Positive geometry exercises: Polytopes

1. Pick a lattice quadrilateral P, for example, conv((0,0), (2,0),(2,1),(1,2)). Verify some
basic results about Q(P):

(1) Compute the normal fan of P and write down the dual volume function.

(2) Compute the residues of Q(P) along each of the facet lines.

(3) Check that Q(P) = Q(T1) + Q(T»), where Ty, T5 is obtained by triangulating P via a
diagonal.

(4) Prove the integral formula for dual volume function:

Vol (P) = /]Rd exp(—hp(v) — (v,z))dv.

(5) Check that the numerator of Q(P) vanishes on the residual arrangement.
(6) Verify that 2(P) takes constant sign in the interior of P.

2. The dual mized volume of polytopes P = (Py, Ps, ..., P,) is the rational function
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(1) Show that the dual volume function Vol is a special case (of a specialization) of the
dual mixed volume.

(2) Show that the dual mixed volume, when it is defined, is a rational function. What is
its degree?

(3) Open: What can you say about dual mixed volumes for convex bodies that are not
polytopes?

3. Consider the vector space K, spanned by symbols s;;, 1 <4, j < n, modulo the relations
n
Sij = Sjis si =0, Zsij:& fori=1,2,...,n.
j=1

Let

A&JZ:Z E Sa,b
1<a<b<j—1

as (i,7) vary over the (;) —n diagonals of the n-gon. Show that X, ; form a basis of K, and

that dim(K,) = (g) —n. Show that >, oy, _9 Sapt1 = 0.
4. Verify the relation between the dual mixed volume of the associahedron
P(s) = Z Sap+10a,0], Ay = conv(eq, €qi1,- -, €p)
1<a<b<n—2
and ¢3-amplitudes:
Vol(P(s)Y) = A% (s),

in the n = 5 case, where the s; ; satisfy the relations from Problem 3; that is,

S12 + 813 + S14 + S23 + Sg4 + 534 = 0.

The definition of the associahedron is a codimension one polytope lying in the hyperplane

DT = Z1ga§b§n—2 Sabt1-
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5. Open: What can we say about the support of the adjoint polynomial, or more generally,
the numerator of the dual mixed volume rational function? What is the Newton polytope
of this numerator? When are the coefficients positive?

6. (a) Recall that the Brunn-Minkowski inequality states that
Vol((A + B)/2)* > Vol(A)Vol(B), for non-empty compact sets A, B.
Prove the “dual” inequality
VolY((P + Q)/2)* < VolY(P)Vol¥(Q)
for polytopes P, Q containing the origin in the interior. Here, Vol" := Vol)_,.
(b) Open: What is the correct dual analogue of the Alexandrov-Finchel inequalities?

7. Let C be a polyhedral cone in R4™! with extremal rays V(C) and let 7 denote a tri-
angulation of C' using the same set of extremal rays. The adjoint polynomial of C' is given

by
adjc(z) = Y |det(F)| [ (v.2),
FeT veV(CO\V(F)
where if F' is generated by vy,...,vgy1 then det(F) = det(vy,...,vqy1). The adjoint poly-
nomial of the cone cone(P)* is the homogenization of the numerator of Vol,(P).

Explore the following theorem of Aluffi and Li: “the adjoint polynomial of a cone in
the positive orthant is a covolume polynomial.” In particular, such adjoint polynomials
A(zo, 21, 29, . - ., 2n) are sectional log-concave: after the substitution z; = a;x + b;y we obtain
a two-variable polynomial with log-concave coefficients. How is this related to the positive
geometry of polytopes?



