
multinomial dimer model

Richard Kenyon (Yale)
<latexit sha1_base64="Ovih89FbpHEvdF6W++g9u9ki9H0=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1iEuilpFR8bKbgR3FSxD2lDmUxv26GTSZiZCCEU/BU3LhRx63e4829M0iBqPXDhcM693HuP43OmtGV9Grm5+YXFpfxyYWV1bX3D3NxqKi+QFBrU455sO0QBZwIammkObV8CcR0OLWd8kfite5CKeeJWhz7YLhkKNmCU6FjqmTs3jI6I7OMrEKEncOmOcDjomUWrbKXAs6SSkSLKUO+ZH92+RwMXhKacKNWpWL62IyI1oxwmhW6gwCd0TIbQiakgLig7Ss+f4P1Y6eOBJ+MSGqfqz4mIuEqFrhN3ukSP1F8vEf/zOoEenNoRE36gQdDpokHAsfZwkgXuMwlU8zAmhEoW34qTMAjVcWKFNISzBMffL8+SZrVcOSwfXVeLtfMsjjzaRXuohCroBNXQJaqjBqIoQo/oGb0YD8aT8Wq8TVtzRjazjX7BeP8CAQSU/A==</latexit>

Catherine Wolfram (MIT)

<latexit sha1_base64="HUvR3rUOkfjStpMz98ghGGWf6WM=">AAACHnicbVDLSgNBEJz1bXxFPXjwMhgEvYRdEdSb6EUPgoIxQjaE3kmvDs5jmZlVwrL/InjV3/AmXvUv/AQnMQdfBQNFVRfdU0kmuHVh+B6MjI6NT0xOTVdmZufmF6qLSxdW54Zhg2mhzWUCFgVX2HDcCbzMDIJMBDaTm8O+37xFY7lW566XYVvCleIpZ+C81KmuHIK7RuPTtKlFakDSjZPj881OtRbWwwHoXxINSY0McdqpfsRdzXKJyjEB1raiMHPtAozjTGBZiXOLGbAbuMKWpwok2nYx+EBJ173Spak2/ilHB+r3RAHS2p5M/KT099rfXl/8z2vlLt1tF1xluUPFvhaluaBO034btMsNMid6ngAz3N9K2TUYYM53VokV3jEtJahuEWNmyyK+BeMJF1qVvqLodyF/ycVWPdqu751t1fYPhmVNkVWyRjZIRHbIPjkip6RBGCnJA3kkT8F98By8BK9foyPBMLNMfiB4+wThiKLt</latexit>

Cosmin Pohoata (Emory)

<latexit sha1_base64="zV4Jqko6V0qGizJlw7b+awcA7eE=">AAACHXicbZDLSgMxFIYzXmu9VQU3boJF0E2ZKYK6EaEILitYFTqlnElPbTCXIckoZeyzCG71NdyJW/EtfATT2oW3HwIf/38OOfxJKrh1YfgeTExOTc/MFuaK8wuLS8ulldVzqzPDsMG00OYyAYuCK2w47gRepgZBJgIvkuvaML+4QWO5Vmeun2JLwpXiXc7AeatdWq9pK7midd3T4IBuH0tt+jvtUjmshCPRvxCNoUzGqrdLH3FHs0yickyAtc0oTF0rB+M4EzgoxpnFFNg1XGHTowKJtpWP7h/QLe90aFcb/5SjI/f7Rg7S2r5M/KQE17O/s6H5X9bMXHe/lXOVZg4V+/qomwnqNB2WQTvcIHOi7wGY4f5WynpggDlfWTFWeMu0lKA6eYypHeTxDRgPXGg18BVFvwv5C+fVSrRbOTitlo8Ox2UVyAbZJNskInvkiJyQOmkQRu7IA3kkT8F98By8BK9foxPBeGeN/FDw9gmQwaLL</latexit>

based on earlier work with

<latexit sha1_base64="z/Qfc9peS7nHfUgNPSHttK3ITY8=">AAACLHicbVC7SgNBFJ31bXxFLW0Gg2AVdkVQGxFsLBWMCtkQ7s7emCHzWGZmE8KSL/BfBFv9DRsRW2s/wdmYwteBgcM993HmJJng1oXhSzA1PTM7N7+wWFlaXlldq65vXFmdG4YNpoU2NwlYFFxhw3En8CYzCDIReJ30Tkv9uo/Gcq0u3TDDloRbxTucgfOldnWnEivNVYrK0XJPSrWiCEZwNHSgTY8OuOu2q7WwHo5B/5JoQm pkgvN29SNONculX8sEWNuMwsy1CjCOM4GjSpxbzID14BabniqQaFvF+DsjupOXPjra+OdtjavfJwqQ1g5l4jsluK79rZXF/7Rm7jqHrYKrLHeo2NehTi6o07TMhqbcIHNi6Akww71XyrpggDmfoA8KB0xLCSotYszsqIj7YDzhQquRjyj6HchfcrVXj/brRxd7tZPjSVgLZItsk10SkQNyQs7IOWkQRu7IA3kkT8F98By8Bm9frVPBZGaT/EDw/gneIakz</latexit>



Select an edge at random; drop a ball into its two buckets. Repeat K times.

<latexit sha1_base64="PB9NLJKd7WDeN/0pL78vXyUXjjE=">AAACVHicbZDPahRBEMZ7J0bjqnHVo5fCjeBpmAkBEwQJeBFEiH82CewsS01P7abZ/jN01yQswz5V3iWQq76AD+DB3s0eNPGDho+vqqjqX1lrFTjLrjvJxr3N+w+2HnYfPX6y/bT37PlxcI2XNJBOO39aYiCtLA1YsabT2hOaUtNJOfuwrJ+ckw/K2e88r2lkcGrVREnkGI17n7+RJsmAFqiaEiCDR1s58w4q72pAKFFrUJYdKA 7AFw7KRs6IQwpfqaY4sPNpB1gZCum418/SbCW4a/K16Yu1jsa9X0XlZGPIstQYwjDPah616FlJTYtu0QSqUc5wSsNoLcYto3b17QW8jkkFE+fjswyr9O+JFk0Ic1PGToN8Fm7XluH/asOGJ/ujVtm6YbLyZtGk0RAZLBlCpXxkpufRoPQq3gryDD1KjqS7haUL6YyJGNuC6rBoi3P00Sjt7CIiym8DuWuOd9N8Lz34sts/fL+GtSVeilfijcjFW3EoPoojMRBSXIpr8UP87Fx1ficbyeZNa9JZz7wQ/yjZ/gOdHbSv</latexit>

<latexit sha1_base64="Mj0paYYcO+YrCYdE97dsGNROOyU=">AAAB+HicbVDLSgNBEJyNrxgfWfXoZTAInsJuEPUkAS8eI+QFyRJmJ73JkNnZZR5CXPIlXjwo4tVP8ebfOEn2oIkFDUVVN91dYcqZ0p737RQ2Nre2d4q7pb39g8Oye3TcVomRFFo04YnshkQBZwJammkO3VQCiUMOnXByN/c7jyAVS0RTT1MIYjISLGKUaCsN3HJzDDg0dAIaj0gMA7fiVb0F8Drxc1JBORoD96s/TKiJQWjKiVI930t1kBGpGeUwK/WNgpTQCRlBz1Jhd6ggWxw+w+dWGeIokbaExgv190RGYqWmcWg7Y6LHatWbi/95PaOjmyBjIjUaBF0uigzHOsHzFPCQSaCaTy0hVDJ7K6ZjIgnVNquSDcFffXmdtGtV/6p6+VCr1G/zOIroFJ2hC+Sja1RH96iBWogig57RK3pznpwX5935WLYWnHzmBP2B8/kDH9eSvQ==</latexit>

The bucket game

<latexit sha1_base64="fRcJ8Ad5hRYlNLrPv4V3W2uQ2EI=">AAACDXicbVC7TsMwFHXKq5RXgJHFoiAxVUmFgAkqsXRsJfqQ2qpy3JvWquNEtgOqov4AC7/CwgBCrOxs/A1OmwFarmTp6Jx77/E9XsSZ0o7zbeVWVtfWN/Kbha3tnd09e/+gqcJYUmjQkIey7REFnAloaKY5tCMJJPA4tLzxbaq37kEqFoo7PYmgF5ChYD6jRBuqb5/US7gaPuCAiAnWLACFmcJA6AjDYAg4VjC46dtFp+TMCi8DNwNFlFWtb391ByGNAxCacqJUx3Ui3UuI1IxymBa6Zm1E6JgMoWOgIMa3l8yumeLT1BP7oTRPaDxjf08kJFBqEnimMyB6pBa1lPxP68Tav+olTESxBkHnRn7MsQ5xGg0eMAlU84kBhEpm/orpiEhCtQmwYEJwF09eBs1yyb0ondfLxcp1FkceHaFjdIZcdIkqqIpqqIEoekTP6BW9WU/Wi/Vufcxbc1Y2c4j+lPX5A0GJmmw=</latexit>

Q. How many times is each edge used?

<latexit sha1_base64="E3SkEMPwRUEaGj+WWD83qzuWmE4=">AAACEXicbVDLSgMxFM34rPVVdekm2ApdlZki6koKIrisYB/QGcqdNG1DM8mQZISh9Bfc+CtuXCji1p07/8a0nYW2Hggczrn35t4Txpxp47rfzsrq2vrGZm4rv72zu7dfODhsapkoQhtEcqnaIWjKmaANwwyn7VhRiEJOW+Hoeuq3HqjSTIp7k8Y0iGAgWJ8RMFbqFsq+kEz0qDD4BsgQhwkZUYOHoH0fE4iBMJPikih1C0W34s6Al4mXkSLKUO8WvvyeJElkRxMOWnc8NzbBGJRhhNNJ3k80teNHMKAdSwVEVAfj2UUTfGqVHu5LZZ9dbab+7hhDpHUahbYyAjPUi95U/M/rJKZ/GYyZiBNDBZl/1E84NhJP48E9pigxPLUEiGJ2V0yGoIAYG2LehuAtnrxMmtWKd145u6sWa1dZHDl0jE5QGXnoAtXQLaqjBiLoET2jV/TmPDkvzrvzMS9dcbKeI/QHzucPDxmcgA==</latexit>

Each bucket has
capacity n

<latexit sha1_base64="cqnFQ1lBbACqBmBwSHnJnANGXJI="></latexit>

Condition on the event that all buckets filled after K = 1
2 |V |n steps.



Gn has vertices V ⇥ {1, 2, . . . , n}

<latexit sha1_base64="qBewlemtAVscXwU6zwCokud/ZCc="></latexit>

G = (V,E) is a finite graph

<latexit sha1_base64="rJs1uD3JG2mrsiypzMjJ5AoLUXU="></latexit>

Gn has edges (u, i) ⇠ (v, j) whenever u ⇠ v.

<latexit sha1_base64="Eva37mpqP310lBZ3m3VBvDGqMEw="></latexit>

G

<latexit sha1_base64="mj5CIXUPaaAqhKGOlg6V00eqq6g=">AAACBnicbZC7SgNBFIZn4y3GW9TSZjEIVmFXBbXRgIWWCZgLZEOYnZwkQ+ayzMxGwpJesNXXsBNbwafwLXwEJ5sUmvjDwMd/zuGc+cOIUW0878vJLC2vrK5l13Mbm1vbO/ndvZqWsSJQJZJJ1QixBkYFVA01DBqRAsxDBvVwcDOp14egNJXi3owiaHHcE7RLCTbWqty28wWv6KVyF8GfQeH68zRVuZ3/DjqSxByEIQxr3fS9yLQSrAwlDMa5INYQYTLAPWhaFJiDbiXpoWP3yDodtyuVfcK4qft7IsFc6xEPbSfHpq/naxPzv1ozNt2LVkJFFBsQZLqoGzPXSHfya7dDFRDDRhYwUdTe6pI+VpgYm00uEPBAJOdYdJIAIj1OgiFWFiiTYmwj8ucDWYTaSdE/K15WvELpCk2VRQfoEB0jH52jErpDZVRFBAF6Qs/oxXl0Xp03533amnFmM/voj5yPH53inG8=</latexit>

G4

<latexit sha1_base64="WZSEei8k/j+HbXUY6lmZK8vEYg4=">AAACCHicbZDJSgNBEIZ7XGPcYjx6GYxCTmFGAupFAh70GNEskAmhp1NJmvQydPdEwhAfQPSq+BbexKtv4Vv4CHaWgxp/aPj4q4qq/sOIUW0879NZWFxaXllNraXXNza3tjM72aqWsSJQIZJJVQ+xBkYFVAw1DOqRAsxDBrWwfz6u1wagNJXixgwjaHLcFbRDCTbWur5oFVuZnFfwJnLnwZ9BrpR9ebjLH6yXW5mvoC1JzEEYwrDWDd+LTDPBylDCYJQOYg0RJn3chYZFgTnoZjI5deQeWqftdqSyTxh34v6cSDDXeshD28mx6em/tbH5X60Rm85JM6Eiig0IMl3UiZlrpDv+t9umCohhQwuYKGpvdUkPK0yMTScdCLglknMs2kkAkR4lwQArC5RJMbIR+X8DmYfqUcEvFk6vbFZnaKoU2kP7KI98dIxK6BKVUQUR1EWP6Ak9O/fOq/PmvE9bF5zZzC76JefjG/uxnS4=</latexit>

<latexit sha1_base64="O/BZxGEfQh+Q20cpSOlo40M937o=">AAACEXicbVC7SgNBFJ31GeMramkzmAg2ht0gaiUBCy0sIhgNJCHOTu4mQ2Znlpm7Sgj5BRt/xcZCEVs7O//GSUzh68DA4ZxzuXNPmEhh0fc/vKnpmdm5+cxCdnFpeWU1t7Z+aXVqOFS5ltrUQmZBCgVVFCihlhhgcSjhKuwdj/yrGzBWaHWB/QSaMesoEQnO0Emt3M4ZIC2ctFSBhkCxC/T6OpT6djdNaMewpLtFdeQChVYu7xf9MehfEkxInkxQaeXeG23N0xgUcsmsrQd+gs0BMyi4hGG2kVpIGO+xDtQdVSwG2xyMLxrSbae0aaSNewrpWP0+MWCxtf04dMmYYdf+9kbif149xeiwORAqSREU/1oUpZKipqN6aFsY4Cj7jjBuhPsr5V1mGEdXYtaVEPw++S+5LBWD/eLeeSlfPprUkSGbZIvskIAckDI5JRVSJZzckQfyRJ69e+/Re/Fev6JT3mRmg/yA9/YJRvCaxQ==</latexit>

Let Gn be the “blow-up graph” of G



We can also let n vary from vertex to vertex: n = (n1, . . . , nV ).

