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AUGUST 29: INTRODUCTION

For any group G, a representation is a vector space V and a map of groups p : G —

GL(V). We are interested in the case where G is also GL,(C), so we are looking at maps
GL,(C) — GLN(C). I expect this to lead us to

) Symmetric functions

) Schur polynomials and schur functors
) Young tableaux

) Jeu de taquin, RSK

(5) Crystals

We might or might not get to

(
(1
(2
(3
(4

(6) Standard monomial theory
(7) Webs
(8) Representation theory of S,

There are many other great topics I don’t expect to reach:

(9

) Infinite dimensional representations

) Representation theory of GL,(F,) over C

) Representation theory of GL, (k) over k where k has characteristic p
) Total positivity

) Cluster algebras

(14) Other Lie types

But, the good news is, you will be doing final papers/presentations! So there are opportu-
nities to learn about all these things!
For now, I want to explain what sort of representation we will be talking about, and I
want to explain why we will be seeing so many symmetric polynomials in this course.
Write C™ for the standard n-dimensional representation of G L, (C).
Some examples of representations we want to study:
(1) The representation C", or (C")®" for any r > 0.
(2) The representations (C")®* and its subrepresentations Sym*(C") and A*(C™).
(3) The dual representation (C")V. In coordinates, this is g — g7
(4) We can take V = C and p(g) = (det g)* for any integer k.

Here are some homomorphisms p : GL,(C) — GLy(C) we do not want to study:

(10
(11
(12
(13

(5) We could map g to | det g|* for some real number a.
(6) We could map ¢ to g, meaning to take the complex conjugate of each entry of g.
(7) We could map g to o(g), where o is some crazy element of Gal(C/Q). (If you believe
in the axiom of choice, you believe that there is an automorphism of C taking v/2 to
V2
Let p : GL,(C) — GLy(C) be a group homomorphism. Write g;;, for 1 < ¢,j < n, for
the coordinates on GL,,(C). For 1 < p,q < N, the coordinate p(g),, is a function of the g;;.
We'll say that p is
e a polynomial representation if each p(g),, is a polynomial in the g;;
e an algebraic representation if each p(g),, is in Clg;;, (det g) ).

It is easy to check that this is independent of the choice of basis for CV.



This makes sense from the perspective of algebraic geometry: The polynomial functions
Clgij] are the regular functions on the n*-dimensional affine space of n x n matrices, and the
functions in C[g,;, (det g)~!] are the regular functions on the locus where det g # 0, which is
GL,(C). In the above list, representations (1) and (2) are polynomial. (In the natural basis,
the matrix entries of the action on (C")®* are products of k-entries of g; the matrix entries
of the action on /\k((C”) are k x k minors of g; the matrix entries of the action on Sym*(C")
are k x k permanents of g.) The representation (3) is algebraic but not polynomial. The
representation (4) is polynomial if £ > 0, and is algebraic but not polynomial for & < 0.

Now, where do the symmetric polynomials come from?

If p: G — GL(V) is an finite dimensional representation, then the character x of p is
defined by x(g) = Tr(p(g)). Note that

X(hgh™") = Tr(p(hgh™")) = Tr(p(h)p(g)p(h)~*) = Tr(p(h) " p(h)p(g)) = Tr(p(g)) = x(9)
so x is constant on conjugacy classes. Now, the diagonalizable matrices are dense in G L, (C),
so any continuous function on GL,(C) is determined by its values on diagonalizable matri-
ces. And “diagonalizable” just means “conjugate to diagonal”. So characters of continuous

representations are determined by their values on diagonal matrices.
1

If p is polynomial, then y ) is a polynomial in x1, zo, ..., z,. If p is rational,

then it is a Laurent polynomial.
Moreover, note that
- -1

_1 z 1 T

and, more generally, conjugating a diagonal matrix by a permutation matrix permutes its en-
] _

xX
tries. So x ([ is a symmetric (Laurent) polynomial in 1, xs, ..., ,. In this way,
Tn J

we get a symmetric (Laurent) polynomial from each polynomial (rational) representation.

We introduce the notation A,, for the ring of symmetric polynomials in x1, x3, ..., T,
with integer coefficients. We’ll write AL for symmetric Laurent polynomials. Soon we will
also introduce A and A*, which conceptually are the limits of A,, and Af as n — cc.

AUGUST 31: THE ELEMENTARY AND MONOMIAL SYMMETRIC FUNCTIONS

Recall that we used the notations A, to denote symmetric polynomials in x1, s, ..., Z,,
and AF to denote symmetric Laurent polynomials in xy, zy, .., Z,.

Partitions. A partition is a weakly decreasing sequence of positive integers A\; > Ay >
>N > 0.

We draw partitions as configurations of boxes called Young Diagrams - the partition
A1 > Ay > ... > N\ > 0 is represented as [ rows of boxes, with the ith row having \; boxes,
aligned to the left. For example, the Young diagram for the partition (4,2, 1) is as follows:
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We will often pad our partitions with 0’s - for example, (4,2,1),(4,2,1,0),(4,2,1,0,0) all
represent the same partition.
For a partition A, we say the size of A is [A[ := > . A; = number of boxes. We say the

length of X is {(\) := #{j : \; > 0} = number of rows.

The transpose of \, denoted AT, is obtained by reflecting the Young diagram for A along
its diagonal. For example, (4,2,1)T = (3,2,1,1), because

T
[ ]

Another way to describe transposes is to note that \T; = #{i : \; > j}.

We define a partial order, a dominance order on partitions, as follows: We say A > p if

A2
M+ > g+
A+ A+ A3 > g+ o+ s
etc.

Now we shall look at a few specific types of symmetric polynomials.

Monomial Symmetric Functions. For a partition A, define m, to be the symmetric
polynomial defined my

— C1 ,.C2 @
MA(T1, ey Tp) = E ARE S
(c14esen)ESR(A15eAn)

Example. Let n = 3. Then m3 1) (21, T2, T3) = 2iTs + 2125 + 203 + 1125 + 2305 + 077,
Note the padding of (3,1) here to (3,1,0).

Example. Let n = 3 again. Then m 1y(21, T2, 23) = 2129 + Tox3 + 2321 # 2(2122 + T3 +
x3x1). So we do not count the terms with multiplicity. Thus the coefficients of all terms in
my are 0 or 1.

Note that the m, form a Z-basis for A, i.e. A, = @é(/\)gn 7 - my.

Elementary Symmetric Functions. For a positive integer k let e, € A, be given by
er(r1, o, ooy Ty) = Zi1<i2<...<ik Tjy Tiy... Ty, = M1,.1)- For a partition A = (A, Az, ..., Ay),
we put ey = ey,€y,...€y,.

Example. We have
ey (w,r,y,2) = es-e1 = (wey + 2yz + yzw + zwz)(w+ 2 +y + 2) =
(w?zy + wyz + -+ ) + dwryz = maoyy + 4magy.

Note that (3,1)7 = (2,1, 1), and that the coefficient of my;; in es; is 1. This is an example
of the following lemma:

Lemma. e, is of the form myr + (a linear combination of m,, with p < A7)
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Proof. Suppose m,, occurs with a positive coefficient. Then x}"z4*...x#" occurs in the ex-

pansion of ey, ey,...ey,. We need to show that p < A.

Note that each e), contributes a power of atmost 1 for each z;. Thus puy < #{i : \; >
1} = (/\T>1'

By a similar reasoning, we have uy + po < 2#{i : A < 2} + #{i : \; = 1} (each e,, with
A; > 2 can at best have contributed one each of x; and x5, and the rest will have come from
ex, with \; = 1). Thus pg + po < #{i: N > 23+ {i: N > 1} = (A7), + (A)),.

In general, ju + g + -+ -+ py; < j#{i: A > 5} + SUT N kH N =k} =30 H#i N>
k}=>"7_, (AT),. Thus p < AT

We can trace back this proof to see when equality holds - for equality to hold, the contri-
bution from each e,, must precisely be x1z;...x),. So the coefficient of myr is 1. U

Corollary. A, = @1y« Z - ex = Dyry<, Z - xr-

Proof. Fix a degree d. The previous lemma implies that the e, with |A\| = d are related to
m,, with |p| = d by an upper triangular matrix. The diagonal entries of this matrix are all
1’s, and thus it is invertible. Inverting this matrix allows us to express the m,, in terms of
ey and since we know the m, give a basis for A,,, the same must be true of the e,,. O

Example. Here is the matrix expressing the e’s in terms of the m’s in degree 3:

ez = min
€1 = mo1  +  3min
€111 = M3 -+ 3m21 + 6m111.

Note that the matrix is “triangular”. If we redefined e, to be what we are currently calling
eyr, then it would be upper triangular.

Corollary. A, = Zley, e, ..., €,]

Proof. Note that any monomial in eq, es, ..., €, is precisely equal to e, for some A with all
parts of A being < n, i.e. £(A\T) < n. The result then follows using the previous Corollary. [

This result is often referred to as the ‘Fundamental Theorem of Symmetric Polynomials’.

The ring A. We have ring maps A,, — A, given by z,, — 0,2, — x for k < n — 1. This
maps acts on my by: my — my if £(\) <n —1, and m) — 0 otherwise. The map acts on e,
by : ey > ey if L(AT) <n — 1, and ey — 0 otherwise.

This allows us to define the ring A = Z[eq, €2, ..., €5, ... = @, Z-ex = @, Z-my. In terms
of category theory, A = lim,,.,, A,, the ‘graded inverse limit’ of A,,.

SEPTEMBER 2: THE RING A AND THE POLYNOMIALS h)

Today we finished discussing the ring A and introduced a third basis of the symmetric
polynomials h.
When doing manipulations in A,, for various n, many identities appear regardless of the
particular n. For example, in A,, for n > 3 we have:
m% = Mmo + an
m% = ms + 3m21 + 6771111

es1 = may1 + 4maina-
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Since there is so much shared structure, it would be nice to have a single ring with all
these identities. This motivates A, the graded ring of symmetric functions in infinitely many
variables, with maps from A — A, which commute with the natural maps, A, — A,_1
sending x, — 0 and leaving all else fixed.

The ring A. There are two broad approaches to defining something nice, we can give a
concrete construction (but then we must work to check that what we’ve made really does
have all the properties) or we can lean on abstract nonsense (in which case we may know very
little about what we’ve made, but it definitely exists and has those properties). We give two
concrete constructions, and then an abstract one for those who know a little category theory.
Before we begin, we introduce some notation. The degree d piece of R will be denoted R<.
Note that R? is not a ring, but an abelian group. Thus A% denotes the degree d symmetric
polynomials in n variables.

First, we can take A = Zley, ea, . . ., €p, .. .], the ring generated by all the e;. We then define

e; 1<n

the map A — A, by sending e; — . Note that these maps are isomorphisms

i>n

between A? and AZ for n > d. It is easy to see that A with these maps is compatible with
the ring maps A,, — A,,_1, though it requires some work to find the m,’s in this construction.

Second, we can first construct an abelian group A = @, Zey, = @, Zm,, and then
define eye,, (or mym,,) by whatever the expression equals in Ay for N > |A| + |u| (so that
N is large enough that we would see any structure), so that the maps A? — A4, sending
ex — €y is an isomorphism between suitably large graded pieces.

Finally, for those who know category theory. The maps

"'—>A3—>A2—>A1

form an infinite descending chain in the category of rings. We say the ring Y =limy.. , A,
with maps [[, : Y — A,, compatible with the chain (ie, applying [[,, and then moving down
the chain is the same as applying [],_;), is the inverse-limit of this chain if for all Z with
compatible maps «, : Z — A, there is a unique map f : Z — Y such that [[, of = «, for
all n.

Remark. If we restrict our chain to the degree d part, then the chain is eventually constant:
ce= A=A AL = A AL

Therefore, in order for our maps [[,, to be compatible, they must be eventually constant on
each graded piece A%

The polynomials hy. The h), symmetric polynomialsﬂ are defined similarly to the ey: we
first define hy for £ > 0, and then set hy = hy hy, - hy,. The definition of hj; may look

familiar:
hy = E Liy =+ Ty,
11 <ig---<ip

note that we allow ¢; = 4;,1, unlike in the definition of ey.

Remark. It will turn out that e, is the character of /\k((C"), and hy is the character
of Sym*(C"). See Homework 1, problem 3.

Ij stands for “homogeneous”, but this is not very helpful. All of the other polynomials we have seen are
homogeneous too. Perhaps ‘huge’, for typically having more terms in hy than my or e)?



Let us compute a few examples:

hgzz:xiarj Zx +Z$19§] mg +my

1<j 1<j

hl,l = h% = (Z .’I?Z)(Z .’I?j) = msg + 2m171
( J

hQ . 11 mo
h171 o 1 2 mig
in particular, the hy’s are not given by upper triangular combinations of the m,’s. Still, the

matrix above has determinant 1, and so hy 1, hy are a Z-basis. We will now show they are a
basis in general.

Theorem. We have A = Z[hy, ho, .. .].

Since the h; are symmetric polynomials and the e; form a basis, it is clear that Z[hq, ho, . . ]
is contained in A. Our plan is to prove that each e; is a polynomial in the h;’s, and
so Z[h1, ha, .. .] is exactly A. We give the proof after a lemma.

So we have

Lemma. For all £ > 0 we have Z o(—1)7hje,_; = 0. In particular,
k
ex = exho = Y (1) hjer;.
j=1
Proof. Consider the generating functions e(t) = >_. e;t/ and h(t) = >_, ht/. We can rewrite
them as infinite products e(t) = [[2,(1 + x;t) (the degree j term is gained by picking ;¢
from j different 7, so we get all combinations of j distinct variables) and

h(t) = H(l it + (3t)’ + (wt) + o) = H 1 —1arit

(since we now want monomials with arbitrary degree in x;, but still a total degree of 7).

We then see that
1+ z;t
= — —= tl ]h t]
= T = c0no = (e T

So after expanding the right hand side and collecting the terms with ¢*, we find

k
Z jhekj

7=0

Solving this equation for e finishes the proof. O
Corollary. For k£ > 0, we have ¢ is a polynomial in hq, ..., hy.
Proof. We argue by induction on k. If k = 1 then e; = hy. By Lemma we have

k
:Z(_l)j+1hjek—j-

Since k — j < k, by induction each e;_; is a polynomial in the h; for i < k —j < k.
Therefore ey is a polynomial in the h; for ¢ < k. 0J



9

Proof of Theorem. Let L be the ring generated by h;. It is clear that L is contained in A,
since the e; generate A,,. Corollary implies that e, € L, thus L = A. Finally, since there

are the same number of e, and hy with ¢(\) < n, and e, is a basis for A,,, the hy, must be
linearly independent. Thus A = Z[hy, hs, .. .] as desired. O

Finally, we discuss what happens in A,. The proof above still shows that the h; generate
A,. More precisely, since A,, is generated by e, es, ..., €,, the proof above shows that
A, = Z[hy, ha, ..., hy]. In terms of a Z-basis, hy is a monomial in {hq, hy, ..., h,} if and
only every every part of A\ is < n or, in other words, if /(A7) < n. So we deduce that
A, =Zhy, ..., hy)] = @e(,\T)gn Zhy.

SEPTEMBER 7: THE HALL INNER PRODUCT

Motivation. Our objective for this class is to motivate and define a useful bilinear, sym-

metric, positive definite map (, ) : A x A — Z. As we'll see, we can also define ( , ) on
A, x A,, or on Aff x AE.

Definition. Let G be a group and V, W finite dimensional G-representations. We say that
a linear map f is G-equivariant if f(g*v) = g x f(v) forall v € V,g € G. We denote the
set of all such maps as Hom®(V, W)

The objective of the Hall inner product is to give information about HomG(V, W) when
G = GL,C in the following manner:
Let V', W be algebraic representations of GL,,C. As we saw in the first class, the characters
Xv, Xw are uniquely defined by their values on diagonal matrices. So we can write:

T 0
:| XW('Tla"wa;n):TT:OW |: :|

0 Ty

x1 0

Xo(Z1, ...y xn) = Trpy [

0 Tm

We know that yy, xw € AF then we want ( , ) to satisfy dime Hom“™(V, W) = (xv, xw ).
In other words, the inner product will allow us to recover dime¢ Hom“"*(V, W) only from
the characters.

Example. Let V = W = (C")®?, with GL,(C) = G acting on them on the usual manner.
Clearly the identity Id : (C")®? — (C")®? is GL,(C) equivariant. Another one will be
0 v Q@ Uy — vy ®v;. We have that, in fact, HomGL"C(V, W)y=C-1d® C-o (for n > 2).
On the other hand, we can use a result from the first problem set to calculate the character:
XC”’@C"(xla s 7-1'71) = X(C"(l.b s axn)X(C"<x17 s 7xn) = (xl + -+ xn)2 = hll

So, in this case, we would like (hq1,h11) = 2.

We dime Hom“ (VW) = (xv, xw) is certainly positive. It is also “linear” in some
senses. First, for W =W, ® Wy, V =V; ® Vs, we know that:

Hom®(V, W1 & W) = Hom®(V, W;) & Hom®(V, W)
Hom® (Vi ® Vo, W) = Hom®(Vy, W) @& Hom® (Va, W)

This fact for linear maps is well known, and the adaptation of the proof for G equivariant
maps is straightfoward. Again from the first problem set, we know that xv, e, (21, ..., 2,) =
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Xvi(Z1, ooy xn) @ Xy, (21, ..., xy), then:
dime Hom M C(V, W, @ W3) = dime Hom " (V, W) + dime Hom € (V, W5)
= (v, xwa) + (Xvs Xwa) = (v xma + Xws)
= (v Xwiewz) = (Xv, xw)

Example. Back to V = (C")®2, we have that C" ® C" = Sym*C & A\’ C and
Thus:

dim¢ HOTHGL"C(V, V) = (hi1,h11) = (h11, ha + e2) = (hi1, he) + (h11,€2)
2
= dime Hom“™*€(V, Sym?C) 4 dime Hom““(V, /\ C)

Now we have motivation for to define ( , ) : A* x A* — Z, but why can we expand it to
A x A? First we'll look at an important property ( , ) needs to have:

Proposition. If yy and yw € AL are homogeneous of different degree then HomG(V, w).

Therefore, we will want to want to have (p,q) if p and ¢ are homogenous of different
degrees.

Proof sketch. Let V be a G-representation such that xy(xy,...,x,) is a Laurent polynomial

of homogeneous degree d in zy,...,,, and z € C. Then we have xy(z,z,...,2) = cz¢ for
z 0

some constant c. So we have Trp, | . } = cz¢ for some nonzero constant c¢. This implies
0 z
(we are skipping over a nontrivial argument here) that py(z - Id) = z%1dy .

Now let V, W be representations such that xy, xw are homogeneous of degree d, e, respec-
tively. So (z-Id)*v = z% and (2 - Id) xw = 2°w for allv € V,w € W. Take f: V — W a
GL,-equivariant map, in particular, f is linear. Thus:

2f(v) = f(z"0) = f((2- Id) xv) = (2 1d) * f(v) = 2°f (v)
Taking z such that 2% # 2¢, we have that f(v) = 0 for all v € V. So Hom“*“(V, W) =0 O

Notice that {, ) : A2 x A2 — Z will be an inner product on a finite rank Z-module, so all
of your experience from finite dimensional linear algebra will be relevant.

As we've discussed before, the quotient maps --- — A, — A% | — A? — ... are iso-
morphisms for n > d. This is not at all obvious, but it will turn out that these isomorphisms
preserve ( , ). So the inner products ( , ) on A, will give rise to a limiting inner product

(,)onA.

The definition. Now, we will finally define ( , ) : A X A — Z. Remember that A =
®AZ - my = @BrZ - hy. So it is enough to define (hy,m,) and extend linearly. We define:

U%mQ:{l A=p

0 otherwise
From this definition, we already know that ( , ) is well defined and bilinear, and that
(p,q) = 01if p,q € A are homogeneous of different degree, as partitions of different size are
different. However there some properties are still unclear like how ( , ) is symmetric and
positive definite. We will prove that it is positive definite both on the homework and on a
future class. For today, we’ll look at symmetry.
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Define Ay, € Z as the coefficients h, = >, Ay,m,. Then
<h>\, hM> = <h)\, ZA)\/MT)’L)\/> = ZA/\/u<h>\,mN> = A/\M
N N

So it is enough to prove that Ay, = A, for any two partitions A, .

Example. Let’s zoom in at A%. Let’s try to find the coefficients of hy; in the m-basis.

ha1 = hohy = (Z 22+ ij> (> )

i<j
3 2 2
= E x; + E ;T + 3 g TrjTy + E T
ik i<j<k i#£j

:m3+2m21 +3m111

We can do similar computations to get the following identities.

hs = m3 + Mmo1 + Mi11
hg 1 = ms3 + 27TL2 1 + 3m1 11
hi11 = m3 + 3mgy + 6myig

LN

. . 111 . .
Hence the transition matrix is [% %}, which is, as expected, symmetric. The reader can

check that it is also positive definite.

@

To prove that Ay, = A, we can show that they count the same structure that is
symmetric on A and pu.

Lemma. A), = #{Z>¢-matrices with column sum g and row sum A}.

Notice that if M has column sum p and row sum ), then M7 has row sum p and collumn
sum A. As taking the transposition is a bijective map on Zso-matrices, we have that this
number is the same when we switch 4 and .

Example. From the previous example, we know that As;q1; = 3. In fact, these three

matrices are
10 10 01
8] o] |t
01 10 10
They encode a way of getting a factor x; x;,x;, of my1; in the product hey; = hy,», =
h, hy, in the following manner. The k-th row marks all the appearances of the variable z;,
and the j-th collumn marks the factor of Ay, in which they appear. So, for example, [i ?] is

for x129w5 as a product of the factor x125 of hy = Z¢<j z;x; and the factor z3 of hy = ) w;.
We’ll do this argument more slowly next time.

