Math 675: Analytic Theory of Numbers
Problem set # 4

Due 3/13/2024

1. (a) Prove that if N € N is not a prime power, then

Y(N)=N — Z ol —log 27 + o(1).
ly|<NZ

(b) Prove that ((s) must have infinitely many nontrivial zeros.

(c¢) Prove that, for each ¢ > 0, there is at least one nontrivial zero p = f+iv with g > %—5.
Conclude that we cannot have (z) = z 4+ O(x/27%).

2. In class, we proved that there exists a constant ¢g > 0 such that ((s) does not vanish in the

region o > 1 — Define, for each t € R, §; := log(f%'

co

log(|t]+2) -

(a) Show that, when o > 1 — % and |¢| > 3, %(s) < log? |t|.

(b) In the same range of s, improve the above bound to Cf,(s) < log|t|. (Hint: Prove that
Re{—%(s)} < log |t| for 0 > 1 — ¢; and that %(1 + 0¢ + it) < log [t].)

(c) Show that, when o > 1 — ‘;—t and [t| > 3, |log ((s)| < loglog|t| +O(1). (Hint: Show that
log ((s) =log (1 + ;4 it) + O(1) when o < 1+ 6;.)

(d) Prove that there exists a constant ¢ > 0 such that

T
Z,u(n) < v

n<x
3. Fix € € (0,1/2) and assume the Riemann Hypothesis.

(a) Prove that C?/(s) < log [t| and log ((s) < log |t| whenever o > 1 + ¢ and [¢| > 2.

(b) Prove that %(s) <. (log |t])?max{l=a:0}+e and log ¢(s) <. (log |t])? ™70 +¢ whenever
o> 1+4¢cand |t| > 2. Infer the Lindelf Hypothesis.

4. Prove that the Riemann Hypothesis is equivalent to both of the following statements:

(a) For each € > 0, we have ¢(z) = x + O (x/2+%).
(b) For each € > 0, we have anw u(n) <. pl/2+e