<latexit sha1_base64="ZMX061D3w1WZpEBxxh3Kka7kK10="></latexit>

<latexit sha1_base64="L32Ol4FlYnqUKSbnsl1mqXXLy/U=">AAAB8HicbVA9SwNBEJ2LXzF+RS1tVoNgEcKdBrWSQAotI5gPSY6wt9lLluzeHbt7SjhSWFuKYKGIrT/Hzn/j5qPQxAcDj/dmmJnnRZwpbdvfVmphcWl5Jb2aWVvf2NzKbu/UVBhLQqsk5KFseFhRzgJa1Uxz2ogkxcLjtO71yyO/fkelYmFwowcRdQXuBsxnBGsj3V62k2L+JF8ctrM5u2CPgeaJMyW50v49fyw/P1Ta2a9WJySxoIEmHCvVdOxIuwmWmhFOh5lWrGiESR93adPQAAuq3GR88BAdGqWD/FCaCjQaq78nEiyUGgjPdAqse2rWG4n/ec1Y++duwoIo1jQgk0V+zJEO0eh71GGSEs0HhmAimbkVkR6WmGiTUcaE4My+PE9qxwXntFC8NmlcwARp2IMDOAIHzqAEV1CBKhAQ8ASv8GZJ68V6tz4mrSlrOrMLf2B9/gCEj5KO</latexit>

G4,3,4

<latexit sha1_base64="hFQEzw9dK/N7iZUfaRxUQkHbZxQ=">AAAB6HicbZDLSgNBEEVr4ivGV9Slm8YguAozKupKAy50mYB5QDKEnk5N0qbnQXePEIZ8gRsXirj1V/wDd/6NnUkWmnih4XBvFV1VXiy40rb9beWWlldW1/LrhY3Nre2d4u5eQ0WJZFhnkYhky6MKBQ+xrrkW2Iol0sAT2PSGN5O8+YhS8Si816MY3YD2Q+5zRrWxarfdYsku25nIIjgzKF1/nmaqdotfnV7EkgBDzQRVqu3YsXZTKjVnAseFTqIwpmxI+9g2GNIAlZtmg47JkXF6xI+keaEmmfu7I6WBUqPAM5UB1QM1n03M/7J2ov1LN+VhnGgM2fQjPxFER2SyNelxiUyLkQHKJDezEjagkjJtblMwR3DmV16ExknZOS+f1exS5QqmysMBHMIxOHABFbiDKtSBAcITvMCr9WA9W2/W+7Q0Z8169uGPrI8flSiPAA==</latexit>

G



Let Z(n) be the number of dimer covers of Gn.

<latexit sha1_base64="JOJapYoP8V5+Q914+EmGGsKABD8="></latexit>

<latexit sha1_base64="8UvhNvgEFtQ8ekEvJ1LtegZH6kY=">AAAB6HicbZDLSgMxFIbPeK31VnXpJlgEV2VGRV1pwY3LFuwF2qFk0jNtbCYzJBmhlD6BGxeKuPVVfAN3vo3ptAtt/SHw8f/nkHNOkAiujet+O0vLK6tr67mN/ObW9s5uYW+/ruNUMayxWMSqGVCNgkusGW4ENhOFNAoENoLB7SRvPKLSPJb3ZpigH9Ge5CFn1FirOugUim7JzUQWwZtB8ebzLFOlU/hqd2OWRigNE1Trlucmxh9RZTgTOM63U40JZQPaw5ZFSSPU/igbdEyOrdMlYazsk4Zk7u+OEY20HkaBrYyo6ev5bGL+l7VSE175Iy6T1KBk04/CVBATk8nWpMsVMiOGFihT3M5KWJ8qyoy9Td4ewZtfeRHqpyXvonRedYvla5gqB4dwBCfgwSWU4Q4qUAMGCE/wAq/Og/PsvDnv09IlZ9ZzAH/kfPwAy7iPJA==</latexit>

k

<latexit sha1_base64="ng1OtY6zFsDnku+HfZ0YrvJfzRM=">AAAB6nicbVDLSgNBEOyNRmN8RT16GQxCLoZdFfUkAS8eI5oHJEuYncwmQ2ZnlplZISz5BC8eFPHqN3j3Fzzp3zh5HDSxoKGo6qa7K4g508Z1v53M0nJ2ZTW3ll/f2NzaLuzs1rVMFKE1IrlUzQBrypmgNcMMp81YURwFnDaCwdXYb9xTpZkUd2YYUz/CPcFCRrCx0q04GnQKRbfsToAWiTcjxUr2pPT+JT6qncJnuytJElFhCMdatzw3Nn6KlWGE01G+nWgaYzLAPdqyVOCIaj+dnDpCh1bpolAqW8Kgifp7IsWR1sMosJ0RNn09743F/7xWYsILP2UiTgwVZLooTDgyEo3/Rl2mKDF8aAkmitlbEeljhYmx6eRtCN78y4ukflz2zsqnNzaNS5giB/twACXw4BwqcA1VqAGBHjzAEzw73Hl0XpzXaWvGmc3swR84bz+LtpD8</latexit>

n� k

<latexit sha1_base64="ng1OtY6zFsDnku+HfZ0YrvJfzRM=">AAAB6nicbVDLSgNBEOyNRmN8RT16GQxCLoZdFfUkAS8eI5oHJEuYncwmQ2ZnlplZISz5BC8eFPHqN3j3Fzzp3zh5HDSxoKGo6qa7K4g508Z1v53M0nJ2ZTW3ll/f2NzaLuzs1rVMFKE1IrlUzQBrypmgNcMMp81YURwFnDaCwdXYb9xTpZkUd2YYUz/CPcFCRrCx0q04GnQKRbfsToAWiTcjxUr2pPT+JT6qncJnuytJElFhCMdatzw3Nn6KlWGE01G+nWgaYzLAPdqyVOCIaj+dnDpCh1bpolAqW8Kgifp7IsWR1sMosJ0RNn09743F/7xWYsILP2UiTgwVZLooTDgyEo3/Rl2mKDF8aAkmitlbEeljhYmx6eRtCN78y4ukflz2zsqnNzaNS5giB/twACXw4BwqcA1VqAGBHjzAEzw73Hl0XpzXaWvGmc3swR84bz+LtpD8</latexit>

n� k

<latexit sha1_base64="8UvhNvgEFtQ8ekEvJ1LtegZH6kY=">AAAB6HicbZDLSgMxFIbPeK31VnXpJlgEV2VGRV1pwY3LFuwF2qFk0jNtbCYzJBmhlD6BGxeKuPVVfAN3vo3ptAtt/SHw8f/nkHNOkAiujet+O0vLK6tr67mN/ObW9s5uYW+/ruNUMayxWMSqGVCNgkusGW4ENhOFNAoENoLB7SRvPKLSPJb3ZpigH9Ge5CFn1FirOugUim7JzUQWwZtB8ebzLFOlU/hqd2OWRigNE1Trlucmxh9RZTgTOM63U40JZQPaw5ZFSSPU/igbdEyOrdMlYazsk4Zk7u+OEY20HkaBrYyo6ev5bGL+l7VSE175Iy6T1KBk04/CVBATk8nWpMsVMiOGFihT3M5KWJ8qyoy9Td4ewZtfeRHqpyXvonRedYvla5gqB4dwBCfgwSWU4Q4qUAMGCE/wAq/Og/PsvDnv09IlZ9ZzAH/kfPwAy7iPJA==</latexit>

k

<latexit sha1_base64="h237jDZxQAxy89NmfWCnMQAKqBQ="></latexit>

Z(n, n, n, n) =
nX

k=0

✓
n

k

◆4

k!2(n� k)!2 =
nX

k=0

n!4

k!2(n� k)!2

Example.

<latexit sha1_base64="fFaOq+YPKDqOzACux+M6RDy9FlY=">AAACDXicbZBLSgNBEIZ74ju+oi7dDAbBVZgJgroRQQSXEUwMZAap6anExn4M3T3RMOQMglu9hjtx6xm8hUewE7PQ6A8NH39VUdV/knFmbBB8eKWZ2bn5hcWl8vLK6tp6ZWOzZVSuKTap4kq3EzDImcSmZZZjO9MIIuF4ldyejupXfdSGKXlpBxnGAnqSdRkF66z22T2IjGPtulINasFY/l8IJ1AlEzWuK59RqmguUFrKwZhOGGQ2LkBbRjkOy1FuMAN6Cz3sOJQg0MTF+N6hv+uc1O8q7Z60/tj9OVGAMGYgEtcpwN6Y6drI/K/WyW33MC6YzHKLkn4v6ubct8offd5PmUZq+cABUM3crT69AQ3UuojKkcQ7qoQAmRYRZmZYRH3QDhhXcugiCqcD+Qutei3crx1d1Ksnx5OwFsk22SF7JCQH5ISckwZpEko4eSRP5Nl78F68V+/tu7XkTWa2yC9571/aU502</latexit>

<latexit sha1_base64="ugAK8XUJg+D2HxR7B8MKqzQn5lk=">AAAB7XicbVBNSwMxEJ2tX7V+VT0KEi1CvZTdIupFKXjxWMF+QLuUbJptY7PJkmSFUvofvHhoEa/+H2/+G7NtD1p9MPB4b4aZeUHMmTau++VkVlbX1jeym7mt7Z3dvfz+QV3LRBFaI5JL1QywppwJWjPMcNqMFcVRwGkjGNylfuOZKs2keDTDmPoR7gkWMoKNleo3xbI4P+nkC27JnQH9Jd6CFCrHkxTTaif/2e5KkkRUGMKx1i3PjY0/wsowwuk41040jTEZ4B5tWSpwRLU/ml07RmdW6aJQKlvCoJn6c2KEI62HUWA7I2z6etlLxf+8VmLCa3/ERJwYKsh8UZhwZCRKX0ddpigxfGgJJorZWxHpY4WJsQHlbAje8st/Sb1c8i5LFw82jVuYIwtHcApF8OAKKnAPVagBgSd4gQlMHem8Om/O+7w14yxmDuEXnI9vOb+R+w==</latexit>

= (2n)!

<latexit sha1_base64="KwPGgXR5uJGjbgHAkdBRnzgGMpw=">AAACCHicbVC7SgNBFJ31GeNr1dLC1SBYhd0gahMJpLGMYB6Q3YTZySQZdmZ2mZkVwrKljT9g5RfYWChiqZW1naV/4uRRaOKBC4dz7uXee/yIEqls+8uYm19YXFrOrGRX19Y3Ns2t7ZoMY4FwFYU0FA0fSkwJx1VFFMWNSGDIfIrrflAe+vVrLCQJ+ZUaRNhjsMdJlyCotNQ294p8v1VwZczaSVC00xZ3fcJDlvA0CdJWoW3m7Lw9gjVLnAnJlcr332+Vu49K2/x0OyGKGeYKUShl07Ej5SVQKIIoTrNuLHEEUQB7uKkphwxLLxk9klqHWulY3VDo4soaqb8nEsikHDBfdzKo+nLaG4r/ec1Ydc+8hPAoVpij8aJuTC0VWsNUrA4RGCk60AQiQfStFupDAZHS2WV1CM70y7OkVsg7J/njS53GORgjA3bBATgCDjgFJXABKqAKELgBD+AJPBu3xqPxYryOW+eMycwO+APj/QeMw54l</latexit>

= n!2
nX

k=0

✓
n

k

◆2

<latexit sha1_base64="CxfqHLl4nrZ2QXHnWbXRm4lPDlc="></latexit>

(“n-multinomial dimer covers of G.”)



Let xv a variable for each vertex v of G.

<latexit sha1_base64="SHf0QQwooQ7MX0ijWIwvnxbp4jw="></latexit>

Let P (x) =
P

uv2E xuxv be the “edge polynomial”.

<latexit sha1_base64="ZJaOEOhBbs3TegUBOuAwbeZ96uM="></latexit>

Thm [K’-Pohoata 2021]:

Z :=
X

n�0

Z(n)
xn

n!
= eP .

<latexit sha1_base64="P4bmFtg/J7vqSUNnOXysjHkoP2o="></latexit>

xn

n!
:=

Y

v

xnv
v

nv!

<latexit sha1_base64="gVbuMCCrOBrryiaJpJY+pNtcMaA="></latexit>

Note: If use K dimers: PK

K! .

<latexit sha1_base64="i+PS5JKwk31skkmFp+FjFyGHwfw="></latexit>



Probabilistic interpretation

<latexit sha1_base64="GeUk8ZuzA6ldSTbAc2lcGe7IWH0=">AAACI3icbVC7SgNBFJ2Nr/iOWmqxGASrsBsEtZGAjWUEkwjJIncnNzo4j2VmNhKWNP6LYKu/YSc2Fv6Dn+BssoWvAwOHc+49lzlxwpmxQfDulWZm5+YXyotLyyura+uVjc22Uamm2KKKK30Zg0HOJLYssxwvE40gYo6d+PY09ztD1IYpeWFHCUYCriUbMArWSVeVnaZWMcQsP8Woz6RF7QJsYVeDWjCB/5eEBamSAs2rymevr2gqUFrKwZhuGCQ2ykC7bI7jpV5qMAF6C9fYdVSCQBNlk1+M/T2n9P2B0u5J60/U7xsZCGNGInaTAuyN+e3l4n9eN7WDoyhjMkktSjo9NEi5b5WfV+L3mUZq+cgRoJrlPdAb0EBdFy5J4h1VQoDsZz1MzDjrDUE7wriSY1dR+LuQv6Rdr4UHtePzerVxUpRVJttkl+yTkBySBjkjTdIilNyTR/JEnr0H78V79d6moyWv2NkiP+B9fAF/06aU</latexit>

Select an edge at random; drop a ball into its two buckets. Repeat K times.

<latexit sha1_base64="PB9NLJKd7WDeN/0pL78vXyUXjjE=">AAACVHicbZDPahRBEMZ7J0bjqnHVo5fCjeBpmAkBEwQJeBFEiH82CewsS01P7abZ/jN01yQswz5V3iWQq76AD+DB3s0eNPGDho+vqqjqX1lrFTjLrjvJxr3N+w+2HnYfPX6y/bT37PlxcI2XNJBOO39aYiCtLA1YsabT2hOaUtNJOfuwrJ+ckw/K2e88r2lkcGrVREnkGI17n7+RJsmAFqiaEiCDR1s58w4q72pAKFFrUJYdKA 7AFw7KRs6IQwpfqaY4sPNpB1gZCum418/SbCW4a/K16Yu1jsa9X0XlZGPIstQYwjDPah616FlJTYtu0QSqUc5wSsNoLcYto3b17QW8jkkFE+fjswyr9O+JFk0Ic1PGToN8Fm7XluH/asOGJ/ujVtm6YbLyZtGk0RAZLBlCpXxkpufRoPQq3gryDD1KjqS7haUL6YyJGNuC6rBoi3P00Sjt7CIiym8DuWuOd9N8Lz34sts/fL+GtSVeilfijcjFW3EoPoojMRBSXIpr8UP87Fx1ficbyeZNa9JZz7wQ/yjZ/gOdHbSv</latexit>

Condition on the event that all buckets filled after K = 3n steps.