SEPTEMBER 9: THE HALL INNER PRODUCT AND GENERATING FUNCTIONS

Recall the computation of last class
h>\ = Z A,\umu.
“w

Theorem.

Ay = #{Z>( matrix B with row sum A and column sum /}
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Corollary. A,, = A,x.

Corollary. (,) is symmetric.

Let’s do this computation more slowly: Recall the definition of h, is all product of hy,(z)’s

where h), is the sum of all monomials of degree \;:

h,\(.T) = h,\l( h)\2 . Hh)\
(¥ <xﬁwémx?»-»>
i=1 7,1+B12+ —)\

_ Z H PiagPeal® ) (through distributive law)

Bi;>0
Bi1+Bijg+...=\;

. } : > Bi1 > Bi2 > Bis
— <:U1 v x2 g x3 g A

Bi;>0

Bi1+Big+...=\;

_ E : xcolumn sum(B) .

Bi;>0
row sum(B)=\

So the coefficient of 2# is the number of B with row sum = A and column sum = y. [J

Let’s redo this computation using generating functions:
Start with generating function for Ay

- 1
k _

We can multiply copies of it. Here, ¢ is renamed to z;:

M -
i 7a ik

)

Now using distributive law, we have

o

k1,ka,..=0 i=1 k1,ks,...=0

We can now conclude that
o0

1
i = X m@n)
1,j7=1 A

Plug in the calculation of h) from the beginning we have

[e.e]

= Axm
.Hl_xly] Z g Al (>
2,7=1
This shows that A, is symmetric.

= Z ma(@)ha(y).

A12>A2
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We can recover the “row and column sum” formula from this formula. We have

)
I P
1,j Bi;=0

ij=1 1= wiy; TilYy
Expanding the product means taking one term from each factor, which gives a nonnegative
matrix B. The row sums of B give the exponents of the z’s and the column sums of B give
the exponents of the y’s.

We will see [[.° =110 ix coming up and up again, and it does not seem to have a name.
We'll call it Cauchy’s product

Notice that we have been expanding symmetric things asymmetrically. In general, if we
have some identity that can expand the Cauchy product as sum of products of polynomial
of z’s and polynomial of y’s, what can be deduced from this?

Suppose pi(x) and ¢ (y) are two families of homogeneous symmetric polynomials in A,
indexed by some index sets, and we have an expansion formula:

o

H 1—xy _ZBKLPK qr(y), Bgr € Z.
iYj

i,j=1

Proposition. From the above condition we can deduce that pyx Z-span A, as do the q’s.
If px and qr, are just in QA, and Bk, € Q, then p, must Q-span A, as do the ¢’s.

Behind the scene we are using this (symmetric polynomials in two sets of variables) to
express A ®z A.
We use the following lemma to help prove the proposition.

Lemma.

<f(x)7H1_;%> = 1)

in variable x
(In tensor product language, given (f,) : A — Z, it also induces a map (f,)® Id : A®@z A —
A)

Proof. it is enough to check this for a Z-basis of A. We take h,.

(e I ) = <hA<x>,;mA<x)hA<y>> = haly). a

Let’s go back to the proposition.
Proof of Proposition. For any f € A,

) = <f(:v),H1_;W>
= Z Brrpk(z Z B (f Pe(N) qL(y)- O

Corollary. Suppose p, and ¢, are the families of homogeneous symmetric polynomials in-
dexed by partitions with degp, = degg, = || and

11 — = > Buna(@)au(y), B € Z.

1 — @y, -
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Then

A= @ZPA = @ZQ)\.
A A
Remark. Solve this case (Schur polynomials) and get tenure:

H ; Z IS ()5, (y)s,(2)

1— 22
iYjZk My

Suppose now py(X) and ¢,(y) are two families of homogeneous symmetric polynomials in
A indexed by partition with degp, = deggy = |A| and let

N 1
H 1 - z :BAMpA(x>QM<y)7 B/\,u €L
= T oy

Proposition. Let Cy, = (pA(x), qu(x)). Then B and C* are inverses.
Proof. By Lemma, <p1/(y)7 H 1*313'y~> - pl/(x)‘ So

> Baba(@) o), au(®)) = D BruCoppa ().

Both sides are linear combination of p’s and since p’s form a basis, we can match up coeffi-
cients of two sides and get

1 A=p

ZB)\;LCV,U,:{ - BCT:Id ]
p 0 A#pu

1

In particular, if [Ti—— = >, cxpa(z)pa(y) the py are orthogonal for (, ). On the
iYj
homework, you will check that this happens for power sum symmetric functions.
If we have no coefficients in front of py(z)pi(y) i.e.

H 1_;% = Z sx(@)sx(y),

A

then this results in an orthonormal basis. We will see soon that this happens for the Schur
polynomials.

SEPTEMBER 12: INNER PRODUCT RESTRICTED TO A,; SCHUR POLYNOMIALS

Recall that we previously defined an inner product (, ) : A x A — Z by the formula
B 1T A=p
(s 1) = O = { 0 otherwise
This inner product is

e symmetric (as proved in class);

e positive-definite (HW);

e a perfect pairing when restricted to each degree d: A? x A — Z. This means that
any linear map A% — Z can be written as (3, —) for some § € A%

What about when we restrict to the case of only n variables?
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Hall inner product on A,,. We want to define the restriction (, ), of (, ) on the quotient
space A,, of A. Recall that A,, = @l(/\)gn Z - my. We can still define that on A,,,
(s mp)n = Oxy - for 1(A), () < n.

However, while we do know that

Ap=Zlh,... 0] = @ Z-ha,

it’s not clear that A, is Z-spanned by hy for I[(A\) < n. We'll gloss past this for now and
resolve it eventually.

Example. When n > 2, we have
hll = (Z $i>2 = Zx? + 22351.%] = My —|— 2m11.
i<j
Thus when n > 2,
(P11, h11) = (ha, mo +my1) =042 = 2.
This coincides with the representation theory perspective: Hom®“ C((C™)®2 (C")%?) is 2

dimensional, generated by id and the homomorphism * ® y — y ® x.
On the other hand, when n = 1, we have hy; = x% = hy = my. Hence

<h117h11> = <h2,m2> =1,

since (hy,m,) = 0y, holds true only for [()\),[(x) < n = 1. In this case, the homomorphism
T ®y — y® x defined above from (C)®? = C to itself coincides with the identity.

By the same proof as last time,

n

1
H i Z ha(zy, .oy xn)ma(yr, -, Yn)
i I(\)<n

i.j=1

= Z Aymin (1, o x)mu (Y, - Yn)
) d(w)<n
for the same coefficients Ay, as before. Similarly, if py, gy € A, are polynomials indexed by
partitions A with {(\) < n, and

n

H 1 —1:E,~yj - Z (@) (y),

ij=1 1(\)<n

then both the py’s and the ¢,’s are Z-bases of A, which are dual with respect to the inner
product (, ),. So all discussion in the last lecture holds for ( , ), as well.

There is a way to think of the definition of A, purely in terms of linear algebra. Let
K =ker(A — Ay) = @5y, Z - my. Then

K':={feA:(f,g)=0,Vge K} = P Zhy.
I(N)<n

Since (, ) is positive definite, the map Q@ K+ — Q®@A/Q® K = Q® A,, is an isomorphism
which identifies ( , )|gr with (, ),.
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It isn’t clear that this works over ZE] To see the issue, look at the degree 2 part of A.
The figure below has been drawn so that ( , ) coincides with the standard Euclidean inner
product. The h’s are labeled with solid arrows and the m’s with dashed arrows. The reader
can check that the h’s and the m’s are dual, and can also verify identities like hy; = mo+2my;.

° ° ° ° °
° ° ° ° °
ha
e Mre hiy ®
° e (---3mqe

The quotient map A — A? is the quotient by Zm;,, in other words, projection onto the
vertical component. So K is the horizontal axis, and K is the vertical axis. The claim is
that the lattice points of K+ map isomorphically to the lattice points of the quotient, which
is true.

However, suppose that we instead were quotienting by Qms (the line with slope —1). Then
the orthogonal to the kernel would be Qhq; (the line with slope 1). This complement would
still map isomorphically to the quotient over QQ, but not over Z. So we need to actually use
the details of which m’s we are setting to 0 in the quotient.

Semi-standard Young Tableaux (SSYT). A semi-standard Young Tableau (SSYT)
is a filling of a Young diagram (corresponding to a partition ) by positive integers that in-

crease weakly along rows and strictly on columns. For example, below is a SSYT of shape
(4,2,1):

1/2]3]
4

‘CONJ)—l

Note that the word “tableau” is singluar, and “tableaux” is its plural form.
For a tableau T', one defines

UsinT) #(2sin T
= xf( )xﬁ( )

As an example,

—_

2[3]

1
24
13]

_ 2,..2,..2

Schur polynomials. Now we turn to Schur polynomials sy, which corresponds to characters
of irreducible representations of GL,C. We will prove later that (sy,s,) = dx,, so that the
sy\’s form an orthonormal Z-basis of A,,.

For a partition A, define the Schur polynomzial

S\ -— E £L‘T.

T SSYT of shape A

Example. s; corresponds to fillings of the diagram [ ] (by positive integers), so
s1=mx1+ T3+ =e = hy =my;

2This material is added by Prof. Speyer, as he understands the issue better now.
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For k > 1, s, corresponds to filling the diagram with one row and k boxes in that row,

thus
Z Ti; .. Ty, = Dy

i1 < <ig
sk corresponds to filling the diagram with one column and k& boxes in that column, thus

S1k = E Ly oo Xy, = €k

i1 <<,

Example. There are only two degree 2 Schur polynomials, which are all give above:

® 5o = hsy, corresponding to the character of the natural GL,C representation on
Sym?*C™;
® 51 = eo, corresponding to the character of the natural GL,C representation on

N’ C.
Example. There are three degree 3 Schur polynomials:

® s3 = hg = mgz + ma + myiy;
® 5111 = €3 = M111;

[ ]
2
So1 = E TiTjT = E LTk + E xixj + g T;T;Ty

i<ji<k i<k<j i<j i<j<k
2 2
= E Tik;Ty + E xix]-—i- E r; xR + E Til;Ty
i<k<j 1<j i<k 1<j<k

= Moy + 2My11.

Thus one have

S3 1 11 ms
S21 = 1 2 mo1
S111 1 min

One notices that the s)’s are related to the my’s by an upper-triangular matrix.
As an exercise, one can check that indeed s3, 591, 51,11 are indeed orthonormal with respect

to (, ).
SEPTEMBER 14 — BASIC PROPERTIES OF SCHUR FUNCTIONS

At the start of class, Prof. Speyer drew the following diagram, which he finds to be a

useful reference:
[ ] o [ ) [ ] [ ] ’-/ w /.

N
’
s

N
N
° ° ° ° ° . e
p
7

D2 he = s9 hn = 611 = p11

' \T/mn
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The above diagram depicts all of the named symmetric polynomials in degree 2. The Hall
inner product has been drawn to coincide with the usual Euclidean inner product on R?.
The involution w is the reflection over the dashed diagonal line. Some things you can see
from this drawing (not all of which we have proved yet):

(1) The s’s are orthonormal, the p’s are orthogonal but not orthonormal, the h’s are dual
to the m’s.

(2) The involution w switches ey and hy, maps s, to syr, and maps p, to £py.

(3) The bases my, eyr and s, are upper triangular with respect to each other. The h’s
are also upper triangular with respect to the s’s, in the reverse order.

We now turn to the main topic of today:

Schur polynomials. In the previous lecture, we defined Schur polynomials as a sum over
semistandard Young tableaux.

Theorem. For any partition A, let s, be its Schur polynomial. Then,

(1) sy is a symmetric function.
(2) s, is upper triangular in my, i.e.

Sy =my + E K)\Mmu,

p<A

for some integer K, known as the Kotska numbers.

Proof. To prove the first assertion, we have to show that the coefficient of each monomial
i ah? - xkn equals to that of )7 ah"® - .. 2,"™ for any permutation o € S,,. It suffices to
prove this for a set of generators of S,,, which we shall take as the transpositions (k &k + 1)
for each 1 < k < n. In terms of tableaux, this means that we have to find a bijection between
the set of tableaux with = k’s and y (k + 1)’s, and the set of tableaux with = (k + 1)’s and

y k’s, which fixes the number of entries of other values.

Observe that in each row, we have a segment that looks like

BRIV ES RS R RS

Whenever we have k£ on top of £ + 1, we leave it alone. Then, we are left with disjoint
horizontal strips, for each of which we shall interchange the number of £’s and k + 1’s. This
gives us an algorithm to convert a tableau with x k’s and y (k + 1)’s to a tableau with x
(k+1)'s and y k’s.

To prove the second assertion, we first express
Sy — E K ATy
I

We shall prove that if K, > 0, then u < A, and that Ky, = 1.

Suppose that there exists a tableux of shape A with p; ’s. Since 1’s can only occur in row
1, we have p; < A;. Inductively, for any positive integer k, since values at most k& can only
occur in the first £ rows, we have

k k
Zﬂi < Z i
i=1 i=1
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By definition, we have u < .

If 4 = X, then we have

k k
Z Hi = Z Ai
i=1 i=1
for any positive integer k. This first implies that the first row of the tableau is entirely filled
with 1’s, and inductively implies that the ith row of the tableau is entirely filled with i’s.
This means that the tableau must be of the form

LR} -daf1f-11]
2. 19191 .19
nk-in
This means that Ky, = 1. O

To illustrate the algorithm in the proof of the first assertion, we discussed the following
example with Young tableau with 3 boxes and values at most 3.

Example. The algorithm exchanges the following pairs:
1]1] 1]2]
2] |2

2]

3

1 2
3 3
1 2
3 3

and maps the following tableaux to itself:

1]2]
3 and

3

o=

At the end of the lecture, we also stated the following theorem, whose proof shall be
discussed in the next class.

Theorem. {s,} is an orthonormal basis of A with respect to Hall’s inner product.

SEPTEMBER 17 — CAUCHY’S IDENTITY, FLAWED ATTEMPT

Our goal is to show that the Schur polynomials are an orthonormal basis for (, ). Equiv-
alently, this means we want to show
1
— = sa(x)s .
H T > sa@)sa(y)
i, A
Since [], . —— = > Aaema(z)my(y), the coefficient of 27" x5 - - cxnyPyP2 P on the

1,7 1—z3y;
left side is

Aug = # {Zzo - matrices

oW sum = «
column sum = g [ °
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The coefficient for this term on the right side (which we wish to prove is equal) is

T,U € SSYT(X) for some A,
#< (T,U) #of j’sin T is ay,
#of j’sin U is j;

For instance, with the term x1x5y,ys, this says that

1 0] Jo 1]
#{lo A1 ol e { e o (1 )
which is true.

There is a useful way to think of semistandard Young tableaux using chains of partitions,
which we now describe. Given an SSYT 7', the position of boxes with labels < j form a
partition. For example, if

1/1]2]3]
T'=1216 ;
5]

then we have

<0 <1

_@ gD:‘gu gu ‘ ‘ gu ‘ ‘ ‘g C

Note that equality is possible when a number is omitted, as 4 is in this example.
Given two partitions p and v, we can have pu be {boxes< i} and v be {boxes< i + 1} if
and only if
V2 2V > g > V>

We'll say that “v is p plus a horizontal strip.” We'll write p 1 v and v | pu.

i | »n |
H2 ‘VQ‘
M3 | Vs
Vy

We have that
T,U € SSYT()) for some A,

#< (T,U) #of j’sin T is ay,
#of j’sin U is B,
T,U € SSYT()) for some A,

=#< (T,U)| T correspondsto @ =7 Tv Ty T - T Vita;=|v|—|vlyp,
U COI‘I‘GSpODdS to & :50T51 T(52T T/\7 VJ : Bj = |(5J| — ’6]'—1'

Z sx(2)sx(y) = Z l,|171\*\’70|x\272|*|71| . _y\151|*\50|y\252|*\51| L
A g=y0T71 1T TAL 181 ]d0=2

To evaluate the right hand side, we’ll essentially flip one by one until @ = ~v9 v T --- 1

Al ldld=Dtumnsinto =yl -l AT---T 1T =9, at which point all

7;,0; will be forced to be @.

SO
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SN AN

Our goal now is to prove the lemma which will do the flipping. This was garbled in class,
and we will try to present it correctly now.

Lemma. Let § and v be two partitions. Then
1
181=181, 18117 — Iyl=lad,, 18]1—lel
x = x
Brély Blaty
Example. The smallest example is f = v = &. In this case, the lemma says
1
161,161 — |@|-lal, |2]—|al
x = x )
o1& alata

Ehlz left hand side is Zkzo aFyk = 1_1xy, while the right hand side is ﬁ -1, so the lemma
olds.

Example. The next smallest example is § = &,y = (1), where the lemma says we should

have )
Z xlé\ylél—l = Z ml—la\yO—la\_
216)(1) olat(l)

Here the left hand side is Zkzl aFyF—l = 1_5”xy while the right hand side gives 1_—1$y -x = l_xw,
so again the lemma holds.

Start of proof. Let’s outline what a proof should look like. The left hand side is a sum over
the set
{0:81017}
If we expand ﬁ on the right hand side as Zkzo x¥y* then the right hand side is a sum
over
{(a,k): BLaty, k}

So we need a bijection between the set of partitions § and the set of pairs («, k).

Moreover, this bijection needs to map z0I=1Blyldl=1 to ghi=lel+kylBl=lel+k Tn other words,

we need

ol =18l = vl —laf+ &

0l =lal = |y[ =16+ k.
Note that these conditions are equivalent to each other, and can be written more symmet-
rically as

ol +16] = 181+ 7 + k. (3)

At this part the proof in class was broken. We will record the wrong approach below and
start over next time. O

The broken proof. Let’s write down the conditions on § and « explicitly. The condition that
516y means that
01 > B1,71 > 09 > Ba, 79 > 03 > -+
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and the condition that g | a 1 v means that

Bi,71 = a1 > Ba, 72 > g > - -

Thus, if 51§ ] 7, and we define §' = (d2, s, ...), then 5] § 1.

Professor Speyer thought that we should take (o, k) = (0’,9; — max(f1,71)). This is a
bijection between {0 : 516 | v} and {(a, k) : B | o T, k}, but it does not obey condition
(). We will see the correct bijection next time. ‘0

SEPTEMBER 19 — CAUCHY’S IDENTITY, CORRECTED PROOF

Our goal is to finish the proof of
11 =2l

We will begin by finishing the proof of the Lemma from last class.

1 — 2y,

Lemma. Let § and v be two partitions. Then

S glél-lslyleihl

Brély ﬁiaTv

Proof of Lemma. We can rewrite this as

S ahlalyli=nl E:x S ghielyloi-tol

ri=laly 181=le]

Broly k=0 Blaty

or, in other words,
Z 19118y Bl=h1 = Z ghI=laltky I81—lal+k
BroLy Blaty, k>0

We need is to find a bijection between

{0:81047} and {(ak):5Laty, k=0}
10| — 18] = |7| — |a] + k and |[0] — |v| = |y| — | 8] + k. Note that these equations are equivalent
to each other, and both can be written more elegantly as
0] + laf =k =B8]+ ]l

Now, we translate the conditions 8 1§ | v and 8 | a T v into inequalities. They are
equivalent to:

01 > max(f1,v1) = min(fy, 1) =02 > max(fs2,v2) > min(fs, ve) > 03 >
min(fy,71) >aq > max(fz,72) > min(fSe, y2) > ag > - - -

Given 0 = (61,09 ---) with 819 | v, define («, k) by
a; = min(S;, ;) + max(Bj1,vj+1) — 611 and k=6, — max(By, 7).

Because of the inequalities, we have £ > 0 and $ | o T . This mapping is also clearly
invertible.
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We now verify:
0] + laf = &

[
>

Eu.

+ 251 (min(B;, ;) + max(Bj41, vj41) — dj41) — (61 — max (S, 71))
in(B;,v;) + max(B;41,7j4+1) — 05 + 0;) + max(B1,71)

min (ﬂw f}/j) + max(ﬁﬁ ij))

5|j + 7])

So this bijection satisfies the conditions we needed. O

I
.

<

Il
MMM

§
—}- |

We are now ready to prove Cauchy’s identity:

This lemma is exemplified in the picture below, where the edges are weighted by the
variable with exponent the difference of of the size of the partitions from its end to its start.
To go from the top path to the bottom path, we have to multiply by the factor in the middle.

;<;>LV
N A

Theorem. For every n,

n
1

_— = S x,-..,x 8 ,..-’ .
H 1~ ziy; Z NEs n) S (Y1 Yn)
3,j=1 A
Proof. We can rewrite the right hand side as

51 _ 50 §n|— 5"—1 §n|— 6n+1 52n—1 _ 52n
3 B N e B e B )
O=601511---6n | =1 ... §2n=()

This is equivalent to a path going from the empty partition to 6 and back down, with
arrows for each step of the way weighted with the respective z; or y;. By the lemma, we
can transform this to a path that goes down to some a and then up, multiplying by the
appropriate weights. That is, we can instead rewrite the right hand side as

n
Z y"nocol ‘Oéll y‘lanfll_‘anlxga’thl'_lan' .. xlf@nl*‘oﬂnfl‘ . H 1 A
AL 1 -2y,

P=allall--antan—11..1ta2n=( 1,7=1

But since the only thing we get from the empty partition by going down is the empty
partition, and the only partition that goes up to the empty partition is also the empty
partition, o' = () for every 4, so the only possible chain is composed of all empty partitions,
and therefore all the exponents are zero, so the sum is 1. This means we can simplify the

right hand side to [[;,_, ﬁ the result we wanted. O

By taking the limit of these identities as n — oo, we get the general result [[. ., —— =

1,J=1 1—x;y;
> oaSa(@)sa(y)-

Corollary. The s,(x) form an orthonormal basis for A.
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Also, we can see that if £(\) > n, there are no SSYT of shape A filled with elements of
{1,2,---,n}, since the elements in row i of any SSYT have to be > 4. So [['._, —— =

t,j=1 1—-z;y;
Zé()\)gn SA(Q:la e 7$n>5)\(y17 T 7yn)'
1 A=
In particular, if we define (, ), on A, by (hy,m,) = {0 * for LN, () < n, we

get that {s,|¢()\) < n} are orthonormal.

