i1 2gera) M) ep Zerca) A (X) g 2 jeRr(x;) €7

7

where D is the set of the labels of individuals who were observed to have failed. We derive (7.3)
and (7.4) in detail later.

Taking the natural logarithm of the partial likelihood yields the log partial likelihood:

(B) = Y |z'p—log Y  exp(Z]B)

ieD JER(X;)

_ ZAi ZiTﬁ — 1OgZYj(Xi) GXP(Z]'T/B)
i=1 J=1

= > /Ooo ZB—log > Y;(t)exp(Z] B) | dNi(t).
i=1 Jj=1

We estimate [y, the truth, by maximizing ¢(3), and the resulting estimator, denoted by E, is called
the maximum partial likelihood estimator (MPLE). This structure of the partial likelihood allows
for the estimation of regression coefficients while circumventing the need to specify the baseline
hazard function.

7.1 Derivation of partial likelihood

We consider a sequential conditioning argument as done in Fleming & Harrington (2013). Suppose
(A1, B1), (A2, Bs),...,(Ak, Bg) is a collection of pairs of events. Applying the recursive formula
of conditional probability, the likelihood of all 2K events is:

K
P{AKBKAK_lBK_l A AlBl} = H P{Ak ’ BkAklekfl A AlBl}P(Al‘Bl)
k=2

K
X H P{By | Ax_1Bi_1 ... A\ B1} P{By}.
k=2

The first two terms would form a partial likelihood for a parameter, if ignoring the last two.

Let us apply this to the observed data, (X;,A;,Z;), for i = 1,...,n. Let By be the event
describing (i) the observed censoring times within the intervals [tx_1,t;) for k =1,...,ng+1 (with
to = 0 and t,,41 = 00), along with their associated case labels; and (ii) the fact that a failure has
been observed at tp. If Ay is the event specifying the label k of the case failing at tz, then the
observed data are equivalent to the event By A; ... B, Ay, Bp,+1 and the likelihood of the data will
be:

P(B1A;...Bp A, B, +1).
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Fleming & Harrington (2013) reasoned that since the censoring times do not provide additional
information about the failure distribution, it is plausible to assume that the events By contain little
information about the regression parameter 3. Therefore, a reasonable partial likelihood for 8 will
be:

nd

H P{Ay | ByAj_1Bj_1 ... ALB1}P(A1|B).
k=2
We next show that
P{Ay | ByAy_1By_1 ... A1B} = Age (1)
ZjeR(tk) Aj(te)

which corresponds to (7.3). To prove this, we note that By = B() (H), where B,(Ci) = the observed
times of censoring in the interval [t;_1,¢;) and the case labels assocnated with these censored times,

and Bj! = a failure at tj. (As no death would happen at oo, we define B, ,+1 = BS; 1)

P{ABY | BYA, 1By ... A1 By}
P{B{" | BV A;_1By_y ... A\ By}
P{ A, a failure at ty | B,(Ci)Ak_lBk_l ...A1B1}
P{a failure at # | BV Ay 1By y... A1By}
P{A, | BV Ay 1By ... A1By}
P{a failure at #, | BV Ay By_y... A1By}

P{Ak | BrAg_1By_1... AlBl} =

Note that the event of B( )Ak 1Bi_1 ... A1 B describes the risk set at t;. Hence,
P{Ay | BV Ay 1By_1... AiBi1} = P{A; | individual (k) is at risk at 3} = A (t5)-

The first equality holds because individual (k) is independent of the other individuals, and the
second equality holds because the probability that individual (k) experiences a failure at tx, given
he/she is still at risk, is equal to his hazard function. On the other hand, the denominator of the
conditional probability consists of the sum of hazard functions over all individuals in the risk set
R(ty), as any of them could experience the failure:

P{a failure at tk ‘ BS)Aklekfl e .AlBl} = Z )\j(tk).

JER(ty)
Thus,
Ak ()
P{Ak ’ BrAL_1Br_1... AlBl} = .
2 jerty) Ni(tk)

Therefore,

ng ng )\(k tk

H P{Ay}, | ByAp_1By_1... A\ B1}P(A|By) = H

k=2 Z]GR (tr) ( )

which corresponds to (7.4).
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7.2 Maximum partial likelihood estimator (MPLE)

Introduce
n

1
S Y0284 Pk =0,1,2.

n

Sk (8,1)

J=1

®0 __ ®1 _ . ®2 __ 7T
Here, 780 = 1,29 = 2;, 2% = 7;7] .

To facilitate the theory, we consider the log partial likelihood as
n T
(6.0 =Y [ (25 -108595.0) ani(o) (7.5)
i=1"0
where 7 < 0o such that Ay(7) < oo. Similarly, the score function is

U =% /0 (2~ 2(8,1)) dNi(2), (7.6)
=1

where

_ (1)
Z%ﬁzi&?% (7.7)

We introduce the parameter 7 in the log-likelihood and score functions to highlight their dependence
on using information up to 7. The choice of 7 instead of co as the upper limit of integration helps
prevent divergence and ensures that the integral is restricted to a finite observation period. This
avoids unrealistic assumptions about unobserved or censored times. In practice, 7 is often chosen
as the maximum observation period in the study.

The maximum partial likelihood estimator (MPLE) of 3, denoted by 3 , is obtained by maximiz-
ing (7.5) or equivalently solving the score equation U(f,7) = 0. Under mild regularity conditions,
¢(B,T) is a concave function, ensuring a unique maximizer. We analyze the Hessian matrix of (7.5):

sy [s0En) " s
HW)—[; ﬂ®w¢>‘{swmaw} dN(t) = —I(B), (7.8)

where we have also defined the observed information matrix Z(3). Hence, concavity holds if H(3)
is negative definite or Z(/3) is positive definite, which requires the integrand to be non-degenerate.

For example, if the number of individuals at risk, S(© (B,1), is too small at any time ¢, the integrand
may become unstable and the Hessian may become singular. We may require the sample size to
be sufficiently large.

Furthermore, even if the log partial likelihood function ¢(f3) is concave, perfect separation by
covariates (or linear combinations of covariates) can lead to situations where ¢(3) does not have
a finite solution. In such cases, as the parameter estimates approach infinity, the likelihood may
diverge, making it impossible to obtain meaningful estimates for the coefficients.
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7.3 Consistency of MPLE

If we can ensure that problematic scenarios are avoided, maximizing equation (7.5) can produce
a unique and finite estimate B In this context, we examine the asymptotic properties of the
estimator B and introduce additional sufficient regularity conditions that ensure the validity of
maximum likelihood estimation. Throughout this discussion, || - || denotes the maximum absolute
value of the elements of a vector or matrix, while | - | represents the Euclidean norm for a vector
(and, trivially, the absolute value for a scalar).

(C.1) There exists an open and convex neighborhood B of 8y € RP and, respectively, scalar, vector,
and matrix functions, s, s, s such that

sup  ||S®)(B,t) — s®) (B, )] — 0
tel0,7],8€eB

in probability.
(C.2) In the same B, it holds that, for any 5 € B and ¢ € [0, 7],

82

V(8,1) = 5250 (8,1), P (8,1) = 85 (8.8 = 555575 8-

3ﬂ
We also assume each element of s¥)(3,¢),k = 0,1,2 is bounded, and in addition, s(O(3, 1)
is bounded away from 0 in B x [0,7]. In addition, for each k and t € [0,7], s (3,t) is
equicontinuou at p. That is, for any € > 0, there exists a 6 > 0 such that ||g — fo|| <
implies ||s®)(8,t) — s®) (8o, 1)|| < € for all t € [0, 7].

(C.3) Define
5060 (sO60)”
v(B,t) = RO (S(O)(W) : (7.9)
We assume -
(Ao, 7) / v(Bo, 5)59 (Bo, $)ho(s)ds (7.10)
0

is positive definite.

Condition (C.1) establishes an asymptotic stability requirement for the functions S®*). The
first part of Condition (C.2) ensures the interchangeability of differentiation and limits. The other
parts of Condition (C.2), along with Condition (2.3), specifies regularity conditions analogous to
those commonly encountered in standard asymptotic likelihood theory. These conditions can be
verified in certain specific cases and may be relaxed under alternative circumstances; see Fleming
& Harrington (2013).

We state two useful lemmas.

Lemma 7.2. Let B be an open convex subset of RP, and let F,,n = 1,2,... be a sequence of
random concave functions on B and f a real-valued function on B such that for all B € B,

lim F,(8) = f(B) in probability.
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Then:

1. The function f is concave.
2. For all compact subsets A of B,

sup |F,(B) — f(B)| — 0 in probability, as n — oc.
BeA

3. If F,, has a unique mazimum at B, and f has one at B, then 5, — By in probability.

Proof. See Anderson & Gill (1982). O

Proposition 7.3. Let 3 denote the MPLE of B mazimizing (7.5), and By the true value of B in
(7.5). Then

lim 8 =By in probability, i.e., B is consistent.

n—oo

Proof. We first establish convergence of the log partial likelihood by expressing a closely related
term as a martingale. Let X, (5,-) denote the process which, at time t, is the difference in log
partial likelihoods over [0,t), evaluated at an arbitrary § and the true value fy.