<latexit sha1_base64="pP/54Ej3pzPkI9iP/nktqmtxUY4=">AAACSXicbZBLS1tBFMfnRttq+jC1y24GY6GrcK8tWBcVqRuhGwvGCEkI58491wyZx2Xm3Ei45Pv4XYRu234LuyuuOnksNHqYgR//85r5p4WSnuL4T1RbW3/2/MXGZv3lq9dvthpvt8+9LZ3AtrDKuosUPCppsE2SFF4UDkGnCjvp6HiW74zReWnNGU0K7Gu4NDKXAihIg8a3Y2syOWMeDg2R4xgNBQLioBRPSzFC8jyXSmHGIS d0fPf7109ml3vCwrcGjWbciufBH0OyhCZbxumgcdvLrCh12CMUeN9N4oL6FTiSQuG03is9FiBGcIndgAY0+n41/+uUfwhKxnPrwg3vnKv3OyrQ3k90Gio10NCv5mbiU7luSfmXfiVNURIasViUl4qT5TPjeCYdClKTACBcsExwMQQHIhgSJhm8ElZrMFnVC65Mq94YXACprJkGi5JVQx7D+V4r+dw6+LHXPDpcmrXB3rMd9pElbJ8dsRN2ytpMsGv2k/1iv6Ob6G/0L7pblNaiZc879iBqa/8BCrezBA==</latexit>

Problem: central buckets fill up faster...

<latexit sha1_base64="Qjc4C0OdK3NtU/k7E5ZBAB8oydU="></latexit>

Think of P as a (scaled) probability generating function.

<latexit sha1_base64="JvTBTyXZSflM2woXDiZN3WCG3VY="></latexit>



 

(2n, n)

<latexit sha1_base64="qj0F+ubG3NaX6/HctvHsG/6KQtk=">AAACC3icbZDJSgNBEIZ7XGPcoh4FGQxCBAkzQVAvEvDiMYJZIBNCT6eStOll6O6JhCGPIHhNXsObePUhfAsfwc5y0MQfGj7+qqKq/zBiVBvP+3JWVtfWNzZTW+ntnd29/czBYUXLWBEoE8mkqoVYA6MCyoYaBrVIAeYhg2rYu5vUq31QmkrxaAYRNDjuCNqmBBtrVXIFcSHOm5msl/emcpfBn0O2eDKaaFxqZr6DliQxB2EIw1rXfS8yjQQrQwmDYTqINUSY9HAH6hYF5qAbyfTaoXtmnZbblso+Ydyp+3siwVzrAQ9tJ8emqxdrE/O/Wj027etGQkUUGxBktqgdM9dId/J1t0UVEMMGFjBR1N7qki5WmBgbUDoQ8Ewk51i0kgAiPUyCPlYWKJNiaCPyFwNZhkoh71/mbx5sVrdophQ6Rqcoh3x0hYroHpVQGRH0hF7RCI2dF+fNeXc+Zq0rznzmCP2R8/kD+Mmfpg==</latexit>

.

<latexit sha1_base64="VQsmrKTslrF3mKw7IotZ/M/uHHA=">AAACBnicbZDJSgNBEIZ7XGPcoh69DAbBU5hRQb1owIvHBMwCmRB6OjVJk16G7p5IGOYueNXX8CZeBZ/Ct/AR7CwHTfyh4eOvKqr6D2NGtfG8L2dpeWV1bT23kd/c2t7ZLezt17VMFIEakUyqZog1MCqgZqhh0IwVYB4yaISD23G9MQSlqRT3ZhRDm+OeoBEl2FirWuoUil7Jm8hdBH8GxZvPs4kqncJ30JUk4SAMYVjrlu/Fpp1iZShhkOWDREOMyQD3oGVRYA66nU4Ozdxj63TdSCr7hHEn7u+JFHOtRzy0nRybvp6vjc3/aq3ERJftlIo4MSDIdFGUMNdId/xrt0sVEMNGFjBR1N7qkj5WmBibTT4Q8EAk51h00wBinaXBECsLlEmR2Yj8+UAWoX5a8s9LV1WvWL5GU+XQITpCJ8hHF6iM7lAF1RBBgJ7QM3pxHp1X5815n7YuObOZA/RHzscPdRCcVg==</latexit>

Analogous problem: find coe�cient of x2nyn in (x+ y)3n.

<latexit sha1_base64="TSscdnSyRrSUJTCF7oE6IJWIa+Q="></latexit>

Bias by changing x to 2
3x and y to 1

3y.

<latexit sha1_base64="Y3fZAANwJxJ8WxDIufwmGTBf8MY="></latexit>

ty
pi
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1

<latexit sha1_base64="XAnJIMcx/UgmUE4mFnr+rBZRZFc=">AAACInicbVDLSgMxFM3Ud31VXboJVsFVmSkFdSe4cVnB2kJnKJnMHQ3mMSSZShm68F8Et/ob7sSV4Ef4CaaPhbYeCBzOuffm3hNnnBnr+59eaWFxaXllda28vrG5tV3Z2b0xKtcUWlRxpTsxMcCZhJZllkMn00BEzKEd31+M/HYftGFKXttBBpEgt5KljBLrpF5lP5SKyQSkxc52MseGqwzwYXDYq1T9mj8GnifBlFTRFM1e5TtMFM2Fm0Y5MaYb+JmNCqItoxyG5TA3kBF6T26h66gkAkxUjI8Y4iOnJDhV2j23zVj93VEQYcxAxK5SEHtnZr2R+J/XzW16GhVMZrkFSScfpTnHVo1OBpwwDdTygSOEauZ2xfSOaEKty60cSnigSggikyKEzAyLsE+0I4wrOXQRBbOBzJObei1o1M6u6tXzxjSsVbSPDtAxCtAJOkeXqIlaiKJH9Ixe0Kv35L15797HpLTkTXv20B94Xz+FkaTO</latexit>

 

(2n, n)

<latexit sha1_base64="qj0F+ubG3NaX6/HctvHsG/6KQtk=">AAACC3icbZDJSgNBEIZ7XGPcoh4FGQxCBAkzQVAvEvDiMYJZIBNCT6eStOll6O6JhCGPIHhNXsObePUhfAsfwc5y0MQfGj7+qqKq/zBiVBvP+3JWVtfWNzZTW+ntnd29/czBYUXLWBEoE8mkqoVYA6MCyoYaBrVIAeYhg2rYu5vUq31QmkrxaAYRNDjuCNqmBBtrVXIFcSHOm5msl/emcpfBn0O2eDKaaFxqZr6DliQxB2EIw1rXfS8yjQQrQwmDYTqINUSY9HAH6hYF5qAbyfTaoXtmnZbblso+Ydyp+3siwVzrAQ9tJ8emqxdrE/O/Wj027etGQkUUGxBktqgdM9dId/J1t0UVEMMGFjBR1N7qki5WmBgbUDoQ8Ewk51i0kgAiPUyCPlYWKJNiaCPyFwNZhkoh71/mbx5sVrdophQ6Rqcoh3x0hYroHpVQGRH0hF7RCI2dF+fNeXc+Zq0rznzmCP2R8/kD+Mmfpg==</latexit>

.

<latexit sha1_base64="VQsmrKTslrF3mKw7IotZ/M/uHHA=">AAACBnicbZDJSgNBEIZ7XGPcoh69DAbBU5hRQb1owIvHBMwCmRB6OjVJk16G7p5IGOYueNXX8CZeBZ/Ct/AR7CwHTfyh4eOvKqr6D2NGtfG8L2dpeWV1bT23kd/c2t7ZLezt17VMFIEakUyqZog1MCqgZqhh0IwVYB4yaISD23G9MQSlqRT3ZhRDm+OeoBEl2FirWuoUil7Jm8hdBH8GxZvPs4kqncJ30JUk4SAMYVjrlu/Fpp1iZShhkOWDREOMyQD3oGVRYA66nU4Ozdxj63TdSCr7hHEn7u+JFHOtRzy0nRybvp6vjc3/aq3ERJftlIo4MSDIdFGUMNdId/xrt0sVEMNGFjBR1N7qkj5WmBibTT4Q8EAk51h00wBinaXBECsLlEmR2Yj8+UAWoX5a8s9LV1WvWL5GU+XQITpCJ8hHF6iM7lAF1RBBgJ7QM3pxHp1X5815n7YuObOZA/RHzscPdRCcVg==</latexit>

typi
cal
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e

1
2

<latexit sha1_base64="RUHLrtSk9D8t0jcSWleb4Czh2qw="></latexit>

<latexit sha1_base64="BUlAZavqZq/tmKeh/YzDKybE85A=">AAACKXicbVDLSgMxFM34tr6qLt0Ei+CqzIioKym4ceUD+oJ2kEzmtg1mkiG5I5Shv+PGX3GjoKhbf8RM24WvA4HDufckOSdKpbDo++/ezOzc/MLi0nJpZXVtfaO8udW0OjMcGlxLbdoRsyCFggYKlNBODbAkktCKbs+KeesOjBVa1XGYQpiwvhI9wRk66aZcqw+EpZFglsYaLL24rFM+YKoPFAdADdhMolB9yrWKReFhksbuX0ZE2eSKil/1x6B/STAlFTLF1U35uRtrniWgkEtmbSfwUwxzZlBwCaNSN7OQMn7L+tBxVLEEbJiPk47onlNi2tPGHYV0rH535CyxdphEbjNhOLC/Z4X436yTYe8kzIVKMwTFJw/1MklR06I2F9kARzl0hHHjiuBFTYZxdOWWXAnB78h/SfOgGhxVD68PKrXTaR1LZIfskn0SkGNSI+fkijQIJ/fkkbyQV+/Be/LevI/J6ow39WyTH/A+vwAcA6c5</latexit>

This bias does NOT change the resulting conditional distribution



Gauge change: change edge probabilities to pr(uv) = f(u)f(v), so that all
buckets fill at the same rate, but the conditional distribution is unchanged.

<latexit sha1_base64="aFB2k8wanotQaaci48n1N4j9QPc=">AAACs3icbVHbihNBEO0Zb2u8xfXRl8KskMASkkVxFYVVH/RxBbO7kAmhpqcm06QvQ18iYcgf+UP+hZ9gT5IH3bWgu0+fU0VXn8prKZwfjX4l6a3bd+7eO7jfefDw0eMn3aeHF84Ey2nCjTT2KkdHUmiaeOElXdWWUOWSLvPl51a/XJF1wujvfl3TTOFCi1Jw9JGad39m2ghdkPbwBcOCgFeoF/RufwIVcautyTEXUnhBDryBzl Ft+2E1gA9Q9sOg7K8GR8fgDPgKPaCUkAe+JO+gFPGSkaqrJiq+InCoCCx62hzHrB3HjS5E2xBKKOKnrYhKvIJwEPSulWII825vNBxtA26C8R702D7O593fWWF4UPF7XKJz0/Go9rMGrRdc0qaTBUc18iUuaBqhjq25WbN1dQMvI1NAaWxc0Z4t+3dFg8q5tcpjpkJfuetaS/5PmwZfns4aoevgSfPdQ2WQrbHtiKIDlriX6wiQ2+gLb6dhkfs4yE6m6Qc3SqEumoxqt2myFdoIhDR6Ey0aXzfkJrg4GY5fDd9+O+mdvd+bdcCesxesz8bsDTtjX9k5mzCeHCanycfkU/o6naZ5WuxS02Rf84z9E6n6A8E81KY=</latexit>

�

<latexit sha1_base64="UFWGdwMdM3MGz/RLMJHN7AE04N8=">AAACCXicbZDJSgNBEIZ74hbjkqgHD14Gg+ApzIiggkjAi8cIZoFMCD2dStKkl6G7JxKGPIHgVV9DvIhXn8IH8Bp8BDvLQRN/aPj4q4qq/sOIUW0879NJLS2vrK6l1zMbm1vb2dzObkXLWBEoE8mkqoVYA6MCyoYaBrVIAeYhg2rYux7Xq31QmkpxZwYRNDjuCNqmBJuxFURd2szlvYI3kbsI/gzyxf3RKHv5+lVq5r6DliQxB2EIw1rXfS8yjQQrQwmDYSaINUSY9HAH6hYF5qAbyeTWoXtknZbblso+YdyJ+3siwVzrAQ9tJ8emq+drY/O/Wj027fNGQkUUGxBkuqgdM9dId/xxt0UVEMMGFjBR1N7qki5WmBgbTyYQcE8k51i0kgAiPUyCPlYWKJNiaCPy5wNZhMpJwT8tXNzarK7QVGl0gA7RMfLRGSqiG1RCZURQFz2iJ/TsPDgvzpvzPm1NObOZPfRHzscP+z+fxQ==</latexit>

�

<latexit sha1_base64="UFWGdwMdM3MGz/RLMJHN7AE04N8=">AAACCXicbZDJSgNBEIZ74hbjkqgHD14Gg+ApzIiggkjAi8cIZoFMCD2dStKkl6G7JxKGPIHgVV9DvIhXn8IH8Bp8BDvLQRN/aPj4q4qq/sOIUW0879NJLS2vrK6l1zMbm1vb2dzObkXLWBEoE8mkqoVYA6MCyoYaBrVIAeYhg2rYux7Xq31QmkpxZwYRNDjuCNqmBJuxFURd2szlvYI3kbsI/gzyxf3RKHv5+lVq5r6DliQxB2EIw1rXfS8yjQQrQwmDYSaINUSY9HAH6hYF5qAbyeTWoXtknZbblso+YdyJ+3siwVzrAQ9tJ8emq+drY/O/Wj027fNGQkUUGxBkuqgdM9dId/xxt0UVEMMGFjBR1N7qki5WmBgbTyYQcE8k51i0kgAiPUyCPlYWKJNiaCPy5wNZhMpJwT8tXNzarK7QVGl0gA7RMfLRGSqiG1RCZURQFz2iJ/TsPDgvzpvzPm1NObOZPfRHzscP+z+fxQ==</latexit>

�

<latexit sha1_base64="UFWGdwMdM3MGz/RLMJHN7AE04N8=">AAACCXicbZDJSgNBEIZ74hbjkqgHD14Gg+ApzIiggkjAi8cIZoFMCD2dStKkl6G7JxKGPIHgVV9DvIhXn8IH8Bp8BDvLQRN/aPj4q4qq/sOIUW0879NJLS2vrK6l1zMbm1vb2dzObkXLWBEoE8mkqoVYA6MCyoYaBrVIAeYhg2rYux7Xq31QmkpxZwYRNDjuCNqmBJuxFURd2szlvYI3kbsI/gzyxf3RKHv5+lVq5r6DliQxB2EIw1rXfS8yjQQrQwmDYSaINUSY9HAH6hYF5qAbyeTWoXtknZbblso+YdyJ+3siwVzrAQ9tJ8emq+drY/O/Wj027fNGQkUUGxBkuqgdM9dId/xxt0UVEMMGFjBR1N7qki5WmBgbTyYQcE8k51i0kgAiPUyCPlYWKJNiaCPy5wNZhMpJwT8tXNzarK7QVGl0gA7RMfLRGSqiG1RCZURQFz2iJ/TsPDgvzpvzPm1NObOZPfRHzscP+z+fxQ==</latexit>

