
Math 675: Analytic Theory of Numbers

Problem set # 4

Due 3/13/2024

1. (a) Prove that if N ∈ N is not a prime power, then

ψ(N) = N −
∑
|γ|≤N2

Nρ

ρ
− log 2π + o(1).

(b) Prove that ζ(s) must have infinitely many nontrivial zeros.

(c) Prove that, for each ε > 0, there is at least one nontrivial zero ρ = β+ iγ with β ≥ 1
2−ε.

Conclude that we cannot have ψ(x) = x+O(x1/2−ε).

2. In class, we proved that there exists a constant c0 > 0 such that ζ(s) does not vanish in the
region σ ≥ 1− c0

log(|t|+2) . Define, for each t ∈ R, δt := c0
log(|t|+2) .

(a) Show that, when σ ≥ 1− δt
2 and |t| ≥ 3, ζ′

ζ (s)� log2 |t|.

(b) In the same range of s, improve the above bound to ζ′

ζ (s) � log |t|. (Hint: Prove that

Re
{
− ζ′

ζ (s)
}
� log |t| for σ > 1− δt and that ζ′

ζ (1 + δt + it)� log |t|.)

(c) Show that, when σ ≥ 1− δt
2 and |t| ≥ 3, | log ζ(s)| ≤ log log |t|+O(1). (Hint: Show that

log ζ(s) = log ζ(1 + δt + it) +O(1) when σ ≤ 1 + δt.)

(d) Prove that there exists a constant c > 0 such that∑
n≤x

µ(n)� x

ec
√
log x

.

3. Fix ε ∈ (0, 1/2) and assume the Riemann Hypothesis.

(a) Prove that ζ′

ζ (s)�ε log |t| and log ζ(s)�ε log |t| whenever σ ≥ 1
2 + ε and |t| ≥ 2.

(b) Prove that ζ′

ζ (s)�ε (log |t|)2max{1−σ,0}+ε and log ζ(s)�ε (log |t|)2max{1−σ,0}+ε whenever

σ ≥ 1
2 + ε and |t| ≥ 2. Infer the Lindelöf Hypothesis.

4. Prove that the Riemann Hypothesis is equivalent to both of the following statements:

(a) For each ε > 0, we have ψ(x) = x+Oε(x
1/2+ε).

(b) For each ε > 0, we have
∑

n≤x µ(n)�ε x
1/2+ε.
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