We can construct a summary of the relations between the basis we have so far. We know
that s, = zﬂ K Apum,,, where K Ay is the number of SSYt of shape A and content y. We also
know that h, = Zu Br,m,,, where B, is the number of Z-,—matrices with row sum 7 and
column sum p. The following corollary shows how to go directly from h, to sy.

Corollary. We have that (h,, s)) is the number of SSYT of shape A and content pi, that is,
Kyx. Thus hy =), KA7s,.

Proof. We have

(s 3} = (e, 3 K,

o
— K)nr

Since the s, are orthonormal, the inner product gives the coefficients of the decomposition

of h this basis. O

In the diagram below, we have labeled the combinatorial objects that are counted by each
transition coefficient. The labels 7 < A and A > p are meant to remind the reader that, if
the coefficient is nonzero, then this inequality holds.

SSYT, shape A, content m

S
™ Wj)\ A

SSYT,
shape A,
content p

Z>o-matrices with
row sum 7 and
column sum g

my

SEPTEMBER 21: THE JACOBI-TRUDI IDENTITY

Last time, we ended with the following diagram showing how the h, s, and m bases of
symmetric functions relate to each other:
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SSYT, shape A, content 7

S
T Wj)\ A

SSYT,
shape A,
content p

Z>p-matrices with
row sum 7 and
column sum g

my
We denote the number of SSYT with shape A and content 7 (with 7 < \) by K., and the

number of Zy-matrices with row sum 7 and column sum p by A,,. Then the above diagram
can be interpreted as saying that

Amp =Y Koa Ky
A

That is, we have a bijection between the set of Z>, matrices with row sum 7, column
sum g, and the set of pairs (7,U) of SSYT of the same shape with content(7’) = 7 and
content(U) = u. This is the Robinson-Schensted-Knuth (RSK) correspondence. The above
equation looks like a matrix equation: A = KT K. Indeed, here are the transition matrices
for degree 3 symmetric polynomials and their relation:

1 11 1 0 0]1(1 11
1 2 3]=1]1120]1]01 2
1 36 1 2 1|10 0 1

Our goal today is to begin to prove the following identity, which allows us to write the s
in terms of the h,, and hence gives the coefficients of the matrix K 1.

Theorem (Jacobi-Trudi). If A = (Ay,..., \s), then

by, Pyxis1 o hage-1)
e | P e B
hxg—(e-1) a ha,

where we adopt the conventions hg = 1, hy, = 0 for £ < 0.

Example. If A = (2,1), we have
ha  hs
1

which is the decomposition of s9; into monomial symmetric functions that we have seen
before.

591 = det [ ] = ho1 — hg = (mg + 2may + 3my11) — (M3 + Mo + Mmap1) = Moy + 2myay,
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Example. If A = (5,2,1), we have

hs hg hr
S591 — det ]’Ll hg h3
0 1 m
Example. If A = 1% = (1,...,1), we have
hy hy -+  hg
1 hy - hgp
sp=det |0 1 - hpo|
0 0 - =

which is equal to e, by homework 1, problem 5. This gives the expected result that s;x = ey.

Before we begin to prove the identity, we will compute explicitly what it gives for the
coefficients of K~!. We have

b, Pxs1r o -
Pxy—1 Py, oo hagge—2)
det ; c ° = (=1)"hauw(m)—1 - haswo—
: ’ : weSy
h)\e*(ffl) T h/\e

The coefficient for h, is then
(K™= > _(—=1)".

weSy
sort(A1+w(1)—1,...  p+w(l)—£)=(71,...,7¢)

The way we will prove Jacobi-Trudi next time is by viewing both sides as counting paths in
directed graphs. This interpretation of s, comes from the bijection constructed in homework
3, problem 4, between SSYTs of shape A with entries from 1 to n and a set of collections of
vertex disjoint directed paths connecting certain points in Z?2.

For the remainder of class, we build our intuition toward relating the determinant in the
Jacobi-Trudi identity with counting paths. We first note that hg(zy,. .., z,) is the generating
function for the weighted paths connecting the opposite corners in the following directed
graph (with n — 1 columns and k + 1 rows):

1 1 1

> @ > > @
A~ A~ A~
1 2 Tn
1 1 1
) > > > ®
A~ A~ A~
1 2 Tn
AN AN AN
z1 T2 Tn
1 1 1
[ > [ > oo > [

For example, when n = 3 and k = 2, the sum of the weights of all possible paths from the
bottom left to the top right corner are

2 2 2
hg(l’l,l‘g, 1‘3) = I + Ty + X + T1Xo + ToXs + 173,

where the weight of a path is given by the product of the weights of its edges.
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Next time we will put these into the context of the determinant in Jacobi-Trudi via the
Lindstrom-Gessel-Viennot theorem. As a sneak peak, consider the expression.

ha hs
ho hy

When n = 3, each of the h; counts weighted paths in

det |: :| = hghl — hgh()

.—1>.—1>.

N A A

T T2 T3
1 1
e — 6 — O
N AN AN
xr1 €2 x3
1 1

N A A

[ ] —1> [ ] —1> [ ]
Namely, hy counts paths (e — @), hy counts paths (e — e), hs counts paths (e — e), and hg
counts paths (e — ). The expression given by the determinant then counts all pairs of a

path (e — e) and a path (e — e), then subtracts off those pairs of paths that intersect each
other.

SEPTEMBER 23 — JACOBI-TRUDI IDENTITY, PROOF CONCLUSION

Today’s goal is to finish the proof of the Jacobi-Trudi Identity, which states that

h‘/\1 h)\l-i-l e h’/\1+(£71)
Px,—1 Py, -+ hagge—2)
s)\ls)\z...:s)\e:det . . 5
h/\z—(f—l) T hAz
where we put hg = 1 and h, = 0 for k£ < 0.
Example.
hs he hr
8(5’271) = det hl h2 hg
0 1 h~

Let ' be a finite, acyclic directed graph with weights x(e) on each edge e. The weight of a
path v in ' of the form

U03U13U23...2>Ug

is defined to be wt(y) = Hle x(e;). For two vertices v, w of I', we define

Pv—w)=> wt(y)

2A
v—w
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Therefore, if vy, va, ..., Ve, w1, wa, ..., w, are vertices of I' then

V4
det[P(v; = w;)] = Y (=1)7 [[ P(vi = wo)

€Sy =1
=) (=17 D wt(n)we(ra) - w()
o€Sy Ulgw(o—(n
vzﬂg'@ﬁ(ff@)
Ug’x’u}((,(g)

We claim then that
;

det[P(v; — w))] = Y (=1)7 [ P(vi = wo)

g€eSy i=1
=S (-7 YD wt()wt(a) . wt(ye)
O-GSZ ’Ulg’wd(l)

’UQE’LUO.(Q)

’ngwo.(@
=2 (=17 > wt(n)we(r).. . wt(y)
O-ESZ v1’y—1>wa(1)

’UQE’LUO-(Q)

U@E’wa(o

YNy =0 Vi£j

since all terms which involve intersecting paths cancel.

Proof. Choose a total order on the vertices of I' with ¢ < jif¢ — j. If 74, ..., 7, is a collection
of paths which are not disjoint, choose = to be the first vertex which is in two of the paths.
Then choose the first ¢ and j such that = is on v; ad «;. Then swap the portions of ~;
and ; which come before the paths reach x. This procedure is a sign reversing involutions.
That is, the new paths have the same weight, same point x, and opposite sign, and when
we apply the map again it undos itself. Thus, everything cancels except when the paths are
disjoint. 0

In the particular case where I' is embedded in a disc in R? and v, ..., v, w1, ..., w, are
vertices in I' such that I' looks like

V1 ¢ ¢ Wi
V2 @ ¢ W2

Uy @ ® Wy
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then the only way to have disjoint paths between these vertices is to have the paths be of
the form v; — w;. In this case, we then have

det[P(v; — wj)] = Z wt(y1) .. wt ()

vlgwl
vgxwg
¥iMry; =0
We recall from last class that hg(zy,...,z,) is the generating function for directed paths in
the following graph which connect the bottom left point to the top right point
P
1 1 1
1 1 1
° > > > ®
1 1 1
:El/\ 1.2/\ mn/\
1 1 1
° > ® o > ®

where each column has k or vertical arrows. To compute sy, sy, ...5s5, using our above
formulas, we use a graph as above with A\; 4+ (¢ — 1) vertical steps in each column. We place
ve in the bottom left corner at height 0, and the remaining v,, ..., v, in above v, along the
leftmost “avenue” at height ¢ —i. We place the w; for j = 1,...,¢ along the rightmost
avenue at height \; + (¢ — j) = \; + v;.

Example. As as example, consider again the function s(52,1). To this function we associate
the following grid

1 1 1 1
° > > > ® >
A~ ~ A~ A~ A~
1 T2 xs3 T4 x5
1 1 1 1
) > > > @ > ®
AN N AN AN AN
1 T2 3 T4 5
1 1 1 1
° > > > ® > ®
A~ ~ A~ A~ A~
1 T2 xs3 T4 x5
1 1 1 1
° > > > @ > @
A~ ~ A~ A~ A~
r1 ) 3 T4 5
1 1 1 1
> > > ® > ®
AN N AN AN AN
1 T2 3 T4 5
1 1 1 1
° > > > ® > ®
A~ ~ A~ A~ A~
1 T2 xrs3 T4 x5
1 1 1 1

(] > @ > @ > @ > @
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where v; and w, are the yellow vertices, vy and wy are the blue vertices, and vz and w3 are
the red vertices. We see that the statement of the Jacobi-Trudi identity in this case

hs he hr
8(5’271) = det hl h2 h3
0 1 M

makes sense with the paths we see in the graph. For example, the (3, 1) entry in the matrix,
corresponding to v; and ws, is zero, and there are no paths in the graph from v; and ws.

In general, we note that A\;y > Ay > --- > )\, implies in our construction that the height of
w; is strictly greater than the height of w; ; for all = 1,...,¢ — 1. Therefore, we do get a
planar picture

wq
® Wy

V1 @

Ve

so the only collection of disjoint paths connecting the v; to the w; are the paths v — wy,

Vg — W3, ... , vy — wy. Therefore, the formula
det[P(v; = wy)] = Y wt(n) ... wt(y)
"
V1 — w1
”ng’u)g
¥iMry; =0

applies and yields the Jacobi-Trudi formula.

SEPTEMBER 28 — THE RATIO OF ALTERNANTS FORMULA

Remark. In problem 4 on the homework the goal is to have a graphical way to draw the
Jacobi-Trudi identity. For example

he h7 hs
5(6,5,3) — det 24 25 26 = h(6,5,3) - h(6,6,2) - h(7,4,3) - h(?,ﬁ,l) + h(8,4,2) - h(8,5,1)-
1 2 3

We can draw these like this:

a &

ik
E g
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We run into an issue the way the problem was written with the example

hi hy hs
5(1,1,1) = det fé)o Z1 Zz =ha11) — heio — heo + ha)
o h

We'd like this to give the pictures: This problem will be rewritten for next week.

1B HH

We now turn to our main topic, the Ratio of Alternants Formula.
Definition. A function f(zy,...,%,) € Z[z1,...,x,] is called alternating if

F(Zo(), To@)s -1 Tom)) = (—1)7 f(@1, ..., 20)
forall o € S,,.

Example. The Vandermonde determinant

Az, ..., zp) = H(ﬂfz — ;)

is alternating.

Lemma. (From Homework) The alternating polynomials are exactly A-(symmetric polynomial),
i.e. elements of A - A,,.

We are looking for an analogous basis to the symmetric polynomial bases, but for the
alternating polynomials. For oy > g > --- > «y, set

ai a2 oy,
Il xl .. -xl

aq (6] Qg
S i o
Aa:det : ' n ' — E (_1)0’1.1 (1)‘%,2 (2)“‘In ( ).
: : S =
Note we want ay > ag > -+ > ay,, if a; = a1 this is 0.
Then the alternating polynomials are @, q,..vq, ZAa- SO

AN, = @ 7 - A,

Theorem.
- A)\1+n—l,)\2+n—2,...,)\n
S(Al,/\z,...,)\n)<x1’ s 7*rn) - A

Remark. The theorem above could have been the definition of s, see Friday for an alternate
order of the definitions we’ve seen so far.
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A special case of this theorem states that
Am-1n-2,..2,1,0)
A
_det 27 [i<ijan
I —ay)

In other words, det(z} /) = [],. (i — x;), which is called Vandermonde’s identity.

1= Sy =

A(nfl,n72,...,2,l,0)

Proof. (Proof of special case of theorem.) The degree of X is

n
0+1+---+(n—1)—(2>,
n—1,n—2

which is 0, so this quantity is an integer. We can look at the coefficient of 7 25 ... 2,1
and see that it is 1.
O

We will define
p=Mnm—-1,n-2,...,2,1,0), with p; =n —j.
We just showed A, = HK]- (x; — ;). Our next goal is to show that

A)\-i-p
A

:S}\
p

or in other words that
A)\+p = S\ Ap.
We want to show that

A1y +or(1) Ay ter Ar(n)FPr(n o(1) . Po Potn
Z(_DT% W Fbr)  2rHor@) A Fore ( E (—=1)7ah @ ahe® g >> (E KA;ﬁ”u)

’TESn O'ESn

or we can write the far right term on the right hand side as

E H1 MQ
K)\ sort(u) L1 Lo~ - ':L‘Zn'

K1y :,U'nGZZO
On the right hand side the coefficient of %' "7 2272 ... grnten ig

Z ((_1)UKA,sort(,u) ‘ v + Pi = Pa(j) + lu]) = Z K)‘NZ <(_1)U | <Vj + Pj — pg(j)) ~ (’u))

H1Z 2> 2
where ~ means “if the left thing is a permutation of the right thing”.

Set
Luw =Y (=17 [ (v + pj = poz) ~ (1)

o

then the coefficient above is equal to > K}, L,,. Thus we want to know where K - L = Id.

That is where
Ly, = Z (=1)°|vj + pj = posy ~ 1) -

g

We will compare to K~! from the Jacobi-Trudi identity.
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Jacobi-Trudi says

The coefficient of h, is

By Jacobi-Trudi,
1 A=v
> twtm={ o 370
o
So we get
L =Y ((=1°|v; + pj = poiiy ~ 1)

g
as desired.

SEPTEMBER 30 — STARTING FROM THE RATIO OF ALTERNANTS

The goal for today is to follow Cauchy’s definition of the Schur polynomials to derive
Jacobi-Trudi identity and Cauchy’s identity.

As before, let p, = (n — 1,n —2,...,2,1,0). Let Ay ay..0, = det [xijhgi,#n' What
A,\+pn($1,$2, o 7'1771)

Apn(xla'x% e 7$n)
not clear that this ratio stabilizes as n grows, but we will know that it is true once we prove
the Jacobi-Trudi identity.

Consider the following n by oo matrix M (z).

? The ratio is in A,,. It is

happens if we define sy(z1, 2, ,x,) to be

1z 22 ... 2}
1 a9 a2 - a2t
2 2
M(z) = .
1z, 22 -+ b

Then Ay, is the n by n minor of M (z) corresponding to columns indexed by A; +n — 1.
For an invertible n by n matrix g, the n by n minors of gM (z) are det(g)Axy,. So ratio
of minors in M is the same as ratio of minors in gM. We prove Jacobi-Trudi identity by
finding an invertible g such that ratio of minors in gM gives us the desired expression in the
n's.
Suppose that xi, zg,..., x, are distinct. Then the rows of M(z) span all solutions
lag, ai, - - -] to the recursion

n
Uln — €10 4n—1 + €204n—2 -+ (—1)"ay.
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We can also express this in terms of generating functions: The solutions to this recursion

are the coefficients of generating functions Y axt* of the form pdymmiaﬁiietgjr)ee =n—1 The
1

rows of M (z), specifically, are the rational functions

1—tx; "’ )
Now, another basis for the vector space of rational functions of the form pdynom‘%‘g{fi’ff‘;e sn-l
J
is the rational functions H(+ktz')’ for 0 < k < n—1. We have H(+ktx) = tF f hytFt 4 hothF 2 4
J J

-++. So the row span of M(x) is the same as the row span of the matrix

1 hy hy  hs

0 1 hy  he

H=10 0 1 hy
0 0 O «v-n-- 1 hy---

By our previous argument, the quotient of corresponding n by n minors of M is equal to
the quotient of corresponding n by n minors of H. And this is the statement of Jacobi-Trudi
identity because the first n by n minor of H is upper triangular with all diagonal entries
equal to 1, and thus has determinant 1.

Now, we provide Cauchy’s proof of Cauchy’s identity. First, we write

1z 23 ... 11 1 ... 1
[ 1 ] B 1 zy 23 .- yé yg yg yg
V=aiyjlcijan |0 0 0 R R
1 x, 22 P '
So det [1_—%} = D aisapsesa, det M(z)o det M(y)[, where M(z), denotes the minor
corresponding to columns a; > as > --- > a,. On the right hand side, going through
strictly decreasing n-tuples a; > ag > - -+ > «, is the same as going through non-increasing
n-tuples ay — 1 > ay —2 > -+ > «a,, — n, which corresponds to a parition A\. So the right

hand side is equal to )\ Axy,(2) Axsp(y)-
What we need to show is that
[ 1 ] _ A@)A)
1 — 2y, 1<ij<n [1(1 = ziy;)
This follows from a determinantal identity proved by Cauchy in another source, 26 years

later:
[ 1 } L (i = uy) T (i = v5)
U; + (] 1<i,j<n H(ul + Uj)
To prove this, note that the left hand side must be of the form £ (UIH(Zn:;)Un) for some
iTUj

polynomial f. The polynomial f must vanish whenever u; = u; and whenever v; = v;, so it
is divisible by [[,_;(ui — u;) [[,-;(vi — v;). But also, computing degrees, the polynomial f
must be homogeneous of degree n(n—1), so f is a scalar multiple of [ [, (u;i—u;) [];;(vi—vy),
and a little work checks that the scalar is 1.
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OCTOBER 3-OCTOBER 7 INTRODUCTION TO REPRESENTATION THEORY OF FINITE
Groups (IBL)

We solved problems about representation theory. Here they are!

Let G be a group and k a field. A representation of GG is a k-vector space V' and a group
homomorphism p : G — GL(V). In other words, a representation is an action of G on V' by
linear maps. We will often denote the representation as “V”, and we will sometimes write
pv for p.

Given two representations (V3, p1) and (V3, p2), the direct sum representation is the action

of G on V3 @ V; where g acts by [’”ég) il

if V # 0 and we cannot write V =V} @ V; for Vi, Vo £ 0. It is easy to see that any finite
dimensional representation is a direct sum of indecomposable representations.

Given a representation V', a subrepresentation of V is a vector subspace U of V' such
that G maps U to U. A representation V is called simple if V' # 0 and the only subrepre-
sentations of V are V' and {0}.

Given two G-representations U and V', a morphism of G-representations is a linear
map ¢ : U — V obeying

)} . A representation V is called tndecomposable

dlgxu)=g*x¢(u) forge G, uel.

Problem 1. Let U and V' be G-representations and let ¢ : U — V be a morphism of G-
representations. We write Homg (U, V') for the space of morphism of G-representations from
U to V. Show that Ker(¢) and Im(¢) are subrepresentations of U and V' respectively.

Our first goal is to prove:

Theorem (Maschke’s Theorem, first version). Let & have characteristic zero and let G be
a finite group. Then V' is simple if and only if it is indecomposable..

Problem 2. Show that, if V' is not indecomposable then V' is not simple.

Problem 3. Let k have characteristic zero, let G be a finite group and let V' be a finite
dimensional nonzero representation of G. Suppose that V' is not simple, so that U C V' is
a nontrivial subrepresentation. Let  : V' — U be a linear map with n(u) = u for v € U.

Define
w(v) =& Y (plg)enoplg)™) (v).

(1) Show that 7 is a morphism of G-representations (even though 7 may not be).
(2) Show that 7 has image U and that m(u) = u for u € U.
(3) Show that V = U & Ker(m). Deduce that V' is not indecomposable.

Thus we conclude:

Theorem (Maschke’s Theorem, second version). Let k have characteristic zero, let G be a
finite group and let V' be a finite dimensional representation of G. Then V is a direct sum
of simple representations.
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We next will consider the question of whether the decomposition of V' as a direct sum of
simple representations is unique.

Problem 4 (Schur’s Lemma, first version). Let U and V be simple representations of G
and let ¢ : U — V be a morphism of G-representations. Show that either ¢ = 0 or else ¢ is
an isomorphism.

Problem 5. Let Uy, U,, ..., Uy be a collection of nonisomorphic simple G-representations
and let V = @le U J@ “ for some nonnegative integers c;.
(1) Show that dimy Homg(U;, V) = ¢; dimy Homg (U;, U;).
(2) Deduce that, if @5:1 Uj@cj = @;?:1 U;ij, then (c1,ca,...,¢,) = (di,ds, ..., dg). (Nit-
picker alert: Did you use that U; # 07)

We thus deduce:

Theorem. Let G be a group and let V' be a finite dimensional representation of G which
can be written as V' = @?:1 U j@cj for a collection of nonisomorphic simple representations
Uy, Us, ..., Ug of G. Then the U; (up to isomorphism) and the multiplicities ¢; are uniquely
determined by V.