�

<latexit sha1_base64="UFWGdwMdM3MGz/RLMJHN7AE04N8=">AAACCXicbZDJSgNBEIZ74hbjkqgHD14Gg+ApzIiggkjAi8cIZoFMCD2dStKkl6G7JxKGPIHgVV9DvIhXn8IH8Bp8BDvLQRN/aPj4q4qq/sOIUW0879NJLS2vrK6l1zMbm1vb2dzObkXLWBEoE8mkqoVYA6MCyoYaBrVIAeYhg2rYux7Xq31QmkpxZwYRNDjuCNqmBJuxFURd2szlvYI3kbsI/gzyxf3RKHv5+lVq5r6DliQxB2EIw1rXfS8yjQQrQwmDYSaINUSY9HAH6hYF5qAbyeTWoXtknZbblso+YdyJ+3siwVzrAQ9tJ8emq+drY/O/Wj027fNGQkUUGxBkuqgdM9dId/xxt0UVEMMGFjBR1N7qki5WmBgbTyYQcE8k51i0kgAiPUyCPlYWKJNiaCPy5wNZhMpJwT8tXNzarK7QVGl0gA7RMfLRGSqiG1RCZURQFz2iJ/TsPDgvzpvzPm1NObOZPfRHzscP+z+fxQ==</latexit>

�2

<latexit sha1_base64="vdY3XCmgNh4apX9XFUh8N1Qg02c=">AAACC3icbZDLSsNAFIYnXmu9tOrChZtgEVyVRAQVRApuXCrYWmhimUxP7OhcwsykUkIeQXCrr9GduPUhfAC34iM4bV2o9YeBj/+cwznzRwmj2njemzM1PTM7N19YKC4uLa+UyqtrDS1TRaBOJJOqGWENjAqoG2oYNBMFmEcMLqPbk2H9sgdKUykuTD+BkONrQWNKsLFWI0i69Gq3Xa54VW8kdxL8b6jUNj4+SkeD97N2+TPoSJJyEIYwrHXL9xITZlgZShjkxSDVkGByi6+hZVFgDjrMRtfm7rZ1Om4slX3CuCP350SGudZ9HtlOjk1X/60Nzf9qrdTEB2FGRZIaEGS8KE6Za6Q7/LrboQqIYX0LmChqb3VJFytMjA2oGAi4I5JzLDpZAInOs6CHlQXKpMhtRP7fQCahsVv196qH5zarYzRWAW2iLbSDfLSPaugUnaE6IugGPaBH9OTcOwPn2XkZt0453zPr6Jec1y80J6Bp</latexit>

�2

<latexit sha1_base64="vdY3XCmgNh4apX9XFUh8N1Qg02c=">AAACC3icbZDLSsNAFIYnXmu9tOrChZtgEVyVRAQVRApuXCrYWmhimUxP7OhcwsykUkIeQXCrr9GduPUhfAC34iM4bV2o9YeBj/+cwznzRwmj2njemzM1PTM7N19YKC4uLa+UyqtrDS1TRaBOJJOqGWENjAqoG2oYNBMFmEcMLqPbk2H9sgdKUykuTD+BkONrQWNKsLFWI0i69Gq3Xa54VW8kdxL8b6jUNj4+SkeD97N2+TPoSJJyEIYwrHXL9xITZlgZShjkxSDVkGByi6+hZVFgDjrMRtfm7rZ1Om4slX3CuCP350SGudZ9HtlOjk1X/60Nzf9qrdTEB2FGRZIaEGS8KE6Za6Q7/LrboQqIYX0LmChqb3VJFytMjA2oGAi4I5JzLDpZAInOs6CHlQXKpMhtRP7fQCahsVv196qH5zarYzRWAW2iLbSDfLSPaugUnaE6IugGPaBH9OTcOwPn2XkZt0453zPr6Jec1y80J6Bp</latexit>

1

<latexit sha1_base64="kbTCZIgJk8dkOghZckeJ320GFzY=">AAACBnicbZDJSgNBEIZ7XGPcoh69DAbBU5hRQb1owIvHBMwCmRB6emqSJr0M3T2RMOQueNXX8CZeBZ/Ct/AR7CwHTfyh4eOvKqr6DxNGtfG8L2dpeWV1bT23kd/c2t7ZLezt17VMFYEakUyqZog1MCqgZqhh0EwUYB4yaIT923G9MQClqRT3ZphAm+OuoDEl2Fir6ncKRa/kTeQugj+D4s3n2USVTuE7iCRJOQhDGNa65XuJaWdYGUoYjPJBqiHBpI+70LIoMAfdziaHjtxj60RuLJV9wrgT9/dEhrnWQx7aTo5NT8/XxuZ/tVZq4st2RkWSGhBkuihOmWukO/61G1EFxLChBUwUtbe6pIcVJsZmkw8EPBDJORZRFkCiR1kwwMoCZVKMbET+fCCLUD8t+eelq6pXLF+jqXLoEB2hE+SjC1RGd6iCaoggQE/oGb04j86r8+a8T1uXnNnMAfoj5+MHefacWQ==</latexit>

= �

<latexit sha1_base64="fC7hWJc9OBXznz45I1htzDBnLP0=">AAACCnicbZDJSgNBEIZ7XGNcEvXgwctgEDyFGRFUUAl48RjBLJAJoadTSZr0MnT3RMKQNxC86mvoSbz6Ej6A1+Aj2FkOmvhDw8dfVVT1H0aMauN5n87C4tLyympqLb2+sbmVyW7vlLWMFYESkUyqaog1MCqgZKhhUI0UYB4yqITd61G90gOlqRR3ph9BneO2oC1KsLFW6TKIOrSRzXl5byx3Hvwp5Ap7w2Hm4vWr2Mh+B01JYg7CEIa1rvleZOoJVoYSBoN0EGuIMOniNtQsCsxB15PxsQP30DpNtyWVfcK4Y/f3RIK51n0e2k6OTUfP1kbmf7VabFpn9YSKKDYgyGRRK2auke7o526TKiCG9S1goqi91SUdrDAxNp90IOCeSM6xaCYBRHqQBD2sLFAmxcBG5M8GMg/l47x/kj+/tVldoYlSaB8doCPko1NUQDeoiEqIIIoe0RN6dh6cF+fNeZ+0LjjTmV30R87HD4TkoAw=</latexit>

�2 + � = 2�+ 1

<latexit sha1_base64="4oqtsE9tfAJt7GoNRJLBzeHoyZw="></latexit>

� =

p
5 + 1

2

<latexit sha1_base64="3RxtNCfbJRKzmRsctLpxdfK2pRU="></latexit>



Let K = number of dimers = 1
2

P
nv.

<latexit sha1_base64="JEWzWQeCTxdW3uwqPJhVKF/R0W8="></latexit>

Suppose n ! 1 with nv
K ! ↵v.

<latexit sha1_base64="TLXshvTyPCF5yrwK33p24zlCK2o="></latexit>

<latexit sha1_base64="kGYXsf3Ed9TXtwwZvcBnroOr4Iw="></latexit>

Thm[KP]: We have Z(n) = K!ecK+o(K) where

<latexit sha1_base64="3GJh23PyzMAHGIfCejjs3MGXK/Y=">AAACB3icbVDLSsNAFJ34rPUVdSnIYBFclUSKulEKblxGsA9oQphMJ+3QyYOZSbGELAQ3/oHf4MaFIuLOX9CVH+HCP3DSdqGtB+7lcM69zNzjxYwKaRif2szs3PzCYmGpuLyyuraub2zWRZRwTGo4YhFvekgQRkNSk1Qy0ow5QYHHSMPrneV+o0+4oFF4KQcxcQLUCalPMZJKcvUd2+cIp1du33LznmWplZ3YiMVd5PbLrl4yysYQcJqYY1KqVl6v774/vixXf7fbEU4CEkrMkBAt04ilkyIuKWYkK9qJIDHCPdQhLUVDFBDhpMM7MrinlDb0I64qlHCo/t5IUSDEIPDUZIBkV0x6ufif10qkf+ykNIwTSUI8eshPGJQRzEOBbcoJlmygCMKcqr9C3EUqGKmiK6oQzMmTp0n9oGwelisXKo1TMEIBbINdsA9McASq4BxYoAYwuAH34BE8abfag/asvYxGZ7Txzhb4A+3tB5Umnus=</latexit>

xvPxv

P
= ↵v.

<latexit sha1_base64="cuC1CBbPayHkzKWv/eeL2AiNx3Q=">AAACFXicbVDLSsNAFJ34rPUVdelmsBVcSEiKqCspuHFZwT6gKWUyvWmGTh7MTKol5Cfc+CtuXCjiVnDn3zh9LLT1wMDhnHPvcI+XcCaVbX8bS8srq2vrhY3i5tb2zq65t9+QcSoo1GnMY9HyiATOIqgrpji0EgEk9Dg0vcH12G8OQUgWR3dqlEAnJP2I+YwSpaWueXoPmBLOcdnNHrpDNy9jFQB2IUyCjAqmdJLjPkn7kFtds2Rb9gR4kTgzUkIz1Lrml9uLaRpCpCgnUrYdO1GdjAi9lkNedFMJCaED0oe2phEJQXayyVU5PtZKD/ux0C9SeKL+nshIKOUo9HQyJCqQ895Y/M9rp8q/7GQsSlIFEZ1+5KccqxiPK8I9JoAqPtKETCvANCCCUKWLLOoSnPmTF0mjYjnn1tltpVS9mtVRQIfoCJ0gB12gKrpBNVRHFD2iZ/SK3own48V4Nz6m0SVjNnOA/sD4/AGoRJ6E</latexit>

we call {xv} the critical gauge.

c = logP (x)�
X

v

↵v log(xv/↵v)

<latexit sha1_base64="vIt0EfAuOeEugAWzsJ1tn4Z3XTA="></latexit>

<latexit sha1_base64="XvfMBA9ScnyVBWKQ2wAhc7aDFNE="></latexit>

and where the xv are the (essentially) unique positive solution to

<latexit sha1_base64="ljjK2bwcw9MKf5QvPTcaG01frsM=">AAACIHicbVDLSgMxFM3UV62vUZdugh2hbspMEetKCm5cVrQPaIeSSTNtaCYZkkyhlH6KG3/FjQtFdKdfY6adhbYeCBzOuY/cE8SMKu26X1ZubX1jcyu/XdjZ3ds/sA+PmkokEpMGFkzIdoAUYZSThqaakXYsCYoCRlrB6Cb1W2MiFRX8QU9i4kdowGlIMdJG6tnV0r2AThexeIh6YwdSBfWQwFAinBZAEcI+jcwAiIWZQ/kAOmOnfN6zi27ZnQOuEi8jRZCh3rM/u32Bk4hwjRlSquO5sfanSGqKGZkVuokiMcIjNCAdQzmKiPKn8wNn8MwofRgKaR7XcK7+7piiSKlJFJjKCOmhWvZS8T+vk+jwyp9SHieacLxYFCYMagHTtMztkmDNJoYgLKn5K8RDlIZjIimYELzlk1dJs1L2LssXd5Vi7TqLIw9OwCkoAQ9UQQ3cgjpoAAwewTN4BW/Wk/VivVsfi9KclfUcgz+wvn8AwJahew==</latexit>

(So ↵v is the fraction of dimers covering v.)

<latexit sha1_base64="A0DzWvwSRt0X5MFt+/wJlTkw14Y=">AAACDnicbVC7TsMwFHXKq5RXgJHFoq1UliqpEDChIhbGItGHaKLKcZ3WqmNHtoNURf0CFn6FhQGEWJnZ+BvcNgO0HMnS0Tn3Xt97gphRpR3n28qtrK6tb+Q3C1vbO7t79v5BS4lEYtLEggnZCZAijHLS1FQz0oklQVHASDsYXU/99gORigp+p8cx8SM04DSkGGkj9eyyxwXlfcI1vFLjKNZCU6ygCGHpvpJ6QQj55KTUs4tO1ZkBLhM3I0WQodGzv7y+wElk5mKGlOq6Tqz9FEkznZFJwUsUiREeoQHpGspRRJSfzs6ZwLJR+jAU0jyz10z93ZGiSJldA1MZIT1Ui95U/M/rJjq88FPK40QTjucfhQmDWsBpNrBPJcGajQ1BWFKzK8RDJBHWJsGCCcFdPHmZtGpV96x6elsr1i+zOPLgCByDCnDBOaiDG9AATYDBI3gGr+DNerJerHfrY16as7KeQ/AH1ucP2DWbTQ==</latexit>

Asymptotics of Z(n)
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<latexit sha1_base64="Ef5mlFTV/Y6qLp0cMI6AGc+vauo="></latexit>
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p
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2 0
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p
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2
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p
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1

CA

<latexit sha1_base64="O+/aL5qP/VKaOh5TUH/wfQ1eB2w="></latexit>

p
5� 2

<latexit sha1_base64="tjkxLNE67brjyD8IybRj26Ciw9I=">AAACD3icbZC7SgNBFIZn4y3GW9TSZjEINobdoKiVARvLCOaC2RBmJyc6ZC7rzKwhLPsQgpWgz2BnJ7Y+gm8h1hZOEguN/jDw8Z9zOGf+MGJUG897czJT0zOzc9n53MLi0vJKfnWtpmWsCFSJZFI1QqyBUQFVQw2DRqQA85BBPewdD+v1a1CaSnFmBhG0OL4QtEsJNtY6D/SVMsleulNq5wte0RvJ/Qv+NxSOPvt3vcrjR6Wdfw86ksQchCEMa930vci0EqwMJQzSXBBriDDp4QtoWhSYg24lo4tTd8s6HbcrlX3CuCP350SCudYDHtpOjs2lnqwNzf9qzdh0D1oJFVFsQJDxom7MXCPd4ffdDlVADBtYwERRe6tLLrHCxNiQcoGAPpGcY9FJAoh0mgTXWFmgTIrURuRPBvIXaqWiv1s8PPUK5V00VhZtoE20jXy0j8roBFVQFREk0C26Rw/OjfPkPDsv49aM8z2zjn7Jef0CJVainw==</latexit>

p
5� 1

2

<latexit sha1_base64="R6QCh9pyC4aLqTftIG0v2nLbFJw="></latexit>

3�
p
5

2

<latexit sha1_base64="jeo9n9gTY122m5ijtvSuCDPvWgA="></latexit>

<latexit sha1_base64="J74DeKB7Jf2uT8SgmtG+1i31Rb8=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRbB07JbRD1JQQSPFewHtEvJptk2NMmuSVYsS/+EFw+KePXvePPfmLZ70NYHA4/3ZpiZFyacaeN5305hZXVtfaO4Wdra3tndK+8fNHWcKkIbJOaxaodYU84kbRhmOG0nimIRctoKR9dTv/VIlWaxvDfjhAYCDySLGMHGSu2bJywSTt1eueK53gxomfg5qUCOeq/81e3HJBVUGsKx1h3fS0 yQYWUY4XRS6qaaJpiM8IB2LJVYUB1ks3sn6MQqfRTFypY0aKb+nsiw0HosQtspsBnqRW8q/ud1UhNdBhmTSWqoJPNFUcqRidH0edRnihLDx5Zgopi9FZEhVpgYG1HJhuAvvrxMmlXXP3fP7qqV2lUeRxGO4BhOwYcLqMEt1KEBBDg8wyu8OQ/Oi/PufMxbC04+cwh/4Hz+AMHlj8c=</latexit>

Example.