Xn(B,t) = n~" {U(B,1) — £(Bo, 1)},

where
n t n
t) :Z/O Z1 B —log Y _Y;(t)exp(Z] B) | dNi(t).
i=1 Jj=1
Hence,
n t (0)
12:%;[6 Bo) " Z; —log Smé;)Jde@,
Define
S(0)
12/ [5 Bo)" Z; — log ((50’7 )) Yi(s) exp(Z] Bo)Ao(s)ds
Hence,
_ SO, 5)
Xn(67t> - 12/ [/8 50 TZ 10g S(O (607 )] dMZ(S)7
where M;(t) Zi PoXo(s)ds is a square integrable martingale with respect to Fy,
= o Yils)e?'

with the Varlatlon process of d( M;)(s) = Yi(s)eZinBO)\o(s)ds.

50 (8,s
(8 = Bo) " Zi — log S(0>((f§3(),2)

is a square integrable martingale by Property 2. Therefore, for any given 5 € B, the process
Xn(B,)— An(B,-) is a local square integrable martingale with the predictable variation process (by

Tn,i () s
n}, then f;" [,3—50)Tzi—1 S| any(s)

Take 7, ; = nAsup {s : )

o7



Property 4):

n T (0) s 72
(KB = A8 N = w23 [0 =072 ow g K dMa
i=1 L )2/ |
—n*2n | _ T,_OM'Q.“ZM $)ds
_ ;/0 _(B Bo) " Z;i —1 g5<0>(/30,s)_ Yi(s) Ao(s)d
=t 8= 8T S (0. (8 — Bo) — 26 — Ao TSD (5o, 8) Tog S Br8)
- /0 [(5 Bo) S (Bo,s)(B — Bo) —2(8 — Bo) S (Bo,s)1 OIS

5(0) 2
+ {logm} S(O)(BO,S)] Ao(s)ds

which converges to 0 in probability as n — oo using Conditions (C.1) and (C.2) (so that the integral
is bounded in probability).

Applying the Lenglart inequality to the process of {(X,(8,t) — An(B,))*}epo,r], we have
Xn(B8,t) — An(B,t) — 0 in probability
uniformly over [0, 7]. In particular,

Xn(B,7) — An(B,7) — 0 in probability.

Since under Condition (C.1), A, (8, 7) converges to A(3, ) for all 8 € B, where

T (0)
agn) = [ [(ﬂ—ﬁo>Ts<l><ﬁo,s>—logms@wo,s) No(s)ds,

it follows that X,, (3, 7) must also converge in probability to the same limit, as long as g € B.

As X, (B,7) is a concave function of 5 with a unique maximum, and that A(fS,7) has a unique
maximum at 5 = y under Conditions (C.2) and (C.3), the theorem follows by Lemma 7.2. O

7.4 Asymptotic normality of MPLE

To show the asymptotic normality, we add a new condition.
(C.4) There exists a § > 0 so that

sup  n V2| Z|Yi(O)I(B] Zi > —0]Zi]) — 0
1<i<n, t€[0,7]

in probability.

This condition, which is important for verifying the Lindeberg condition for the martingale central
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limit theorem holds trivially if the covariates Z; are bounded. We present several useful lemmas.

Lemma 7.4. Given any real numbers a and b, and € > 0, then

(a—0)*I(Ja —b| > ¢) < 4a’I(|a| > /2) + 4b*I(|b] > £/2).

Proof. First, with (a — b)? < 2a? + 2b%, multiplying both sides by I(Ja — b| > ¢), we obtain
(@ —b)%I(Jla —b| > ¢) < (2a% + 2b*)(la — b] > €). As |a — b| > ¢ implies |a| > /2 or |b| > /2;
otherwise, it would lead to |a — b| < ¢. Hence,

I(ja—b| > €) < I(la] > £/2) + I(}b] > £/2).

Therefore,
(a—b)*I(Ja—b| > ¢) < (2a® +2b%) (I(Ja| > £/2) + I(|b] > £/2)).

Expanding the right-hand side:
(a —b)*I(Ja — b > ¢) < 2a%I(|a| > €/2) + 2a2I(|b] > £/2) + 2b%1(|a| > £/2) + 262 I(|b] > £/2).
Now we show

a®I(|b] > ¢/2) + b*I(la| > /2) < VI(]b] > /2) + a®I(|a| > ¢/2).

Rewriting the inequality, we want to show:
a®I(b] > ¢/2) — a®I(|a] > /2) < V?I(|b] > /2) — b*I(|a| > ¢/2). (7.11)
For this, we consider 3 possible cases.

Case 1: I(Ja| > ¢/2) = I(|b| > £/2), in which case, the both sides of (7.11) are equal to 0, so
the inequality holds trivially.

Case 2: I(|b] > ¢/2) =1 and I(|a] > €/2) = 0, so (7.11) would simplify to: a? < b?. On the
other hand, this case means |b| > /2 and |a| < /2, so a? < b? will hold.

Case 3: I(|b| > ¢/2) = 0 and I(Ja] > &/2) = 1, so (7.11) would simplify to: b*> < a?. In fact,
this case means |b| < €/2 and |a| > £/2, so the inequality does hold.

Hence, after exhausting the 3 possible cases, we have shown (7.11) holds. Thus the lemma
holds. O
We next present a simplified version of multivariate martingale central limit theorem, which
will be used for showing the weak convergence of score functions.
Lemma 7.5. Consider a sequence of p-variate local square integrable martingales, (U7, ..., UI’}),
where, forl=1,...,p and for 0 <t <,

W@zZAEWWWﬁ
=1
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where M;(s) is as defined in (7.2) and H['|(t) is locally bounded and predictable with respect to Fy.
Also define

Ule(t) = Z/O Hiy(s)I([Hiy(s)] = €)dM;(s)
i=1

Suppose for each I,I' € {1,...,p} and for all t > 0, the covariation process

<Uln, Ulrll>(t) — Cll’ (t), (712)

in probability and
(U (t) — 0, (7.13)
in probability. Then {U{(7),...,U}(T)} converges weakly and jointly to a multivariate normal

distrbution with mean 0 and a p X p variance-covariance matriz, whose (1,1")-th entry is Cy (7).

‘We next consider an extension of the DCT theorem.

Lemma 7.6. Suppose | X,| <Y a.s., and E(Y) < 0o, and X,, — X in probability. Then E(X,,) —
E(X).

Proof. We prove by contradiction. Suppose E(X,,) /4 E(X). Then there exists an ¢y > 0 such that
there is a sequence nj such that
|E(Xp,) —E(X)| > €. (7.14)

As X, — X, there exists a further subsequence Nk, such that Xnkj — X almost surely. Then
DCT leads to
E(X,,) = E(X),

which however contradicts to (7.14). O

We apply the multivariate martingale central limit theorem to obtain the next proposition,
which is critical for obtaining the asymptotic normality results. We will prove it in detail.

Proposition 7.7. Suppose Conditions (C.1)-(C.4) hold and the dimension of Z; is p.

(Part 1) Define the normalized vector score

n_l/QU(ﬁo,T) _ n—1/2 Z /OT{Zi — Z(ﬁo, S)}dNZ(S)
=1

Then it converges weakly to a multivariate Gaussian distribution with mean 0 and a p X p variance-
covariance matriz X(Bo, 7), whose 1, 1'-th entry is:

/(;T U(ﬂo, 8)”/8(0) (50, s)Ao(s)ds.

(Part 2) Ifg is a consistent estimator of By, then

InYZ(B) — £(Bo,7)|| = 0
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in probability as n — co. In addition, define B(u) = o + u(g— Bo) foruw € [0,1]. Then
I~ Z(B(u)) = £(Bo, 7)I| = 0

in probability uniformly with respect to u € [0, 1].

Proof. (Part 1) Define
n t B
U 60.0) =023 [ 42 260, ))aito)
=1

which is equal to
n_oet
U Gont) =Y [ (2= 260, 9)}an),
— Jo
where M;(t) fo s)ePo Zixg(s)ds.

Here, U™(f, t) is a p-variate process, with the [-th component written as:

P (6o, 1) Z / “V2(Z,) — Zi(Bo, ) }AMi(s),
where Z;; is the [-th component of Z; and

E] 1 Yj(2)Z; leﬁO I
Zz IY( )6,80 .

Zi(Bo, ) =

Define HiT,Ll(S) = nfl/z(Zi,l — Z1(Bo, 5)), so that

=3 [ oot

Since H ”( ) is locally bounded (considering, for example, a localizing sequence, 7, = n A sup{s :
|Z1(Bo, )| < n}) and predictable, applying Property 4 yields that U*(f8o,t) is a local square
integrable martingale, and

G0 VRG] = 32 [ HIHL08))
= Z/ Zii — Zi(Bo, $))(Ziwr — Zu(Bo, 9))Yi(s)eZ P x(s)ds,

which converges in probability to

t
/0 o(Bo, )5 (Bo, s)ho(s)ds,
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for all t € [0, 7], under Conditions (C.1) and (C.2). Here, v(5,s) is defined in (7.9).

