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The List

New Perspectives in Geometric Combinatorics
MSRI Publications
Volume 38, 1999

Enumeration of Matchings:
Problems and Progress

JAMES PROPP
Dedicated to the memory of David Klarner (1940-1999)

ABsTRACT. This document is built around a list of thirty-two problems in
enumeration of matchings, the first twenty of which were presented in a
lecture at MSRI in the fall of 1996. I begin with a capsule history of the
topic of enumeration of matchings. The twenty original problems, with
commentary, comprise the bulk of the article. 1 give an account of the
progress that has been made on these problems as of this writing, and
include pointers to both the printed and on-line literature; roughly half
of the original twenty problems were solved by participants in the MSRI
Workshop on Combinatorics, their students, and others, between 1996 and
1999. The article concludes with a dozen new open problems.

1. Introduction

How many perfect matchings does a given graph G have? That is, in how
many ways can one choose a subset of the edges of G so that each vertex of G
belongs to one and only one chosen edge? (See Figure 1(a) for an example of a
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The List

@ The list of 32 problems in enumeration of tilings/matchings.
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The List

@ The first twenty were presented at MSRI in the fall of 1996.
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The List

@ The first twenty were presented at MSRI in the fall of 1996.

@ Roughly half of the original twenty problems were solved between
1996 and 1999.
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Comments on the List

Christian Krattenthaler on MathSciNet of the American Mathematical
Society (AMS):

“This list of problems was very influential; it called forth tremendous
activity, resulting in the solution of several of these problems (but by no
means all), in the development of interesting new techniques, and, very
often, in results that move beyond the problems.”
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MacMahon's tiling formula

Theorem (MacMahon 1900s)

H(a)H(b)H(c)H(a+ b+ ¢)
H(a+ b)H(b+ c)H(c+ a)’
where the hyperfactorial H(n) := 0! - 11-21 ... (n — 1)L

M(Hex(a, b,c)) = PP(a, b,c) =

Denote by M(R) the number of lozenge tilings of the region R.
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Example
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The number of tilings is

.5.132.177.19°. 23,

5,055, 160, 684, 040, 254, 910, 720 = 28
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Propp’s Problem 2

Problem 2: Enumerate the lozenge tilings of the region obtained from

the n, n+1, n, n4+1, n, n+ 1 hexagon by removing the central triangle.

\VAVAVAVAVAVAY/

2.33
25.33.5
25 . 57
22.57.75

— N ™MW

ccgccc
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Propp’s Problem 2

Problem 2: Enumerate the lozenge tilings of the region obtained from
the n, n+1, n, n4+1, n, n+ 1 hexagon by removing the central triangle.

The problem was solved independently by Ciucu (1998) and

Helfgott—Gessel (1999).
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Problem 2: Ciucu's Solution

\VAVAVAVAV/

Figure: Ciucu's Region here

Ciucu used his Factorial Theorem to show that:
N(a,b,b) =SC(a+1,b,b)-SC(a,b+1,b+ 1)

where SC(a, b, ¢) is the number of self-complementary plane partitions
fitting in an a X b X ¢ box.
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Self-Complementary Plane Partitions

Figure: Self-Complementary Plane Partition (Source: Wikipedia).

Stanley proves that
SC(2a,2b,2c) = PP(a, b, c)?

SC(2a+1,2b,2c) = PP(a, b,c)PP(a+ 1, b,¢)
SC(2a+1,2b+1,2c) =PP(a+1,b,c)PP(a, b+ 1,¢)
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Problem 2: Okada—Krattenthaler's Generalization

VAVAVAVAVAVAV/S
EA\VAVAVAVAVAV £3
L VAVAVAVAY,

Generalized by Okada—Krattenthaler (1998)
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Problem 2: Cored Hexagon

Krattenthaler—Zare (2001) by

Eisenkolbl-
removing an arbitrary triangle in the “center®.”

Generalized further by Ciucu-
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Problem 2: Cored Hexagon -

Generalized by Ciucu—Eisenkolbl-Krattenthaler—Zare:

M(Cab,c(m)) =
H(a+ m)H(b+ m)H(c+m)H(a+ b+ c+ m)H ( + [ ]) H (m + | 25%< )
H(a+ b+ m)H(a+c+m)H(b+ c+ m)H(ZE + m)H(ZEE + m)H(<2 + m)
; H( D HASDHASDHAS D HAZ D HAS )
H(Z + [3DHG + [3DHEG + [§DHG + [3DHE + [ HG + [5])
; H(%) (a+b+m) ( c2 ) H(c+a+m)2 .
H(%+ " +l27+ '|)H m L +b+ J a+b b+c)H(%)

when a, b, ¢ have the same parity. (Other cases are similar.)