This theorem doesn’t require that G is finite or that k has characteristic zero, but without
those hypotheses, Maschke’s theorem does not apply, so there may be many representations
V' which cannot be written in this way.

We now see how things are better if k is algebraically closed.

Problem 6. Let k£ be an algebraically closed field and let U be a simple G-representation.
Let ¢ : U — U be a morphism of G-representations. Show that ¢ is a scalar multiple of the
identity. (Hint: Let A be an eigenvalue of ¢, and apply Problem [4]to the linear map ¢ — A\Id.)

Problem 7. Let k£ be an algebraically closed field. Let Uy, Uy, ..., Uy be a collection
of nonisomorphic simple G-representations and let V' = @521 Uj@cj for some nonnegative
integers ¢;. Show that dimj, Home(U;, V) = ¢;.
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We now introduce character theory into the story. Given a representation V', the char-
acter of V is the function G — k defined by

xv(g) = Tr(pv(g)).

Problem 8. Suppose that g; and g, are conjugate elements of G, meaning that g, = hg;h™*
for some h € G. For any character y of G, show that x(g1) = x(g2)-

Problem 9. Check that xvie1,(9) = xvi(9) + xv2(9)-

Problem 10. Let £ have characteristic zero, let GG be a finite group, and let V' be a finite-
dimensional representation of G. Let

={veV:gl)=vVgeGqG}.

v):l—éIZg*v.

geG
(1) Show that Im(7) = V¢ and V = V¢ @ Ker().
(2) Show that Tr(r) = dim VC.

(3) Deduce that
G _
dim V |G‘ E xv (g

geCG

Define 7 : V. — V by

Problem 11. Let k£ have characteristic zero, let G be a finite group, and let U and V be
finite-dimensional representations of G. Let Hom(U, V') be the vector space of k-linear maps
U — V (all maps, not just the morphisms of G-representations). Define an action of G on

Hom(U, V') by
(g% ¢)(u) = (pv(g) o populg™)) (u).
(1) Show that Homg (U, V) = Hom(U, V)¢ for this G-action.
(2) Show that

dimy Homg (U, V') =1 ZXU Xv

geG

We can improve the formula above in the case that £k = C.

Problem 12. Let G be a finite group, and let V' be a finite dimensional representation of
G over the field C. Let g € G.

(1) Show that all the eigenvalues of py(g) are roots of unity.
(2) Show that xv(¢7!) = xv(g), where 7 is the complex conjugate of z.

Thus, let G' be a finite group and let p and ¢ be C-valued functions on g. Define
) ==& >_p(9)alg)
geG

This is a positive definite Hermitian inner product. Then our results above specialize to say:

Theorem. With the above assumptions and notations, let U and V' be two representations
of G over C. Then

dim Homg(U, V) = (xv, xv)-
In particular, if U is a simple representation, then (xy, xy) is the multiplicity of the sum-

mand U in V.
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OCTOBER 10 - HAAR MEASURE AND REPRESENTATION THEORY OF COMPACT GROUPS

Given a compact Hausdorff topological group GG we recall the Haar measure which gives
us the following map:

/ : {continuous Real (or Complex) valued functions on G} — R(orC)
G

. This map has the following properties.
(1) [ f is linear in f

(2) If f, — f uniformly then [, f, = [, f
(3) Jo fla)dg = [, f(hg)dg = [, f(gh)dg
(4) fG =1

(5) If f>0then [, f >0

If G is a compact Lie group we have fG f= fG fw where w is a left and right invariant
volume form.
%. The Haar measure
gives us a way to average in a way similar to what we did for finite groups. In particular
Character Theory works the same way as before.

For finite G we have already seen such a map where | of=

Theorem. If V' is a continuous finite dimensional representation of G and U is a subrepre-
sentation, then there is a subrepresentation 7" such that V =U & T

Proof. Let 17 : V. — U be a projection. Define n(v) = [,g*n(g~" *v). Because of the
invariance of the haar measure, as in the finite case, 7 is a GG representation homomorphism,

72 = m and thus V = U @ ker (7). O

Thus we have that V' is simple if and only if it is indecomposible. In analogy to the finite
group case we also have.

Theorem. dim(Home(U,V)) = [, xv(9)xv(9) = Joxu(g™)xv(9)
Proof. The following facts follow similar to the finite group case
(1) dim(W) = [ xw(g)
(2) Homg (U, V) = Hom(U, V)¢
(3) XHomaw,v)(g) = xv(g7")xv(g)
To finish the proof we need the fact that all the eigenvalues of p(g) have norm 1. In the finite

case we used the fact that |G| has finite order but now we don’t have any such restriction.
But the fact still holds and we prove the following lemma

Lemma. Let p: G — GL(V) be a continuous finite dimensional representation. Then there
exists a positive definite symmetric/hermitian form for which every p(g) is orthogonal or
unitary.



39

Proof. 1f (,) is any positive definite symmetric/hermitian form we can define.

(u,v) = /G(gu, gv)dg

By the properties of the Haar measure this bilinear form is positive definite and it is still
symmetric/Hermitian. In addition this bilinear form is also G invariant and thus g € G acts
by an orthogonal /unitary operator. O

In particular all p(g) are diagonalizable and have eigenvalues of norm 1. Thus xy (g™ !)

xv(g) and the Theorem holds. =

We now look at the following basic example of GL(1) = {[z] : z € C*}. GL(1) has a
compact subgroup U(1) = {[z] : |z| = 1}.
For each integer k we have the one dimensional representation p; : GL; — GL; given by
[2] = [2*]. We have the following remarkable decomposition of algebraic representations.

Theorem. Let V be an algebraic representation of GL; of dimension n. Then V = ®rez Vi
where all but finitely many Vj, are zero and z € GL; acts by z* on V;.

Proof. Let p(z) = >, cp pez" where py, € Hom(V, V) and finitely many pj, are non zero.
The condition p(1) = I,, translates into the equation

Zpk = In
k

The condition p(X)p(Y) = p(XY) translates into the equation Y, - pip; X'Y7 = 37, pp X*Y'*.
Taking coefficients of X'Y7 on both sides, we deduce:

L 1=
7 0 otherwise.
In other words, the p; are mutually orthogonal idempotents. Thus, by HW6, Problem

3, we know that V' = @,V where p; projects V to Vi. We claim that @V} is the desired
decomposition because if v € Vj,, then we have p(z)v = p;(27v) = 2*v. O

An analogous result holds for Uj.

Theorem. Let V' be a continuous representation of U; of dimension n. Then V = ®rez Vi
where all but finitely many Vj, are zero and z € U; acts by z* on V;.

Proof. Using the Fourier decomposition of p(z), let p(e”?) = 3, _, pre™® where p,, € Hom(V, V).
p() =1, = Y p=1,
%

and
p(eiX)p(eiY) _ p(ei(X—i—Y)) — ZpapbeiaXeibY _ cheic(X—l—Y)
a,b k

Thus papy = p if @ = b and 0 otherwise. In order to apply HW6, Problem 3 we need to know
that only finitely p. are non zero and that follows because p> = p. and so all eigenvalues of p,.
are either 0 or 1. Since >, p. = I,, >, tr(p.) = n and so only finitely many p. are non-zero.

Thus we know that V' = @V, where p, projects V to V. We claim that &V}, is the desired
decomposition because if v € Vi p(2)v = Y p;(z7v) = 2*v. O
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Note: We can use the idea of taking the trace to conclude that the p are finite and
replace the algebraic representations in the GL; case with holomorphic representations.

In the case of finite dimensional finite group representations over G we have the following
result that we will prove later.

Theorem. ’G‘ = ZVirepresents an isomorphism class of simples(dim(%))27 infact something Stronger
holds CG = @, Hom(V;,V;) as G x G representations where CG is the vector space with
basis elements corresponding to elements in G.

For compact groups, we want to show

LLO(G)?’ — 13 @ 2 Hom(‘/;’ ‘/7/).

So we want nice functions on G which we will call O(G) and want to be able to talk about
directs sums. Fourier Analysis gives us multiple answers. We will look at one such way in
the next lecture.

OCTOBER 12 — MATRIX COEFFICIENTS

We started with a short discussion about Problem 2 from Problem Set 6. In that problem,
we are assuming that the set X on which G acts is finite.

In general, if G ~ X, this can be viewed as a representation, as follows:

In terms of matrices, we have G — Sx — GLx. The matrix for ¢ is the permutation

matrix given by g. For example, for the action S3 ~ {1,2,3}, the matrix for the cycle (123)

L 001
is given by [é 0 8]'
Another way to define this representation is as follows: Let V' be the free vector space on

X. Then g - e, = eg.

When |X| < oo, then V' = VV (the dual space), and we can also have the following
description: V'V is the set of functions X — k, with (g x f)(z) = f(g ).
Now we come back to the topic for today’s class.

If G is a finite group, then G x G acts on G as follows:
(0,7) % g=o0gr™"
We have the following theorem from the representation theory of finite groups:

Theorem.
CG = Functions (G — C)

b vev

V an irrep

=~ (B Hom(V, V)
= @ Hom(V, V)"

1%
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Our goal is to prove an analogue of this when G is a compact Hausdorff topological group.
That is, we will show that: { nice functions G — CC} = @yHom(V,V)" as (G x G)-
representations.

Remark. Hom(V,V) = Hom(V, V)" as G-representations. An isomorphism is given by
A [M — Tr(AM)]. We will stick to writing the dual for aesthetic reasons.

An intermediate goal, which is today’s goal, is to make precise what we mean by ‘nice
functions’.

Fix a topological group G (we don’t need compactness yet). Let p : G — GL(V) be a
continuous finite-dimensional representation. Let A € Hom(V, V).
So we have:
G -2 GL(V) c Hom(V, V) = C.
We'll define f : G — C to be a matrixz coefficient if f = X\ o p for some (V,p, \) as
above.
In other words, f is a linear combination of the functions (p(g))i;.

Example. For a finite group G, G ~ G by g * h = gh.
1 hy = ghy
0 otherwise.

1 g=h
0 otherwise.

Then p(g)p,h, = In particular, p(g)pe = { . So all functions

G — C are matrix coefficients.

Example. G = S' = R/27Z.
Last time, we saw that any finite dimensional representation of GG is a direct sum of 1-
dimensional irreducibles py, given by: pi(6) = [e??]

So Matrix Coefficients are the trigonometric polynomials ij:_ n e’

Definition. Let Cy(G) = {continuous functions G — C}
Then G x G ~ Cy(G), with action given by [(h1, ho) * f](g) = f(h] ghs).

kO

Theorem. Suppose f € Cy(G). Then the following are equivalent:
(1) f is a matrix coefficient, i.e. I(V,p, A) with f = Ao p.
(2)Lr The G x G orbit of f spans a finite dimensional subspace of Cy(G).
(2), The G x {1} orbit of f spans a finite dimensional subspace of Cy(G).
(2)g The {1} x G orbit of f spans a finite dimensional subspace of Cy(G).

Proof. The implications (2),g = (2)1 and (2),rg = (2)g are easy.
Let’s prove (1) = (2)rr. We have some (V, p, A) so that f = A(p(g)). Elements in the
G x G orbit of f look like:
[(h1, ho) = fl(g) = f (1" ghs)
(p(h1 " ghs))

P
(p(h1) " p(g)p(hs))

A
A

For x € Hom(V, V), the map x — A(p(h1) 'zp(hs)) is a linear functional, i.e. this map is in
Hom(V, V).
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So every function (hy, hy) * f is of the form X o p for some A € Hom(V, V). Now the result
follows from the fact that dim(Hom(V,V)Y) < occ.

Now we'll prove (2)g = (2)r. The proof of (2), = (2).r is analogous.

So we know that Span[(1,h) * f] < co. We want to find (V,p, A) so that f = Ao p. Set
V = Span|(1, h) x f]. We can define p : G — GL(V) given by g — [(1,h) * f — (1, gh) * f].
In other words, p sends g — [p — (1, g) * p]. We need to check that p is continuous.

Since V' is finite dimensional, we can pick a basis (1,01) % f, (1,09) * f,...,(1,0%) * f for
V', and we can also assume o7 = 1.

For 7 € G, let ¢, : V — C be the linear functional f +— f(7). Since V is a vector space of

functions on G, the dual V'V is spanned by the €,. Let €, ¢€,,,..., €, be a basis of V¥, and
assume that 7 = 1.
We have

er (p(9I(L, 03) * 1) = e, [(L,g) * (1, 04) * f]
= [(179) * (170i) * f](TJ)
= f(7;0:9)

Set S = [f(0y7j)]ij. Then p(g) written in the (1,0;) * f basis is S™![f(7;0:9)], which is
continuous in g.

We also need A so that A(p(g)) = f(g). Note that:
flg) =11, 9) = £1(1)

€T1<(1’g) * f)
=e,((1,9) % (1,01) % f)

So fis g = f(7jo,9) for i = j =1, i.e. f extracts the top left matrix entry of the matrix
[f(rj0i9)] =S - p(g). Thus f is a linear combination of the matrix entries of p(g), which is
what we wanted. O

OCTOBER 14: THE (WEAK) PETER-WEYL THEOREM

Suppose G is a topological group (no compactness assumption), we have defined
O(G) = {matrix coefficient of G},

which is the set of nice C-valued functions f : G — C.
One way to define nice functions is that

f is of the form A o py where
f:G—C| py:G— GL(V) is a continuous map
and A : End(V) — C is linear

Now we suppose that G is compact and Hausdorff. So G has Haar measure. Let V; be a
collection of representatives for isomorphic class of G-irreducible representations (which is
continuous and finite dimensional).

For each irreducible representation V;, we have the linear map

End(V})Y — O(Q).
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Consequently, we can construct the Peter-Weyl map through direct sum
PW : HEnd(v))¥ — O(G).
Theorem (Weak Peter-Weyl). The Peter-Weyl map
PW : (HEnd(V;)" - 0(G)
is an isomorphism of (G x G)-representations.
To show this, we need one more lemma:

Lemma. Let G and H be compact Hausdorff topological group and U and V' be their simple
G-representation and H-representation respectively.

Let G x H ~ Hom(U, V) by
[(g.h) % @)(w) = hxp(g™" *u).
Then (U, V) is a simple (G x H)-representation.

This is also true for groups and C-representations. But to use the proof below we need
the restrictions.

Slick character proof. The Haar measure on G' x H is the product of Haar measures on G
and H. We need to show that

<XHom(U,V), XHom(U,V)> =1.
We have

<XH0m(U,V)7 XHom(U,V)> = / XHom(U,V) (g7 h)XHom(U,V) (97 h’)
GxH

/G @b k)

~ [ Wl [ el
a H
=1-1=1 O
Now we can go on to prove weak Peter-Weyl theorem:
Proof. So the Peter-Weyl map
PW : (HEnd(V;)" = O(G)

~Y

Injective: This is clearly a map of (G x G)-representations. By Lemma, End(V;)" =
End(V;) = Hom(V;,V;) is simple as (G x G)-representations. And End(V;) % End(V;) for
i # 7 as (G x G)-representations.

As ({1} x G)-representations, End(V;) = V;EBdimV", So ker(PW) is @, s End(V;)" for
some set S of simple representations. But End(V;)¥ — O(G) is not 0 map. (Otherwise py,(g)
is the 0 matrix for all G, which obviously contradicts with the fact that py.(g) € GL(V;))

Hence the set S has to be empty set, which shows that PW is injective.
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Surjective: Let f = X o py be a matrix coefficient for some representation py : G —
GL(W). Then W = @ V. We can write py (g) in block fashion:

pvi(9) 0

pwl9) = v (9)

0

So any linear combination of matrix entries of py/(g) is a linear combination of py;(g)’s.
We can consequently write

and conclude that PW is surjective. U

Remark. For G finite we have
CG = EBEnd(V;) as (G x G)-representation.

Remark. O(G) is a subring of Co(G) by pointwise addition and multiplication. So the

isomorphism
O(G) = P End(V)
~—~— ——

mg ring

gives convolution in Haar measure.
Remark. We have G — G x G by g — (g,9). Hence
O(G)" = (P End (Vi)

~ (P (End(V;)")“ .

Recall that G ~ G by conjugation: g* h = ghg™t. G ~ O(G) by g* f = f(ghg™'). So
O(G)% is the conjugacy invariant matrix coefficients of G.
Meanwhile,

End(V;)¢ = Hom(V;, V;)¢
= Hom¢g(V;, Vi)
=C - Idy,
(End(V;)")¥ = C - Trace..
Trace is linear and conjugacy invariant. In particular Traceopy, = x,, . We can conclude

that
{ conjugacy-invariant } ~ GB C

matrix coefficients
In particular, when G is finite, this translates to

#{conjugacy classes} = #{irreducible representations}.
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Remark. O(G) has a Hermitian form

(p,q) = /G@Q(g)-

The isomorphism O(G) = @ End(V;) is orthogonal for this form (, ).
If we choose coordinates on End(Vj) such that py, is unitary then /dim Vj(py,);; are
orthonormal basis of O(G).

Two points if you are interested in analysis:

(1) Co(G) is the completion of O(G) for uniform convergence.
(2) L*(Q) is the L? completion of O(G).

OCTOBER 19 — THE UNITARY TRICK

Review of previous class: As we saw last class, the space of matrix coeficients of G,
denoted O(G) is iSOHlOI'phiC to @V is isom. class of irred. rep. EHd(V) = @ End(V)v = @ VY ox
V. Indeed, the Peter-Weil map PW : @ End(V)¥ — O(G) is an isomorphism of G x G-
representations.
Other things O(G) is

e (G X G—representation

e Commutative ring (subring of CO(G))

e Rng by convolution (fy x fo = [, fi(h) f2(h™'g))

e Looking at the space of functlons as an algebra with inner product (f1, f2) = |, o filg

we get that O(G) is orthogonal.

Looking at the map and action G < G xG — G given by g — (g, ¢g) and (g, g)*xh = ghg™
we also get that O(G)Y is the set of conjugation invariant matrix coefficients of G. But it
also is @ End(V)¥ = Hom(V, V)¢ = Homg(V,V) = Cldy. Looking at the dual map, we
also get it is @[End(V)V]¢ = @ C[(Tr) o V] = @ Cxy. In particular, this means that the
traces uniquely define the representations, that is, if xy = xw then V = W.

1

The unitary trick. Now, we turn our attention to the unitary trick, a way of showing
that classifying representations of GL,,(C) is the same doing it for U(n) (the unitary group).

Lemma. Let €2 C C" be an open neighborhood of 0. Let f : 2 — C be holomorphic and
flanre = 0. Then f = 0 on an open neighborhood of 0.

Proof. We proceed by induction on n. The base case n = 0 is trivial, as R® = C° Now
suppose the result is true for k < n. Write f(z1,- -, z,) as a power series. If f # 0, let d be
the smallest exponent of z,with non-zero coefficients. So f(z1,- -+ ,2,) = 2%(g(z1,+* , 2n_1)+
Zoh(21, o 20)). S0 24 f (21, 20) = g(21, -+ 5 Znc1) + 2nh(21, -+, 2,) is holomorphic. If
flange = 0, then so is g|gnrn. And since g will be holomorphic, by the induction step,
g(z1,++ ,2z,—1) = 0 on an open neighborhood of 0. Therefore, d is not the smallest as we
had supposed, and this a contradiction. So f = 0 around an open neighborhood of 0.

O

Corollary. Let Z be a complex n—fold and let 0 : Z — Z be a complex antilinear involution.
Let X C Z be the set of fixed points of ¢ and let x € X. If f is a holomorphic function on
Z defined near x and f|y = 0, then f = 0 near z on Z.

2(9),
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So let G = GL,(C) and ¢ : G — G be the map g — (g~')”. So the set of fixed points
of 0 is K = U(n). Moreover the unitary group is compact. So we have G as a complex,
connected Lie group and K as a compact real Lie group that is the set of fixed points of
an anti-linear holomorphic involution in G. So holomorphic function in G are 0 if and only
if they are so in K. But as K is compact, we can use the results we have proved so far for
compact, Hausdorff, topological groups.

Theorem. Let V and W be complex G—representations with py : G — GL(V) and pw :
G — GL(W) holomorphic. Then Homg(V, W) = Homg (V, W).

Proof. Let ¢ : V. — W be C—linear. So we need to show that ¢(gv) = go(v) for all g € G
if and only in the same is true for all ¢ € K. The forward direction is clear, as K C G. For
the other direction, note that ¢(gv) — gé(v) is a holomorphic function on g and it vanishes

for every g € K. Therefore, it vanishes on all of G' by the unitary trick.
OJ

Corollary. If V. W are as above. Then V = W as G—representations if and only is they
are so as K —representations.

Proof. This follows from the fact this isomorphism would be an invariant map in Homg (V, W) =
Homg (V, W). O

OCTOBER 21 — APPLICATIONS OF THE UNITARY TRICK

We did this day as IBL. Here are the problems:

Let G be a connected complex Lie group, let o : G — G be an antiholomorphic involution
and let K be the fixed points of 0. Then K is a real Lie-subgroup of G. We proved, and
you may assume:

Theorem. Any holomorphic function f on G which restricts to 0 on K is 0 on G.

For a complex vector space V' and a representation p : G — GL(V), we say that V is a
holomorphic representation of G if the matrix entries of p are holomorphic functions.