We next verify the Lindeberg condition. For any e > 0, define, for all [ and ¢, that
U7 (50, 1) Z / HE(s) (P ()] > €)aMi(s),
which, by Property 4, is a local square integrable martingale with the variation process given by

(U7 (o, ) Z/{sz ()PI(H ()] = e)d Z/{H% () I(HE ()] = )Yi(5)e™ Zrg(s)ds.

Applying Lemma 7.4, the last integral is bounded by

53 | 2200\ Zug] > /DY) P (s)ds
i=1
+ izn;/ot Z2(Bo, s)1(n 2| Zy(Bo, 5)| = €/2)Yi(s)e™ Zixo(s)ds. (7.15)
The second term of (7.15) can be written as
4 /0 220, )T 2 24P, )| > /2SO (B, 5V ha(s)ds
With Conditions (C.1) and (C.2), it follows that when n is large, P((n~'/2|Z;(Bo,s)| > €/2) — 0

uniformly in s. That is I(n="/2|Z;(6o,s)| > €/2) = 0 with probability going to 1 uniformly in s.
Hence, the second term of (7.15) converges to 0 in probability.

For the first term, we consider two cases: given the § defined in (C.4), we consider the events
of {8y Z; > —6|Zi|} and {B4 Z; < —3|Z;|} separately. That is, we consider

4 [t
nz/ﬂ ZHI(n V2 Z30| > €/2, B9 Zi > —0]Z|)Yi(s)e Zixg(s)ds (7.16)
=1
4 [t
o /0 Z2I(n 721 Z,] > /2,80 Zi < —0|Zi])Yi(s)e™ % xg(s)ds. (7.17)
=1

On the other hand, Condition (C.4) implies that, for any ¢ > 0, there exists an N, such that
when n > N, the event that n=1/2|Z;;| > ¢/2 when 8] Z; < —§|Z;| and Yi(s) = 1 for all s € [0, 7]
and 7 = 1,...,n,, will happen with probability < €. This means the probability of I(n_1/2|Zi’l\ >
€/2, B0 Zi < —0|Z;|)Yi(s) = 0 will converge to 1 uniformly for all s € [0,7] and i = 1,...,n,
uniformly. Hence, (7.16) converges to 0 in probability.

Studying the integrand of (7.17), we note that

ZHI(n~ V2| Zig| > /2, B9 Zi < —6|Zi])Yi(s)e® % < I(n~ V2| Ziy| > ¢/2) 2301,
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We first consider the case that n~1/2|Z;;| > ¢/2, and note Zzle_‘s'Zi| < Zzle_‘s'Zi«l'. Because
2279 — 0 when § > 0 as z — oo. Hence for any 1 > 0, there exists an Ny such that when
n > N, Zzle_‘S'Zi»l‘ < 7. On the other hand, if n=Y2|Z;| < €/2, I(n"Y2Z;;| > €/2,8) Zi <
—6]ZZ-|)YZ~(S)660TZi = 0 < n holds trivially. As this Ny does not depend on ¢, hence when n > Ny,

I(n=Y2|Ziy| > /2, 8] Zi < —8|Zi|)Yi(s)efo % <

for all i. Therefore, (7.17) is bounded by 7 fo Ao(s)ds which can be arbitrarily small, and must
converge to 0 in probability. Hence, with all cond1t1ons of the (multivariate) Martingale CLT are
satisfied, the first part of the results holds.

(Part 2) We consider

~1(B) - 5(60,7)

< /T(V(E, - s))%dN(s) (7.18)
0

| [ @Bs) — v(s0, ) dN ) (7.19)
0

+ / (Bo, 5) ZdM (7.20)

+ /0 0(B0, 5)(SO(Bo, 5) — 5@ (B, 5))Aols)ds], (7.21)

where N(s) = > | N;(s). First, (7.18) is bounded by

SngV(@ s) —v(B, s) { ZN }

Conditions (C.1) and (C.2) implies sup8||V(B, s) — U(B, s))|| = 0 in probability. Also by the law of
large numbers > ;| N;(7) — EN;(7) < 1. Hence, (7.18) converges to 0 in probability.

Using the equicontinuity of v(8, s) at By, we have sup, |[v(5,s) — v(Bo, s))|| — 0 in probability
as f — Po in probability. As (7.19) is bounded by

Sgpllv(@ s) = v(fo, 5) { ZN }

it must converge to 0 in probability.

With the (4, j)-th entry, v;;(Bo, s), of v(Bo, s), we consider the martingale process

t
/Ov” Bo, 5) ZdM
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which has the variation process of

[ 6051 08)6) = & [ 626055 B ) ro(ohs.

n

With Conditions (C.1) and (C.2) and that Sy(8o, s) is bounded for all s € [0, 7], we apply Lemma
7.6 and obtain that

nVar{ | wstns ZdM } B{ [ 02600515 B0 alo)dsf > [ 20,5560, 5)a(o)ds < o0

as n — oo. Hence, Var {fOT vij(ﬁo,s)% Sy dMZ-(s)} — 0. Applying the Markov inequality, we

obtain that
/ vi5(Bo, 5) ZdM
0

in probability for 1 <4, j < p. Hence, (7.20) converges to 0 in probability.
Finally, (7.21) is bounded by
[ 110650915 B0.5) = 5O (50, ) als)ds
Because |S©) (8, s) — 5(9 (B, 5)| — 0 in probability uniformly in s € [0, 7] under Condition (C.1),
(7.21) converges to 0 in probability.

Combining the results for (7.18)-(7.21), we have

L2(8) - S(60.7)

n

in probability as long as B — Bo in probability.
Examining the convergence result in each step, we can also conclude that
[In ™ Z(B(u)) — £(Bo, 7)I| = 0
in probability uniformly with respect to u € [0, 1].
O

Lemma 7.8. Let F : RP — RP be continuously differentiable on an open convex set containing the
points By and B1. Then

1
F(p1) — F(Bo) = </0 J(Bo + u(pr — ﬁo))du> (B1 — Bo),

where J(B) is the Jacobian matriz of F at 5.
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Proof. Define a path from Sy to 81 by the line segment:

B(t) = Bo+t(B1 — Bo), wel0,1].

Here, the endpoints correspond to 5(0) = By and (1) = 1. The derivative of F' along this path
can be expressed using the chain rule:

LR = T3) - T = T3 - (61 o).

where J(/3(t)) is the Jacobian matrix of F' evaluated at S(u), and % = (1 — Po. Integrating the
derivative from u = 0 to u = 1, we have:

1 1
F(B) = F(0) = [ P du= [ (8- (51 = ) du

That is,
1
F(B1) — F(By) = ( /0 J(Bo+ ulBr — o) du> (B1 — o).

Finally, we are ready to prove the asymptotic normality for 3 .

Proposition 7.9. Under Conditions (C.1)-(C.4), nl/Q(E— Bo) converges in distribution to a mean
zero p-variate Gaussian random variable with covariance matriz {3(Bo, 7)} 1.

Proof. Applying Lemma 7.8, we have
~ 1 ~ ~
U@ =00~ ([ 260+ B - o)) (5~ o).
Recalling U(B, 7) = 0, we have

1
(/0 %I(ﬁo +u(B — Bo)) d“) V(B — Bo) = n2U(Bo, 7).

By Proposition 7.7 (Part 1), n='/2U(fy,7) is asymptotically normal with covariance matrix

¥(Bo, 7).

1
0

Since J is consistent, Proposition 7.7 (Part 2) shows the uniform convergence of %I(E (u)) to

1

~T(B(u)) ~ X (o, 7)| du

1 -~
[ 5260+ (B - o)) du = (60,7

65



the nonsingular matrix (S, 7) for v € [0, 1]. Hence,

1 o~
/0 %I(ﬁo +u(B — Bo)) du — %(Bo, 7)

in probability. The result follows from Slutsky’s Theorem. O

The proposition justifies the use of a confidence interval based on a multivariate normal random
vector for inferring 8. Also, heuristically, the variance of B\ is approximately n~ 13X ~1(g, 7), which
can be estimated by I *1(3), the inverse of the observed information. This approach has been
implemented by the software.

7.5 Application to the Veterans’ Administration lung cancer dataset

We applied the proportional hazards model to the Veterans’ Administration Lung Cancer dataset, a
publicly available dataset from the survival package in R. This dataset includes 137 male patients
with advanced lung cancer who participated in a randomized trial comparing a standard treatment
to an experimental treatment. Among them, 128 deaths were recorded, indicating a high mortality
rate. The patients’ ages ranged from 39 to 82 years, with a mean age of approximately 63 years.
The dataset categorizes lung cancer into four types: squamous (reference group), small cell, ade-
nocarcinoma, and large cell. Of the 137 patients, 31 (23%) had squamous cell carcinoma, 27 (20%)
had small cell carcinoma, 14 (10%) had adenocarcinoma, and 25 (18%) had large cell carcinoma,
while 40 (29%) had unspecified or missing cancer cell type data. Baseline physical function was
assessed using the Karnofsky Performance Score (KPS), ranging from 10 (severe disability) to 90
(minimal disability), with an average score of 60. Most patients had KPS values below 70, indicat-
ing significant functional impairment. Our objectives were to evaluate the experimental treatment’s
impact on survival, analyze the effects of baseline KPS and age, and assess the influence of cancer
cell types on survival outcomes. The dataset includes the following variables:

e time: Observed survival time in days.

e status: Event indicator (1 = death, 0 = censored).

e trt: Treatment group (1 = standard treatment, 2 = test treatment).

e age: Age of the patient in years.

e celltype: Type of cancer cell (squamous, small cell, adeno, large).

e karno: Karnofsky performance score (0-100, higher scores indicate better functioning).

e diagtime: Months from diagnosis to randomization.

e prior: Indicator of prior therapy (0 = no, 1 = yes).