H(n) == Z;é F(k+1)  naninteger,
[T, T (k+3) na half-integer.

M(k+1) = k5T (k+ 1) = ym - BSU
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Problem 2: Can we generalize it further?

Ciucu—Krattenthaler (2013) expanded the “triangular holes” to a

" hole in the center.
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What is a ‘shamrock’?
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Problem 2: Shamrock Hole

2+q4+v+4

yAvA AVAN
JAVAVAN VAVAVAN
JAVAVAVAVAVAVAVAVAVAVAVANA
& INININININTNININN/NIN/N/N

% 4’4’4’4’4’4’4’4’4
\AANNNN/Nf
\VAVAVAVAVAVAY

i+

24q+04+4
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)

m

)

The S-cored Hexagon: SC,, .(a, b, c
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Problem 2: Ciucu—Krattenthaler's Shamrock Theorem

THEOREM 2.1. Letz, y, z, a, b, ¢ and m be nonnegative integers. If x, y and z have the
same parity, we have
H(m)® H(a) H(b) H(c
M(SCr.y.-(a,b,e,m)) = m
H(%’i+m+a+b) H(EE +m+a+c) H(%+1n+b+r)
x H(ZE + m + ¢) H(&E +m +b) H(4E +m +a)
H(EHE 4 ¢) H(Z5= +b) H(EHE +a)
H(ZHE +a+b) H(EE +a+c0) HEE +b+c)
Haz+m+a+b+e)Hy+m+a+b+c)
Hiz+y+m+a+b+c)Hz+z+m+a+b+c)
« Hz+m+a+b+c)Hz+y+z+m+a+b+c)
H(y+z+m+a+b+c)
H([EHEE] +mta+b+ o) H|EHEE | +m+a+b+c)
HEE +mta+b+o)HEE+m+at+b+o)HEE +m+a+b+c)
H(STH( ) H(5])
H("%'I + lllluztllﬁl‘)H(l%J + "lbu;bbl')H("_l%'I + "lltLZO’)ll‘)
o H(LFDH(5D H(5))
(3] + B iy 5] + 2ebaglie) (|3 + Biegli)

X

X

H(m+u2+b+r)2 H(%{» vu+u2—HH )2 H(;—ZH + vn+uz+b+t')2 H(&zz + m+u2+h+(-)2
H([u»?!i»:] T omd u2Hr| 1’)H(LJ'+'IZI+:J T o |—u2w|—c)H(r_;nL)H($)H(y¥)

(2.1)

4

(screenshot of Ciucu—Krattenthaler's paper)

Tri Lai Jim’s List of Tiling Problems



Problem 2: Removing an array of triangles

JAVAVAVAVAVA
JAVAVAVAVAVAVA
(NNINININININ/N
NANININININININ/
JAVAVAVAVAVAVAVAVAVAN

JAVAVAY VAVAY VAVAVAVAN
AVAVAVAVA. AYA AVAYAY,
\VAVAVAVAVA. AVAVAVAVAY,
\VAVAVAVAVAVAVAVAVAY

NOAANNNN/N/
\VAVAVAVAVAVAVAY
\VAVAVAVAVAVAV,

(Ciucu 2017)
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Problem 2: Removing three array of t_

(L. 2020)
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Lozenge Tilings and Plane Partitions
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Weighting Lozenge Tilings

q2

q4

q6
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MacMahon's g-formula

Theorem (MacMahon 1900s)

x| _ Hg(a) Hg(b) He(c) He(a + b+ )
2 q = Hg(a+ b)Hg(b+ c)Hg(c +a) ’

s

where the sum is over all stacks of unit cubes fitting in an a X b X c-box,
and || denote the volume of the stack .

Definition:
o ginteger [ng:=1+qg+¢*+...+q" !
e g-factorial [n]4! == [1]4 - [2]q - [3]q - - - [N]q:
o g-hyperfactorial Hg(n) :=[0]4! - [1]g! - [2]'. .. [n — 1]4".