<latexit sha1_base64="VJ1gT5q1/K4pRORBBcugIjqbiyI=">AAACCnicbVDJSgNBEO2JW4zbqEcvHYPgKcyIuByUoBePEcwCmTD0dDpJk+6ZoZeQMOQmiOCvePGgiHjzC/Tk39hZDpr4oODxXhVV9YKYUakc59tKzc0vLC6llzMrq2vrG/bmVllGWmBSwhGLRDVAkjAakpKiipFqLAjiASOVoHM59CtdIiSNwhvVj0mdo1ZImxQjZSTfznpScz/RnqQcdgew5+ue3z3zEIvbyO/CYt63c07eGQHOEndCcoWLr9Ps/ftt0bc/vUaENSehwgxJWXOdWNUTJBTFjAwynpYkRriDWqRmaIg4kfVk9MoA7hmlAZuRMBUqOFJ/TySIS9nngenkSLXltDcU//NqWjVP6gkNY61IiMeLmppBFcFhLrBBBcGK9Q1BWFBzK8RtJBBWJr2MCcGdfnmWlA/y7lH+8NqkcQ7GSIMdsAv2gQuOQQFcgSIoAQzuwCN4Bi/Wg/VkvVpv49aUNZnZBn9gffwAwC+d8g==</latexit>X

u⇠v

xuxv = ↵vP.
<latexit sha1_base64="E8GETyCzWAkoyo+aTnoLAwP3IG8=">AAACIHicbVDLSgMxFM34rPU16tJNsAiuykwR60oKblxWsA/olJJJb6ehmWTMQyiln+LGX3HjQhHd6deYPhbaeiBwOOdeTu6JM860CYIvb2V1bX1jM7eV397Z3dv3Dw7rWlpFoUYll6oZEw2cCagZZjg0MwUkjTk04sH1xG88gNJMijszzKCdkkSwHqPEOKnjlyMhmeiCMNj0AVPFjPM4TohNAMO9nc5FEWYa92UqExAgrS52/EJQDKbAyySckwKao9rxP6OupDZ1SZQTrVthkJn2iCiXx2Gcj6yGjNABSaDlqCAp6PZoeuAYnzqli3tSued+OlV/b4xIqvUwjd1kSkxfL3oT8T+vZU3vsj1iIrMGBJ0F9SzHRuJJW7jLFFDDh46QWTeY9oki1LhO866EcPHkZVIvFcOL4vltqVC5mteRQ8foBJ2hEJVRBd2gKqohih7RM3pFb96T9+K9ex+z0RVvvnOE/sD7/gFdxaO1</latexit>

the critical gauge equation
is homogeneous.

<latexit sha1_base64="CvtnaDIbywp44oShrQKx+T8+3kY="></latexit>

If n ⌘ n, we can take ↵vP ⌘ 1, so that the critical gauge is one where the sum
of edge weights around each vertex is 1.

<latexit sha1_base64="+iRVpD8xQFl1N8ZRxVZsNcteIqY="></latexit>

Then “dimer probabilities” (edge fractions) are xuxv.

8v,

<latexit sha1_base64="IMHKokCL5d3bO58b1Pp/5Fhcmu4="></latexit>

<latexit sha1_base64="6VW/ghm8RCwSNcIJIXuHcNsP6Kc="></latexit>

make the (W to B) adjacency
matrix bistochastic!



<latexit sha1_base64="T3FmgbHVEd74LOBAmCOkduMZaNQ=">AAAB+nicbVDLSsNAFJ20Ptr6SnUpaLAIbixJKeqy4MZlBfuANpTJdNIOnUzizI1SYn7Af3DjQhG3fok7N36L08dCWw9c7uGce5k7x4s4U2DbX0Ymu7K6tp7LFzY2t7Z3zOJuU4WxJLRBQh7KtocV5UzQBjDgtB1JigOP05Y3upz4rTsqFQvFDYwj6gZ4IJjPCAYt9cxiV91KSCqn856mPbNkl+0prGXizEmpdpA9fMxnvus987PbD0kcUAGEY6U6jh2Bm2AJjHCaFrqxohEmIzygHU0FDqhyk+npqXWslb7lh1KXAGuq/t5IcKDUOPD0ZIBhqBa9ifif14nBv3ATJqIYqCCzh/yYWxBakxysPpOUAB9rgolk+laLDLHEBHRaBR2Cs/jlZdKslJ2zcvVap1FFM+TQPjpCJ8hB56iGrlAdNRBB9+gJvaBX48F4Nt6M99loxpjv7KE/MD5+ABe2lgw=</latexit>q
2�

p
2

<latexit sha1_base64="8lsq79kxKnS2BrZM8Q8XZC67EQ4=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1gEN5akFO2yIIjLCvYBTSiT6aQdOpnEmYlSQ3Djwo2f4caFIm79Cnf+jdOmC209cOHMOfcy9x4vYlQqy/o2cguLS8sr+dXC2vrG5pa5vdOUYSwwaeCQhaLtIUkY5aShqGKkHQmCAo+Rljc8G/utGyIkDfmVGkXEDVCfU59ipLTUNfcceS1UYh87vkDYTrJnOU3Trlm0StYEcJ7YU1KsVeu35493T/Wu+eX0QhwHhCvMkJQd24qUmyChKGYkLTixJBHCQ9QnHU05Coh0k8kJKTzUSg/6odDFFZyovycSFEg5CjzdGSA1kLPeWPzP68TKr7oJ5VGsCMfZR37MoArhOA/Yo4JgxUaaICyo3hXiAdJZKJ1aQYdgz548T5rlkn1SqlzqNCogQx7sgwNwBGxwCmrgAtRBA2BwD57BK3gzHowX4934yFpzxnRmF/yB8fkDwTaanQ==</latexit>s

1� 1p
2

<latexit sha1_base64="eskgt4L8z+T3RdNLaWlPTLmTZqs=">AAAB63icbZDLSgMxFIbP1Futt6pLN8EiuBpmSr3sLLhxWcFeoB1KJk3b0CQzJBmhDH0FNy7U4taH8DXc+TZm2i609YfAx/+fQ845YcyZNp737eTW1jc2t/LbhZ3dvf2D4uFRQ0eJIrROIh6pVog15UzSumGG01asKBYhp81wdJvlzUeqNIvkgxnHNBB4IFmfEWwyy3Mvyt1iyXO9mdAq+Aso3Xy+ZZrWusWvTi8iiaDSEI61bvtebIIUK8MIp5NCJ9E0xmSEB7RtUWJBdZDOZp2gM+v0UD9S9kmDZu7vjhQLrccitJUCm6FezjLzv6ydmP51kDIZJ4ZKMv+on3BkIpQtjnpMUWL42AImitlZERlihYmx5ynYI/jLK69Co+z6l27l3itVKzBXHk7gFM7Bhyuowh3UoA4EhvAEL/DqCOfZmTrv89Kcs+g5hj9yPn4A6iKR7Q==</latexit>

0.52
<latexit sha1_base64="nWfFLgjbRCuUwcHLOrgvVjtTIpc=">AAAB63icbZDLSgMxFIbP1Futt6pLN8EiuBoyItWdBTcuK9gLtEPJpJk2NJMZkoxQhr6CGxdqcetD+BrufBszbRfa+kPg4//PIeecIBFcG4y/ncLa+sbmVnG7tLO7t39QPjxq6jhVlDVoLGLVDohmgkvWMNwI1k4UI1EgWCsY3eZ565EpzWP5YMYJ8yMykDzklJjcwm4V98oV7OKZ0Cp4C6jcfL7lmtZ75a9uP6ZpxKShgmjd8XBi/Iwow6lgk1I31SwhdEQGrGNRkohpP5vNOkFn1umjMFb2SYNm7u+OjERaj6PAVkbEDPVylpv/ZZ3UhNd+xmWSGibp/KMwFcjEKF8c9bli1IixBUIVt7MiOiSKUGPPU7JH8JZXXoXmhetV3ct7XKldwlxFOIFTOAcPrqAGd1CHBlAYwhO8wKsTOc/O1HmflxacRc8x/JHz8QPon5Hs</latexit>

0.60

<latexit sha1_base64="L8W+K/zVSTJMr/GUwy/Mfbn9RC0=">AAACBHicbVDLSgMxFM3UR2t9jY9dN8EiCNIyU4fqRii4cVnBPrAdh0yatqGZB0lGKUMXbvwMt25cKOLWj3Dn35jOdKGtB0JOzrmXm3vckFEhDeNbyywtr6xmc2v59Y3NrW19Z7cpgohj0sABC3jbRYIw6pOGpJKRdsgJ8lxGWu7oYuq37ggXNPCv5TgktocGPu1TjKSSHL1wApFj3lZLVnJbx+m7UjLPDUcvGmUjAVwk5owUa/ulwX326abu6F/dXoAjj/gSMyRExzRCaceIS4oZmeS7kSAhwiM0IB1FfeQRYcfJEhN4qJQe7AdcHV/CRP3dESNPiLHnqkoPyaGY96bif14nkv0zO6Z+GEni43RQP2JQBnCaCOxRTrBkY0UQ5lT9FeIh4ghLlVtehWDOr7xImpWyWS1bVyoNC6TIgQI4AEfABKegBi5BHTQABg/gGbyCN+1Re9HetY+0NKPNevbAH2ifPwOHlrQ=</latexit>

3a61 � 4a41 + 3a21 � 1 = 0

<latexit sha1_base64="2OfxJeKBLS6kE8evp/cm/c+cW+0=">AAAB73icbVDLSgNBEOyNrxhfMR69DAmCp2VXQuJFCOjBYwTzgGQJs5PZZMjs7DozK4QlP+HFgyKeBD/CP/Dkzb9x8jhoYkFDUdVNd5cfc6a043xbmbX1jc2t7HZuZ3dv/yB/WGiqKJGENkjEI9n2saKcCdrQTHPajiXFoc9pyx9dTv3WPZWKReJWj2PqhXggWMAI1kZq45574djVai9fcmxnBrRK3AUp1bKfH4Wrt2K9l//q9iOShFRowrFSHdeJtZdiqRnhdJLrJorGmIzwgHYMFTikyktn907QiVH6KIikKaHRTP09keJQqXHom84Q66Fa9qbif14n0cG5lzIRJ5oKMl8UJBzpCE2fR30mKdF8bAgmkplbERliiYk2EeVMCO7yy6ukeWa7Fbt8Y9IowxxZOIYinIILVajBNdShAQQ4PMATPFt31qP1Yr3OWzPWYuYI/sB6/wEqI5Gq</latexit>

a1 = 0.77

<latexit sha1_base64="nI6d+FnYtQNUOfOiBLlypw2P5o0=">AAAB+HicbVDLSgMxFL3js9ZHR126CRbBVZkpoq6k4MZlBfuAdiiZNDMNzWSGPIQ69EvcuFDErZ/izr8xbWehrQcCJ+fcm3tzwowzpT3v21lb39jc2i7tlHf39g8q7uFRW6VGEtoiKU9lN8SKciZoSzPNaTeTFCchp51wfDvzO49UKpaKBz3JaJDgWLCIEaytNHArRDJtbxzF2MRUDdyqV/PmQKvEL0gVCjQH7ld/mBKTUKEJx0r1fC/TQY6lfZXTablvFM0wGeOY9iwVOKEqyOeLT9GZVYYoSqU9QqO5+rsjx4lSkyS0lQnWI7XszcT/vJ7R0XWQM5EZTQVZDIoMRzpFsxTQkElKNJ9YghcJIDLCEhNtsyrbEPzlL6+Sdr3mX9Yu7uvVxk0RRwlO4BTOwYcraMAdNKEFBAw8wyu8OU/Oi/PufCxK15yi5xj+wPn8Acqdkys=</latexit>

critical gauges
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critical gauge for Aztec diamond

<latexit sha1_base64="z8roS6mxiY1Jub1ts5Rxc3Ks+R0=">AAACJ3icbVC7SgNBFJ31bXxFLW0Gg2AVdkVQG1FsLBWMCtkQ7s7ejYPzWGZmlbik9V8EW/0NO9HSP/ATnDwKX6c6c8693DknyQW3Lgzfg7Hxicmp6ZnZytz8wuJSdXnl3OrCMGwwLbS5TMCi4AobjjuBl7lBkInAi+T6qO9f3KCxXKsz182xJaGjeMYZOC+1q5QZ7vxL0A4UHaSZNvTwziGjKQepVdqu1sJ6OAD9S6IRqZERTtrVzzjVrJCoHBNgbTMKc9cqwfgzAnuVuLCYA7uGDjY9VSDRtspBkh7d8Eo6+ESmlaMD9ftGCdLarkz8pAR3ZX97ffE/r1m4bLdVcpUXDhUbHsoKQZ2m/Vp8WoPMiW4/9rASyq7AAHO+vEqs8JZpKUGlZYy57ZXxDRhPuNCq5yuKfhfyl5xv1aPt+t7pVu1gf1TWDFkj62STRGSHHJBjckIahJF78kieyHPwELwEr8HbcHQsGO2skh8IPr4AIganSw==</latexit>



<latexit sha1_base64="lSadNi1hr/HKnslGvC3VkSY75fo="></latexit>�n�1
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<latexit sha1_base64="9mpGMxtAiVn+4pIL1PG88mCNwjk="></latexit>�n�1
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<latexit sha1_base64="ZHG/YrOKa0CIjtjSL/zAKhkcSLU=">AAACE3icbVC7SgNBFJ31GeMramkzGASxCLtB1EojWlhGMA9IQpid3N0MmZ1ZZmaFEPIPNv6KjYUitjZ2/o2TzRaaeKrDOfdy7zl+zJk2rvvtLCwuLa+s5tby6xubW9uFnd26lomiUKOSS9X0iQbOBNQMMxyasQIS+Rwa/uB64jceQGkmxb0ZxtCJSChYwCgxVuoWjhv9IWYamz5gqpixBschSULAgVSpfHWDBaNw2S0U3ZKbAs8TLyNFlKHaLXy1e5ImEQhDOdG65bmx6YyIslc4jPPtRENM6ICE0LJUkAh0Z5RmGuNDq/TSHwIpDE7V3xsjEmk9jHw7GRHT17PeRPzPayUmOO+MmIgTA4JODwUJx0biSUG4xxRQw4eWkGkjmPaJItTYGvO2BG828jypl0veaenkrlysXGR15NA+OkBHyENnqIJuURXVEEWP6Bm9ojfnyXlx3p2P6eiCk+3soT9wPn8A55Wc5g==</latexit>

Why is the critical gauge for the AD nice?

<latexit sha1_base64="cihFsbgDb/3QdtZzv25yjzvrJVo=">AAACFHicbVDLSgMxFM3UV62vqks3oUUQhGGmiIoLKYjgzhbsA9qhzaR32tBMZkgyYin9CDf+ihsXirh14c6/MX0stPVA4Nxz7r3hHj/mTGnH+bZSS8srq2vp9czG5tb2TnZ3r6qiRFKo0IhHsu4TBZwJqGimOdRjCST0OdT8/tXYr92DVCwSd3oQgxeSrmABo0QbqZU9vo1B4HICalxf4Hb7+iHmhIkc1j1QgFkHhNnLQNmtbN6xnQnwInFnJI9mKLWyX81ORJPQbKCcKNVwnVh7QyI1oxxGmWaiICa0T7rQMFSQEJQ3nBw1wodG6eAgkuYJjSfq74khCZUahL7pDInuqXlvLP7nNRIdnHtDJuJEg6DTj4KEYx3hcUK4wyRQzQeGECrN6RTTHpGEapNjxoTgzp+8SKoF2z21T8qFfPFyFkcaHaAcOkIuOkNFdINKqIIoekTP6BW9WU/Wi/VufUxbU9ZsZh/9gfX5AwNpniw=</latexit>

Open Question: “Explain” these identities.