We fitted a Cox proportional hazards model to assess the effects of treatment group, Karnofsky

performance score, age, and cancer cell type (using squamous cell type as the reference group) on
survival:

A(t|Z) = Ao(t) exp(Bitrt + Pokarno + fsage + fBasmall cell + Ssadeno + Fglarge cell),
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where A\g(t) represents the baseline hazard function, and Z denotes the vector of covariates included
in the model. The table below presents the results of the Cox model. The test treatment was
associated with a hazard ratio of 0.85 (95% CI: 0.67-1.09), suggesting a 15% reduction in the
hazard of death, though this result was not statistically significant (p = 0.21); see Figure 11.
The Karnofsky performance score was a strong predictor of survival, with a hazard ratio of 0.96
(95% CI: 0.95-0.98, p < 0.001), indicating that better baseline functioning significantly reduces the
hazard of death. Age was not significantly associated with survival (HR = 1.01, p = 0.45). Among
cancer cell types, large-cell carcinoma had the worst prognosis, with a 45% higher hazard of death
compared to squamous cell carcinoma (HR = 1.45, p < 0.001), followed by small-cell carcinoma
(HR = 1.25, p = 0.04). Adenocarcinoma showed a modest but non-significant increase in hazard

(HR = 1.10, p = 0.42).

Covariate Estimate (5) SE HR 95% CI  p-value
Treatment (test) —0.16 0.13 0.85 [0.67,1.09] 0.21
Karnofsky score —0.04 0.01 0.96 [0.95,0.98] < 0.001
Age 0.01 0.01 1.01 [0.99,1.03  0.45
Cell type (small cell) 0.22 0.11 1.25 [1.01,1.54] 0.04
Cell type (adeno) 0.09 0.12 1.10 [0.87,1.39] 0.42
Cell type (large) 0.37 0.12 1.45 [1.15,1.83] < 0.001

Table 1: Analysis of the Veterans’ Administration Lung Cancer dataset using the Cox proportional

hazards model.

Survival Curves by Treatment Group

Survival Probability

2 —— Standard Treatment
—— Test Treatment

0 200 400 600

Time (days)

800

1000

Figure 11: The survival comparison between the two treatment arms.

Below is the R code to fit the Cox model and reproduce the results:

library (survival)
library (dplyr)

data(veteran)

67



7.6 Cox models with time-dependent covariates

Time-dependent covariates are variables that change over time and can influence the hazard function
dynamically. Unlike standard Cox proportional hazards models, which assume fixed covariates,
models with time-dependent covariates allow for a more flexible and realistic representation of
evolving risk factors. Time-dependent covariates can be categorized into two broad types:

e (External time-dependent covariates) These vary over time but are not influenced by the sub-
ject’s survival status. Examples include: Temperature fluctuations affecting patient health;
Changes in air pollution levels influencing respiratory conditions; Economic indicators affect-
ing the risk of financial distress.

e (Internal time-dependent covariates) These depend on the subject’s own history and poten-
tially their survival status. Examples include: Blood pressure levels measured at different
times in a cardiac study; Tumor size progression in an oncology study; CD4 cell count for
HIV patients monitored over time.

For i =1,...,n, let Z;(t) be a p-dimensional time-dependent covariate vector for individual i.
We also introduce
Zi(t) ={Zi(s) : 0 < s < t},

which represents the trajectory of the covariate process from time 0 to ¢, i.e., the history of Z;(s) up
to time t. We define the hazard function for individual ¢ at ¢, given the trajectory of the covariate
process up to t, as

1 ~
N(t) = lim —PH<T,<t+dt|T, >t Zt)).
()= lim —PE<T<t+dt] (®)

If there is no ambiguity, we write

Ai(t) = At | Zi(t)),

emphasizing the dependence of the hazard on the covariate path. The conditional hazard function
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for the Cox model with time-dependent covariates is specified by:
At | Zi()) = Mo(t) exp(Zi(t) " ), (7.22)

which states that, in this model, the hazard at time ¢ depends only on the current covariate value
Z;i(t), given the past trajectory of covariates, reflecting a Markov-like assumption.

Define
Fi = J{N-(s) Y(s),Z‘(s) 1<i<n,0<s< t}.

It follows that M;(t) fo (s | Zi(s))ds = fo s)exp(Zi(s)T Bo)ds is a
martingale with respect to ft Here we assume that (7.22) holds and ﬂo is the true value of 5.

As in the case of Cox models with time-independent covariates, the estimation of 5y can be
performed using partial likelihood. Suppose we observe n independent individuals, each observed
with (X;, Aq, Z(X@-)). Define the risk set at time ¢ is defined as: R(t) = {j : X; > t}. Then similar
to the derivation in Section , the partial likelihood function for time-dependent covariates is

A
- exp(Zi(Xi) ' B) Z
-1l [ (Zi(X)Th) |

i=1 JER(X ) €xp

Taking the log of L(3), we obtain

0p) = ZA Zi(X;) B —log Z exp(Z )

JER(X;)

= Z/ ) B — logZY )exp(Z;(t) " B) | dNi(t).

7=1

This formulation accounts for the time-varying nature of Z;(-) at the observed event times and
properly handles censoring. To facilitate the theory, instead of using co as the upper limit of the
integral range, we consider the log partial likelihood with an upper integral limit of 7 satisfying
T < 0o and Ag(7) < oo (normally, 7 is taken to be the maximal followup time in the data):

Z / ()8~ logZY )exp(Z;(t) " B) | dNi(t). (7.23)

Denote the maximum partial likelihood estimator as E . Under that Z;(-) are bounded processes,
we can show that 3 is a consistent estimator of 8. In addition, the MPLE satisfies:

V(B - B8) % N0, 57 (8o, 7)),

where X(fp, 7) is as defined in (7.10) after modifying

Sk (8,1) = fZY )&k 8 | = 0,1,2.
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Here, Z;(t)®° = 1, Z;(t)®' = Z;(t), Z;(t)®2(t) = Z;(t)Z;(t)". The proofs of the consistency and
normality results follow those of Propositions 7.3 and 7.9, respectively.

7.7 Setting up data for analysis with time-dependent covariates

Careful data preparation is crucial and we give some practical steps for structuring the dataset
for proper modeling of the time-dependent nature of the covariate.. Briefly, unlike traditional Cox
models, which assume fixed covariates, time-dependent covariates require a longitudinal (start-stop)
format, where each individual may have multiple records corresponding to different time intervals.
Each row in the dataset represents an interval [tsart,tend] during which the covariate values are
constant.

Consider a simple dataset with two subjects. For Subject 1, the covariate is 2.1 from time 0 to
5 (event = 0), and it increases to 3.5 between times 5 and 8, when the subject fails at time 8 (event
= 1). Subject 2 experiences the event at time 7 (event = 1), with a constant covariate value of 1.8
throughout the entire observation period. To conduct the analysis, the data must be formatted as

follows:
ID | Entry Time (tstart) | Exit Time (teng) | Event | Covariate (Z(t))
1 0 ) 0 2.1
1 ) 8 1 3.5
2 0 7 1 1.8

Therefore, the first step for structuring the data is to develop a “start-stop” format. When
covariates change over time, we break each individual’s record into multiple rows, with each row
representing a period where the covariate remains constant. The second step involves handling
time-dependent covariates. It is crucial to ensure that covariate values are recorded at observed
failure time points; if the data are collected intermittently, such as during medical checkups, it
may be necessary to use interpolation or carry-forward methods to fill in the missing values. These
methods help maintain the integrity of the data when covariate values are not observed at every
time point.

The following is the R code for the example.

library (survival)

data <- data.frame(
ID = c(1, 1, 2),
start = c(0, 5, 0),
stop = c(5, 8, 7),
event = c(0, 1, 1),
Z = c(2.1, 3.5, 1.8)

cox_model <- coxph(Surv(start, stop, event) ~ Z, data = data)
summary (cox_model)
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The “start-stop” format implies that, at any given time ¢, only individuals who are still at risk
of experiencing the event should be included in the analysis. The risk set at time ¢ includes all
individuals for whom the start time of the observation interval is less than or equal to ¢, and the
end time is greater than t (i.e., tstart < t < tenq). We note that the partial likelihood based on the
table or constructed by treating the three records as independent individuals remains the same,
ie.,

exp(1.83)
exp(1.83) + exp(3.53)

Splitting the data does not change the risk set composition at each failure time. The start-stop
format simply restructures the data to reflect periods of constant covariate values without alter-
ing the hazard function or an individual’s contribution to the likelihood. Furthermore, the two
sub-records for Subject 1 cannot experience an event simultaneously, so if treated as separate indi-

(7.24)

viduals, their corresponding counting processes would be orthogonal (see Section 8.1). As a result,
these sub-records can be considered as coming from independent individuals without affecting the
likelihood calculation. Therefore, even with multiple records originated from the same individuals,
clustering does not need to be accounted for.