The first two problems were done in the previous class, but please talk them over. Most
of these problems are very short:

Problem 13. Let V and W be holomorphic representations of G. Show that Homg (V, W) =
Homg(V,W). (Le. a linear map ¢ : V. — W is a map of G-representations if and only if it
is a map of K-representations.)

Problem 14. Let V and W be holomorphic representations of G. Show that V = W as
G-representations if and only if V' = W as K-representations.

Problem 15. Let W be a holomorphic G-representation and let V' be a vector subspace of
W. Show that V is a sub-G-representation if and only if it is a sub- K-representation.

Problem 16. Let W be a holomorphic representation of G. Show that W is simple as a
G-representation if and only if W is simple as a K-representation.

Problem 17. Let W be a holomorphic representation of G. Show that W is indecomposable
as a G-representation if and only if W is indecomposable as a K-representation.

Now, suppose that K is compact.
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Problem 18. Let W be a holomorphic representation of G. Show that W is indecomposable
as a G-representation if and only if W is simple as a G-representation.

Afterwards, we proved the following results:

Lemma. Let V be a K-representation and let Y be a G-representation such that V' embeds
K-equivariantly into Y. Then the K-action on V' extends to a G-action.

Proof. We may as well think of V' as a subspace of Y. Then use Problem [15] O

Lemma. Let K be compact, let V' be a K-representation, and let X and Y be G-representations
such that yv + xx|x = xv|x. Then the K-action on V extends to a G-action.

Proof. Since K is compact, the equality of characters implies that V & X|x = Y|k as K-
representations. In particular, the inclusion of V &0 into Y is a K-equivariant map V' — Y.
Now use the previous lemma. O

OCTOBER 24 - EXTENDING U(n) REPRESENTATIONS TO GL,(C)

On the IBL section of last class, we proved several similar results. Let G be a connected
C-Lie group, o : G — G an anti-holomorphic involution and K = G°. Given V, W and
G-representations, then, if some properties hold for V, W as K-representations, they will
also be true for V, W as G-representations:

(1) V| = W|k if and only if V = W;

(2) Homg Vg, W|k) = Hom(V, W);

(3) Given U C V a subspace, then U is a K-subrepresentation if, and only if it is a

G-subrepresentation;

(4) xvlx = xwlx <= xv = xw;
Furthermore, if K is also compact, we have:

(5) V is simple <= V is indecomposable;

6) xv =xw <= V=W.
All these results take a G-representation and look at what we can say about it as a K-
representation. Now, what if we start with a K-representation V7 Is it possible to extend
it to a G7
First of all notice that if such an extension exists, it will be unique, by result (1) of the list
above. Our problem is existence.

Suppose that we have a representation p : K — GLy; let p;; be the matrix entries of
this map. If the p;; have analytic continuations to G, then the analytic continuations will
give a map p : G — GLy, and this map will also be a representation. (The condition
p(gh) = p(g)p(h) will hold by analytic continuation from the same relation on K.) So the
question is basically whether all matrix coefficients of K have analytic extensions to G. Here
are three examples of things going wrong;:

Example. Take G = C*, 0 : C* — C* the usual conjugation. Then K = R*. Then
t +— [+/3] is a well defined continuous representation X — GL1(C), but it branches if we try
to continue it to G.

Example. Let E be an elliptic curve defined over R with one real component, for example,
y? = 2 —1. As a topological group, E(R) = S, so we have a group homomorphism F(R) —
GL;(C) sending 0 € S to . However, this branches on E(C): We have E(C) = (C*)/q”
for some g < 1, and the matrix coefficient is the coordinate on the cover C*.
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Example. Take G = PSL;(C) = SL3(C)/(¢Id3), where ( is a primitive cube root of unity.
Then we can take K = PSL3(R) = SL3(R); the isomorphism is because the group ((Ids)
which we quotient by to form PSL3 has trivial intersection with the real points.

Then we have a representation p : PSL3(R) — GLj3 by the isomorphism PSL3(R) =
SL3(R). If we try to analytically continue it to PSL3(C), we get branching; the analytic
continuation is only well defined on SL3(C).

For our purposes, the most important example of a pair K C G for when the extension
exists is U(n) C GL,(C). We will spend the rest of the class treating this example. Let’s
start with notation for some subgroups of GL,,(C):

G=CL,(C) > T= [ O}

e'i@l 0
K=U(n) D S:[ ]
0 etfn
Notice that, as a topological group S = S! x --- x 8! = T, the n-torus. Because of this,
sometimes we call either S or T a torus.
Given a representation p : K — GLy(C) = GL(V), we want to extend it to G. Let x(g) =

eiel 0
Tr(p(g)), be the character of p, and x/|g its restriction to S and denote x|g ( [ ] ) =
0 etfn
X|s(e ..,ew”). In particular, as any permutation matrix is unitary and yx is conjugacy
invariant, for any o € S™, we have that:

4 ' eiga(l) 0 ei01 0
X|S(el9“(1>, . ,eleff(”)) = x|s =x o™t o
0 eiea(n> 0 eien
ei91 0 ' ‘
=X zx|5(ewl,...,ew”)
0 etfn

Hence x|s is a symmetric function on €1, ... €. Now as § = S x ... x St by our classifi-
cation of continuous S representations, we have that V = @,cz.V,, as an S-representation.

ei91 0

1601
y -

0 eifn
ellmbut=—+unbn) Then (x|g)v, (€7, ..., e0) = Tr(embt—+mb) [q) = (dim V,,)e'brFFhnbn),
Then as xvew = Xv + Xw, as in the first homework, we have that:
X|S(ei61? T 76i0n) = Z (dlm Vu)ei(l"191+~~-+un9n)
peZn

Where all but finitely many V,, = 0 and [ ] € S acts on V, by multiplication by

In particular, x| is a symmetric Laurent polynomial on €, ... e with non-negative in-
teger coefficients. As every unitary matrix is diagonalizable and S is the set of diagonalizable
unitary matrices, as we know y|g, we also know y.

Now suppose p does extend to p' : G — GLx(C), and x’ is the character of p’. Then

X' is uniquely defined by X'|7, as T is dense in G and X’ is continuous. Furthermore

21 0
X' (T = [ ]) = Y|r € A%, that is, it is a symmetrical Laurent polynomial on

0 Zn
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21,0 Zn, and X |p(e) .. ef) = x|g(e, ..., ). So, if there’s an extension p/, its char-
acter will be Y € A=
As K is compact, any K-representation is uniquely defined by its character, so if there’s
p G — GL,(C) with character y, then p = p'|x. Hence, what we need to do now is to
prove that we can build a representation p’ with character f, for any f € AE.
Let’s list some facts we saw on previous classes/homeworks:

e The character of the obvious representation of /\k C™ is ex(z1,...,2,). So we get
representations whose character is ey;

e If V. W are G-representations, then we can induce representations of V& W, V@ W
such that yyvew = xv ® xw and xvew = Xvxw. Therefore, we have representations
with e, as their characters, for any partition A and any linear combination of them
with non-negative integers;

e g — det(g)™' € GL;(C) = GL(D) is a representation with character x(z1,...,2,) =

L Now, if g € A, there is M > 0 such that (z;---2,)"g € A,,. Then if we find

Z12n

a G-representation V with character xy = (21 -+ - 2,)M g, we have g = xysigy.

Resuming what we have up until now. Suppose we qare given p : K — GL(V), we have
f = xv € A and we want to find a G-representation with character f as well. By the
last bullet point, we can assume f € A,. Then as e\s form a basis for A,, we can write
f=>",crex If all the cy’s are non-negative, we can build Y a G-rep whose character is f
by tensors and direct products of /\k CN. The last piece of the puzzle is when there is some
cx < 0. For that, we use the criterion from last class.

Write f = > byex — > axey, so that by,ay > 0 for all \. Then f + > ayey = > byex. As
above, we can build X,Y G-reps whose character is > ayey, Y baey, respectively. Then, as
Y|k V @ X|kg are K-representations with same character, Y|x = V @ X|gx. Then V —
V @& X|k is a K-invariant embedding, and by the criterion, we can extend the action of K
on V until G. This finishes our proof.

This was the big result of this class. Our next object is to prove that the characters of
simple representaions are precisely the Schur Polynomials. We'll do that next class. Here
is some useful foreshadowing for now. First, from the list of facts, we proved last class, we
have that indecomposable G-representations are simple. Then G breaks down as a direct
sum of simple representations, which is unique up to iso. Form the main proof of this
class, we can build a G-rep with any character ¢ € AL. Thus, the characters of simple
G-representations, form a Z-basis of AX. The main claim is that these characters are of the
form (2, -+ 2,) Fsa(21, ..+, 2n)-

OCTOBER 26 — MATRIX COEFFICIENTS OF GL,(C) AND ITS PETER-WEYL

DECOMPOSITION
Recall that
211 .- Z1n
G=GL,(C)=qg=1|: . i |:det(g)#0
Zon - Znn

has the compact subgroup
K=U(n)={g:9g =1d,}.
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We learned the unitary trick that lifts K-representations to G-representations in the last
IBL class. And in last class, we lifted any arbitrary finite-dimensional, continuous K-
representation to G-representations especially for K = U(n) and G = GL,(C).

Let g = (z;;) be an arbitrary element in GL,,(C). Recall that a polynomial representa-
tion p of GL,(C) is a representation with the matrix coefficients of p(g) being in C[z;].
Likewise, the algebraic representations of GL,(C) are exactly the representations p such
that every coefficients of the matrix p(g) is in C[z;;,det(g)™!]. Thus, we can talk about
the rings of polynomial matrix coefficients, O(GL,,(C))poly and algebraic matrix coeflicients,
O(CLa(C))s

We will prove the following.

Theorem. The characters of irreducible polynomial representations of GL,,(C) are the Schur

polynomials sy(z1,- -, z,).
The characters of irreducible algebraic representations of GL, (C) are the Laurent polyno-
mials (x129 -+ 1) Msy(x1, -+, x,) for suitable partition A and M € Z.

We first compute the matrix coefficients of GL,,(C).

Theorem. The rings of polynomial, algebraic and holomorphic matrix coefficients are re-
lated as in the diagram below:

O(GLn(C))poly (C[Zij]
O(GL(C))atg
O(GL,(C))pot == O(U(n)) == Clz;;,det(g)]

Proof. (Sketch) First check O(GL,(C))po = O(U(n)). Restriction gives the map O(GL,,(C))no —
O(U(n)). The restriction map is injective by the unitary trick. It is also surjective by the
fact that we can lift any K-representation to G-representation in the last class.

Next, check O(GL;,(C))ag = O(GL,(C))noi- The containment C is immediate. Note that
in the last class, any lift of a continuous U(n)-representation to a GL,,(C)-representation
happened to be algebraic as well. This shows the containment D.

We show O(GL,,(C))ag = Clzij, (det g) 7. The containment O(GL,,(C))ay C Clzij, (det g) 7!
holds by definition. We use the following lemma.

Lemma. O(GL,(C)),q; for any adj = poly, alg, hol is a subring of the ring of continuous
functions Cy(GL,(C))

Proof. (of Lemma) For any fi1, fo € O(GL,,(C))aq;, we have f; = A\jopy, and fo = Ayopy, for
functionals A1, Ay and GL, (C)-representations py,, py, of Vi, V5 that satisfy the adj = poly,
alg, hol. Check the followings

fi+ fa= (&) o pran,

fife = (A ® A) 0 pyras
so that f1 + fa, fifo € O(GL,(C))aq; as well. O
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So O(GL,(C))ay is a C-subalgebra of C[z;;, (det g)~!]. It remains to check that z;;, (det g) ™' €
Oalg to show the equality Oy = O(GL,(C))ag = Clzy, (det g)7!]. From the standard rep-
resentation C" of GL,,(C'), we get z;; € Oalg. The representation p : GL,(C) — C defined as
g+ (x> (det g)~'x) gives (det g)~! € Oy, and we are done.

To check O(GL,(C))poy = C[z;;], note that the containment C holds by definition, and
2ij € Opoly by the fact that the standard representation C"* of GL,,(C) is polynomial. O

So we have
OCLo( Oy = Clei] = @) Ve
Vpoly irred.
and
O(GL(C))ag = Clzij, (detg) |~ P VeV
Valg irred.
as GL,(C) x GL,(C) representations.

Break Clz;;] = @, Clzi;]q into degree d homogeneous polynomials. so that each part
Clzij]a is a finite GL,,(C) x GL,,(C) representation. Let’s see how Clzi;] ~ @y oy irrea. VOV
restricts to such degree d counterparts.

For d = 0,

Clzijlo ~ C x 1 ~ (trivial) ® (trivial)”.

For d =1,

Clzij]1 =~ {n x n matrices of coefficients} ~ C" @ (C")¥
where the GL,(C) x GL,(C) action is (g,h) * M = gMh™".

For d = 2,

Zpy 2 Zor 2
Clz;:]o = Span ( det |77 “P* Span | perm | 77" 7P?
[ ”]2 p ( |:Zq7~ Zq5:| ) 1<p<q<n ©op (p [qu ZQJ ) 1<p<g<n

1<r<s<n 1<r<s<n
= (vier e (vier))) @ (Sym*Ct @ (Sym?*C")”)
where the first component has dimension (2)2 and the second component has dimension
5 Z is defined as ad + bc which is bilinear.
Recall the Cauchy identity.

(”+1)2. Here, perm CCL

1
=) sa(@)sa(y)
i I(N)<n
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Expanding the right-hand side for the partitions , (1), (1,1) and (2), we have

Z sx(x)sx(y) =1+ (Z Z‘Z> (Z%) +

I(MN)<n
( E ‘rilxi2> < E yjly]2> +
1<ii<iz<n 1<j1<g2<n
( E , xilxh) ( E : yjlyj2> +oe
1<ip <ig<n 1<j1<j2<n

and note that the first four summands of Schur polynomials somewhat corresponds to the
factors V @ V'V of C[z;j]q we found for d =0, 1, 2.

To clarify this further, let’s restrict GL,(C) x GL,(C) to T' x T where T is the set of
diagonal matrices. Write the coordinates of T' x T" as

—1
T N

, el xT

—1
Tn Yn

so that its action on z;; is the multiplication by z;y;.

Then the T'x T character of Clz;] is [[},_, ﬁ, the left-hand side of the Cauchy identity.
Meanwhile, the T x T character on V ® VV is yy(x)xv(y). Comparing the character of
Clzi] ~ @vpoly irrea. V @ V'V, we can observe that yy(z)’s obey Cauchy’s identity. That is,
xv's form an orthonormal basis of A,, with the inner product of symmetric polynomials. This
means that the collection of xy is the collection of +s)’s. The sign should be positive, because
assigning x; = 1 makes yy (z) equal to dim V' which is positive, and the monomial coefficients
of s, is positive. In conclusion, the characters of polynomial irreducible representations of
GL,(C) are the Schur polynomials s). We will expand on this in later classes.

OCTOBER 28 — CONSTRUCTING THE IRREPS OF GL,, FIRST TIME

Today’s first goal is to show that characters of polynomial irreducible represemntations of
GL,(C) are the schur polynomials sy(z1, -+ ,z,).

Recall from last class that the matrix coefficients O(GL,,(C))poly reps = Clzij]1<i j<n-

By the Peter-Weyl theorem, we have

O(GLR(C))poly reps — @ End(vv) = @ V& Vv

Vpoly irrep Vpoly irrep

1 1
. . 2 Ya
Consider characters of the action of ) and ) on both

—1
Tn yn

sides of the above representations.

For the left hand side, these two diagonal matrices act on an n by n matrix [z;] by
multiplying on the left and multiplying inverse on the right, sending z;; — x;y;2;;. Thus,
by acting on monomials in z;;, we get all powers of z;y;. By adding up all combinations
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O
ij=1 T=my, -
identity, [[;,_, % =Y sa@, e, xn)sa(yr, - Yn)
For the right hand side, we have a direct sum of tensor product of two representations V'
and V. Use the fact that

(1) Character of direct sum equals sum of characters.
(2) Character of tensor product equals product of characters.
(3) Character of dual representation equals character evaluated on the inverse element

of (i,7) € [n]?, we get that the character equals ] Furthermore, by Cauchy’s

We have that the character on the right hand side equals 3 i | o1on ivrep XV (T15 7 Zo) XV (Y157 + 1 Yn).-
Thus, we arrive at the following equality of polynomials

Zsk<x17”' 7xn)8)\<y1a”' 7yn) - Z XV('rla"' 7x’n)XV(y17”' 7y’n)

A V polyn irrep
x1
We claim that xy [ } is in A,,. Proof of claim:
Tn

(1) It is a polynomial because V is a polynomial representation.
(2) It is symmetric because any permutation o acts by conjugation as
I To(1)

g ol =

T Lo(n)
and character is constant on conjugacy classes.

(3) The coefficients are in Zso because V restricted to the torus is a direct sum of
1-dimensional representations. Thus, by adding up the characters of 1-dim represen-
tations, we get nonnegative integer coefficients.

X
Now, assume that yy = Y cyasa(z) (the Schur polynomials form a
Tn
Z-basis). We extract the coefficient of s)(z)s\(y) from the previously established equal-

ity Doy sa(@rs o Ta)sa(Yns 2 Yn) = D v potyn imrep XV (15 )XV (Y1, -, Yn) to get that
>y iy = 1. Thus, for any fixed A, exactly one ¢y, equals +1 and the rest are 0. But notice
that xy and s, both have positive integer coefficients in x4, --- , x,, the sign must be a plus
sign.

By now, we showed that for each A, exactly one cy) equals 1 and the other equals 0.
And if cyy = ¢y, = 1 for X # p, we can look at the coefficient of s)(z)s,(y) to see that
0 = > cvacy,. But notice that each C' is either 0 or 1. And if ¢y = C;H = 1, then
thet sum on the right hand side is at least 1. Contradiction. Thus, we have a one-to-
one correspondence between the V’s and the \’s such that ¢y, = 1. This shows that the
characters of polynomial irreducible representations are exactly the Schur polynomials.

Note that the Hall inner product makes s, orthonormal. And the Hall inner product of
characters is given by (xv, xw) = dim Hom(V, W) = [, xv(g9)xw(g) for a compact subgroup
K. It makes yy’s orthonormal, where V’s are the irreducible representations. So the two
Hall inner products are the same.

Next, we attempt the answer the following question: What is the irreducible representation

V\ with character s,7 We find a clue in the upper-triangularity results for s)’s, e)’s, and
h>\7S.
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Recall that we have
h)\ =S+ ZKHAS#

=X

exr = Sy + Z Ky,s,
p<A
Thus, for any A, s, is the only term that appears in both h) and eyr. So when we take
the Hall inner product, only one terms survives. We have (eyr,hy) = 1. By our previous
discussion of equivalence between the two Hall inner products, we have that

dim Hom(® /\Afcn, ®Sym’\k‘©") =1

This is because the anti-symmetric tensor has character e AT AT = eyr and the symmetric
tensor has character hy, - - - hy, = hy. (Character of tensor product is product of characters.)
So we have a unique homomorphism ) A NCr — & Sym™C™ up to a scalar, which factors
through V). Then the image of such a (nonzero) GL,-equivariant map is V). (This can be
seen by decomposing the two representations into irreducible subrepresentations. And by
Schur’s lemma and its corollary (see problem 4 and 5 on the October 3-7 worksheet), maps
between representations are the direct sum of maps between the irreducible components.
And maps between different components are trivial, and the domain and target only have
one common component, which is V), the component corresponding to s.)
Here is an example. We have

hg = S3 €31 = S3 + 2821 -+ S111
hgl = 83 + S21 and €7 = S21 +  Si111
hi1n = s3 + 2591 + sin1 er = S111-

To obtain V3, we consider the image of the unique (up to scalar multiple) GLs-equivariant
map A\’ C" @ C" — Sym?C" ® C".

To find such a map, we notice that /\2 C™ is a subspace of C"®@C" via uAv — uQv—vQu.
And Sym?C" is a quotient of C" ® C" via u ® v — (uv). Thus, we want to find a nonzero
map /\2 C"eC"—-CreC'®C" — C"®C"®C" — Sym?C" ® C", where the first map is
given by the above inclusion, the third map is given by the above quotient, and the middle
map is to permute the entries by a permutation in S5 (We showed this in homework). Taking
the middle map to be (23) will give us a nonzero composition (whereas identity will result
in a zero composition). The composition is (u A v) @ w +— (vw) @ v — (vw) ® u. And the
image is V5.

OCTOBER 31 — CONSTRUCTING THE IRREPS OF GL,(C), TRY TWO

This lecture was confused. November 2nd was much better.
Before beginning with today’s spooky material, here is a quick summary of where we are
right now:

(1) We showed using compact representation theory that continuous representations of
U(n) are determined by their characters, and that these characters are symmetric
Laurent polynomials in n-variables (when evaluated on the torus).

(2) We showed using the unitary trick that every algebraic representation of GL, is
determined by its restriction to U(n). Moreover, the continuous representations of
U(n) can always be extended uniquely to algebraic representations of GL,. Hence,
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the algebraic representations of GL,, are also determined by their characters, which
are also symmetric Laurent polynomials in n-variables.

(3) We showed using the Peter-Weyl theorem and Cauchy’s identity that the irreducible
polynomial representations of GL,, correspond exactly with the Schur polynomials.

We are now interested in explicitly constructing the irreducible representation V) correspond-
ing with the Schur polynomial s,. To do this, we will continue our method from the previous
class.

Given a partition A\, we set

)\T
E=QN"C"
k

which has character eyr, and

H, = (X) Sym™C",
V4

which has character hy. Then
dim HOHIGLH<E)\, H)\) = <€)\T, h)\> =1.

The unique non-zero homomorphism (up to scaling) will factor through V) because s, is
the only common Schur polynomial between eyr and hy when both written in terms of the
s-basis. Hence, the image of this homomorphism will be isomorphic to V).