Tri Lai Jim’s List of Tiling Problems



Shamrock Hole v.s. Shamrock Dent

\VAVAVAVAVAVAY
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Shamrock Hole v.s. Shamrock Dent
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Shamrock Hole v.s. Shamrock Dent
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Shamrock Hole v.s. Shamrock Dent
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Shamrock Hole v.s. Shamrock Dent
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Shamrock Hole v.s. Shamrock Dent

We would like to find the (volume) generating functions of the stacks

Z gl

o =
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g-enumeration for shamrock dent case

1S o
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&
Q(m a b c)
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g-enumeration for shamrock dent case

Theorem (L. 2015)

For nonnegative integers x,y,z,t,m,a, b, c

Ho(A+x+y+ t)Hg(A+x+y + 2)

5% Ho(A + x + ) Hg(A + x + y) Ho(A + y + 2) Ho(D)
Ho(A + z + t) Hg(A + x) Hg(A + y)
o Ho(m+b+c+z+t)Hgy(m+a+c+x)Hqy(m+a+ b+ y)
He(m+b+y+2z)He(m+c+x+t)

o Ho(c +x + t)Ho(b+y + 2)

He(a+ c+x)Hg(a+ b+ y)Hg(b+ c+z+t)

Hq(m)® Hq(a)? Hq(b) Hq(c) Ha(x) Hq(y) Hq(2) Hq(t)
Hq(m + a)> Hg(m + b) Hg(m + c) Hq(x + t) He(y + 2)’

qu: Ho(A+x+y+z+1t)

where A= m+a+b+c.
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Propp’s Problem 3

Problem 3: Find the number of lozenge tilings in a hexagon of

side-lengths 2n + 3,2n,2n+ 3,2n,2n + 3, 2n, where the central unit

triangles are removed from the long sides.

uz
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22.52.72.113.13%. 174 . 198 . 234

4.
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Problem 3: Eisenkolbl’s Solution

Eisenkdlbl solved the problem (1999):

on ' 6< 2,1= k!>3 6';+2k!
<i1;[1(n+/—|—1)> k(o in12 k!;3o

(n+1)*3n+1)(3n+2)?
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Generalizing Propp’s Problem 3

Jro4p+zex X © T

ONSINININININININININININININININININININ/N
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I+G+D+IHX
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Example

Jrotpsrex

NININININININININININ/
ININININININININININININ/N
><a<><P{P{P{P{P{P{P{P{P{}
/) 4}4}4}4}4}4}4}4}4}4}4}4><><>

£ 3
S A\
\»4»4»4»4»4»4»4»4»4»4»4»4»4»4» ><><><><¢>/,
ONISNINININISINININININININININININININN

NSAANNNINISINININININININININININININ/

601,434,880, 582, 976, 000, 000, 000

391,703, 752,

215.33.59.79.113. 133 . 174 . 23
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Generalizing Propp’s Problem

Q v X
o o<
~ 0O N

= Z g™l =2

™
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g-enumeration of a hexagon with three dents

Theorem (L. 2016)

For nonnegative integers x,y,z,a,b,c,d,e, f

x y z
Mg |Fla b c)]=
d e f

Hg(x) Hq(y) Hq(2) Hq(a)? Hq(b)? Hq(c)? Hg(d) Hg(e) Hq(f) Hq(d + e + f + x + y + 2)*

Hg(a+ d)Hg(b + e) Hg(c + f)Hg(d + e+ x +y + 2) Hgle + f + x +y + 2)Hg(f + d + x + y + 2)
Hg(A + 2x + 2y + 22) Hg(A + x + y + 2)?
Hg(A+2x + y + 2) Hg(A + x + 2y + 2) Hg(A + x + y + 22)

Hg(a+b+d+e+x+y+z)Hgla+c+d+f+x+y+z)Hg(b+ct+e+f+x+y+2)

Hg(atd+e+f+x+y+22Hgb+d+e+f+x+y+2z)2Hglctd+e+f+x+y+z)?

Hg(a+d+ x+y)Hg(b+e+y+2)Hg(c + f + z + x)
X
Hg(a+ b+ y)Hq(b+ c +2)Hg(c + a+ x)
Hq(A — a+ x +y +22)Hg(A — b+ 2x + y + 2) Hg(A — c + x + 2y + 2)
Ho(b+c+e+f+x+y+22)Hglc+atd+f+2x+y+2)Hgla+b+d+etx+2y+2)

where A=a+b+c+d+e+f.
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Propp’s Problem 16

Problem 16: Find a formula for the number of “diform” tilings in the
(a, b, ¢)-“quasihexagon” in the dissection of the plane that arises from
slicing the dissection into squares along every third upward-sloping
diagonal.