Finally, corresponding to (7.24), the maximum partial likelihood estimate of 5 is —oco. This
is due to perfect separation in the example data; larger values of the covariate Z correspond to
lower hazards, meaning subjects with higher Z are less likely to fail earlier. We may add a penalty
term (Ridge or Firth Correction) to the likelihood function to shrink the estimates and prevent
divergence.

When incorporating time-dependent covariates in Cox models, we often consider these aspects.
First, it is crucial to ensure that these covariates do not change in response to the outcome itself,
as this could introduce time-dependent confounding. Such confounding arises when a covariate is
associated with both the outcome and other variables in the model, potentially distorting the true
relationships. Second, it is important to assess the proportional hazards assumption even when
using time-dependent covariates. The Cox model assumes that the hazard ratio remains constant
over time, but this assumption must be carefully validated. If the hazard ratio varies over time,
alternative modeling approaches or stratification may be necessary. Finally, incorporating baseline
covariates enhances the comprehensiveness of the model by accounting for factors that influence
the hazard both at specific time points and over the study’s duration. This improves the model’s
ability to capture the full complexity of survival data.

8 Competing Risks

Competing risks arise when an individual is subject to multiple potential failure types, meaning
that an event can occur due to different causes. This is a common situation in medical studies,
reliability engineering, and risk assessment. Unlike classical survival models, which assume a single
failure type and treat all failures as the same event, competing risks explicitly account for the fact
that different failure causes prevent the occurrence of others. In the following, we use T' to denote
the failure time (the time until the first occurrence of any failure) and J to denote the failure type,
where J € {1,2,..., K}. Thus, the observable data for each subject is a pair of (7, J), or the time

71



of failure and its cause.

Classical survival analysis methods, particularly the Kaplan-Meier estimator, face two major
limitations in the presence of competing risks. First, they typically assume non-informative cen-
soring; however, in many clinical settings, competing events introduce dependent (informative)
censoring, violating this assumption and leading to biased estimates. For example, in studies of
lung cancer—specific mortality, deaths from cardiovascular disease or infection may reflect underlying
health status and therefore cannot be treated as non-informative censoring. Second, these methods
estimate survival under a hypothetical scenario in which all other causes of failure are removed. In
hematopoietic stem cell transplantation, for instance, applying Kaplan-Meier to estimate mortality
due to hematologic relapse may underestimate the true risk by ignoring transplant-related deaths,
such as those due to graft-versus-host disease. To overcome these limitations, a competing risks
framework should be adopted. It models each cause of failure using either cause-specific hazards
or cumulative incidence functions, while properly accounting for the presence of other competing
events. To illustrate, consider a study of patients undergoing heart surgery, where the outcome of
interest is death. Patients may die from various causes, such as cardiac-related deaths (e.g., heart
failure or stroke) or non-cardiac-related deaths (e.g., infection or cancer). Competing risks analysis
allows researchers to estimate the probability of each type of event over time and address questions
such as

1. What is the probability of dying from a specific cause by a given time?

e This is captured by the cumulative incidence function (CIF) (defined later), which esti-
mates the probability that a patient dies from a specific cause before time ¢, accounting
for other competing causes.

e Example: “What is the probability that a patient dies from a cardiac-related cause

within five years of surgery?”

2. How do different factors influence the cause-specific failure rates?

e Using cause-specific hazard models (defined later), we can study how risk factors (e.g.,
age, pre-existing conditions, lifestyle) affect the likelihood of different types of death.

e Example: “Does smoking increase the risk of cardiac-related death more than non-
cardiac-related death?”

3. What is the relative contribution of each failure type to overall mortality?
e The CIF can be used to compare the relative proportion of deaths due to each cause
over time.

e Example: “Among patients who die within five years, what percentage die due to cardiac-
related versus non-cardiac-related causes?”

4. How do treatments affect the risk of different types of death?

e A competing risks framework helps evaluate whether a treatment reduces mortality for
all causes or just for specific ones.

e Example: “Does a new heart surgery technique reduce cardiac-related mortality without
increasing the risk of non-cardiac-related death?”

5. What is the expected time to failure for each failure type?
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e Instead of treating time-to-event as a single outcome, competing risks models can esti-
mate time-to-failure distributions separately for each cause.

e Example: “On average, how long after surgery do cardiac-related versus non-cardiac-
related deaths occur?”

These questions center on the following two concepts in competing risks.

e Cause-specific hazard function, which represents the instantaneous rate of failure from a cause,

say cause k, as
. PTeltt+dt),]=k|T>t)
() = jm, it | (8.1)

Obviously, it connects with the overall hazard function via A(¢) = Z,[f:l ag(t).

e Cumulative incidence function (CIF) (also referred to as the subdistribution function), which
gives the probability of failing from a cause, say, cause k, by time ¢, as

Fi(t) = P(T <t,J =k). (8.2)

Corresponding to (8.3), we also define the CIF density function (commonly known as subdis-
tribution density) as

1
— T il < T = k). .
felt) = Jim Pt <T; <t+dt,J;=k) (8.3)

8.1 Multivariate counting processes

For each independent individual ¢ = 1,...,n, we use the notion of counting process to represent
the number of events of type k = 1,..., K, occurring by time ¢, which is a step function with at
most one jump from 0 to 1. In the absence of censoring, we would define:

e Ny i(t) as the counting process for failure type k, where k = 1,..., K, for subject i =1,...,n.

e Define N;(t) = (N1,i(t), ..., Nk,i(t)), a multivariate counting process for subject ¢ with all K
types of failure, that is, each component tracks the occurrence of a specific type of failure,
ensuring only one can happen per subject.

Each Ny ;(t) is a right-continuous, increasing process that takes values in {0, 1} for each individual,
where Ny ;(t) = 1 if failure type k has occurred by time ¢ and 0 otherwise. That N;(t) is a
multivariate counting process follows from Definition 2.5.1 of Fleming & Harrington (2013) as no
two component processes jump at the same time.

To incorporate censoring, we introduce the censoring time Cj, and define the observed time as

X; = min(T;, C;) and censoring indicator A; = I(T; < C;). We observe (X;, A;, J* = J;A;), where

J; ensures that we only observe the failure type J; for subject ¢ when A; = 1. The counting process
is then modified to:

Npi(t) =1(X; <t,Ai =1,J; = k). (8.4)

Additionally, we define the at-risk process for subject i, as Yj(t) = I(X; > t), which indicates
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whether an individual is still under observation at time t. With the modified definition of Ny ;,
Ni(t) = (N1(t),..., Nk;(t)) is still a multivariate counting process as each Ny ;(t) is a counting
process, with no two processes, e.g., N ;(t) and Ny ;(t),k # k', jump at the same time.

Proposition 8.1. Assume T;, J; are independent of C; and T; is continuous. If P(X; > t) > 0,
then

1 . -
dtll_%Jr%P(tSXi<t+dt’ Ai—l,Ji —k\XZZt)—ak(t).

Proof. We consider

P(t§X¢<t+dt,Ai:1,Ji:k‘)
P(X; >1t) ’

P(tSXZ'<t+dt,Ai:1,J;:k§|XiZt):

while expanding the numerator,

PE<X;<t+dt,A;j=1,J;=k) = Pt<Ti<t+dtJ;=kT <Cj)
= Pt <T;<t+dt,J;=k)P(T; <C;|Ti € [t,t + dt], J; = k).
Since T; is continuous, we have

L LPUST<t+dtJi=Fk)
dt—0+ dt P(T; > t)

= ax(?).
With fi(s) defined in (8.8), we consider

P(T, <C; | T; € [t,t +dt), J; = k)
P(T; < C;,T; € [t,t +dt), J; = k)
P(T; € [t,t +dt), J; = k)

fHdt fr(s)P(C; > s)ds

t
ftt+dt fk(S)dS

where the last equality comes from the independence of C; with T; and .J;. Let dt — 0" and apply
L’Hopital’s rule, we have

;>
lim P(TiSCi’Tz‘E[t,t—i-dt),Ji:k):M

dt—0+ T () = PGz ).

Putting all pieces together, we have

1
lim 7P(t§X¢<t+dt, Ai:1‘Xi2t)

dt—0t
. 1PUSTi<t+dtJi=hT<C)
C dt—04 dt P(X; > 1)
L PE<T<t+dt,J=k) PT>t)
= lim — lim P(T; < C; | Ty € [tt +dt), J; = k
a0+ dt P(T; > 1) P s a TS Gl Tielhtd) )
P(T, > t)P(C; > 1)
a(t) x PX, > 1) a(t)
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The result indicates that under independent censoring, the observed data can be used to estimate
the cause-specific hazard function, for example, by using the Nelson-Aalen. Moreover, it can help
develop the martingale framework for competing risks, as shown below.

8.2 Martingale representation

Proposition 8.2. Define
Fi =0{Npi(s),Yi(s):0<s<tk=1,...,K,i=1,...,n}.

Under the independent censoring assumption, the compensated process:

My i(t) = Ni(t / Yi(s)ou(s (8.5)

is a martingale with respect to F.