We now construct such a non-zero map. We use (C")®* to denote the tensor product
indexed by the boxes of A\. Let Sc,\ denote the group of permutations of the boxes of A
that only permute within the columns. We have an inclusion « : Ey — (C")®* given by

o <® (I WARERNA U,\’,{,k) = Z (—1)7 ®Uo(f,k)v
k 0,k

TE€Scol A

where (¢, k) denotes the box of A in row ¢ and column k. After wrapping one’s head around
the indices, this is just the usual inclusion of an alternating product into a tensor product.
On the other hand, we have a projection 7 : (C")®* — H given by

' (@ ) ~ Qvravia- v,

Lk L

which is just the usual projection from a tensor product to a symmetric product.

All that remains is to show that 7 o « is non-zero. This is non-trivial, and we will leave
it for next time. A key ingredient is that we symmetrize (C*)®* along the rows, while the
inherited alternating behavior only resides within the columns.

We consider an example. If A =01 | then
ulw] [v]w]
a:(uAv)@w — Y] —u] |
and
plq]

7T = (pg) @
Thus, the map 7 o « for this choice of X is given by

(uAV) @ w = (uw) @ v — (Vvw) ® u.
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NOVEMBER 2 — CONSTRUCTING THE IRREPS OF GL,, GETTING IT RIGHT

Let n > 1 be a positive integer, [ be a partition with £(\) < n. Denote d = |A|. Denote
E, = ® AM(C™) and Hy = ®Sym’\£(C").
k k

Let Sy (resp Sy r) be the set of permutations within columns (resp. rows) of boxes in
Young tableau of shape A. Then, we have

H S)\g = S)\,C C Sboxes = Sd and H S)\k = S)\,R - Sboxes = Sda
k k

where Shoces denotes the set of permutations of all the boxes in the Young tableau of shape
A
Let V®boxes he the quotient of C[Spoxes| by multi-linearity. Define

ay = Z sgn(o)-o and f) = Z o

UES,\YC UGSA,R

as maps from V&Poxes to jtself.

Example. Let A = (2,1) and label the boxes as 3] . Then, we have
Oé(271) =id — (1 3) and 5(2’1) =id + (1 2)
Then, we have the following commutative diagram.

V®boxes y V®b0xes y V®boxes

\ ) / \» B /
\ /

Ey\ = im( M) =

im(By o ay) = im(P)

Example. In our running example with A = (2, 1), the above diagram becomes

ulv] ulv] wv\ \ vlu] [wlv] [v]w
w| i wl  _|u 2} wl  _|u] —|u

\

(uAw) @ + () @ w — (vw) ®

/

() @ w — (vw

Lemma. §),oay #0

Proof. Let {ey,--- ,e,} be a basis for C". Note that it suffices to check that 5y o ay(Tp) is
nonzero, where T denotes the Young tableau of shape A with e;’s on the first row, ey’s on
the second row and so on. Note that the coefficient of T in 5(U) is given by

H Ax! - (coefficient of Ty in U)
k
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for any U. Since we do not get enough e;’s in the jth column to perform any non-trivial
column permutation, the result follows. 0

Remark. ) o o) € C[S,] is known as the Young symmetrizer. It plays an important
role in the representation theory of S,,; we sketch some of the key points. As you will check
on the homework, 5,C|[S,,]a, is one-dimensional, and is spanned by the Young symmetrizer.
In the decomposition C[S,] = @D, irreps of 5, ENA(W)), the Young symmetrizer lies in one
summand. In that summand, it is rank one, and we have (8y o ay)? = c\(Bx © ) where ¢y
is a certain positive integer. (Specifically, ¢, is the product of the “hook lengths” of \.) If
we think of C[S,] as block matrices indexed by the representations of S,,, then £ o ay is 0
in all but one block and, on that block, can be thought of as having a ¢, in the upper left
and 0’s everywhere else.

The representation W) of C[S,] can be described as S \a)\C[S,], acted on from the right,
or as C[S,|Bra,, acted on from the left.

Remark. What happens when £ is a field of prime characteristic p? In this case, we have
the commutative diagram

y [ ©d P y ©d
AV = im(ay) Sym?V —— im(B) —— (V&)

\/

Definition. The Schur functor, denoted Sy, is a functor from the category of vector
spaces over k to itself defined by

S\(V) :=im (6)\ oay: V& V®d)
for any vector space V over field k, and
S\(f) == s, v) 1 SA(V) = Sa(W)
for any linear map f:V — W.
Example. For instance, we have
sa (V) = Sym"(V)
st (V) = ARV
sen(V) =im (B o aer) : A’V @V = Sym’V @ V)
NOVEMBER 4 — CONSTRUCTING THE IRREPS OF GL,, WITH MATRIX MINORS

Today was an impromptu worksheet day! David was sick, so he sent in problems to solve,

We found (or nearly found) a representation with character s,. We are specifically con-
cerned with the right action of GL,, on polynomials on n? variables z;;, where we think of
these as entries in an n X n matrix Z. So A acts by replacing Z with ZA™!.

Note that the span of each row of Z is an n-dimensional sub-representation, since mul-
tiplication on the right sends z, ie row i, to 2z, A~!. In other words, A acts on each row
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seperately. Because this is a subrep, we can compute the character by setting A to the
diagonal matrix with z;* in the i, ith entry. This sends 2;j t0 x;2;5, so the character is ) | z;.

Problem 19. Fix 1 < ¢ < n and a nonnegative integer d. Show that the vector space of
degree d homogeneous polynomials in {z;1, 20, . . ., 2in } is @ GL,,-representation and, as such,
is isomorphic to Sym?C".

As discussed before, the right action sends row i to row ¢ linearly. We act on degree
d polynomials by replacing each variable by a linear combination of the others, which is
again a degree d polynomial. The torus (our diagonal matrix of x; ') acts by rescaling each
variable. The monomials are a basis, and we send each degree d monomial z;j, - - - 2;, to
Tj, T, %5 - Zij,- S0 the character is

> my e wy, = ha(x),
J1<j2<<jd

Since characters determine our representations, our representation must be isomorphic to
Sym?, whose character is hq.

We can also see the isomorphism directly by identifying the product z;, ---z;;, with
€j, e, € Sym®. Either way, this concludes the Problem.

Let J = {j1,...,Jjr} be a k-element subset of {1,...,n}. Define the k x k minor A, as
the determinant of the first k£ rows and J columns of Z.

Problem 20. For 1 < k < n, check that the subspace of R spanned by the Aj; (where

|J| = k) is a GL,,-subrepresentation, and that this subrepresentation is isomorphic to /\k cr
as a GL,,-representation.

Let Z7 denote the jth column of Z, and Z7|;, the restriction of the jth column to the first
k rows. Recall that (ZA) =", Z'A;;. So Ay = det(Z7y, ..., Z%%|;) and acting by A gives
us:

det((AZ)Y 1, ..., (AZ)*]) = Y Aiyjy det(Z7 |u, (AZV2 s, ... (AZ))

i1=1

= ) (ﬁAz‘mjm)AI

I={i1,i2,...,ix} m=1

which is in the span of A ;. So this is a subrep. One may also decompose A in various ways
to get nicer formulas, or notice some cancelation in the sum above.

The character of this representation is >, _ _; @i, -+ ¥ = ex(z), the same as the char-

acter for /\k C". So they must be isomorphic. We can find a particular isomorphism by
identifying A; with e;, Aej, A ... Aej,. This concludes the Problem.

For )\ a partition, define U, to be the subspace of R spanned by Ay, Ay, --- A where
|J:| = )\ZT. Recall the representations F\ and H), with characters ey and h,, from the previous
classes.

Problem 21. Define a surjection E, — U,.
Let J@ = {jli;jZi cee } Send

€j11/\€j21/\"'/\€j,\1T1®6j12/\€j22/\"'/\€jA2Tg®"'



59

to Ay, Ay, - - - . Essentially the multiplication map after we take our identification with A* C"
from the previous problem. This is surjective, we can get any particular product of A;’s.

Problem 22. Define an injection U, — H,.

Note that the variables z1;, those in the first row of Z, appear with degree 1 in every
Ay (provided J is not empty). Likewise the z;; appear with degree 1 in every A; with
|J| > 4. Thus in every monomial of Ay Ay ---A; € U, can be written as a product of
i = #{k|\L > i} of the z;s, ie grouping the variables from the same rows. We've already
identified monomials of degree d with elements of Sym?C™ in the first problem of today. For
example, we would send the monomial:

21a%2b%3c21d%2e21f%1g F> €q€d€feg &K €pee &) €c
Since this map is an injection on monomials, it is an injection on U).
And now we are done - we have found a nonzero map from FE, — H). Since the only
common subrep of E) and H) is V), we conclude that U, must have character s, and is thus
an irrep.

NOVEMBER 7 — SOME EXAMPLES OF GL, REPRESENTATIONS

We first review the material from the previous IBL class:
i1 - Tin
Tpl c-- o aNN

with GL,(C) acting via right multiplication. For J = {j1, j2, - ,jix} € {1,--- ,n}, define

L T
AJ = det :
Trjy o0 Tk
Then we showed spanA; = /\k C™ as a GL,(C)-rep. If A = (A1, Ay, -+, \,) is a partition

| T|=k
then
span (A, Ay, - Ay)
| Jie|=AE
is an irreducible representation of GL,,(C) with character sy. For example, take n = 3 and
A =(2,1) so that

2 2, .2 2 2 2
sx(x1, Ta, 3) = T{Te + X125 + T1T3 + 201XT2X3 + T3X3 + T1X5 + ToX5.

Let
V)\ = Span (AJlAJ2 tee AJn>
|Jk|=AT
We have
dim(Vy) = xv, (Ids) = sx(1,1,1) =8,
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despite V) being the span of 9 polynomials:
JANDYAN] JANPYARS JANDYAYY

Vy=span | Ai3A; A3y AzAg

A23A1 AQSAQ A23A3

There must therefore be a linear relationship between these polynomials. Indeed A13A3 —
A19As + Agz3Ay = 0. One way to find this relationship is that

T11 T12 11 T13 T12 13

Lo 23

A1aAg — A1aAg + Ags Ay = - T12 + T11

Ta1 T22 T21 T23

11 T12 T13
=det 11 X122 X13 =0.

To1 T2z T23
Another way to look at this is to decompose V) into T-eigenspaces, where ' C GL3(C) is
the torus. The matrix [Il T2 xJ € T acts on span(A,A.) through multiplication by z,zp..
This is because it takes z;; to x;2;;, so it maps

AoLbAc - (ZIQZQb - Z?az1b>zlc — ((xazla)(l‘bz%) - (vaQa)<xbzlb))xczlc - (xawbxc)AabAc-
Therefore this matrix will act on span(Ag3Aq, A13As, A1pA3) via multiplication by x;xexs.
Since the coefficient of the xyzoz3 term in sy(z1, 9, x3) (the character of V)) is 2, the dimen-
sion of span(AgsAy, A13Ag, A12Az) must be 2 or less, meaning the linear dependence must
be among these three terms. In other words, if we associate the polynomial A A, with
the young tableau * C‘, then the coefficient for zjxox3 in s)(x1, 22, x3) is already covered

6]
by A13As and AjpAj since they’re associated with a semi standard young tableau, whereas

JACEVANER S :23 U is not. Therefore we can safely discard Ay3A; without impacting the span.

The T-eigenspaces of this representation can therefore be drawn as follows:

2] gy,
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Recall from previous lectures the decomposition of algebraic representations of C* = GLj.
Namely, if C* acts on V' then V' can be broken up as the direct sum

V= é Vi,

k=—0o0

where [t] acts on V, by t*. On homework, we showed that algebraic representations of

Ct = { (1) ﬂ tu € (C} are exp(ulN) = > 77, “kk—],vk for some nilpotent N. Also shown on

t u
01
where [} 9] acts on Vj, by multiplication by t*, i.e.

homework was that if G = { [ } ueCite (C*} then the nilpotent N takes Vi to Vi1

N N N N
AN\ /. \
V=-VaoaVieoWeVieVy---

The key relationship here is that

t O |1 wu| |1 tu]|t O
0O 110 1| |0 1|0 1}|°
If v € V}, this means that

2N2 t2 2N2
p([é ﬂ) <v+uNU+u 5 U+~~~):<I+tuN+ u2 —|—~-->tkv.

The linear term says that
t 0
’ ({o 1D (Nv) = #20,

so Nv € Vj,1. More generally, if GL,, acts on V' then V can be written as a direct sum

V=V,
n

where [tl - ] € T C GL, acts on V,, by multiplication by ¢} ---¢#». Rather than just

looking at the subgroup T of diagonal matrices, we can put a nonzero entry in the ith row
and jth column, e.g.

J
*
1 k k ~ T X C+
k
*
J
1
We'll have 1 ﬁt acting by exp(ulNy;) where Ny @V, — Vjye,_,. For
1

example, with A = (2,1), the matrix |:’}L 1 J will take Ay — Ajs since a column operation
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won’t change the determinant of the minor. It will map A; — A; + uA,. Therefore

s u’“Nf1
Z X Ay = eXp(uN21)(A12A1) = A1pA1 + uA A,
k=0 )

Looking at the linear term tells us that Ny will take elements in span(A12A1) to span(ApAy).
Similarly the matrix takes Az — A1z + ulos and As — As so Nap takes A13As to AgsAs.
As a final example

A13A1 — (Alg —+ UA23)<A1 —+ UAQ) = A13A1 -+ U(A13A2 -+ A23A1) + U2A23A2.

Again looking at the linear term, we find that Ny; takes A13A; into the span(Aj3As, AggAy) =
span(Aj3As, A1pAg). Completing this process for every basis element gives us the following
arrows for Nop

The transpose matrix [1 b . will have corresponding nilpotent N;5 which reverses the direc-

tion of these arrows. The matrix [1 1 1] will have corresponding nilpotent N3, which follows
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different arrows:

Again N3 will just reverse the direction of these arrows.

NOVEMBER 9 — WEIGHT SPACES AND THE MAPS BETWEEN THEM

We begin by discussing the language of weight spaces. Consider the torus 7' = (C*)" C

t1

GL,, which consists of matrices of the form [

} . If V is an algebraic representation of
0 ta

T, then V = @,z V, where

t1
Va:{v€V|[ ]ﬁ:t‘f‘l...tgnﬁ}.
tn

We call (a,...,a,) a weight. The space V, is the a-weight space, and a vector v € V is
an a-weight vector.

We now discuss how to prove the decomposition of V' given above. When p : T" — GL,, is
algebraic, this implies the entries of [pij(tl, e ,tn)] are Laurent polynomials in the ¢;. That

t1
is, they are of the form >_ P ,t* € C[t{,...,tF]. Thus p [ } = D nen Patit .. tom.
tn

Since p is a homomorphism,

(L0 D= Dol )

Therefore, > Pt7u” = (>, Pat®) ( PP Pau?) = D P, Pst®u®. Matching coefficients

on both sides yields
P pum—
ppy={te @=0
0 a#p

Further, p(Id,) = Id,, so >, P, = Id,. It follows that V' breaks up as described above.
When n = 2, we see that

VDj = Sym?C? = Ceye; ® Cerey & Ceses
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and

where V), has character s,. Since

H 61 A\ 62)
131
0

7?} acts on Cejey by #2, the weight is (2,0). Similarly,
2
the weight on Cejes and on C(e; A eg) is (1,1), and the weight on Ceges is (0, 2).

Example. In the homework, we particularly thought about the case where |A\| = n and we
look at the weight (1,1,...,1). We called the corresponding space W).
Here are the values for n =2 and n = 3:

WD:‘ = C6162

and

W, :(Cel/\eg
m ( )

and Sy acts trivially on Wi and by sign on WH In the n = 3 case we have

VDjj = Sym3C3 = Cei’@~--€9@elegeg@~~@Ce§

Vi = C(ARA) @ - ® C(ApAz) © C{AA3, AzAs}

VE C(Gl VAN €9 A 63)

VVT:I:‘:I C(elegeg)

W17 =C = (A124;) ® C(A13A2) = Span(ApAz, A13Ag, Az Ag)
WE = (C(Gl A €9 N 63)

The W's are caTled Specht modules, and they are irreps of .S,,.

Let 1 < i # j < n. Let E;; be the matrix with 1 in the (¢,7) entry and 0 elsewhere.

Then Id + uFE;; = C forms a copy of the additive group and acts on V by > %Ni’; =
31
exp(ulV;;). Matrices of the form u form a semidirect product, and NV;; maps
tn

Vo 10 Viye;—e;-

We now begin a discussion on Lie algebras. Let G be a smooth Lie group and g = Ti4G.
We will think of having G = GL,,C and g = Mat,,,,C.

Let p : G — GL, be a representation and g € g be an n x n matrix. Then p(Id + €g) is
p(Id) + er(g) plus higher terms in € where r : g — Mat,,»,,C is = Dp, a map of tangent
spaces.

Proposition. Let G = GL,,. Then r determines p.

Proof. Suppose we have two representations pi, ps : G — GL, with the same derlvatlve r.
For any g € g with M >> 0, we have p;((1+Z)M) = (p1(1+ Z)™ (Id+ ) O(3=)M
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Then exp(g) = Zi‘;o% = lim, (1 + £)", so p(exp(g)) = exp(r(g)). Thus, p; = p2 on
{exp(g) | g € g}

There is an open set €2 containing Id, such that every matrix in {2 is an exponential.
(Intuition: log series converegs near the identity.) Let X = {g € GL, | pi1(9) = p2(9)}
Clearly, X is closed in G. If g € X, u € €, then p1(gu) = p1(g)p1(u) = p2(g)p2(u) = pa(gu),
which implies gu € X. So, for any g € G, ¢€) is an open neighborhood of ¢ in X. It follows
that X is both open and closed. Since it is in a connected space, we conclude X = G. 0O

If
t 1 o

then

Sn a’ - s
Consider T' C GL,,, t C g where g is the set of n x n matrices and ¢ is the set of diagonal
1

* 0 S
matrices. Weight spaces are also eigenspaces of r ({ }) and r ({ }) acts by
0 * Sn
o181+ -+ ay s, on V,. We also have

o(| o ]) = ewtam)

Taking the derivative at u = 0, we see

([ ]) =

NOVEMBER 11 — THE LIE ALGEBRA

Let G be a smooth Lie group and let g be T.G, the tangent space to G at the identity.
Let p : G — GL, be a representation, . Then r : g — Matyy is the derivative D.(p).
Concretely, if G is GL,, then g is Mat,,«,, and we have

p(1d + eg) = Tdy + er(g) + O(e?),
For G connected, the representation p is determined by r:
plexp(g)) = exp(r(g)).
Here is a sketch of a proof for G = GL,: We have exp(g) = limps_,(1 + g/M)M. So
(14 g/M)™M) = Tim p((1+g/M)™) = lim p(1+g/M)™
M—o0 M—co
= lim (1+7(g)/M + O(1/M*))™ = exp(r(9))-

M—oo

plexp(g)) = p (

lim
M— o0
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Next we discussed in the GL,, case what happens with commutators. Let g, h € Mat,,«x,
and 0,e € Ryy. Then we have
(1+g8)(1+he)(1+g8) (14 he)™ =14 gd)(1 4+ he)(1 — gd + g*6* — ... )(1 — he + h?e* — ...)
=1+ (gh — gh — hg + gh)de + O(5 + ¢€)*
=1+ [g, h]de + O(§ + ¢)?

where [g, h] := gh — hg.
In general we get

L]:exg—g

such that if «(t) and (u) are paths, then

a(0) =Id

a/'(0) =g

5(0) =Id

B'(0) =h
and

at)Bw)a(t) ' B(u)"t =1d + (tu)[g,h] + ...

So

(14+7(g)0+..)A+r(h)e+.. YA +7r(g)d+...) "M +r(h)e+...) " =1+7([g, h])de + ...
which implies
(1) [r(9), r(h)] = r(lg, h])-

A map r : g — Matyyny obeying [r(g),r(h)] = r([g, h]) is called a Lie algebra homomor-
phism.

Example. What happens in GL5?
We can split

Then we can compute i t '
[5al (8] =1058]-[0%]=(t1—t)E
Htol tg] ’[(1)8]} =[50l —[08]=(t—t)F

(861,188 =[68] —[89]=1[0 ]

Continuing with this example we have
p:GLy — GL(V)

with V' = @4, a0)ez2Vaia,- We can view p as

a1 a2
p([j(ﬂ)1 792}) : ‘/:11‘12 hb V;an
then
r ([tol tg}) : Varas altﬁ_agt% Varas-
Note that

T(E) : Va1a2 — V(a1+1)(a2—1)
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and
(14 et1)™ (1 + €ty)® =1+ €(arty + agts) + . ...
We see that
P[5 ol r(B)] =t —t)r(B)
SO

r[§an]r(E)=—r(E)r[§ ] =t —t)r(E).
If v e Vg0, we get
r [ o] (B —r(E)(tiar 4 taa)V = (t1 — ta)r(E)v
or
r% tg} r(E)yv = (t1(ay + 1) + ta(ag — 1))r(E)v.
So we get this diagram (possibly with more diagonals):

("\\ (&, ,(Ma)

On v, 4y, we have the relation EF — FE = (a; — a2)ld, since [E, F] = [§ ], and we
know that [§ %] acts on the (ai, as) weight space by a; — as.