) b
&
QA
w
Q
I
Val
¢
o

Figure: A “quasihexagon”.
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Definition of Tilings

regions” .

@ A lattice divides the plane into small pieces, called “fundamental
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Definition of Tilings

regions” .

@ A lattice divides the plane into small pieces, called “fundamental

@ A tile is the union of any two adjacent pieces.
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Definition of Tilings

@ A lattice divides the plane into small pieces, called “fundamental
regions” .

@ A tile is the union of any two adjacent pieces.

@ A tiling of a region is a covering of the region by tiles so that there
are no gaps or overlaps.
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Definition of Tilings

@ A lattice divides the plane into small pieces, called “

@ A tile is the union of any two adjacent pieces.

@ A tiling of a region is a covering of the region by tiles so that there
are no gaps or overlaps.
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Tilings and perfect matching

¥
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The number of tilings of a region is equal to the number of perfect
matchings of its dual graph.
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Dual graph of the QuasiHexagon

«®
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Dual graph of the QuasiHexagon

Figure: The dual graph of the quasihexagon



Transforming the dual graph

Figure: Transforming the dual graph
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Transforming the dual graph

“00_”0““0_5“0““0_&
on‘.un’nné__nn&nt_nn
C PO

Figure: Transforming the dual graph



Vertex—Splitting Lemma

FOFE

M(G) = M(G")

=} =
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Urban Renewal

t/(xz+yt)

U(xz+yt)
¥ D D
B — B
t z
Y/(xz+yt) x/(xz+yt)
c c

M(G) = (xz + yt) - M(G")

o M(G)=3_, wt(u), where wt(u) is the weight of perfect matching
wof G.
o wt(u) is the product of weights of all edges in p.
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Sandwich Lemma



Transforming the dual graph

Figure: Transforming the dual graph

Jim’s List of Tiling Problems

Lai



Transforming the dual graph

Figure: Transforming the dual graph
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Transforming the dual graph

Figure: Transforming the dual graph

Jim’s List of Tiling Problems

Tri Lai



Transforming the dual graph

Figure: Transforming the dual graph
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Transforming the dual graph

Figure: Transforming the dual graph



Transforming the dual graph

Figure: Transforming the dual graph
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Problem 16

%’/'3

@ There is no simple product formula for the general case.
o (L. 2014) However, in the case b = c:

M(Q(a, b, b)) = 2° - M(Hex(a', b, b')).
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Genralized Urban Renewal

M(G) = (xz + yt + Im) M(G")

Question: /s there any application of the generalized urban renewal?
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Propp’'s Problem 25

Theorem (Ciucu 2001)

The number of tilings of an Aztec Dungeon is always a power of 13 or
twice a power of 13.
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Propp’'s Problem 25

a=2

-
AV ANV
SN UNAUNSVATNS
B TN ANV AL ¢
~ PN LNALTRA

~ PN~
S NS
A7

Figure: A "hexagonal dungeon”.

Problem 25: (Blum’s Conjecture) Show that the hexagonal dungeon
with sides a,2a, b, a,2a, b has exactly

1327141 % ]

diform tilings, for all b > 2a.
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Blum's Conjecture: Rephrasing
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Blum's Conjecture: Rephrasing

92
M(Gy)? = 1327 14l% )

Gz)

(

M(G) = M(G) M(G) M
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Blum's Conjecture: Rephrasing

Conjecture (Blum's conjecture (an equivalent form))

M(Gy) = 1371415
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Defining the Contours

@ a units southwest, b units southeast, ¢ units north, d units
northeast, and e units northwest.

A
A4
5
ol
DN
ARDKK V»m- =4
AEPAKIAIIALTIN
AN NSNS
RIS
<Y rmmr»amvmmw»gr'

QLINLINILINAL s
‘V)(ALJAVAAV k4
NAUNA L
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Defining the Contours

@ a units southwest, b units southeast, ¢ units north, d units
northeast, and e units northwest.

@ Choose e so that the ending point is on the same vertical lattice line
as the starting point.