Proof. To prove that My ;(t) is a martingale with respect to F;, we need to show
(i) the process Mj, ;(t) is adapted to Fi;

(i)
E[|My,i(t)|] < oo for all ¢;

(i)
E[dMj,i(t) | F-] =0

First, the process Mj, ;(t) involves Ny ;(t), which is adapted to F;, and the integral fg’ Yi(s)ag(s) ds,
where Y;(s) is adapted to Fs and ag(s) is non-random. Hence, the integral is predictable and
adapted to F;. Therefore, My, ;(t) is adapted to Fy.

Second, as Ny ;(t) <1, we have that E[Nj;(¢)] < 1. With fOtYi(s)ak(s)ds < fOtYi(s))\(s)ds, it

follows that
/ Yi(s)A(s)ds <1

as shown in the proof of Proposition 2.7. Therefore, My, ;(t) is integrable as E[| M, ;(t)]] < 2.
Finally, with
dMy, ;(t) = dNy i(t) — Yi(t)ag(t) dt,

we compute conditional expectation of dMj, ;(t) given F;_ by considering the conditional expecta-
tion of each term. In particular, using Proposition 8.1 and following the proof of Proposition 2.7,
we have

E[dNgi(t) | Fi] = Yi(t) o (t) di.
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The term Y;(t)ag(t) dt is predictable and hence measurable with respect to F;—, implying
E[Yi(t)ok(t) dt | Fo—] = Yi(t)ou(t) dt.

Therefore,
E[dMyi(t) | Fi] = Yi(than(t) dt — Yi(t)a(t) dt = 0.

O]

Further deﬁne Nk( ) = > Nki(t), Y(t) = >0, Yi(t) and My(t) = >0 My,(t), then
My (t) fo s)ds is a martingale with respect to F;. This follows because each M, ;
isa martlngale with respect to F;. Immediately, we have

<Mk>(t):/0 Y(s)ay(s)ds

and
(M, M) (t) = 0 (8.6)

which follow from Theorem 2.5.2 of Fleming & Harrington (2013). This means, under the com-
peting risk framework, any two cause-specific martingale process of My, My, are orthogonal (or
uncorrelated) as the corresponding counting processes cannot jump at the same time.

8.3 The Nelson-Aalen estimator of the cause-specific hazard

Define the cumulative cause-specific hazard function as

Ak(t):/o ag(s)ds.

It does not represent a probability, but rather a measure of the expected number of failures (per
unit population) from cause k by time ¢ in the presence of competing risks. We are interested in
estimating it because CIF depends on it while accounting for the risk of failure from other causes.

In the following, we use the Nelson-Aalen estimator to nonparametrically estimate Ag(t) and

A(t) = /0 dg’é)s). (8.7)

Proposition 8.3. If u € (0,00] is such that

then discuss its property.

Y (s) = oo in probability as n — oo,

for any s < wu, then

sup |Ax(s) — Ag(s)] =0 asn — 0.
0<s<u
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Proof. Note that .
~ dM
Aus) - auto) = [ T

and follow the proof of Proposition 8.3. O

8.4 The estimator of cumulative incidence function

The cumulative incidence function (CIF) as defined in (8.3) gives the probability of failing from
cause k by time t and it can be shown that it is related to the cause-specific hazard via

Fu(t) = /0 S(s™ ) (s)ds — /0 S(s™)dA(s), (8.8)

where the overall survival function S(t) = P(T > t) and S(¢t~) = P(T > t). Obviously, S(t) =
S(t~) when T is continuous. With (8.8), it is natural to estimate the CIF with

Rt = [ S 1A
where S is the Kaplan-Meier estimate of S(t) and A\k(s) is as defined in (8.7). We now prove the
uniform consistency of Fy(t).
Proposition 8.4. If u € (0,00] is such that
Y (s) = oo in probability as n — oo,
for any s < wu, then

sup | Fy(t) — Fi(t)] = 0
t<u

i probability.
Proof. We first consider
Fi(t) — Fy(t)

(0
= [ 86 - As) + [ (8(57) - 87w
0 0

~

_ /tS
0

(s7) G _
() + / (S(57) = S(s7))dA(s).

t
0
We apply the Lenglart inequality for the first item. Specifically, we let Z(t) = (f Séis_)) dMp(s).

As § (s—) and Y (s) are measurable with respect to F;-, it follows that Zy(¢) is a locally square
integrable martingale with respect to F;. In addition, its quadratic varition process is

525 ) 1B
YQ(S) d< k)(s)_ 0 Y(S)

(Z1)(t) =

0

dAg(s).
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So, for any € > 0, we are ready to use the Lenglart inequality to quantify P { SUP(<s<y Z3(s) > 5}.
In fact, by the Lenglart inequality, for any n > 0, it holds that

{1300 ve = p{ g 2002 o} < Lo [T it o)
oot (10

as Ap(u) < A(u) < oo, the overall cumulative hazard. Since Y (u) — oo in probability as n — oo,
the second term on the right-hand side above converges to zero as n — oo for any 1 > 0. Since 7
and € are arbitrary, the uniformly convergence holds.

Finally, because

sup
t<u

/0 (8(s7) — S(s7))dAx(s)| < sup |3(t) — S(O)]Au(w)

t<u

< sup|S(t) — SOIA(w),
t<u
it converges to 0 in probability because A(u) < oo and by the uniform consistency of S (t) fort <wu
(Proposition 4.4). O

8.5 Cause-specific proportional hazards models

To model the impact of covariates on the cause-specific hazard function, say, ay(t) for failure type
k, we may use a Cox-type proportional hazards framework, which evaluates how covariates influence
the instantaneous risk of experiencing a specific type of failure. This modeling approach is useful
in competing risks settings, where subjects are at risk of multiple mutually exclusive failure types.

Let Z; denote the vector of covariates associated with subject 7. The cause-specific hazard for
failure type k, conditional on Z;, is specified as:

ax(t | Zi) = apolt) exp (5,3@) ,

where ayo(t) is the baseline hazard function for cause k, representing the hazard function when
all covariates set to zero; and [y is a vector of regression coefficients specific to failure type k,
quantifying the log-relative effect of covariates on the cause-specific hazard. This formulation
assumes proportional hazards for each cause: the hazard for failure type k is proportional across
individuals with different covariate profiles, and the proportionality factor is given by exp(ﬁ,;rZi).
The coefficients [5i describe the effect of covariates on the hazard of failing from cause k, in the
presence of competing risks. A positive coefficient 3;; > 0 implies that the j-th covariate increases
the risk of failure from cause k. In the following, we use ﬁg € R? to denote the true value of Bg
and our main goal is to estimate Bg using the observed data.

The cause-specific proportional hazards model can be estimated using the partial likelihood
method from Cox regression, treating failures from other causes as censored at their failure times.
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For each cause k, define the risk set R(t) = {i : X; > t}, and consider only the individuals who
fail from cause k as events, while others (including failures from different causes and censored
observations) contribute to the risk set. The partial likelihood for cause k is given by:

T,
Ly =[] exp(by Zi) : (8.9)

iJi=k,Ay=1 D jeR(T) exp(By Z;)

The log partial likelihood is:

GB) = D (BiZi—log| > exp(BZ)]]. (8.10)

i J;=k,A;=1 jER(Tz)

Maximizing ¢ (5x) provides estimates of i for each cause. As shown later, we can fit separate Cox
models for each failure type as the estimates for each failure type are asymptotically independent.

8.6 Large Sample Theory for the Cause-Specific Proportional Hazards Estima-
tor

Suppose we observe n independent and identically distributed survival data with competing risks:
{(X’La Aia Jia Z’L)a 1= 1’ s 7”}’

where X; = min(T}, C;) is the observed time, A; = I(T; < C;) is the event indicator, and J; €
{1,..., K} is the cause of failure (if A; = 1), Z; € RP is the covariate vector.

Recalling Ny ;(t) = I (X; <t,Ai=1,J = k) where J = J;A; and Y;(t) = I(X; > t), we can
rewrite (8.10) as

n

HEED S AT AR SR ABEAD IVHE)
=1

j=1

To facilitate the theory, instead of using co as the upper limit of the integral range, we consider
the log partial likelihood with an upper integral limit of T satisfying 7 < oo and maxy, fOT ago(s)ds <
00. The choice of 7 instead of co as the upper limit of integration helps prevent divergence and
ensures that the integral is restricted to a finite observation period. This avoids unrealistic as-
sumptions about unobserved or censored times. In practice, 7 is often chosen as the maximum
observation period in the study.

Then the MPLE Bk is obtained by maximizing

n

(B ) Z/@ (32 ¥ (5)eP 5N o) (8.11)

The added 7 (or ¢ in later development) in the likelihood emphasizes the time-dependent nature of
the information, specifically the use of data available up to time 7 (or time t), which will be critical
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in the theoretical development. We study the large sample results for Bk, k=1,...,K.

