Positive geometry exercises: Hyperplane arrangements

Given an affine arrangement A and a hyperplane H ejt, we can restrict A to H to
obtain an arrangement A|g inside H. The hyperplanes of A|x are obtained by intersecting
hyperplanes in A with H.

1. Explicitly verify the results about the Orlik-Solomon algebra:

e compute the lattice of flats and the characteristic polynomial;

e compare with the Hilbert series of the Orlik-Solomon algebra and the topology of the
hyperplane arrangement complement (if possible);

e compare the characteristic polynomial with the point count over a finite field;

e check that the stated collection of canonical forms of bounded chambers form a basis
of the top component.

for

(a) the case d = 1 of an arrangement of points on a line.

(b) the d = 2 hyperplane arrangement consisting of four lines a, b, ¢, d, where a, b are parallel
and a, ¢, d pass through a single point. (Realize this over the integers when doing the finite
field computation.)

(c) the moduli space My 5 discussed in the lectures.

2. Let A denote an affine hyperplane arrangement. In the lecture, we defined the Orlik-
Solomon algebra A(A) of A as a subspace of A(M) where M is the matroid of the corre-
sponding projective arrangement. Show that A(.A) also has the explicit description

A(A) == \(e| H. € A)/J
where J is the ideal generated by the relations

deNeaN---Néep)=0if H, N---N H,, # 0 has codimension < k,
egNéeN---Neg==0if H., N---NH,, =0.

3. Pick a flag of (affine) subspaces Wy € Wy C --- C Wy_; € Wy = C? in generic position.
Thus W,_; is a hyperplane. We say that a chamber C' is k-bounded if it intersects W non-
trivially, but does not intersect Wj_;. Verify in the examples above the following statements:

e the number of k-bounded chambers is equal to the absolute value of the coefficient
of t3F in yar(t);

e the canonical forms of the k-bounded chambers intersected with Wy, (viewed as cham-
bers of Aly, ) form a basis of A*(M). (Implicit in this statement is that the canonical
forms of chambers of Aly, can be viewed as elements of A(A)).

4. Find an explicit formula for Q(C) as an element of A*(M). Avoid triangulating C' as this
will introduce new hyperplanes that do not correspond to any element of A*(M). (Hint: if
you know about triangulations of oriented matroids, that should help!)

5. Let A be a central hyperplane arrangement and let A|g be the restriction of A to the
hyperplane H € A. Show that there is a well-defined residue map

Resy : A(A) — A(Alp)
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given by

er N+ Negp_1 ifH:Hek,
e1 N\ Nep—> .
0 if none of the e; correspond to H.

6. (Assumes knowledge of broken circuits.) Give simple formulae for the transition matrices
between nbc-bases and canonical form bases.

7. Letw=>)  pacec AY(M) be a generic degree one element of the Orlik-Solomon algebra.
The Aomoto complex is the complex (A®*(M),w):

0 — A°(M) 5 AYM) 25 A2(M) 25 A3(M) - -
Express the action of w in the canonical form basis of A®(M); see problem 3. (cf. Yoshinaga
arXiv:math/0703733.)

8. Open: What are the multiplicative structure constants of A®(M) with respect to the
canonical form basis?