A h}
A =2 B, &6
AL MW f=2 R ~
a8 NP A\A 'AVA\‘AVAVAVA

SN
S mv«v»mvv»m-
AA\\V)(A‘\V)(A‘A‘}(A\\V O
I UNAV SN S SN
S VATNAVAT SAVST SV A7 A
< mmr»amvmmr)amr'
D VAUNAV S S gt
'v»ammmr “
S VSNV
LK
AN

 LINNCINAX
AALVAVAVAVAV)VA\ V)(\u
AN SALUNNLYUNA
MVA«AMV SUNALUNA g
AA\\WNA»AVMLAAVAFAV ,d 3
‘\VVA‘\VNA»JA
‘w(w A

AL
L

b=8
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Defining the Contours

@ The choice of e implies that a+e=b+d,ore=b+d — a.

“ SIS
NN DA X
SNV AV s VSN
AN SN SV VEUSUSS

& N & A
INALINACTNAPINALTA EANNEAUNNBUNNLUNA
QUNALINALINAPINANPINA P PLUNALUNALTNALNA

SN ALINALINALTNAL” NVAVUNAVAINAVAYIV

SSNALINANLINALT -4 NENALINNLIN
SNALINAY” 7 VA7V
SO S =4

\‘@L‘A} L

b=8 QSN =2
‘v'%v({
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Defining the Contours

@ The choice of e implies that a+e=b+d,ore=b+d — a.

@ The closure of the contour requires f = |a — ¢ — d|.
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Defining the Contours

@ The choice of e implies that a+e=b+d,ore=b+d — a.
@ The closure of the contour requires f = |a — ¢ — d|.
@ Moreover, d =2b — a — 2c.
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RNy
L‘&V)VAV\
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Definition of region D, . when a > ¢ + d.

Region Dg g »

f=2
a=8

e=4

d=4

=8 c=2
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Definition of region D, . when a < ¢ + d.

Region Ds g 4

f=2 e=6

a5

=3

=4

b=8
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Definition of region E, 5. when a > ¢ + d.

Region Eg g2

f=2
a=8

e=4

d=4

b=8

c=2
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Definition of region E, 5. when a < ¢ + d.

Region E5 g4

a=5

d=3

c=4
b=8
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Main result

Theorem (Ciucu-L. 2014)

Assume that a, b, and c are three nonnegative integers satisfying b > 2,
(d=)2b—a—2c>0and(e=)3b—2a—2c>0. Then

M(D..p.c) = h(a, b, c)138(2::)14f(a:b:c)

M(Es,b,c) = p(a, b, c)136(£:) 14 (2:b.0)

where h(a, b, c) and p(a, b, c) take values 1,2,3, or 5 depending on
3b+ a— c (mod 6).

Tri Lai Jim's List of Tiling Problems



Implying Blum's conjecture.

@ (b)
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Implying Blum's conjecture

92
M(Gy)? = 1327 14l% )

Gs) =

(

M(G) = M(G) M(G) M

Jim’s List of Tiling Problems
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Propp’'s Problem 15

Problem 15: Prove that the number of diform tilings of the dragon of
order n is 2" +1),

Solved by Ben Wieland
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Problem 15: Generalizing the Aztec _

'
St
Se

Figure: Generalized Aztec dragons
(L. 2016)

M(D(a, b, ¢)) = 2° - 39

o =
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Connection to Cluster Algebra

T
ey
X "?‘%%?é A

! S AVA AN
TAD TAOTA

Figure: The dPs quiver, its associated brane tiling, and the hexagonal contour
(+,+ ++,+,+).



Connection to Cluster Algebra

Figure: Different shapes of the hexagonal contour.

o =
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Connection to Cluster Algebra

o (w1 =
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Connection to Cluster Algebra

@ Face are weighted by x1,x2,..., %

o Edge adjacent to faces / and j is weighted by %

e Covering monomial F(G) is the product of weights of all shaded
faces and their neighbor faces.

® The weight W(G) := F(G) >_, wt(u), where the sum is taken over
all perfect matchings p of G, and wt(u) is the product of weights of
edges in .
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Connection to Cluster Algebra

@ Face i is weighted by x;

o Edge adjacent to faces / and j is weighted by %

e Covering monomial F(G) is the product of weights of all shaded
faces and their neighbor faces.

® The weight W(G) := F(G) >_, wt(u), where the sum is taken over
all perfect matchings 1 of G, and wt(u) is the product of weights of
edges in .