 

<latexit sha1_base64="dDfSb1Dr/CBI/GVYTcYTP8E2asQ=">AAAB6HicbZDLSgMxFIbPeK31VnXpJlgEV2VGRV1pwY3LFuwF2qFk0tM2NpMZkoxQhj6BGxeKuPVVfAN3vo3ptAtt/SHw8f/nkHNOEAuujet+O0vLK6tr67mN/ObW9s5uYW+/rqNEMayxSESqGVCNgkusGW4ENmOFNAwENoLh7SRvPKLSPJL3ZhSjH9K+5D3OqLFWddApFN2Sm4ksgjeD4s3nWaZKp/DV7kYsCVEaJqjWLc+NjZ9SZTgTOM63E40xZUPax5ZFSUPUfpoNOibH1umSXqTsk4Zk7u+OlIZaj8LAVobUDPR8NjH/y1qJ6V35KZdxYlCy6Ue9RBATkcnWpMsVMiNGFihT3M5K2IAqyoy9Td4ewZtfeRHqpyXvonRedYvla5gqB4dwBCfgwSWU4Q4qUAMGCE/wAq/Og/PsvDnv09IlZ9ZzAH/kfPwAxyyPIQ==</latexit>

h

<latexit sha1_base64="J6mqfSacSQ6gcF+6BJ/CKLUZK8Q=">AAAB8nicbVDLSgNBEJz1GeMr6tHLYBAEMexKUE8S8OIxgnnAZgmzk9lkyOzMMtMrhJCDHyGIB0W8+gV+hp78CA/+gZPHQRMLGoqqbrq7wkRwA6776czNLywuLWdWsqtr6xubua3tqlGppqxClVC6HhLDBJesAhwEqyeakTgUrBZ2L4Z+7YZpw5W8hl7Cgpi0JY84JWAlv3OYHDUiTahXbObybsEdAc8Sb0LypeLb7f33x1e5mXtvtBRNYyaBCmKM77kJBH2igVPBBtlGalhCaJe0mW+pJDEzQX908gDvW6WFI6VtScAj9fdEn8TG9OLQdsYEOmbaG4r/eX4K0VnQ5zJJgUk6XhSlAoPCw/9xi2tGQfQsIVRzeyumHWITAJtS1obgTb88S6rHBe+kULyyaZyjMTJoF+2hA+ShU1RCl6iMKogihe7QI3pywHlwnp2XceucM5nZQX/gvP4AwlWVbg==</latexit>

h+ p� 1

4
<latexit sha1_base64="rA0SaZS8XozQGoaZZLL1FMmTYHM=">AAAB6HicbVDLSgNBEOyNrxgfiXrw4GUwCJ7Croh6EAl48ZiAeUCyhNlJbzJm9sHMrBCWfIEXD4p49Rf8E29+gNd8g5PEgyYWNBRV3XR3ebHgStv2p5VZWl5ZXcuu5zY2t7bzhZ3duooSybDGIhHJpkcVCh5iTXMtsBlLpIEnsOENrid+4x6l4lF4q4cxugHthdznjGojVeNOoWiX7CnIInF+SLG8Px7nL9+/Kp3CR7sbsSTAUDNBlWo5dqzdlErNmcBRrp0ojCkb0B62DA1pgMpNp4eOyJFRusSPpKlQk6n6eyKlgVLDwDOdAdV9Ne9NxP+8VqL9CzflYZxoDNlskZ8IoiMy+Zp0uUSmxdAQyiQ3txLWp5IybbLJmRCc+ZcXSf2k5JyVTqsmjSuYIQsHcAjH4MA5lOEGKlADBggP8ATP1p31aL1Yr7PWjPUzswd/YL19A1g7kQs=</latexit>p

<latexit sha1_base64="T20JcKXIyjBpNAR+JhZ1lLyuwew=">AAACBXicbVBNS8NAEN3Ur1q/oh71sLQInkpSRD1JwYvHCvYDamg3m0m7dJMNuxuhhF68+Fe8eFDEq//Bm//GbZuDtj4YePPeDMM8P+FMacf5tgorq2vrG8XN0tb2zu6evX/QUiKVFJpUcCE7PlHAWQxNzTSHTiKBRD6Htj+6nvrtB5CKifhOjxPwIjKIWcgo0Ubq2cf9PpVMm56XMQQDwIkUPvEZZ3rcsytO1ZkBLxM3JxWUo9Gzv+4DQdMIYk05UarrOon2MiLNAQ6T0n2qICF0RAbQNTQmESgvm30xwSdGCXAopKlY45n6eyMjkVLjyDeTEdFDtehNxf+8bqrDSy9jcZJqiOn8UJhyrAWeRoIDJoFqPjaEzMPAdEgkodoEVzIhuIsvL5NWreqeV89ua5X6VR5HER2hMjpFLrpAdXSDGqiJKHpEz+gVvVlP1ov1bn3MRwtWvnOI/sD6/AE+dJhp</latexit>

“critical” edge probability

<latexit sha1_base64="4lSjPDxfKmObbi4FX9GDJnZa+6k="></latexit>

Defining the average height function for the square grid dimer model
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For the critical gauge as above, the tile fractions (edge probabilities) are xuxv.

<latexit sha1_base64="mc4j993RZ4Pg9XWV04q3uHDU6WY="></latexit>

The scaling limit height function for the aztec diamond is h(x, y) = x2 � y2.

<latexit sha1_base64="lzan/UzJinOfRpcK7oFWZv4/7J4="></latexit>



Variational principle:

<latexit sha1_base64="NNtdV4aHIBjr/wnz2SdDSGX8UBU=">AAACHnicbZDLSgMxFIYz3q23qgsXboJFcFVmRPCyEMGNSwVbhU4pZ9JTDeZGklHKMO8iuNXXcCdu9S18BNPahbcfAh//fw5J/swI7nwcv0dj4xOTU9Mzs5W5+YXFperyStPp3DJsMC20vczAoeAKG557gZfGIshM4EV2czzIL27ROq7Vue8bbEu4UrzHGfhgdaprTbB8yCCosVwxbgQeVDrVWlyPh6J/IRlBjYx02ql+pF3NconKMwHOtZLY+HYB1nMmsKykuUMD7AausBVQgUTXLoYfKOlmcLq0p204ytOh+32jAOlcX2ZhUoK/dr+zgflf1sp9b69dcGVyj4p9XdTLBfWaDtqgXW6RedEPAMzy8FbKrsEC86GzSqrwjmkpQXWLFI0ri/QWbAAutCpDRcnvQv5Cc7ue7NT3z7ZrR4ejsmbIOtkgWyQhu+SInJBT0iCMlOSBPJKn6D56jl6i16/RsWi0s0p+KHr7BBz5o6c=</latexit>

 

A region R in R2 and approximating graph R✏ ⇢ Z2.

<latexit sha1_base64="/UFLRDhWS44ZERGPDCHYJeuXEEo="></latexit>

What is the limiting height function?

<latexit sha1_base64="c3Y3KeIKNhTi2gyIX9zKHlzCb2Y="></latexit>

(Note: boundary height is determined by choice of boundary conditions for R✏)

<latexit sha1_base64="vgLPqfmWLqeuXjtjQQ1TwT0mpxU="></latexit>

R

<latexit sha1_base64="B8o2UbVKR+btYy4ladFcDrguFM8=">AAACEHicbVDJSgNBFOxxjXGLehRkMAiewowIKggKXjwmYhbIhNDT85I09jJ09yhhyNEfELzqb+QmufoHfoMe/AQ7y0ETCxqKqle81xXGjGrjeR/O3PzC4tJyZiW7ura+sZnb2q5omSgCZSKZVLUQa2BUQNlQw6AWK8A8ZFAN766GfvUelKZS3JpuDA2O24K2KMHGSvVASCoiEMa9aebyXsEbwZ0l/oTkLwafj3v90lexmfsOIkkSbtOEYa3rvhebRoqVoYRBLxskGmJM7nAb6pYKzEE30tHJPffAKpHbkso+u32k/k6kmGvd5aGd5Nh09LQ3FP/z6olpnTZSKuLEgCDjRa2EuUa6w/+7EVVADOtagomi9laXdLDCxNiWsoGAByI5xyJKA4h1Lw3usbKEMil6tiJ/upBZUjkq+MeFs5KXvzxHY2TQLtpHh8hHJ+gSXaMiKiOCJHpGL+jVeXL6zpszGI/OOZPMDvoD5/0H4lyjBg==</latexit>

In limit ✏ ! 0, what is the critical gauge?

<latexit sha1_base64="gaOD18jqWvlZmgZn0iCFUrElxek="></latexit>



Variational principle:

<latexit sha1_base64="NNtdV4aHIBjr/wnz2SdDSGX8UBU=">AAACHnicbZDLSgMxFIYz3q23qgsXboJFcFVmRPCyEMGNSwVbhU4pZ9JTDeZGklHKMO8iuNXXcCdu9S18BNPahbcfAh//fw5J/swI7nwcv0dj4xOTU9Mzs5W5+YXFperyStPp3DJsMC20vczAoeAKG557gZfGIshM4EV2czzIL27ROq7Vue8bbEu4UrzHGfhgdaprTbB8yCCosVwxbgQeVDrVWlyPh6J/IRlBjYx02ql+pF3NconKMwHOtZLY+HYB1nMmsKykuUMD7AausBVQgUTXLoYfKOlmcLq0p204ytOh+32jAOlcX2ZhUoK/dr+zgflf1sp9b69dcGVyj4p9XdTLBfWaDtqgXW6RedEPAMzy8FbKrsEC86GzSqrwjmkpQXWLFI0ri/QWbAAutCpDRcnvQv5Cc7ue7NT3z7ZrR4ejsmbIOtkgWyQhu+SInJBT0iCMlOSBPJKn6D56jl6i16/RsWi0s0p+KHr7BBz5o6c=</latexit>

Ent(h) =

ZZ

R
�(rh)dx dy

<latexit sha1_base64="7gYqtSNCvgkBTvIkjNr7OrGhZg4="></latexit>

where

�(s, t) = �1� s

2
log

1� s

2
� 1 + s

2
log

1 + s

2
� 1� t

2
log

1� t

2
� 1 + t

2
log

1 + t

2
.

<latexit sha1_base64="ubD58T7DniBQKRIZhH/3D63cf8U="></latexit>

hxx

1� h2
x

+
hyy

1� h2
y

= 0.

<latexit sha1_base64="RJuFqCj+LtFsxj/sRQ5XI+I1/CA="></latexit>

General solutions can be written in terms of 2F1’s.

<latexit sha1_base64="XtwnrPqj+2xrFOYfDmDYu9MQZPM="></latexit>

<latexit sha1_base64="MAwg0FTjtU96nqsmaS0LrrMY0sc="></latexit>

Thm [K-Wolfram]: For multinomial dimers on the scaling limit of (rotated)
Z2, on a domain R with boundary height function u : @R ! R, the limit height
function h is the unique function with h|@R = u maximizing

<latexit sha1_base64="2Tg1Nsq+Hw0PcDR7qzcUb+l2vss=">AAACCnicbVDLSgMxFM3UV62vqks30VaoUIeZIupKCm5cVrAPmBlLJpO2oZlkSDJCKV278VfcuFDErV/gzr8xfSy09UDgcM69N/eeMGFUacf5tjJLyyura9n13Mbm1vZOfnevoUQqMaljwYRshUgRRjmpa6oZaSWSoDhkpBn2r8d+84FIRQW/04OEBDHqctqhGGkjtfOHPheUR4RriHgEiyVV1ic+5d6pW3aD+0rRbucLju1MABeJOyMFMEOtnf/yI4HT2MzEDCnluU6igyGSmmJGRjk/VSRBuI+6xDOUo5ioYDg5ZQSPjRLBjpDmmZ0m6u+OIYqVGsShqYyR7ql5byz+53mp7lwGQ8qTVBOOpx91Uga1gONcYEQlwZoNDEFYUrMrxD0kEdYmvZwJwZ0/eZE0KrZ7bp/dVgrVq1kcWXAAjkAJuOACVMENqIE6wOARPINX8GY9WS/Wu/UxLc1Ys5598AfW5w+JB5g2</latexit>

and (s, t) 2 [�1, 1]2.

 

The Euler-Lagrange equation for the limiting height function h is

<latexit sha1_base64="Jwawj9ZrEV/DgGQYPHY1IYEaByY="></latexit>

<latexit sha1_base64="XJlg0irfWFoHkMKLCGKPsY6lTmg=">AAACH3icbVDLTgIxFO3gC/GFunTTSExwAZlBg64Mho2JG0zkkcCEdEoHGvqYtB0TQvgTN/6KGxcaY9zxN5aBhYJndXLOve09J4gY1cZ1p05qbX1jcyu9ndnZ3ds/yB4eNbSMFSZ1LJlUrQBpwqggdUMNI61IEcQDRprBsDrzm09EaSrFoxlFxOeoL2hIMTJW6mbL+VuBmOxDGcJ2VQ5E4b5QUzKKYMl1L3wYSgV5zAwVklPEYI 9y+9p5N5tzi24CuEq8BcmBBWrd7HenJ3HMiTCYIa3bnhsZf4yUoZiRSaYTaxIhPER90rZUIE60P07yTeCZVXrJKaEUBibq740x4lqPeGAnOTIDvezNxP+8dmzCa39MRRQbIvD8ozBm0Eg4K8umVQQbNrIEYUXtrRAPkELY2BIytgRvOfIqaZSKXrl4+VDKVW4WdaTBCTgFeeCBK1ABd6AG6gCDZ/AK3sGH8+K8OZ/O13w05Sx2jsEfONMfG7ihMw==</latexit>

(Analog of [Cohn-K-Propp 2003] for multinomial dimers)



“3D Aztec diamond”

<latexit sha1_base64="oqSLXR6SYW59SJcgIwxFzLvDjSk=">AAACGnicbVDLSgNBEJyN7/iKevQyGARPYVcF9SIRPXiMYKKQDcnsbCcOmccyMxuJS/5E8Kq/4U28evEv/AQnMQdNLGgoqrrp7ooSzoz1/U8vNzM7N7+wuJRfXlldWy9sbNaMSjWFKlVc6duIGOBMQtUyy+E20UBExOEm6p4P/ZseaMOUvLb9BBqCdCRrM0qsk5qFrVbr4AKfPVigOGZEKBnvNAtFv+SPgKdJMCZFNEalWfgKY0VTAdJSToypB35iGxnRllEOg3yYGkgI7ZIO1B2VRIBpZKPjB3jXKTFuK+1KWjxSf09kRBjTF5HrFMTemUlvKP7n1VPbPm5kTCapBUl/FrVTjq3CwyTcuxqo5f3h31Qzdyumd0QTal1e+VDCPVVCEBlnISRmkIU9oh1hXMmBiyiYDGSa1PZLwWHp5Gq/WD4dh7WIttEO2kMBOkJldIkqqIoo6qMn9IxevEfv1Xvz3n9ac954Zgv9gffxDbvZoUc=</latexit>