Let’s see how this works for the irreps of GLs;.. We know GLy irreps correspond to
(A1, A2) € Z? with A\; > Xg, so we can write (k + ¢,¢) with & > 0. They are of the form
(A’ C?)® @ Sym*C2. So the character is

(w129)" (@) + @) w4 - 4 75).
The weight diagram looks like

€,k +0)

E

‘77?¥Lk+€—1£
.y
\ﬁQEE—LEtQEX
\?\\w+a@

Let’s compute the actual maps. They are maps between one dimensional vector spaces,
but we need to choose a particular vector in each vector space in order to write down specific
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maps. Let e, ey be a basis for C2. Then, for 0 < a < k, the vector (e1 A eg)fe‘feg_“ is in
(a + €,k + ¢ — a) weight space of (A\*C?)® @ Sym"C2.

The subgroup [} %] preserves e; A es. The action on e%ef=® is
01 162

p([34]) (efes™) = ef(e2 + uer) ™ = efes ™ + u(k — a)ef e 4.0
So

r([88]) etes™ = (k —a)etles

(el

and the maps are

(CE+0)

1
(C+Lk+0-1)

S

(kF0—1,0+1),

P (k60
To repeat, every algebraic GLj rep breaks up into strings like this, which we call GLo-strings.
NOVEMBER 14 - gl(2) STRINGS

Recall from last time that every gl(2) representation breaks up into irreducible represen-
tations as follows: There is some ordered pair (a,b) of integers, with a < b, such that the

weights of the representation are (a,b), (a+1,b—1), (a+2,0—2), ..., (b,a). The actions
of the Lie algebra elements £ = [§}] and F' = [{§] are as shown below:
(a,b) ’\b/— a
/1\.\17/ a—1
/2\0
0\1/
b— /a\o (b, a)

Let’s look in detail at the representation Vi, 1y of gl(3). It is 8 dimensional and spanned

by matrix minors. We have a copy of gl(2) sitting inside generated by [g § §} and [% é §]

We can obtain the action of these elements on this representation by looking at the coffeicient
. . 100 1u0
of u in the action of |:u 1 0] and [0 1 0}
001 001
100

p( [u 1 0} J(A12A1) = Aa(Ar + ulo) = ApAy + ul2Ay

001
Thus we have the following string
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/‘\
ANEYAY: ANEYANY
\/
Similarly we get the following string
/\
A3A3 A Ay
\_/
p( [’é g §i| )(A13A1) = (A13 + UA23)<A1 + U/AQ) = A13A1 + U(A13A2 + A23A1) + U2A23A2
|:1(1§ g§ A13A2+A23A1) = (A13+UA23)(A2)+A23(A1+UA2) = A13A2+A23A1+U(2A23A2
So we can normalize our basis vectors and get the following string
2
P
A3y M Az

2
\_/
SR, - AR

Putting it all together we get
—_—
ApAo o T Apk

2 1

_— $(Aa3A1 + AgzAy) Q

1 2 A13A1

AVEIAY
%(A13A2 — Ag3Ay)

_ >
A23A3 — - A13A3

]and [8%8}
000

oo

0
0
0

[elevlen)

We have a similar diagram for the action of [
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A12A2 A12A1
P\ ,\\
\\\\ \\\‘
\ \\ 2 A \
\ N \ \
\\ \\ \\ N
Y AN
1 N
3(A130s + A1 As) W
A23A2 [N AlgAl
N 1
’:\\ §(A13A2 - A12A3)
\ N * \
\
\\ \\ A \\ 1
\
\\ \\ 2 N \\
\\ \\ \\ \
PN \\ \\
\\:J \\\‘/
A23A3 A13A3

We now consider the general gl(n). We define e as the matrix with 1 in the position
(k,k+ 1) and zero everywhere else. Similarly we define fj is defined as the matrix with 1 in
(k+ 1,k). These are called the Chevally Generators and generate a copy of gl(2) inside

gl(n).

Proposition. If |i — j| > 1, then e;, f; map (e;, f;) strings to strings of the same length or
to 0

Proof. This follows from the fact that
[ei, fi] = [fisei] = lei,e5] = i, 5] = 0
Thus we have the following diagram where the the solid arrows denote (e;, f;) strings and

the dotted lines denote the action of e; and f;

0 S0 S50 50
Y r

/' l\/ /' l\/ /' < /’
.\_aé‘.\_%é‘.\_%é‘.

L-~

Now if a terminal vertex is non-zero but it maps above or below to 0 on going right we have
a composite map which is zero. But if we first go right and then go up or down we get a
composite map which is non zero hence contradiction.

O
For 7,72 4+ 1 we have the following relation called Serre’s Relation
[ei, [eis eia]] = [eirn, [eis eial] = [fis [fi, firal] = [fivrs [fi, fira]] = 0.
We also still have

lei, fir1] = leit1, fi] = 0.
The corresponding result for strings is

Proposition. e;,1, f;11 map length ¢ (e;, f;) strings to length ¢ + 1 strings.

Proof. This follows from translating Serre’s relation into the commutator for the relation.
We work it out for e;, e;,1

r(e)?r(eip1) — 2r(e)r(ei)r(e:) + rleipa)r(e;)* =0
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Indeed, suppose that we had an (e;, f;)-string of length ¢ mapping to an (e;, f;) string of
length > ¢ + 2. We'll draw e; mapping rightward with solid arrows and e;;; slanting down
and left with dashed arrows. Then, at the left hand end of the shorter string, we would have

\
\

OO 000 -

In the above picture, start at the white square node. We see that r(e;)?r(e;1) is non zero
but r(e;)r(e;r1)r(e;) and r(e;11)r(e;)* map to 0 and thus we have a contradiction to Serre’s
relation. Thus the result follows. O

Remark. This was the argument presented in class, but it now seems easier to start at the
black square node and use the relation [e;, fi11] = 0.

NOVEMBER 16 — HIGH WEIGHT VECTORS

Our goal for this class is to study High Weight Vectors (HWVs) for a representation V' of
GL,. From here on we have p : GL,, — GL(V) assigns matrices to elements of the group
and r : gl,, — End(V) is the corresponding derivative map for the Lie Algebra. We also
have that V = @ V, is a decomposition of V' into weight spaces.

aEZ™
ty
to
For any element of the torus ¢t = ) € T we have that ¢t acts on V, by
tn
177157 - - to». And for any ¢ # j, we have E;; = ‘ is the matrix with a single

non-zero entry in row ¢ and column j), such that r(£;) : Vo, — Viaie,—;. Note that, by
applying r(E;;) with ¢ < j, the weight of the result keeps increasing in lexicographical order
so that eventually we get to a point where V,, # 0, but r(E;;)(V,) = 0.

Definition. We say v € V' is a high weight vector (HWV) if r(E;;)(v) =0 for all 1 <i <
Jj<n.

Examples for GLj3: For each of this examples, — represents the Ei5 action, <— the FEy
one, / the Fy3 one, and /" the E35 one. The high weight vector is in green.

(1) Representation on C3.

€2

A

€3

(2) Representation on > C3.
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erNeg —— ey Nes

(3) Representation defined by n =3, A =1_|

A13A1 <— A13A2 Y AggA (— A23A2

A12A3 - A13A2 /

A13A3 s A23A3

Remark. The following are equivalent:

(1) v is a high weight vector;
1
1 u

(2) v is fixed by all 1 ;

1 *
(3) visfixed by Ny = { .. } (upper triangular matrices with 1s in the diagonal).
1

Theorem. Let V) be a GL,,—irrep. Then the vector space of high weight vectors for V) has
dimension 1.

This proof was presented badly. Read the presentation in the following class instead.

NOVEMBER 18 — HIGH WEIGHT VECTORS, AND THE EASY PART OF THE PBW
THEOREM

We'll start with redoing the proof from last class, this time also giving context from
general Lie algebras. Here’s our setting: we had a GL,-representation V. Inside GL,,
we have the subgroups N, of upper triangular matrices with diagonal entries 1, N_ of
lower diagonal matrices with diagonal entries all 1, and the torus subgroup 7" of (invertible)
diagonal matrices. The Lie algebras corresponding to these matrices are: gl consisting of
all matrices, n, with strictly upper triangular matrices, n_ with strictly lower triangular
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matrices, and t of diagonal matrices. We have a representation p : GL, — GL(V') and a
corresponding Lie algebra representation r : g — End(V). V decomposes into a direct sum
@D, Vo, where each V, is an eigenspace for T" and t. For e;; € ny with ¢ < j, r(e;;) maps
between weight spaces, with 7(ei;) : Vo — Vaye,—e;, With a +e; —€; >0 @ (Thus we
called these e;; the ‘raising operators’). So there exists v € V,v # 0, such that nyv = 0.
Equivalently, p(u)v = v for all u € N,.

Definition. Viigh weight = {v € V]ev = O foralle € n }. This is also {v € V|u-v =
v for all u € N,.

Our claim was that Viigh weight i one dimensional.

Here’s general context from Lie algebras: Suppose g is a finite dimensional Lie algebra,
with g1, g2, .. ., gm forming a basis for g. Let r : g — End(V') be a Lie algebra representation.
This means r([g, h]) = [r(g), r(h)] for all g, h.

Let v € V. The following subspaces of V' are equal:

(1) Span(r(gi,)r(gi,)-.-7(g;)v), for I > 0 and 1 < iy,i9,...,4 < m.
(2) Span(r(gi,)7r(gi,) - -7(gs)v), for Il > 0and 1 <4y < iy <--- <4 <m.

Proof. The inclusion of the latter subspace into the former is clear. We need the opposite
inclusion. We’ll show by induction on k, that any r(g;,)r(gi,)...7(g;,)v with I < k is in
the span of r(g;,)r(g;,)...7(gj)v for I' < kand 1 < j; < jo--- < jp < m. First note
that we can use our induction hypothesis and write r(g;,)7r(gi,)-.-7(g;)v in the span of
7(95,)7(95,) - - - 7(gr)v with jo < jg--- < gy, I’ < k. So it’s okay to deal with vectors of the
form T(gil)r(gjz)r(gjzs) e 'r<gj1/)v with j2 < j3 < - < jl’- Suppose j2 < j3 < - < ja <
11 < Jat1 < Ju
We can write

(i )7 (g50) - - 7(g5,)v = [1(94,), 7(95)]7(955) - - - (g, )v

+ T(gjz)[r<gi1>7 T(ng)]T(gj4) . .T(gjl,>1}
+ ...

+ r(gb)r(gjs) s [T<gi1>7 T(Qja)] -
+7(95)7(955) - - - 7(95.)7(Gi )7 (Gjarn) - - - v

Note that [r(gi,),7(g5,)] = 7([9:1.95,]). Here, all but the last term is gotten by letting atmost
k — 1 elements on v, and so by induction these should be in the span of the vector space
we're looking at. The last term is one of our spanning elements, since 15 < i3 < --- < j, <
il S ja+1 e O

Now we return to g = gl . This is spanned by n? basis elements g1, ¢a, . . . g2, and we can
pick them in such a way that the first few of them form a basis for n_, the next few for {,
and the rest for ny. If v is a high weight vector, then n v = 0, and tv € Span(v).

By our theorem, if we want to look at the subrepresentation generated by v, we can look
at the span of r(g;,)r(gj,) ... 7(g;)v, with the first few g;, in n_, the next few in t and the
last few in ny. If there are a non-zero number of g;,’s from n,, then the vector becomes 0,
and so we can disregard these. The action of the elements from t gives us a scalar multiple of
v. So we are left with the span of 7(g;,)r(g;,) - . .7(gj;,)v with all j, € n_. So the subspace of
V' spanned by (g;,)7(9j,) - - - (g5, )v, for j, € n_ forms a gl,,-subrepresentation of V. So if V
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is an irreducible representation, and v a high weight vector, then the n_-subrepresentation
generated by v is V itself. Let v € V,,. Then, if V3 # 0, we must have 5 <jex @ and V,, = C-v.

Corollary. The high weight space is 1-dimensional

Proof. Suppose v € V, and w € Vj are both linearly independent high weight vectors.
WLOG assume a < 3. V3 # 0 implies 8 < jexa and so we must have o = 3. But then

w € Vg =V, =C-v. This gives a contradiction. O
In terms of constructing V) as products of matrix minors, Ary, Anr), ... Ay, is a high
1/1].]1]
2.2

weight vector. Its associated SSYT is: [3 1 -
Abstractly, V) is characterised as the unique G’L n-irrep whose high weight vector space is
in weight A\. Here, Ay > Xy > -+ > \,,.

Recall that R = C |:ZE11 xlnfxnl xnn] = @ V)\\/@V)\. We have N+R = @)\ N+V>\V®
Vi = @( high weight )@V = @ V) as GL,-reps. So what we are learning is that R = C[A/].

Theorem. The ring of functions on n X n matrices invariant for left N, action is @ V) as
a representation for the right GL,, action, and is generated by the minors A;.

1[1].]1]
2../2
Vi ® V)Y is the G L, subrep generated by A(3. .. ).

Remark. Question from the floor: Given the high weight space, is it clear that we could
construct the irrep? 1If v is a high weight vector, then V) = Span(r(g;,)...r(gj)v) for
91,92, -, gt €n_,j1 < jo < -+ < ;. We can multiply with an r(h) using the equation:

r()r(gi) - r(g)v =Y r(gn) - [r(gi), r(Wr(giun) - +7(g5) - r(gi)r(R)v.
Abstractly, we can obtain V) as a quotient of an infinite dimensional vector space, called the
Verma module. The A\-Verma module is an infinite dimensional vector space with g-action,
whose basis we think of as (gj,,...,9;,),/1 < --- < g with j, € n_. V) turns out to be its
unique finite dimensional g-invariant quotient.

Remark. So, what is this about the PBW theorem? For any Lie algebra g, there is a
non-commutative ring U(g), called the universal enveloping algebra of g, such that every g-
representation is an U(g)-module. In this language, Spanr(g;,)r(gi,) - .. 7(g;,)v) is the U(g)-
submodule generated by v, and each individual product r(g;,)7(gs,) - - - 7(gi,)v is the product
of v with an element g¢;,¢;,---g;, in U(g). The theorem we have proved is equivalent to
showing that the monomials g;, g, - - - ¢;, with 1 <3 < iy <--- <4 < m span U(g). The
full PBW theorem states that these monomials are a basis of U(g). The linear independence
is significantly harder than the spanning; fortunately, we don’t need it.

NOVEMBER 28 — CRYSTALS

The goal of this section is to attempt to combinatorialize GGL,, reps as best we can. We
will do this in the form of an axiomatization.



Axiomatization of GGL,-action on basis of GL,-rep. We will require the following:

e a finite set set B (think of this set as indexing a basis of a GL,, rep)
e a weight function wt : B — Z".

These two axioms set up the weight spaces.
We will further require:

e B=RBU{0}

e functions

and

* ¢;(0), fi(0) =0
e If b € B and ¢;(b) # 0 then

wt(e; (b)) = wt(b) + (0,...,0,1,~1,0,...,0).

i i1
o If f;(b) # 0 then
wt(f;(b)) =wt(b) — (0,...,0,1,—1,0,...,0).

75

If we just consider e;, f;, then we are just looking at the ¢ and i + 1 component of wt().

Then B breaks up into disjoint sets where (wt(), e;, f;) looks like a G Ly string.

WEit1 A

b,a)

wt;

Y

An example is the G Ly crystal:

A

22

120 e21

11
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Define s; = (i i + 1) € S,,. To ensure we get the desired behavior we need to also require
the following two axioms:

o (Local) If b € B, ¢;(b) # 0, then f;(e;(b)) = b and if b € B, f;(b) # 0, then

ei(fi(b)) = b.
e (Global) Let b € B, e;(b) =0, fN(b) # 0, fN*1(b) = 0, then wt(fN (b)) = s;i(wt(b)).
Note that the Global statement with e; and f; switched is equivalent to the one written

above. Note also that the local axiom says we must have strings, and the global one ensures
they look like

ef el el
0300
b fR(b)
This concludes the axioms of a crystal.
We now conclude with many examples and some non-examples.

Example. Let B = [n], and for j € B, let wt(j) = (0,...,1,0,...,0). Then
j

) j+1 ifj=1 ) —1 if7=74+1
¢i(J) :{ 0 els]e and ci(y) = {é elsje
We get
2 N1 er 1
€9
f;g

FIGURE 1. Modeling how G L3 acts on C?

This is in fact the only crystal we can put on these weights that satisfies the axioms
outlined above. A crystal will be unique whenever the weight function is injective.

Example. Let B = {-}, and wt(-) = (k, k, ..., k) for some k € Z. Then ¢;(-) = fi(-) = 0 for
all 4. This models (det)*.

Example. Let B = ([Z}), the set of k-element subsets of [n]. For S, a k-element subset of

[n], let wt(S) = (1,0,...,0,1,1,...,0) (where we have 1’s in the slots for the elements of S).

Then S S g
—{itu{i+1}y i€8,i+1
ei(s>_{0 ot } else g
. S—{i+1}u{i) S¢S
B —{i+1YUdi} i+1€8S,i
fi(S)_{O else
We get

Example. Let B = (([Z])) = {k — element multi-subsets of [n]}. An example would be

Example. When modeling (C?)®? we start to run into trouble. We now can make two
different pictures, which are both acceptable according to the axioms.
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23
fi €113

FI1GURE 2. Modeling how GL,, acts on /\k cn

22 21 11

>
‘o d

32 31
33

FIGURE 3. Modeling how GL, acts on Sym*C"

A A

224 224

21 21
12e 12 °

nd >

11

— ¢
—_

or

Example. There are a few options that are NOT allowed by the axioms. These violate the
global axiom.

A

226 22
\21 21
12\ 1

11 11

or

Y
A

Example. To model s ‘CS one possibility is
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(this picture is in the plane where coordinates add to 3)
Another picture would be the following, but it doesn’t match the representation theory.

1]2] 1]1]
2 2]

\ /3] 12| 1
13 13
[ ]
| 2 SV
X Ny

An Overview of What’s Coming Next. We are going to build a model of (C")®¢ called
the “word” crystal. Let

s

B ={wjwy---wy | w,...,wg € [n]}.

Then each e; will change one w; from ¢ to i 4+ 1 (or be 0). Similarly each f; will change one

w; from i + 1 to ¢ (or be 0).
22
\
12e
11

An example is below.
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For next time, think about where to put arrows in the picture below

221 211
° °
222 212 121 111
[ ] ® [ J [ ]
122 112
° °

NOVEMBER 30 — THE WORD CRYSTAL ON [2]¢

Last time, we defined the axioms for GL,, crystals, and saw several examples. Through
these examples, we saw that the string axioms do not give us uniqueness. In particular,
given a G'L,-representation V', there are crystals on the basis of V' (given by the weights of
the representation) that are not the one induced by the representation.

In the next two classe, we will consider what crystal structure we should put on [n]¢ in
order to mimic (C")®?¢. Our objective today is to study the word crystal on [n]¢ when n = 2.
That is the crystals defined by:

e The set B = [2]%

e The weight function wt : B — Z?* defined by wt(w) = (#1’s in w, #2’s in w);
e The rising function e : B — B that changes some occurrence of 2 to 1 in w;

e The lowering function f : B — B that changes some occurrence of 1 to 2 in w;

Under these definition, there’s only one word crystal ford =1: 1 +—— 2.
For d = 2, we have 2 choices:

21 21

7N

11 22 11 22

~N

12 12

Where every e, f that not shown in this diagram is just 0, e moves always to the left and
f always to the right. For d > 3, we have many options and it is not clear which we
should follow. To narrow the field, let’s go back to our motivation, the G L,,-representation
of (C™)®4 and try to find an additional condition from there.
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Tensor products of Lie algebra and Lie group representations. Let GG be a Lie group
and p; : G — GL(V1), pa : G — GL(V,) two G-representations. Ever since problem set 1, we
know what the tensor product pg : G — GL(V) ® Va) of p1, pa looks like: pg(g)(v1 ® ve) =
(p1(g)v1) @ (p(g)v2).

Now, given g a Lie algebra and r; : g — gl(V1),7r2 : g — gl(V5) representations, what does
the tensor product rg : g — gl(V; ® V4) looks like? If G is the corresponding Lie group, we
know that ry, ro give us G-representations p; : G — GL(V;) by: p;j(Id+eg) = Id+er;(g)+- - -,
where - -+ means higher (> 2) order terms in €. Then we can compute rg from our earlier
definition of pg:

po(ld +eg)(v1 ® v2) = (p1(Id +eg))(v1) @ (p2(Id + £g))(v2)
U1 @ vy +erg(g)(vi ®v2) + -+ = (vi +eri(g)(v1) + ) @ (v2 +era(g)(v2) +--+)
01 ®@ Vg + ETg(g) (V1 ®va) + - =11 @ vz +e(r1(g)(v1) ® va + v1 ®1a(g)(va)) + -+

So we deduce that

re(9)(v1 ® v2) = 11(g)(v1) ® V2 + v1 @ T2(g)(va).

We can think of this as a “product rule” for how a Lie algebra acts on a tensor product. We
now want to find a variant of this rule for crystals.

The tensor product of two crystals. Given B, B, two crystals, how should we define
their tensor product? There is a standard answer to this, which we’ll include at the end of
the section but, for now, we are trying to lead up to it gradually.

First off, the underlying set will be By = By X Bs, as it By, By are bases for Vi, V3, then
{b1 ®by; by € By,by € By} is a basis for V1 ® V5. From here, we will denote (by,bs) as by ® bs.
Also from basic linear algebra, we have that b; ® 0 and 0 ® by should both be 0.

The wt function comes from the weights of the action of the Torus on Vi ® V4, so wt(b; ®
by) = wt(by) + wt(bs).

Finally, we need to define the e and f operators. These come from the Lie algebra action.
In the Lie algebra case, we would have e;(b; ® by) = €;(b1) ® by + by @ €j(bs). In the crystal
setting, there is no additive structure, so we ask for:

ej(by @ bg) = ej(b1) @ by or by ® e;(by) (%)
We impose the same condition on f;.
The Word Crystal on B = [2]%. Just as (C*)®? & (C*)® @ (C*)®? for any 1 < j < d,
i.e. the tensor product of representations is associative, we would like the crystal [2]¢ to be

2 ® [2]?77, that is to say, to obey condition (*) for all 1 < j < d — 1. This turns out to be
extremely restrictive.