Theorem (Musiker and L. 2017)

Let G be any six-sided graph in the above family. The weight W (G) is
equal to the cluster variable obtained by a sequence of toric mutations on
the dP; quiver. Moreover, the latter cluster variable can be written as a
closed-form product formula in the variables x1,xz, ..., Xg.
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Connection to Cluster Algebra

oW 6!
D0 P00
g

e=2

e e
' 202

toPosoWas e Was et
10:0:0:0
FH{F ALK
=5

Figure: Several examples of the 6-sided graphs for Models 2, 3, and 4.
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How about the intersecting contours?

(+,—+—+-)
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Mixed-dimer Model

Conjecture (Musiker and L. )

In the case of self-intersecting contours, the weighted sum of the
mixed-dimer configurations is equal to the cluster variable obtained by a
sequence of toric mutations on the dP3 quiver in the previous theorem.

Musiker—Jenne—L. work in progress
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New List of Tiling Problems

arXiv:2109.01466v1 [math.CO] 3 Sep 2021

PROBLEMS IN THE ENUMERATION OF TILINGS

TRILAT

ber of coverings of regions by sinilar piece without gaps or overlaps. Enumeration of

hcmatial areas. T 1999, James Propp publshee his well-kown st of
prlens i the k. The st gt mah arttion fom cpats o
At o e, o of o ot v b v
i pape, v propi a st of ncw (lns problens. T suvey

Trobions . Alpcrc Gombinaioncs 2023 confeence (OPAC
2022) at the University of Miancsota.

1. INTRODUCTION

Enumersion of logs s & subield o combinsore sy the ol numhes of
coverings (called. “tlings”) of regions by similar picces without gaps or overlaps.

it major et o the mmmmn u’ f tlings 8 o e e

ciahon (18541929) with s besntifulfrgmifor the smber of lsenge 1

hzmgnn in the triangular lattice. owens Mo i e tilings; instead, be
ok o the cmumeration of plane parttions. More than 100 years o, he proved i
eelebrated theorem on the number of plane partitions fitting in a given box [71]. Much
Iater (in the 19805), G. David and C. Tomei showed a simple bijection botsseen lozengo
g of a cetraly symetic becagon of e kngth b .0 i sl o)

23] as i Figure 2. wid
o ot oty e the o o L o 2 e s eion
could e casily exiendd for che gencral case) This way, MacMahon's theorem implics
‘- proviue formula for the tiling mumber of a hexagon. Since then, Machiahan ha been
Conidered as one of the founding fathers o the ld.

Actual, ting counting problems . the seuare lntice have aready been imvestigated
b o i e s DLt B,y s (e s of

‘mathematical puzeles. For instance, no one really knows the author of the folklore puzzle
on the mumber of ways to cover a rectangular sripe of width 2 by domin pieces!. Several
results o i . for instaxce,

the workof Duvid Klarer i the 1960 4]

i ol 100 e pllyllcnu PW. Kastelyn [46] and HN.V. Temperley and ME
Fisher (90] ”

Ts.pmm 62021
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New List of Tiling Problems _

@ Contains 33 new problems

@ To appear in OPAC 2022 Proceedings of Symposia in Pure
Mathematics (AMS)

@ Available in arXiv.org: https://arxiv.org/abs/2109.01466
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Tri Lai Jim’s List of Tiling Problems

it
S
p
?


https://arxiv.org/abs/2109.01466

New Problem

@ Macdonald conjectured that

1— q3(2i+j71) 1— q3(i+j+k71)

s 17q -
2" =1li—g= I i—gema 1l g

1<i<j<n 1<i<j,k<n

where the sum is over all cyclically symmetric plane partitions 7 that
are contained in a (n x n x n)-box.
@ The unweighted version (g = 1) was proved by Andrews in 1980.

@ The conjecture was proved by Mills, Robbins, and Rumsey in 1982.
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New Problem

B
p
o

New Problem 21: Find the generating function of the cyclically
symmetric tiling of the hexagon with three removed bowties.

Tri Lai
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The end

Happy Birthday Jim!

Email: t1ai3@unl.edu
Website: https://sites.google.com/view/trilai/
Jim's list: https://faculty.uml.edu/jpropp/matchings.pdf
(with an update https://faculty.uml.edu/jpropp/eom.pdf)
My new list: https://arxiv.org/abs/2109.01466
Jim's list of problems in trimer coverings https://arxiv.org/abs/2206.06472
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