Reds: a⇥ b⇥ c box

<latexit sha1_base64="jA4pEWbG+RD/sKZyLRiQmhfj6iM="></latexit>

Blues: (a+ 1)⇥ (b� 1)⇥ (c� 1) box

<latexit sha1_base64="85ecXDfO7kTcx/pheybrxQbiJbc="></latexit>

abc = (a+ 1)(b� 1)(c� 1)

<latexit sha1_base64="niyiDLnf3/KFzCTUU8IWcKN5kfc=">AAACGnicbZDLSgNBEEV7fMb4imYpyKAIETHMiKAuFMGNSwWjgUwINZ1KbOzH0N2jhCEfoghu9TfciVs3/oWfYCdxoYkXujjcqqKLGyecGRsEn97Y+MTk1HRuJj87N7+wWFhavjQq1RQrVHGlqzEY5ExixTLLsZpoBBFzvIpvTnr9q1vUhil5YTsJ1gW0JWsxCtZZjUIRYnpYgq1wsxRvu0JdaRTWg3LQlz8K4Q+sH6/e9/Rw1ih8RU1FU4HSUg7G1MIgsfUMtGWUYzcfpQYToDfQxppDCQJNPesf3/U3nNP0W0q7J63fd39vZCCM6YjYTQqw12a41zP/69VS29qvZ0wmqUVJBx+1Uu5b5feS8JtMI7W84wCoZu5Wn16DBmpdXvlI4h1VQoBsZhEmpptFt6AdMK5k10UUDgcyCpc75XC3fHDusjoiA+XIClkjJRKSPXJMTskZqRBKOuSJPJMX79F79d6898HomPezUyR/5H18A3ZFo2I=</latexit>

<latexit sha1_base64="wIiwAVcpR0wi4sPoWY41Frfv1Qs=">AAAB+HicbVDLSgNBEOyNrxgfWfXoZTAInsJuEPUkES8eI+QFyRJmJ51kyOyDmVkhWfIlXjwo4tVP8ebfOEn2oIkFDUVVN91dfiy40o7zbeU2Nre2d/K7hb39g8OifXTcVFEiGTZYJCLZ9qlCwUNsaK4FtmOJNPAFtvzx/dxvPaFUPArrehKjF9BhyAecUW2knl2sj5DcTTUy4kvOxj275JSdBcg6cTNSggy1nv3V7UcsCTDUTFClOq4Tay+lUnMmcFboJgpjysZ0iB1DQxqg8tLF4TNybpQ+GUTSVKjJQv09kdJAqUngm86A6pFa9ebif14n0YMbL+VhnGgM2XLRIBFER2SeAulziUyLiSGUSW5uJWxEJWXaZFUwIbirL6+TZqXsXpUvHyul6m0WRx5O4QwuwIVrqMID1KABDBJ4hld4s6bWi/VufSxbc1Y2cwJ/YH3+AP0wkqc=</latexit>

The Aztec brick
<latexit sha1_base64="sTgxjkxHeP27tBzYduWsgvo2k4w=">AAACCnicbVC7TsMwFHV4lvIKMLIYWiSmKikImFBFF8Yi0YdoQ+W4TmvVsSPbQaqiziz8CgsDCLHyBWz8DU6bAVqOdKWjc+7Vvff4EaNKO863tbC4tLyymlvLr29sbm3bO7sNJWKJSR0LJmTLR4owykldU81IK5IEhT4jTX9YTf3mA5GKCn6rRxHxQtTnNKAYaSN17QPB4VW1ChnSmmICKYfFpBMiPfB9eDe+Pyl27YJTciaA88TNSAFkqHXtr05P4DgkXGOGlGq7TqS9BEmzgJFxvhMrEiE8RH3SNpSjkCgvmbwyhkdG6cFASFNcw4n6eyJBoVKj0Ded6ZFq1kvF/7x2rIMLL6E8ijXheLooiBnUAqa5wB6VBGs2MgRhSc2tEA+QRFib9PImBHf25XnSKJfcs9LpTblQucziyIF9cAiOgQvOQQVcgxqoAwwewTN4BW/Wk/VivVsf09YFK5vZA39gff4AmwKY7w==</latexit>

on BCC lattice in Z3

<latexit sha1_base64="SO1vqzklisRbwecKr12eim/PURc=">AAAB+nicbVBNSwMxEM3Wr1q/Wj16CRbBU9ktop6k4MVjBfsB7VJms9k2NJssSVYpa3+KFw+KePWXePPfmLZ70NYHA4/3ZpiZFyScaeO6305hbX1jc6u4XdrZ3ds/KFcO21qmitAWkVyqbgCaciZoyzDDaTdRFOKA004wvpn5nQeqNJPi3kwS6scwFCxiBIyVBuVKABwEoZhIEbKFVnVr7hx4lXg5qaIczUH5qx9KksZUGMJB657nJsbPQBlGOJ2W+qmmCZAxDGnPUgEx1X42P32KT60S4kgqW8Lgufp7IoNY60kc2M4YzEgvezPxP6+XmujKz5hIUkMFWSyKUo6NxLMccMgUJYZPLAGi7OcEkxEoIMamVbIheMsvr5J2veZd1M7v6tXGdR5HER2jE3SGPHSJGugWNVELEfSIntErenOenBfn3flYtBacfOYI/YHz+QNLlpQF</latexit>

balance condition



The critical gauge is given by

f(i, j, k) =

�a
i

�
�b
j

��c
k

�

at black vertices and

g(i0, j0, k0) =

�b�1
j

��c�1
k

�
�a+1
i+1

� bc

(b+ 1)(c+ 1)

at white vertices.

<latexit sha1_base64="np2f6Kp7vCFI9NPteNs+s6DIYfY="></latexit>

<latexit sha1_base64="DcFeNg4uVhRbY7zZV7SyTN41VyI=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsyoqCstuHFZwT6gHUomk2lDM8mQZMQy9DPcuFDErX/hH7jzb0ynXWjrgQuHc+7hPoKEM21c99spLC2vrK4V10sbm1vbO+XdvaaWqSK0QSSXqh1gTTkTtGGY4bSdKIrjgNNWMLyZ+K0HqjST4t6MEurHuC9YxAg2Vup0hWQipMKgx1654lbdHGiReDNSuf48zVHvlb+6oSRpbNOEY607npsYP8PKMMLpuNRNNU0wGeI+7VgqcEy1n+Urj9GRVUIUSWXLTs/V34kMx1qP4sB2xtgM9Lw3Ef/zOqmJLv2MiSQ1VJDpoCjlyEg0uR+FTFFi+MgSTBSzuyIywAoTY79Usk/w5k9eJM2TqndePbtzK7UrmKIIB3AIx+DBBdTgFurQAAISnuAFXh3jPDtvzvu0teDMMvvwB87HDz9Nk3A=</latexit>x

<latexit sha1_base64="DcFeNg4uVhRbY7zZV7SyTN41VyI=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsyoqCstuHFZwT6gHUomk2lDM8mQZMQy9DPcuFDErX/hH7jzb0ynXWjrgQuHc+7hPoKEM21c99spLC2vrK4V10sbm1vbO+XdvaaWqSK0QSSXqh1gTTkTtGGY4bSdKIrjgNNWMLyZ+K0HqjST4t6MEurHuC9YxAg2Vup0hWQipMKgx1654lbdHGiReDNSuf48zVHvlb+6oSRpbNOEY607npsYP8PKMMLpuNRNNU0wGeI+7VgqcEy1n+Urj9GRVUIUSWXLTs/V34kMx1qP4sB2xtgM9Lw3Ef/zOqmJLv2MiSQ1VJDpoCjlyEg0uR+FTFFi+MgSTBSzuyIywAoTY79Usk/w5k9eJM2TqndePbtzK7UrmKIIB3AIx+DBBdTgFurQAAISnuAFXh3jPDtvzvu0teDMMvvwB87HDz9Nk3A=</latexit>x

<latexit sha1_base64="D2S5vKkU+DOOKmsjWvzMLeh9hAI=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFclZki6koKblxWsA9oh5LJ3GlDM5kxyRRK6Xe4caGIWz/GnX9j2s5CWw8EDufcw705QSq4Nq777aytb2xubRd2irt7+weHpaPjpk4yxbDBEpGodkA1Ci6xYbgR2E4V0jgQ2AqGdzO/NUKleSIfzThFP6Z9ySPOqLGS35UJlyFKQxSGvVLZrbhzkFXi5aQMOeq90lc3TFgW2zwTVOuO56bGn1BlOBM4LXYzjSllQ9rHjqWSxqj9yfzoKTm3SkiiRNln98/V34kJjbUex4GdjKkZ6GVvJv7ndTIT3fgTLtPMoGSLRVEmiEnIrAEScoXMiLEllClubyVsQBVlxvZUtCV4y19eJc1qxbuqXD5Uy7XbvI4CnMIZXIAH11CDe6hDAxg8wTO8wpszcl6cd+djMbrm5JkT+APn8wfBwJIV</latexit>

red

<latexit sha1_base64="UPh9mpKmveljm77rhF8uPRxpbso=">AAAB9XicbVDLSgMxFL3js9ZX1aWbwSK4KjNF1JUU3LisYB/QjiWTudOGZpIhySil9D/cuFDErf/izr8xbWehrQcCh3PuTU5OmHKmjed9Oyura+sbm4Wt4vbO7t5+6eCwqWWmKDao5FK1Q6KRM4ENwwzHdqqQJCHHVji8mfqtR1SaSXFvRikGCekLFjNKjJUeukIyEaEwbsgz7JXKXsWbwV0mfk7KkKPeK311I0mzxF5AOdG643upCcZEGUY5TordTGNK6JD0sWOpIAnqYDxLPXFPrRK5sVT22AAz9ffGmCRaj5LQTibEDPSiNxX/8zqZia+CMRNpZlDQ+UNxxl0j3WkFbsQUUsNHlhCqmM3q0gFRhBpbVNGW4C9+eZk0qxX/onJ+Vy3XrvM6CnAMJ3AGPlxCDW6hDg2goOAZXuHNeXJenHfnYz664uQ7R/AHzucPkQSSjA==</latexit>

blue

<latexit sha1_base64="56jCwdJ43sCt5qssCo1dz09foFM=">AAAB/nicbVDLSgMxFL1TX7VqHRVXbqJFcFVmRNSVFN24rGBboTOUTCZtQzOZIckIZSj4K924UMSt3+HOX/ArzLRdaOuBhMM5997cnCDhTGnH+bIKS8srq2vF9dLG5lZ5297Zbao4lYQ2SMxj+RBgRTkTtKGZ5vQhkRRHAaetYHCT+61HKhWLxb0eJtSPcE+wLiNYG6lj73siZiKkQiPH4xSx/MIdu+JUnQnQInFnpFKzv8flwuF1vWN/emFM0sjMIRwr1XadRPsZlpoRTkclL1U0wWSAe7RtqMARVX42WX+Ejo0Som4szTF7TNTfHRmOlBpGgamMsO6reS8X//Paqe5e+hkTSaqpINOHuilHOkZ5FihkkhLNh4ZgIpnZFZE+lphok1jJhODOf3mRNE+r7nn17M6kcQVTFOEAjuAEXLiAGtxCHRpAIIMxvMCr9WQ9W2/W+7S0YM169uAPrI8fO7aXOw==</latexit>

0  i  a
<latexit sha1_base64="88pRDsN4uT+q3Xi/vFqFHJ08XAs=">AAAB/nicbVDLSgMxFM3UV62Pjoq4cBMsgqsyI6IuRApuXFawD+gMJZNm2thMMiQZoQwFf8WNC0VcuPE73PkBbvsNZtoutPVAwuGce29uThAzqrTjfFm5hcWl5ZX8amFtfWOzaG9t15VIJCY1LJiQzQApwignNU01I81YEhQFjDSC/lXmN+6JVFTwWz2IiR+hLqchxUgbqW3velxQ3iFcQ8djBN5lV9C2S07ZGQPOE3dKSpW90ah48f5dbdufXkfgJDJzMENKtVwn1n6KpKaYkWHBSxSJEe6jLmkZylFElJ+O1x/CQ6N0YCikOWaPsfq7I0WRUoMoMJUR0j0162Xif14r0eG5n1IeJ5pwPHkoTBjUAmZZwA6VBGs2MARhSc2uEPeQRFibxAomBHf2y/Okflx2T8snNyaNSzBBHuyDA3AEXHAGKuAaVEENYJCCR/AMXqwH68l6td4mpTlr2rMD/sD6+AGgxJkF</latexit>

0  j  b
<latexit sha1_base64="YkYJouDkFz2lvvMRsLK0YPQhOeU=">AAAB/nicbVDLSgMxFL1TX7VqHRVXbqJFcFVmRNSVFN24rGBboTOUTJppQzOZIckIZSj4K924UMSt3+HOX/ArzLRdaOuBhMM5997cnCDhTGnH+bIKS8srq2vF9dLG5lZ5297Zbao4lYQ2SMxj+RBgRTkTtKGZ5vQhkRRHAaetYHCT+61HKhWLxb0eJtSPcE+wkBGsjdSx9z0RM9GlQiPH4xQN8ot07IpTdSZAi8SdkUrN/h6XC4fX9Y796XVjkkZmDuFYqbbrJNrPsNSMcDoqeamiCSYD3KNtQwWOqPKzyfojdGyULgpjaY7ZY6L+7shwpNQwCkxlhHVfzXu5+J/XTnV46WdMJKmmgkwfClOOdIzyLFCXSUo0HxqCiWRmV0T6WGKiTWIlE4I7/+VF0jytuufVszuTxhVMUYQDOIITcOECanALdWgAgQzG8AKv1pP1bL1Z79PSgjXr2YM/sD5+AEHQlz8=</latexit>

0  k  c

<latexit sha1_base64="Q2P3oKUwwnThwLk1U0qU3g5T3+A=">AAACAHicbVC7TsMwFHXKqxQoAQYGFkOFxEKVIARMqIKFsUj0ITVR5ThOa9WxI9tBqqIu/AliYQAhVj6DjV/gK3DaDtByJFtH59xr33uChFGlHefLKiwsLi2vFFdLa+sb5U17a7upRCoxaWDBhGwHSBFGOWloqhlpJ5KgOGCkFQyuc791T6Sigt/pYUL8GPU4jShG2khde9fjgvKQcA0djxE4yC987HbtilN1xoDzxJ2SSs3+fiwX9q/qXfvTCwVOY/MSZkipjusk2s+Q1BQzMip5qSIJwgPUIx1DOYqJ8rPxAiN4aJQQRkKaYyYZq787MhQrNYwDUxkj3VezXi7+53VSHV34GeVJqgnHk4+ilEEtYJ4GDKkkWLOhIQhLamaFuI8kwtpkVjIhuLMrz5PmSdU9q57emjQuwQRFsAcOwBFwwTmogRtQBw2AwQg8gRfwaj1Yz9ab9T4pLVjTnh3wB9bHDynCl7E=</latexit>