81

For example, let’s fix
12

7N

11 22

21

as [2]>. Warning: The other convention was used in class, but it is going to mesh
horribly with RSK, so these notes have been fixed to use the good convention.
Let’s try to find [2]*. Consider f(111). Thinking of [2]* as [2]* ® [2], we must have
f(111) € {(12)1,(11)2}. Thinking of [2]® as [2] ® [2]?, we must have f(111) € {1(12),2(11)}.
So we must have f(111) = 112.
Continuing in this way, the arrows which are immediately forced are

112 =<— 122

111 121 212 222

211 221

But then the reversal of these arrows is also forced and, at that point, we already have
enough arrows to fill up the required strings. So the crystal must be

112 <— 122

111 121 212 222

211 221

We will now describe what the final answer will be. We will check that it obeys condition
(*). Then, at the end, we will sketch a proof that it is the only thing that obeys (k).

Use the following rule to convert each word into a mountain range. Each 1 will be an
upward slope, and each 2 will be a downward slope. That way, the word 11211221211222
will be converted to the image in Figure

Continuing this analogy, we can think both sides of the mountain range are illuminated
by a source of light, the sun. This makes some slopes sunlit, and others are shadowed, as
seen in the image. Then, we define the maps e, f in the following manner: e changes the
leftmost sunlit 2, here marked with green, to a 1 and f turns the rightmost 2, in red, into
a 1. If there’s no sunlit 1, then f takes the mountain range to 0 and similarly, if there’s no
sunlit 2, e takes the mountain range to 0.

Notice that if a slope in a word w is shadowed, the same slope in e(w), f(w) is still
shadowed, since the change either doesn’t affect the valley it is at, or makes the border of
the valley even taller. Therefore e and f will only affect the sunlit parts of our mountain
range. Notice that we cannot have a sunlit upward slope after a sunlit downward one. Hence
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FIGURE 4. Mountain range corresponding to 11211221211222

the sub-word of sunlit slopes is of the form 17277, It is also easy to see that the action on
that sunlit subword is of the form:
14 «——— 19712 SRR 1241 «—— 24

This gives us the local string property of a crystal. For the global string property, we just
need to notice that the sub-word of shadowed slopes has the same amount of 1’s and 2’s. If
f(w) = 0 then the sunlit subword is 27, and if e(w’) = 0, the sunlit word is 17. So if w and
w’ are the ends of a chain, then they have the same shadowed area, say, with k 1’s and k
2’s. Then wt(w) = (k,k + j) and wt(w') = (k + j, k). This is the global property.

Finally, let’s prove (x). Suppose, w is obtained concatenating w; and wsy, that is , w =
wywsy. For simplicity, call the leftmost sunlit 1 of a word v as A(v) and similarly p(v) for
the rightmost sunlit 2 in v. Then if A\(wy) is taller than A(w;), it will be A(w). Otherwise,
A(w) is A(wy). Therefore, we either have f(w) = f(wy)wy or f(w) = wy f(ws). An analogous
argument applies for e.

The uniqueness of the mountain rule.

Proposition. Fix d > 3 and one of the word crystals for [2]* given above. The mountain
range crystal is the unique crystal for [2] that satisfies () for every split [2]Y ® [2]¢77 of [2]%.

We have already proved that the mountain range rule has this property. Assume by
induction that the mountain range rule is the only rule which works for all d’ < d.

For each word w of length d, we can carry out the following procedure: For each 1 < j <
d — 1, split w into w'w” where w’ is the first j characters and w” is the remaining d — j.
Compute f(w')w” and v’ f(w”) using the mountain range rule. So, for each j, we get two
possible words. There is at least one word which is in every pair, namely f(w) as computed
with mountain ranges. If the other word in the pair varies with j, then the only way to
define f(w) consistent with (%) is by the mountain range rule. (Of course, we can do the
same thing with e.)
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We now look closely at the remaining ambiguous cases. We'll use the symbol V' to denote
a word in which every segment is shadowed (and, thus, the two sides of V' are at the same
height). The ambiguous cases fall into three classes.

The cases where there are two 1’s that could turn into 2’s: These look like 1V1.
The mountain range rule says to change the second 1, but (x) is also consistent with changing
the first 1.

The cases there the mountain range rule gives 0, but there is also a consistent
choice of which 1 to change: These look like 2V'1. The mountain range rule says 0, but
changing the final 1 is also consistent with (x).

The cases where the mountain range rule changes a 1 to a 2, but 0 is also
consistent: These look like V12°. The mountain range rule says to change the 1 to a 2, but
the segment of the cut not containing that 1 always maps to 0.

In particular, note that 211 is not ambiguous: We know that f(2V'1) = 2V2and e(2V1) =
1V1. Thus, by the local string rule, we must have f(1V1) = 1V2 and e(2V2) = 1V2. This
resolves the issue of what to do with the first cases.

Then we can’t have f(2V1) = 2V2, since we have just shown that e(2V2) = 1V2. So we
must have f(2V'1) = 0 instead. In the same way, we must have ¢(2V'1) = 0. This resolves
the second case.

Finally, note that V20! is not ambiguous, we have e(V201) = V120, So f(V12°) = V2b+L)
resolving the third case.

The definition of the tensor product of crystals. As promised above, there is a stan-
dard definition of the tensor product of crystals, which we give now. (This was not covered
in class, but is natural to put here.)

Let B be a crystal, and let b € B. We define €;(b) to be the exponent such that e;j(b)(b) #0

;j(b)ﬂ(b) = 0. In other words, ¢; is the distance from b to the end of the (e;, f;) chain

through 0. Similarly, let ¢;(b) be the exponent such that ffj(b)(b) # 0 and fj¢j(b)+l(b) =0.
In terms of the mountain range story, €(b) is the number of sunlit downslopes and ¢(b) is
the number of sunlit upslopes.

Let B; and Bs be two crystals. The standard definition of the tensor product of crystals
is the crystal structure on By x By given by

~ Je(b) @by €(b1) > @(b2) ) f(b1) @by €(br) > o(b2)
e {bl welby) ) <oty I {bl 8 (l) elbr) < H(bn)

(Here we have omitted the subscript j on e, f, € and ¢ for readability.)

We can understand this rule in terms of mountain ranges. The sunlit subword portion of
the by-range is 22?111 " and the sunlit portion of the by range is 220 1¢(%2) " The inequality
between €(b;) and ¢(be) controls which of the two peaks is higher when they are shoved
together.

So another, to me much less clear, way to motivate the mountain rule is to say that it is
[2]%™ computed by the above formula.

and e

DECEMBER 2 — THE WORD CRYSTAL FOR n > 2

Define the word crystal [n]¢ (sometimes written [n]®?), in analogy to the word crys-
tals [2]? from last time. Recall our vertices are words, our weight function is wt(w) =
(#1's in w, #2's in w, ..., #n's in w), and our e;, f; action is given by restricting our word



84

to the (i,i + 1) characters only (ignoring the rest), and acting as e, f would as though the
entries were 1, 2 respectively replacing an ¢ + 1 with an ¢ or an ¢ with an ¢ 4 1.
An example. The word w = 4311134 in [4]” has wt(w) = (3,0, 2,2), the lowering operators
give:
e fi(w) = 4311234 as the substring with 1s and 2s is 111,
e fo(w) =0 as there are no 2’s in w,
o fy(w) = 4311144

Lemma. If w; < w;;; then the same is true for e;(w) and f;(w).

Proof. The operators only change a value by 1, so if w; < w;;1 then the claim is immediate.
Suppose w; = w;41 = j. Regardless of the rest of w, e;_; will never decrease w; 1 (it is
either shadowed, or there is a higher choice in w;), and likewise f; will never increase w;. O

Lemma. If w; > w;+; then the same is true for e;(w) and f;(w).

Proof. If w; > w;y1 + 1, then no operator can change either value enough to change the

inequality.
Suppose w; = 7+ 1 > 7 = w;;1. Regardless of the rest of w, both w; and w;,; are in
‘shadow’ - they are paired with each other, and no operator will change them. [l

In other words, the relative order (properly understood) of a word is invariant to e;, f;.
In the example above w = 4311134 has order >><<<<, and so do all of its (nonzero)
neighbors.

Every word lattice has a component from the >>> --- order, corresponding to the /\d cr
representation. Every word lattice has a component from the <<< .- order, corresponding
to the Sym?C™ representation. The other components may seem a bit familiar. We decom-
pose the word lattice [3]* as A® C3, Sym>C3, and two more components depicted below:

211 212

311 312/ 322

213

313 323

associated to (>, <), and another associated to (<>) :
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121 122

131 132/ 232

123

133 233

|
These look like the irrep associated to [ ] . Recall that Sy(C™) is the irreducible represen-

tation of GL,, associated to the partition A. Then, indeed, we have:

3
(Cn)®3 >~ Sym’C" @ /\ C" @ Wy ®S,,C"

3
>~ Sym*C" @ /\ C"®$;,C" & §2,C",

as Wgyl = (CQ.

Suppose £(A\) < n and |A\| = d. We have a map from SSYT(\) — [n]? by reading the entries
of the tableau from left to right, starting at the bottom row and going up. Formally, given
T € SSYT()), define the reading word w of T to be wy ---wy, = Ty, Wx, 41" Wx, 4, =
T,—1, and so on until wy_y, 41 - - - wg = T}, where T; denotes the ¢th row of the tableau. For
example, the reading word of

1[1]3]4]

‘)b‘oo —

is 4.3.11134 (with periods added to indicate the end of the tableau rows).

Theorem. Let A be a partition as above. Let By C [n]? be the set of reading words of
T € SSYT(X, [n]). Then By, is a connected component of [n]?.

Proof. We proceed in three parts. First, B, is closed under ¢;, f;. We prove the case of e;,
the others are symmetric. Fix a reading word wr from a tableau T, assume that e;(wr) # 0,
and look at the positions of all the ¢ and j =7 + 1 entries of T, for example:

i]j]

il
NN

observe that we get a sequence of horizontal strips, each of the form Lilil-daljlil-14]
If we ignore other characters, these are substrings of the reading word of T, which we place
from bottom to top. In wrg, these give ‘peaks’ i%(i + 1)°. Since e; changes the leftmost




86

unmatched ¢ + 1, we must change the ¢ 4+ 1 right after the string of ¢’s in some row. This
gives a new tableau word (just by changing this entry from ¢ + 1 to ¢ in T') unless the entry
immediately above it is an i. But every such entry is clearly matched, they pair with the
strip of i’s immediately above them. So we must get another reading word, as claimed.

Observations about highest weight vectors Now we show that B, is a connected component.
Exactly as with weight vectors for representations, a highest weight word w is one such that
ei(w) = 0 for all 7. In analogy with highest weight vector spaces for representaitons, there
must be a (unique) highest weight word in each connected component of [n]¢. We claim that
comes from the tableau:

Llajtf1]-J1]1]1]

(]
(]
(]
(\]

n...n

Thigh =
ie, the tableau with all 1s for the first row, all 2’s for the second, and so on. Fix some
tableau other than T};.,, and say that it first differs from 7,4, in the 4, jth coordinate
(in lexicographic order, so minimize the row then column). Since T}y, had the minimum
possible value in row ¢, we must have a larger entry k in 7. Apply e,_; to the reading word
of T, we see that T" has at least one unmatched k (the first difference, note the rows above
this entry are at most k — 2), so the result is not 0.
Since there must be some highest weight word in B), and we have eliminated all the others,
Thign, must have a highest weight reading word. 0

DECEMBER 7 — COMBINATORIAL CONSEQUENCES OF CRYSTALS

Recall that we have defined the G L, (C)-crystal structure on [n]? and By C [n]? to model
the GL, (C)-representations (C")®? and S\(C") respectively. We have also shown in the
previous lecture that each B, is connected with a unique highest weight vector of weight .
Then, we introduce the notion of the reqular crystal as follows.

Definition. A crystal B is regular if every connected component of B is isomorphic to B)
for some weight . In this case, we have

Z 270 — Z Sur(t) ().

beB beB
b:highest weight

We shall show in the next class that [n]¢ is regular. For the purpose of this lecture, let us
first take this fact for granted and see what we can get out of it.

The first question for today is to determine whether a word w = wy - - - wy is of the highest
weight. By definition, this is equivalent to requiring e;,;(w) = 0 for any 1 <i < n—1. In the
mountain range model, this means that all ¢4 1 in the (¢, 7+ 1)-word must be shaded, which
is then equivalent to requiring at least as many ¢’s as (¢ + 1)’s in every segment wj - - - wy.
Hence, we make the following definition.

Definition. A word w = w; - - -wy is Yamanouchzi if for each 1 <i <n — 1 and any final
segment w; - - - wy of w, there are at least as many i’s as (i + 1)’s.
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Example. The multiplicity of (det)? in (C?)®" is given by the number of Yamanouchi words
with § 1’s and § 2’s. For instance, when n = 6, there are 5 such words, namely 222111,

221211, 212211, 212121 and 221121. In the mountain range model, these words can be
visualized as

Note that these mountain ranges are simply Dyck paths from (0,0) to (5, §) tilted by 45

degrees. Since it is well-known that the number of Dyck paths are given by the Catalan’s
numbers, the multiplicity of (det)z in (C2)®" is given by

Co = —2 (™).
2 n+2\3

Example. The multiplicity of (det)3 in (C*)®" is given by the number of Yamanouchi words
with 2 1’s, 2 2’s and 3 3’s. By encoding each appearance of 1, 2 and 3 in the word by a unit
step in each of the three coordinate directions in a three-dimensional space, we can conclude
that the multiplicity of (det) in (C3)®" equals the number of three-dimensional Dyck paths.

Then, we proceed to derive a version of the Littlewood-Richardson rule using the concept
of the height weight vectors in a crystal. For any pair of partitions A and p, the product of
sx(z) and s, (z) is again a symmetric function, so there exists coefficients ¢, such that

sa(@) - su@) = 3 & - s, (@)

These coefficients c5, are called the Littlewood-Richardson coefficients, and any com-
binatorial rules to determine them is known as a Littlewood-Richardson Rule. We also
define A x p to be the Young diagram formed by attaching the Young diagrams of A\ and p
on the bottom and the right of a rectangular grid of dimension £(A") by £(u). It is clear that
SSYT(A * p1) corresponds bijectively to SSYT(A) x SSYT ().

Now, let us look for the condition for which an SSYT of shape A x p is of highest weight.
Note that a word in [n]**+# is Yamanouchi if and only if the corresponding SSYT U of
shape p is super-standard (i.e. having all i’s on the i-th row) and in every final segment of
the reading word of U, we have

(number of j’s in T') 4+ p; > (number of (j +1)’s in T') + f41.
If T € SSYT(\) satisfies this condition, it is said to be u-dominated. Then, we have
chu = [{p-dominated SSYT of shape A and content v — pu}|.
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Then, we shall obtain another version of the Littlewood-Richardson rule by assuming that
the equality

(T, T Y Ynek) = Y sa(@)s,(y).
A

holds. Note that for other Lie types in general, the coefficients in the above expression do
not match with the Littlewood-Richardson coefficients.

To show this, we take the crystal B, and consider the GL; X GL,,_;-crystal structure on
SSYT (v, [n]) defined by the actions of (e, -+ ,ex_1,€xr1, - ,en) and (f1, -+, foe1, feat, 5 fn)-
Note that the (e, f)-actions for G Ly commute with those actions for G L, and do not change
the weights on GL,,_j, and vice versa. Thus, we have the isomorphism

B,([n]) = | BA([k]) % Buja([k + 1,n)).
A

An SSYT of shape v corresponds to a highest weight vector for GL; x GL,_; if and only
if the sub-tableau of shape \ is super-standard, and the remainder of skew shape v/ has
Yamanouchi reading word. Hence, we have

chu = [{SSYT of shape v/ and content y}|.

Finally, recall the bijection as sets

Mysn(Zz0) <— | |SSYT(A, [n]) x SSYT(A, [d))

with the weight function wt(A) := (row sums of A, column sums of A) corresponding to the
weight function wt(7,U) := (entries of T entries of U). Our goal is to build commuting
GL4 x GLy-crystal structures on Mgy, (Z>0) to get an isomorphism as crystals.

We shall see how this is done in the next class, but let us observe that the implications if
this is done are

(1) every GLgx GL, connected component is isomorphic to B x B, for some G Lg-crystal
By and GL,-crystal Bs, and
(2) every GLg; x GL, connected component contains a GLg x G L,, highest weight vector.

DECEMBER 9 — CRYSTALS AND RSK

Today we will discuss how we can see RSK as an isomorphism of crystals. This was
discovered independently by Danilov and Koshevoy, “Arrays and the combinatorics of Young
tableaux” and van Leeuwen, “Double crystals of binary and integral matrices”. Today’s
presentation blends both perspectives.

We are going to make a GLy x GL,, crystal on the set of Zxo-valued d x n matrices which
mimics the action of GLy x GL,, on Clz;;]1<i<d1<j<n- Given a matrix, the 7% weight is the
row sum, and the Z" weight is the column sum. We will define operators e and f for GL4
and operators ef” and f;” for GL,. In order to do this, we will think about the matrices as
piles of chips on a rectangular d x n board where the number of chips on a particular spot
is given by the number in the corresponding entry of the matrix.
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e, 1t o5 I
i—i— 1 1 oo
. ¥
) )
Jjj+1

Each operator moves one chip. In order to decide which chip to move, we embed into the
word crystal. For ef” and f;7, we read like English, left to right across the first row, then

left to right across the second row, etc. For e] and f}, we read first down the first (leftmost)
column, then down the second column, etc.

It is clear that this gives a GL4 crystal and a GL,, crystal, that the crystal operators slide
within rows and columns, and that e and f~ preserve row sums, while e’ and f+ preserve
column sums. What is not clear is that (ej, f;7) commutes with (el, f). We will postpone
this proof. For now, we consider some examples.

When we have just one chip, the crystal is isomorphic to B(d) x B—(n). Whend =n =2,
we have the following picture.

—

—

When d = n = 2 and there are two chips, there is one connected component consisting of
just one matrix which looks like

This component is isomorphic to BH X BH(2> The row column weight are both 2,1 and

NA

when considering the corresponding mountain range, but the operators change peaks. The
other component is isomorphic to B17(2) x Br17(2) and looks like

both correspond to valleys



90

7 7 7
7 7 7

If we consider the set of configurations with k chips on a strictly NE-SW line, i.e. config-
urations that look like

then this forms a connected component isomorphic to B@(d) X B@(n) (with £ boxes in the

vertical column).
If we instead consider the set of m chips on a weakly NW-SE line, i.e. those that look like

we get a connected component that is isomorphic to Br11(d) X Br(n) (with k boxes
in the horizontal row).

For now, let us assume that the left and right operators <> commute with the up and
down operators §. Then every (++,7) connected component is C; x C,, for some J crystal
and some <> crystal. Every (<»,]) connected component of the GL,; x GL,, crystal has an
element which is sent to 0 by fii and €.

If an element is killed by €5~ means that

more j’s than j 4+ 1’s here

JJg+1
A consequence of this is that everything must be zero to the left of the main diagonal that
begins in the bottom left corner

This is 0
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This can be proven by induction. Beginning in the bottom row, if we had

ik
j+1

Then there could be no mater j’s to the right of that last entry, so the bottom row must be
0 besides potentially the leftmost entry.
Similarly, if an element is killed by ff , that means that

more
1+ 1's
than 7’s

v+ 1

That is, everything above the main diagonal beginning at the bottom left corner is 0. There-
fore, elements which are killed both by e}~ and f} are 0 except on this diagonal and has the
form

A2
A

The horizontal word for <+ is then k*(k — 1)*-1... 1% and the vertical word for  is
d*(d —1)*...1* where k = min(d, n).
We want to show that an element is killed by e;~ and fji if and only if given A\ =

(A1, A2, ..., Ag) from the matrix as above is a partition. We will get one connected com-
ponent per partition. Skipping a few steps, we have that for <+ we get

n—1--n-1

n “ e n

which is By(n) x By(d) (where the above diagram has shape \).

A consequence is that [n]? is regular as a GL,-crystal. We can embed this is matrices with
one chip per row where the chip in the ¢-th row occurs in the column j where 7 is the ¢-th
entry in the corresponding element of [n]?. We must have that this set is isomorphic to a
horizontal component of
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A2
At

When we do a J crystal move in rows ¢ and i + 1 we look just at those rows. Some chips are
sunlit, shown in yellow. Others are shadowed, shown in red, and are scattered around.

7 o |0 O [ ]

1+ 1| e ) o

The vertical operators either take the rightmost sunlit chip of the top row and slide it
down or the leftmost sunlit chip in the bottom row and slide it up.

We claim that the horizontal operators don’t change which chips are sunlit. Let us consider
what happens when we use the <+ operators in these rows. If we have

W—2T

) z

then the corresponding <+ mountain range looks like

where the operator acts on the circled peak. We see then that we must have z > .
The J mountain range which we get by reading down columns looks like

where the solid lines represent the mountain range before applying <— and the dotted lines
represent what the range looks like after. We see that there must have been a red portion
in shadow. When the operator is applied, a corresponding new segment of the w portion of
the range is made and is sunlit. This is the dotted orange portion in the above diagram.
The same amount of a previously sunlit portion of the x part of the mountain range, colored
in yellow, is made shadowed by this. Therefore, the total amount of parts of the z and w
portion of the mountain range that are sunlit is preserved, and we get commutation.
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