As in Section 7.2, we first introduce notation adapted to the competing risk setting. For
k=1,...,K, we introduce

t):%zyj(t T B S ZY Z] B 5(2) (8,t) = ZY Z®2 z] B
j=1

Here, Z?Q = ZijT . Then the score function associated with (8.11) is

U™ (By, ) Z/ (Zi — Zk(Bx» 1)) ANy (t), (8.12)
where O
. S (Br,t)
Zi(By, t) = £ 27 8.13

and the Hessian matrix of (8.11) is

™| 52 (B, 1) S (Br. 1) > def
H =— k A g ’ dN,(t) = -7 , 8.14

where Ni(t) = D" | Ni4(t), and Zy(B) is the observed information matrix. Moreover, following
the convention used in the univariate Cox model asymptotics, we use | - || to denote the maximum
absolute value (sup-norm) of the elements of a vector or matrix, and | - | to indicate the Euclidean
norm for vectors or the absolute value for scalars.

We then introduce the regularity conditions adapted to the competing risk setting. For k& =
1,..., K, we assume

(C.17) there exists an open and convex neighborhood By, of ﬁg € R? and, respectively, scalar, vector,

and matrix functions, s,(co), s,(C ), s,(f) such that

sup 1S (Br,t) — s (B, )] = O,
te[0,7],8k Bk

sup 1S (Brt) — s (Bry )| = 0,
t€0,7],8LEB

sup ISP (Br, t) — 5 (Br, t)]] = 0
t€[0,7],8LEB

in probability.
(C.2") In the same By, it holds that, for any 8y € By, and t € [0, 7],

82

(0)

S (Brst) = 25O (B, 1), 52 (Brot) = 25t (B, 1) =

8 0
By OBk
We also assume each element of sg))(ﬁk,t),sg)(ﬂk,t),sl(f)(ﬂk,t) is bounded, and in addi-
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tion, sk (Bk, t) is bounded away from 0 in By x [0,7]. In addition, for any ¢t € [0,7],
,(CO) (B, ), Eh (,Bk,t),sg)(ﬁk,t) are equicontinuous at B,g.

(C.3’) Define
(2) (1) 2
Sk (Bk‘at) Sk (ﬁk‘at)
We assume .
S0 1) [ 6 s (R oo (s)as (8.16)

is positive definite.
(C.4’) There exists a § > 0 so that

sup  n V2 Z|Y(0)I(Z] B > =01 Zi]) — 0
1<i<n,t€[0,7]

in probability.

Under these conditions, we establish the consistency and asymptotic normality of the MPLE BI@ as
follows.

Asymptotic Consistency

Proposition 8.5. Under Assumptions (C.1°)-(C.3’), the MPLE By where 1 < k < K, is consis-
tent, i.e.,

S P

Be — Blga

as n — 0o, where 62 1s the true value of the parameter vector for cause k.

Proof. Let us introduce S (Bk, t) =+ w2y Yi(t )Z®meﬁl;r i,m = 0,1,2, where S,im)(-,-) be a
functions on By x [0, T] where B;, be the open nelghborhood for BY from (C.1). Now we define
the MPLE estimate Bk for B as the solution by maximizing the partial likelihood over [0,7]
which is I, (B, T) where l(Br,7) = Y1y [o 8L Zi — log(3 7, Yj(s s)ePr Zi 7)dNy i(s)]. We introduce
nXjn(Bk,.) as the process which, at time ¢, is the difference in log partial likelihoods over [0, ]
evaluated at an arbitrary i and the true value B,g, ie.,

o _ By, )
Xk,n(ﬁk‘vt) =n l{lk(ﬁk» t) — Ii( ﬁ]ﬁ ! Z/ (Br — ﬁk — log WMNI@J(S)-
Also define,
5(0) .
Akn(Br, t) _12/ (Br — B Zi — log (B, o )]Y( )&l Ziay, o(s)ds.
(ﬁka )
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Next we define the right continuous squared-integrable Martingale w.r.t F;,

My i(t) = Ny i(t /Y )elk Ziay, o (s)ds

with (Mg ;)( fo eﬁk iago(s)ds. Thus,
S(O) s
X (Brrt) — Agn(Bry 1) _12/ (Br— BN Z; —1 ](“m(ﬁl;) dMj ;(s)
Sk (Bkas)

Now, choose 7, ; 1 = n A sup{s : |(Bk — [32)TZZ log %‘ < n}, then
k’

tAT,, 5 (
n,ik (ﬁk’) )
(B — B Z ngL————dA[A$
/o (912 Sy (8. s >} ’“

is a square integrable martingale by Property 2 since the integrand is bounded over ¢ A 7, ;1 .
Therefore, for any given B4 € By (convex neighbourhood of 3Y), the process Xy ,,(Bk, *) — Ak.n (B, *)
is a local square integrable martingale with the predictable variation process at t,

( Xk (Brs *) = Ak (Br, ) (2)

~ [ S (B, 9) 2
=n"" — BN Zi —log 2R 220,
n ;/0 [(Br — BR) 0g S,(f)(ﬂg,s)] (Mp.i)(s)
N [ SO (Brs) 12, 072
=n 22/0 [(Br — B2) " Zi — log 5]1(:0)(@273)] Yi(s)ePr Ziayo(s)ds
(0)
_ (1) Sy (B, s)
=t [ [0 = TS 6ok - DT — 205~ AT e T
Bk, )
+{log7} S8R 9)| ao(s)ds
Sk k’
0.

The last step is due to (C.1’) and (C.2’) being valid for any Sy € B,k = 1,..., K. Now choosing
Hyn(Br,t) = Xin(Bryt) — Apn(Br,t) for t € [0, 7] we apply the Lenglart inequality (Lemma 7.2
for fixed k to conclude Xy, ,,(Bk,t) — Agn(Bk, t) 50 uniformly over the range of ¢ € [0, 7], since the
RHS in the Lenglart equation (Lemma 7.2) can be made arbitrarily small for given ¢ > 0. Under
Condition (C.1’) for all By € By, k=1,..., K, with s,(fo)(-, ), sl(:)(-, -) and 8(2)( -) being respective
dominant functions, we have

An(Bism) = Aur) = [ (8= AT () — o ﬁ)ég’“ )

Sk

0

(ﬂg; s)|a,0(s)ds.

k73
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It follows that Xy ,(8k, ) must converge in probability to the same limit, as long as fj € Bj.
Clearly, X,,(,7) is a concave function of §j € By with unique maxima and under conditions (C.2’)
and (C.3") (positive definity)(for each k) Ag(Bk, 7) has unique maxima at 3?. Thus applying lemma
(7.2) of notes, we claim Bk which is the solution of maximizing partial likelihood over [0, 7] converges
in probability to Bg ie. Bk is consistent estimator for Bg. O

Asymptotic Normality

Proposition 8.6. Under Conditions (C.1°)-(C.4’), n1/2(§k — BY) converges in distribution to a
mean zero p-variate Gaussian random variable with covariance matriz {Sg(8Y,7)} 1.

_ _ (1)
Proof. Recall that UM (B9, 7) = 37 Jo {Zi — Zi(BY,t) }dNy,i(t), where Zy(B),t) = z’go)igﬁg
k k>
Since,

> {2 - Zu(B, t)}Yi(t)eﬁgTZiak,O(t) =0,

i=1

we can alternatively write

U307 Z/ (Z; — Z(80,1) Y dM (1)

and introduce its normalized version

UP (B, 7) = n~PUB (B, 7). (8.17)
Applying Lemma 7.8 choosing F(-) = U®) (-, 1) we get

BBy r) — U (B0, 7) = { — /awmwm—mdﬂm—m (8.18)

where Zj(B) is as defined in (8.16) and Ni(s) = >, Ni,i(s). For later developments, we recall

(2) ~ ~
ve(Br, 8) = [S’go)(ﬁk’s) — { D) Bk’s)}@}. Since fy, satisfies U®) (B, 7) = 0 and because of (8.17),
Sy (Br:s) Sy (Br»s)

(8.18) becomes

BB, 7) {/ ~Ti( k+s(6k—ﬁk ds}fﬂk—ﬂk) (8.19)

With all these, we will show the theorem by two steps.

Step 1: We show the asymptotic normality of U(k) (B,g, 7). Let us introduce Ugl(ﬂg,t) as the
" component of Utk (Bk, 7), or Uﬁl(ﬁg,t) =n 1230 1 Jo {Ziy — Zia(BY,t) fd My i(t). Defining

Hpy=n""2(Zy — Zi(BY, 5)),
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Wwe can express

U (B8.1) = /szszM)

as the terms similar to Lemma 7.5. Since we can verify the above term is locally bounded and
predictable, by Property 4 U}’ l(ﬁg, t) is a local square integrable martingale, and,

(Ui (B 1), Uy (B ) Z/ Hyi 1 (8)Hy; 1(s)d (My3) (s)

:nZ/ (Zis— 70 (BL:5)) (Ziar — Zo (BY, ) Yils)ePh Ziy o(s)ds.
=170

Now directly from (C.1’) and (C.2’) we claim the right hand side (RHS) converges in probability
to

¢
/ka(ﬁig, )Z’Sk (B8R s) ago(s)ds
for t € [0, 7].

We next look at the Lindeberg condition. For any € > 0, define, for all [ and ¢, that
Uit (B2 1) / Hft 3 ()T (02 [ Hyeia(s)] > 6) dMpi(s).
Again by Property 4, the above term is a square integrable martingale with,
<Uk,l,e Bka Z/ {szz } I(}szl ‘ €)d<Mk,z'>(5)
OTZ

12/{}1;“1 D21 (|HE:(5)] = €) Yils)e™ Zoao(s)ds.