0  k  c� 1

<latexit sha1_base64="CBQLT06WGkCoFjDqxnPDcU5/PP4=">AAACAHicbVDLSgMxFM34rPXRURdduAkWwY1lRkRdiBTcuKxgH9AOJZPJtLGZZEgyQhm68VfcuFBE3PkZ7vwAt/0GM20X2nog4XDOvcm9x48ZVdpxvqyFxaXlldXcWn59Y3OrYG/v1JVIJCY1LJiQTR8pwignNU01I81YEhT5jDT8/lXmN+6JVFTwWz2IiRehLqchxUgbqWMX21xQHhCuodNmBN5ll3/kduySU3bGgPPEnZJSpTgaFS7ev6sd+7MdCJxE5iXMkFIt14m1lyKpKWZkmG8nisQI91GXtAzlKCLKS8cLDOGBUQIYCmmOmWSs/u5IUaTUIPJNZYR0T816mfif10p0eO6llMeJJhxPPgoTBrWAWRowoJJgzQaGICypmRXiHpIIa5NZ3oTgzq48T+rHZfe0fHJj0rgEE+TAHtgHh8AFZ6ACrkEV1AAGQ/AInsGL9WA9Wa/W26R0wZr27II/sD5+AIiymXc=</latexit>

0  j  b� 1

<latexit sha1_base64="mCltrDY37fSbpX3SNjJU0NGThz8=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2gR3FhmRNSVFN24rGAf0BlKJpNpQzPJkGSEMnbhp+jGhSJu/Q13/oJfYabtQlsPJBzOuffm5gQJo0o7zpdVmJtfWFwqLpdWVtfWN+zNrYYSqcSkjgUTshUgRRjlpK6pZqSVSILigJFm0L/K/eYdkYoKfqsHCfFj1OU0ohhpI3XsHY8LykPCNTxyPUYgzS/UsctOxRkBzhJ3QspV+/txvbB3WevYn14ocBqbQZghpdquk2g/Q1JTzMiw5KWKJAj3UZe0DeUoJsrPRvsP4YFRQhgJaY5ZZKT+7shQrNQgDkxljHRPTXu5+J/XTnV07meUJ6kmHI8filIGtYB5GDCkkmDNBoYgLKnZFeIekghrE1nJhOBOf3mWNI4r7mnl5MakcQHGKIJdsA8OgQvOQBVcgxqoAwzuwRN4Aa/Wg/VsvVnv49KCNenZBn9gffwArG2Xcw==</latexit>

�1  i  a



<latexit sha1_base64="PjR2eysr/MWPZZDU3Ruz5womVv4="></latexit>

In 3d, there is no “height function”. We use the (divergence free) vector field ~u
instead: ~u is the average direction a dimer points, when all dimers are oriented
from black to white.

<latexit sha1_base64="r8F+HmMLlmj8rqUehLRHd/maws8=">AAACE3icbVDLSkJRFD3XXmavWw2bHNLASuReiWpSCE0aGuQDVOTc4zYPnvvgPBRR/6FJv9KkQRFNmzTrbzo+BqUt2LBYa2/23suLOJPKcb6t2NLyyupafD2xsbm1vWPv7pVkqAWFIg15KCoekcBZAEXFFIdKJID4Hoey17kZ++UuCMnC4F71I6j75CFgLUaJMlLDPknVukCxxlc4rTPdTO84lcE9pto4NdTD02HXVG9Y4+CmGnbSyToT4EXizkgSzVBo2F+1Zki1D4GinEhZdZ1I1QdEKEY5jBI1LSEitEMeoGpoQHyQ9cHkpxE+MkoTt0JhKlB4ov6eGBBfyr7vmU6fqLac98bif15Vq9ZlfcCCSCsI6HRRS3OsQjwOCDeZAKp43xBCBTO3YtomglBlYkyYENz5lxdJKZd1z7Nnd7lk/noWRxwdoEOURi66QHl0iwqoiCh6RM/oFb1ZT9aL9W59TFtj1mxmH/2B9fkD+ZSbvw==</latexit>

~u = (u, v, w), with |u|+ |v|+ |w|  1

<latexit sha1_base64="btZRQ/A82aufK0WReE964mRXHT4=">AAACCnicbVDLSgMxFM34rPVVdekmWgRXZaaIupKCG1dSoS9oh5JJ77ShmWRIMspQunbjr7hxoYhbv8Cdf2PazkJbDwQO55zLzT1BzJk2rvvtLC2vrK6t5zbym1vbO7uFvf2GlomiUKeSS9UKiAbOBNQNMxxasQISBRyawfB64jfvQWkmRc2kMfgR6QsWMkqMlbqFo9oA8C08GClwLHlqZAxYhrjHFNBJRHcLRbfkToEXiZeRIspQ7Ra+Oj1JkwiEoZxo3fbc2PgjogyjHMb5TqIhJnRI+tC2VJAItD+anjLGJ1bp4VAq+4TBU/X3xIhEWqdRYJMRMQM9703E/7x2YsJLf8REnBgQdLYoTDg2Ek96yQ7mqSWEKmb/iumAKEKNbS9vS/DmT14kjXLJOy+d3ZWLlausjhw6RMfoFHnoAlXQDaqiOqLoET2jV/TmPDkvzrvzMYsuOdnMAfoD5/MHNYKamQ==</latexit>

The Newton polytope of directions

<latexit sha1_base64="qr592GtERHLtnQyHBG3zWVsPrqc="></latexit>

Thm[K-Wolfram 24+] There is an analogous variational principle in 3d.
<latexit sha1_base64="KCaQoSHkpZPX6rjkkpO5bEMe7Yg="></latexit>

(uses [Chandgotia, She�eld, Wolfram arXiv:2304.08468 ].)



integral curves of the vector field

<latexit sha1_base64="pWtfiKhs8ogh76AgRVUzW7c8eNk="></latexit>

The limit vector field in [0,↵]⇥ [0,�]⇥ [0, �] is

<latexit sha1_base64="LBExX/UkvJXaAc40BTRCBBrEz2c="></latexit>

(
2x

↵
� 1, 1� 2y

�
, 1� 2z

�
)

<latexit sha1_base64="AOyvSfOfGjKMLIqEt4sZ8Tok6iY="></latexit>



<latexit sha1_base64="Hc+bMqg3l+m1rnKrrwJwD6DkA80="></latexit> uy

1� u2
=

vx
1� v2

vz
1� v2

=
wy

1� w2

wx

1� w2
=

uz

1� u2
.

<latexit sha1_base64="xWiSYuELxjZKUh+q5gdekGy7yqM="></latexit>

The Euler-Lagrange equation for the divergence-free vector field ~u = (u, v, w) is

<latexit sha1_base64="045/rmWwuvL0gj+oXwx9td0Zspk=">AAACD3icbVC7SgNBFJ31GeNr1dJmMFEihLAbRK0kYGMZIS9IljA7uZsMmX0wMxsJS/7Axl+xsVDE1tbOv3GSbKGJBwYO55zLnXvciDOpLOvbWFldW9/YzGxlt3d29/bNg8OGDGNBoU5DHoqWSyRwFkBdMcWhFQkgvsuh6Q5vp35zBEKyMKipcQSOT/oB8xglSktd86w2ACxj4REKWEEwDeJ8R7K+TwpxcVR8OM9jJrtmzipZM+ BlYqckh1JUu+ZXpxfS2IdAUU6kbNtWpJyECMUoh0m2E0uICB2SPrQ1DYgP0klm90zwqVZ62AuFfoHCM/X3REJ8Kce+q5M+UQO56E3F/7x2rLxrJ2FBFOtT6XyRF3OsQjwtB/eYAKr4WBNCBdN/xXRABKFKV5jVJdiLJy+TRrlkX5Yu7su5yk1aRwYdoxNUQDa6QhV0h6qojih6RM/oFb0ZT8aL8W58zKMrRjpzhP7A+PwB87abUA==</latexit>

The surface tension �(u, v, w) is

<latexit sha1_base64="YUWyF+LIYxo3HnWKfdBiGQetro4="></latexit>

�(u, v, w) = S(
1� u

2
) + S(

1� v

2
) + S(

1� w

2
)

<latexit sha1_base64="rgtU2cYYqRCAaZdTNbANVFkqsbQ=">AAACCXicbZDLSgMxFIYz9VbrbdSlIMEitIuWGRF1oxTcuKxoL9AOJZOmbWhmEpKMUIZu3fgE+gxuXCji1jdw59uYmXahrT8EvvznHJLz+4JRpR3n28osLC4tr2RXc2vrG5tb9vZOXfFIYlLDnHHZ9JEijIakpqlmpCkkQYHPSMMfXib1xh2RivLwVo8E8QLUD2mPYqSN1bHhTUEU4TksiTbjfShgCRbckigmtxQ6dt4pO6ngPLhTyFf2HxM9VTv2V7vLcRSQUGOGlGq5jtBejKSmmJFxrh0pIhAeoj5pGQxRQJQXp5uM4aFxurDHpTmhhqn7eyJGgVKjwDedAdIDNVtLzP9qrUj3zryYhiLSJMSTh3oRg5rDJBbYpZJgzUYGEJbU/BXiAZIIaxNezoTgzq48D/WjsntSPr42aVyAibJgDxyAAnDBKaiAK1AFNYDBPXgGr+DNerBerHfrY9KasaYzu+CPrM8fFqKahg==</latexit>

S(p) = �p log p� (1� p) log(1� p)



<latexit sha1_base64="xj6OFdNCeouhK6gCGu+vS1UvzjA=">AAAB83icbZDLSgMxFIbP1Futt6pLN8EiuCozRdSVFARxWcFeoB1KJs20oZkLyYlQSl/DjQtF3Poy7nwb0+kstPWHwMd/zuGc/EEqhUbX/XYKa+sbm1vF7dLO7t7+QfnwqKUToxhvskQmqhNQzaWIeRMFSt5JFadRIHk7GN/O6+0nrrRI4kecpNyP6DAWoWAUrdW7k4ahyVj3yxW36mYiq+DlUIFcjX75qzdImIl4jExSrbuem6I/pQoFk3xW6hnNU8rGdMi7FmMace1Ps5tn5Mw6AxImyr4YSeb+npjSSOtJFNjOiOJIL9fm5n+1rsHw2p+KODXIY7ZYFBpJMCHzAMhAKM5QTixQpoS9lbARVZShjalkQ/CWv7wKrVrVu6xePNQq9Zs8jiKcwCmcgwdXUId7aEATGKTwDK/w5hjnxXl3PhatBSefOYY/cj5/AHhNkfY=</latexit>

Fluctuations

<latexit sha1_base64="m2X5QNzugQjlgImvmfHL0oJK4mA=">AAAB63icbVC7SgNBFL3rM8ZHohYWNoNBsAq7ImohErCxjGAekCxhdjKbDJmZXWZmhbDkF2wsFLH1C/wTOz/ANt/gbJJCEw9cOJxzL/feE8ScaeO6X87S8srq2npuI7+5tb1TKO7u1XWUKEJrJOKRagZYU84krRlmOG3GimIRcNoIBjeZ33igSrNI3pthTH2Be5KFjGCTSe1Ys06x5JbdCdAi8WakVDkYjwtXH9/VTvGz3Y1IIqg0hGOtW54bGz/FyjDC6SjfTjSNMRngHm1ZKrGg2k8nt47QsVW6KIyULWnQRP09kWKh9VAEtlNg09fzXib+57USE176KZNxYqgk00VhwpGJUPY46jJFieFDSzBRzN6KSB8rTIyNJ29D8OZfXiT107J3Xj67s2lcwxQ5OIQjOAEPLqACt1CFGhDowyM8w4sjnCfn1Xmbti45s5l9+APn/QeiUpJh</latexit>

 

<latexit sha1_base64="Rpp0EWgz16Ywg4uByX8Sc0IIyoA=">AAACFXicbVA9SwNBEN3zM8avqKXNYhQsJNwFUSsRhGhhoWA0kAthbrNJluztLbtzSgj+CRv/io2FIraCnf/GzUehiQ8GHu/NMDMv0lJY9P1vb2p6ZnZuPrOQXVxaXlnNra3f2CQ1jJdZIhNTicByKRQvo0DJK9pwiCPJb6POad+/vePGikRdY1fzWgwtJZqCATqpnts7K5XovcA2vQAtgQlQdDtUEEkIWSPBsANaw1DYrufyfsEfgE6SYETyZITLeu4rbCQsjblCJsHaauBrrPXAoGCSP2TD1HINrAMtXnVUQcxtrTf46oHuOKVBm4lxpZAO1N8TPYit7caR64wB23bc64v/edUUm0e1nlA6Ra7YcFEzlRQT2o+INoThDGXXEWBGuFspa4MBhi7IrAshGH95ktwUC8FBYf+qmD85HsWRIZtki+ySgBySE3JOLkmZMPJInskrefOevBfv3fsYtk55o5kN8gfe5w8/5J5F</latexit>

GFF with Laplacian r · r <latexit sha1_base64="ApPQFdokC1RNdrCqLm2z+NQDccA=">AAACBHicbVDLTgIxFO3gC/E16pJNIzFxRWaIUVcG48YlJvJIgJBOKdDQx6S9Y4KEhRt/xY0LjXHrR7jzb+wACwVP0uTknHvbnhPFglsIgm8vs7K6tr6R3cxtbe/s7vn7BzWrE0NZlWqhTSMilgmuWBU4CNaIDSMyEqweDa9Tv37PjOVa3cEoZm1J+or3OCXgpI6fv3oARnGXE6lVF1tK3E19LLjk0PELQTGYAi+TcE4KaI5Kx/9qdTVNJFNABbG2GQYxtMfEAKeCTXKtxLKY0CHps6ajikhm2+NpiAk+dkoX97RxRwGeqr83xkRaO5KRm5QEBnbRS8X/vGYCvYv2mKs4Aabo7KFeIjBonDbishtGQYzSEqjh7q+YDoghFFxvOVdCuBh5mdRKxfCseHpbKpQv53VkUR4doRMUonNURjeogqqIokf0jF7Rm/fkvXjv3sdsNOPNdw7RH3ifP2VAl+8=</latexit>

Aztec diamond scaling limit

<latexit sha1_base64="b0pHJkHHiW/GU7xHuzoJgkjUExQ="></latexit>

Thm: (2D Aztec diamond) In the scaling limit, height fluctuations are given by
the image of an inhomogeneous Gaussian Free Field on [0,⇡]2 (with conductance
) under a di↵eomorphism  : [0,⇡]2 ! R:

 (u, v) = (cosu, cos v),

and  : [0,⇡]2 ! R is given by (u, v) = 1
sinu sin v .

<latexit sha1_base64="4rSrPsSmrwwuJZD83kaDw0qPzSs="></latexit>

Fluctuations for multinomial dimers (and multinomial tilings in general) are
Gaussian.
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