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Sweden, winter 2005

Knuth: “I learned about this great puzzle from Pete Winkler’s new
book. . . ”
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Winkler’s solution

p =(expected proportion napkinless)=(prob. YOU are napkinless)

A minimal block:

r1 r2 · · · ri l1· · ·lj/

· · · f f · · ·f f f · · · f f · · ·

with k = i+ j + 1

Then

pk = 2 ·#proper nonempty subsets
#seating pref. = 2(2k−1 − 2)

2kk!
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Winkler’s solution

Sum over all k ≥ 3 (and let n→∞):

p =
∑
k≥3

pk

=
∑
k≥3

2k − 22

2kk!

=
∑
k≥3

1
k! − 4

∑
k≥3

1
2kk!

= e− 4
√
e+ 4

= (2−
√
e)2 ≈ 0.1234
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Napkins in a random setting

Theorem (Winkler’s solution to Conway’s napkin problem)
The expected number of napkinless diners at a table for n diners is
approximately

(2−
√
e)2 · n,

or about 12.34% of the table.
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Napkins in a random setting

Knuth: “Someone should do this with generating functions.”

model seatings with signed permutations π ∈ Cn
ν(π) denotes the number of napkinless diners
let Cn(x) =

∑
π∈Cn

xν(π)

want
C(x, z) =

∑
n≥0Cn(x) zn

2nn! =
∑
n,k≥0 p(n, k)xkzn
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Napkins in a random setting

Kyle and Anders: “Let’s do it!”

(and we did!)
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Napkins in a random setting

Theorem (Claesson-P., 2007)
The generating function C(x, z) is:

C(x, z) = z(1− (1− x)(1− ez/2)2)
x(1− z) + (1− x)(2− ez/2)2 ,

and thus the expectation for ν(π) is:

En(ν(π)) = n (4− 4 expn(1/2) + expn(1)) ,

where expn is the truncated exponential function.

(Idea: straighten the table and use recursive structure to find
generating functions)
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Napkins in a random setting

Comments:
if p is prob. diner takes left napkin,

En(ν(π)) = n

pq
(1− p expn(q)− q expn(p) + pq expn(1))

(reproduces Sudbury)
can also track “frustrated” diners; when p = 1/2, there are
about 17% frustrated diners, so about 70% of diners are
happy!
follow-up paper by N. Eriksen in 2008 considered other
variations (French diners, sloppy diners, greedy diners)
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Chicago, winter 2022

“We want to do a reading course in generating functions.”

Reed Acton Blake Shirman Daniel Toal
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Chicago, winter 2022

“Okay, read the first half of Wilf, then reproduce the
results of my paper with Anders”
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A mathematical microagression

From Claesson-P. (2007):
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A mathematical microagression

From Claesson-P. (2007):

Students: “We don’t get it.”
. . . what they “didn’t get” was a new puzzle Winkler introduced in
his solution. . .
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The adaptive maitre d’

From Winkler’s solution:

Students, week 6: “We don’t get it.”
Students, week 7: “We don’t get it.”
Students, week 8: “We can do better.”
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Trap setting

diner preferences order σ ∈ {±1}n:

σ = (1, 1,−1, 1,−1, 1, 1,−1, 1,−1,−1, 1, 1,−1,−1, 1, 1,−1)

R R R R L R L L R L R R L R R L L L

1 12 2 13 3 4 14 5 6 15 7 16 8 9 17 10 11 18

(table wraps around)

Notice at most n/3 traps can be set, and about half of these will
succeed . . . So expect n/6 napkinless diners!
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A More Malicious Maitre d’

Theorem (Acton-P.-Shirman-Toal, 2023)
The expected proportion of napkinless diners on a table with n ≥ 3
seats:

1 is given by (3n−2)−16(−1/2)n

18n ≤ 1/6 when using the trap
setting strategy, and

2 is at least 1/6 = 8/48 and at most 3/16 = 9/48 when using
the napkin shunning strategy. Moreover, for all n ≥ 5, this
proportion is between 0.1769 and 0.1831.

(Idea: straighten the table and use recursive structure to find
generating functions)
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A More Malicious Maitre d’ (trap setting detail)

Proposition (Acton-P.-Shirman-Toal, 2023)

Letting Wn(t) =
∑
σ∈{±1}n tνW (σ),

W (t, z) =
∑
n≥0

Wn(t)zn = 2− 2z2

1− z − 2z2 − 2(t− 1)z3 ,

and with EWn = W ′n(1)/2n (expectation),

EW (z) =
∑
n≥0

EWn zn = z3(2− z)
2(1− z)2(2 + z) .
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A More Malicious Maitre d’ (napkin shunning detail)

Proposition (Acton-P.-Shirman-Toal, 2023)

Letting Sn(t) =
∑
σ∈{±1}n tνS(σ), and with ESn = S′n(1)/2n,

ES1 = ES2 = 0, ES3 = 1/2, ES4 = 3/4, and for n ≥ 5,

ESn = 1
2

(
ESn−1 + ESbn+1

2 c
+ ESdn+1

2 e

)
.

The generating function ES(z) =
∑
n≥0E

S
n z

n has the form

ES(z) =
∑
n≥0

z3·2n(2 + z2n)
2(2− z2n)

n−1∏
k=0

(1 + z2k)2

z2k+1(2− z2k)
.
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A More Malicious Maitre d’ (open questions)

Question
We know

8/48 ≤ ESn/n ≤ 9/48

for all n ≥ 3, and we know

0.17695 ≈ 3171
17920 ≤ E

S
n/n ≤

3280
17920 ≈ 0.18304

for all n ≥ 5.

Does limn→∞E
S
n/n exist?
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shunning was better
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A More Malicious Maitre d’ (open questions)

However, napkin shunning is NOT optimal. By adjusting the
shunning algorithm very slightly (empty seats mod 3 matter), we
find algorithm S̃ such that ESn ≤ ES̃n .

Question
Is there an optimal strategy for the adaptive maitre d’?
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Napkin Problems

1 Jim and me

2 Conway’s Napkin Problem

3 A More Malicious Maitre d’

4 The Clairvoyant Maitre d’

5 Maximal matchings
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The most malicious maitre d’

Suppose the Maitre d’ ascertains the diner’s napkin preference
before they reach the table. This is the Clairvoyant Maitre d’,
and they can realize the full potential of trap setting:
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The most malicious maitre d’

Theorem (Acton-P.-Shirman-Tenner, 2024)
For any sequence of napkin preferences σ, the clairvoyant maitre d’
maximizes the number of napkinless diners for σ (despite only
learning one preference at a time), and the limiting proportion of
napkinless diners is 1/3.
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Maximal matchings

Seating the diners models the formation of a maximal matching
of a cycle graph; the end result of “random sequential adsorption”
in which napkinless diners correspond to “free radicals”

Došlić and Zubac (2016) find about 17.7% free radicals (when
every matching is equally likely), while earlier work by Flory (1939)
found e−2 ≈ 0.135335
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Thanks Jim, and Happy Birthday!
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