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Theorem. 1 Search For Even Even Codes | | iEN
Let C' be a code and let I be the n-cube. Then, a i in range(1,1):

pow(2,1)==pow(2,1-2):
chromotopology A = I™/C' admits an odd dashing
S
C is doubly-even, that is Vc € C, 4|wt(c)

cur_list list(itertools.combinations(s,pow(2,1)-1))

1.1 Group Theory Observations i i1 cur_lists

is_closed(i):
pset.append(i)
pset

def b_add{(a,b):

To begin, we noticed that all doubly even codes are
normal subgroups of the groups of all codes of a for 1 in range(len(al):

d = (int(alil)+int(b[i]))%2

given length n, We notate this €, J Z3. By La- ob = str(d

ab

grange’s theorem the order of all C,, must divide the P
words []

order of Z%. Thus the order of all C,, must be 2% for i in range(pow(2, 1))

. " " code = pad_words(1,bin(i)[2:]1)
- is_doubly_even(code):
some k é n! SINnce ‘ZQ| — 2 " words.append(code)
words

proof:
(=) Suppose A = I"/C' is a well-dashed chromo-
topology. Let gqr : V(A) — V(A) be the I color

map, and let C' = {(z1---x,) € Z5] >, _, q%f =TI}

def is_closed(s):
a 51

Lletz = (x1---x,) € C. Then, observe s -
( L ) 1-2 PSEUdO COde h_;;d{a,h; : ;_agtliia.h] n_zero{len(a)):

1 )T wt(x)/2 |
1@t = ko I (1) 1. To find all doubly even codes, we computed

all subsets of Z2 of order 2* for all & < n. This
list of sets gave us all potential subgroups of

5, '15 closed"

for some k € {+i, +1}
Then, Q" - Qi Q" -+ Qi T = K29"*)T, i.e.

Zgzg§. even_words = gen_words(int(sys.argv[1]))[1:]
wt(z) I1 xr wi\xr . pset_even - get_subsets(even_words,int(sys.argv[l
(1) (") QR Q2T = 2T A odddmshed o | - 2. Then, we computationally brute forced check- ‘ S
n odad-aashed chromotopology, by the theorem, ing which of these subsets are closed under -
(—1) (") (@)@ gt — pRowte) T corresponds to a doubly even code. addition. These closed subsets are all sub- The code used to determine the closed doubly

. even codes of size n.
groups of Z% which are doubly even. We out- "

wt(x)

_ (\wt ; . ) .
Observe (—1)( 2") — (1)) thus line our algorithm below. '001111',) is closed
a1@111',) is closed
, , '#11@11',) is closed
(1)wi@) (3 wi@) gui@)p — p2gwte) '911101',) is closed
'#1111@',) is closed
. '188111',) is closed
k2 = (i)%wt@) '191011',) is closed
'1@1181',) is closed
' | ' | ' '181118',) is closed
Since A IS a chromotogology, A is bipartite and so, 12 Cod 110011 ) i cloced
wt(x) iIs even. Thus, k = 1, so k = +1. Note that : ode '113131',; is closed
. ; ‘118118 15 closed

roduces one factor of 7, but from equation . . . . Y
(Q%Qtiﬂgim jies that wi(x) = 0 mod 4 X The following functions compose the algorithms we qpeanir) s closec
! P - ' used to compute the closed doubly even codes: '111100',) is closed

'esl111l1’, '11e8l1l’, "1l1liaa°
'e81111', '1lileilel’, "1lleia’
'es1111"', '1ielie’, "1illea8l’
'218111', '181811°', "'1111a88°
'e18111', '1ei1lel’, "'1illeils’
‘el18111°', '1e1ilie’, "1illea8l’
‘e11eil’, '1ee1il’, '1il1liaea°
‘e11e11’, '1eillel’, '1ilelile’
‘el11leill’, '1eilie’, '1ileilel’
'211181°, '1e8111°', '1ilileila’
'211181"', '181811°', '1il81l11le°
'211181"', '1@11li1e’', 'l1ileeill’
'211118', '188111°', "'1llea8l’
'211118', '181811°', '118181°
'211118"', '1@811lel’', "l1leell’

Results for n=6. Note that the zero vector has been
b _add(a,b) i1s the operation under which removed, to aid calculation times. The zero vector
codes must be closed to be valid. It is defined IS implicitly present in all codes.

by componentwise addition of codeword digits

by1+1=0+4+0=0,140=1. This operation

i1s closed
15 closed
1s closed
i1s closed
i1s closed
1s closed
1s closed
i1s closed
1s closed
1s closed
i1s closed
1s closed
1s closed
i1s closed
1s closed

(<) Let ~4,...,7, be generators for the Clifford
algebra, i.e. which satisfy {~v;,v,} = 20;;I. Let
C be acode and ¢; = (¢i(1)---¢;(n)),i = 1,...,k
be generators for C. We can associate to each
codeword ¢; an element of the Clifford Algebra:

g(ci) = 11, 7,?“‘“). Note these elements, with sign
l.e. +g(c;), form a multiplicative group G.

e gen words(l) generates all doubly even code-
words of length [. This set is used to create all
possible subsets less than [, to begin check-
Ing closure.

get subsets(s,|) generates all valid subsets of
size less than [ of s. Since subgroups must
have order of 2%, this function only creates
subsets of size 2* to validate.
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The graph of 7*/{0000,1111} can be odd-dashed,
since {0000,1111} is doubly-even.

Now, suppose C is a doubly-even code and con-
sider the sign function, s(c¢) € {£1} Vc € C, with
specified action on a basis of b; of C: s(b;) = 1.
Then, define G, = {s(c)g(c)lc € C} which is a
subgroup of G.

. IS abelian.
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