By Lemma 7.4, the RHS of the above expression is bounded by

A& [ _ Ty,
nZ/ Ziz,lI (n 1/2 | Zi 1| > e/2> Yi(s)eﬁg Ziqy, o(s)ds
=170

noot

+% Z/o ZIQ (5,2, s) I (n_1/2 ‘Zl (B,g,s)‘ > 6/2) Yg(s)eﬁ’gTZ"ak,g(s)ds
i=1

=I+IL

Now II can be expressed as

42/0 2 (60.9) 1 (02|20 (3.)] > ¢/2) 57 (5. 5)ds

By Conditions (C.1%) and (C.2’) for i € By, we can verify [ (n_1/2 |Z, (Y, )| = €/2) = 0 with
probability going to 1 uniformly in s, resulting IT £ 0. Now looking at (C.47), we split I as I; and
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I5, where
4 - t T oT
L = - Z/ ZZII (n_1/2 Zi1| > €/2,B) Zi > —6 \Zz\) Yi(s)er Ziayo(s)ds,
i=1"0
4 ~ t T 0T
L=~ Z/ Z4I ("71/2 |Zial > €/2,8) Zi < =6 \Zi|) Yi(s)et i o(s)ds.
n < 0 ’
=1

A direct consequence of (C.47) implies that there is at least one § > 0 such that, for a fixed ¢ > 0
and for large n, there again exists a set A with P(A) > 1 — € and on which [ (n_1/2 | Zi| >

€/2, BgTZi <=0 |Z1|) Yi(s) = 0 uniformly for all s € [0, 7], resulting in I; £ 0. Note that,
ZAI (07212 = /2,807 2 < =811 ) Yis)e B < 1 (022 = €f2) 231,

Now when n~1/2|Z; ;| < ¢/2 the results holds trivially since LHS becomes 0. When n~'/2|Z;,| >
€/2, also Zfle_‘s‘zi| < Zfle_g‘zi’l’. Because z2e % — 0 when § > 0 as  — oo, for any 1 > 0, there
—3|2;

exists an ng such that when n > ny, Zfle | < 7. This implies I is bounded by 4n fOT ago(s)ds

making it arbitrarily small resulting in Io £ 0. Hence by Lemma 7.5 we claim that
nV2UL(B),7) S N (0, Sk (82, 7).

Here, the (1,')" entry of $x(8Y,7) is fo vp(BY, ) l’Sk (5k, s) ago(s)ds.

Step 2: By the definition of H . H, it follows that
H/ 182 + 5(Br — BY)ds — (8, 7)]| < / |- Ze(Bi(s)) — (8, 7) s (8.20)
where Bk(s) =BY+ s(ﬁk — BY). We next consider
“7(Be) — = (5. 7)
a ( k> T

IN

_.l_
%hc\

Vk (Br, 5) — Uk(gk,S))%de(S)

vk (Br, 5) — v (519;,8)) lde(S)

|| [ o (80 9) ZdM;“

+ /OT i, (BR ) (S](Co (B8R, s) — Sk (Bka )) ako(s)ds

=T+ I+ I +1V,

S (By.t) sV (g0 \ &
here V} ,t) = =& L k : .
v k(B t) sP@G0t  \ SO B
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Now by the law of large number, we can see + 3. Ny, ;(1) = E(Ny;(7)) < 1. Also (C.1°) and

(C.2’) imply sup, ||Vi(Bk, s) — ve(Br, s)|| L 0. Note that we can also verify, by Lenglart inequality
that for ¢ > 0 arbitrary ¢ > 0,

P(n ' Ny(r) > ¢) < % + P / ' S8, s)ano(s)ds > 6)
0

and by (C.2”) we can claim for large ¢ > 0 there exists ng such that for n > ng we have P(n “INL(T) >
¢) < 6. This all together along with the fact I < sup, HVk(Bk, s) — v Bk, H { Yoy Nyl }

implies that 150

Similarly the equicontinuity through (C.2") on vg(Bx,s) at B and Bk Lt BY along with the
result established before on n~LNj(7) yields II 5o Similarly direct consequence of (C.1%) results
. P
in IV = 0.

We are only left with the third term. We can prove the result by using Lenglart inequality
and thereby controlling the term by the conditions. Otherwise we can control using simple Markov
inequality. We consider (i,)!" element, Vk,i j (ﬁg,s), of v (ﬁg,s), and consider the martingale
process fot Vk,ij (B, 8) £ 30, dMy;(s) with variation

! L [" 50 (0) (50
[ ke () 2z ) = & [0 (8.9 S (5.9) anals)as.

With Conditions (C.1%) and (C.2’) , boundedness of S,go) (B, s) is bounded for s € [0, 7] and weak
DCT, we get,

nVar{/OTvk” By, 5) Zdez } = {/T (8, s) SP (B s) Oék,o(s)ds}
/ (B s) sp (B8R, ) ano(s)ds

By simple application of Markov inequality we proved 1T 5 0. These all together shows,

H;Ik(gk) — 2 (B T)

And thereafter examining the convergence result in each step, we can also conclude that
|7 T (Bi(s)) = (807 = 0

in probability uniformly with respect to s € [0,1]. With (8.20), this implies

in probability. Combining Step 1, Step 2, and (8.19) and applying Slutsky’s theorem, we claim

1 ~
| 730+ 5B = s = ()

86



that R
V(B — 89 % N0, 5182, 7))
Il

The proposition establishes that inference for 62 can be conducted using an approximate mul-
tivariate normal distribution. Moreover, based on the proof in “Step 2,” the variance of Ek is
approximately n~!X71(3?, 7), which can be consistently estimated by I, 1(Bk), the inverse of the
observed information matrix evaluated at Bk Confidence intervals for the components of 3 are
typically constructed using the normal approximation. For the jth component, the confidence
interval is given by

Brj £ 21-a/2 - SE(Br)),

where SE(Ekj) denotes the estimated standard error of Bkj. Additionally, hypothesis testing for the
regression coefficients, such as using the Wald test, score test, or likelihood ratio test, is based on
the same asymptotic theory. These tests assess whether specific covariate effects are statistically
significant within the cause-specific hazard framework.

We next consider the joint distribution of (Bl, .. ,E k) to understand their collective behavior
across failure types. The results may inform potential dependence, and support valid simultaneous
inference and multivariate testing. We have the following results.

Proposition 8.7. Denote by 8 = (@,...,@(}T and B0 = ((BNT,...,(BY)T)T. Under (C.1°)-
(C.4),
V(B = 5%) 5 N(0, diag{ £y (87, 7). 8, (83, 7) ... B (8. 7)),

Proof. We stack the the normalized score vectors, established in Proposition 8.6, for each cause as

Un (8%¢) = (UM (82,8) ", UP (83,6) " ..., U (8%,1) )T,

where, for each cause [ =1,..., K,
V(8% 1) = (U1 (81,1) U (88,1) - Uty (85, 1))
We apply Lemma 7.5. Clearly,
n_ont
<Ul?,l (627t) 7Ul?’,l’ (62’7t)> = Z/O H?,i,l(S)HIZ,i,l’(S)d <M/€,i7 Mk’,i> (3)

Therefore,

= Zi(By; Ziy — Zv(By, 8z ds k=F
Wt 40) 0 () = {5 T O D = BGR A Falde 2

because (Mj, ;) fo eﬂk Zakjo(s)ds as well as due to the orthogonality under the competing
risk setting, i.e. <M;m,Mk/,-> (s) =0 for k # k; see (8.6).
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Let B, = {(k—1)p+1,...,kp}, for k=1,2..., K, be the k" block. Then,

¢

up (8,0), 0, (80,1))  (LU) € By
Uz, (89,t), Uz (69,t) (1,') € B
(U (8°,) . U (8°,)) = { -
(Uks (B%:1) Uy (8:1)) (1) € Bic

L0 otherwise

which converges in probability to fg vk(ﬁg,s)”/s,(co) (52,5) ago(s)ds for (1,1') € By for each k and
t € [0, 7], which is nothing but (I,1')!" element of $x(BY, 7) for each k. We can verify the Lindeberg
condition as done in the proof of Proposition 8.6 and conclude

V(B - 8% 5 N(0,diag{=7 (87, 7), 25 (83, 7) . S (8%, 7)),

O]

The results show that the estimators for each failure type are asymptotically independent.
This property justifies analyzing cause-specific Cox models separately for each event type. In
medical studies involving competing risks, such as cardiovascular vs. non-cardiovascular death,
various forms of cancer recurrence, or progression to organ failure vs. mortality, this separation
is especially useful, because covariate effects can be interpreted without needing to adjust for
correlations between outcomes, and inference procedures remain valid without incorporating cross-
covariance. For instance, one might find that a treatment lowers the risk of cardiovascular death
while raising the risk of non-cardiovascular death, or that a biomarker predicts distant but not local
recurrence, each conclusion supported by its own confidence interval and p-value. More broadly,
this independence is of practical value in fields like oncology, organ transplantation, and chronic
disease management, where understanding risk factors for distinct failure modes is crucial for clinical
decision-making.
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