Math 675: Analytic Theory of Numbers
Problem set # 2

Due 2/7/2024

In all problems, n and m will always denote natural numbers.
1. (a) Prove an asymptotic for
#{(n,m) :n,m <z and ged(n,m) =1}
with error term < zlogz. le., determine a main term M (z) for which
#{(n,m) :n,m < x and ged(n,m) =1} = M(x) + O(xlogx),

and prove it.

(b) Prove an asymptotic for
#{n < x : n is squarefree}

with error term < /x.

(c¢) Prove an asymptotic for
#{n < x : n is squarefull}
with error term < x1/°,

2. Recall that § denotes the arithmetic function defined by

1 =1
smy=4_" o
0 otherwise

In this problem, you will show that the prime number theorem is equivalent to the
statement
S ) = of). (1)
n<x

(a) 1. Show that —plog = pux (A —1)+9.
ii. Prove (1) assuming the prime number theorem. (Hint: First prove that
> n<e (n)logn = o(zlogz).)



(b) Set f(n) :=logn —7(n)+ 2y
i. Show that A — 1 = pux* f — 2v0.
ii. Show that > _ f(z) < /7.

iii. Prove the prime number theorem assuming .

3. For each natural number n, let a(n) denote the number of non-isomorphic abelian
groups of order n.

(a) Show that

> Tk
n=1 n k=1

for o > 1.
(b) Show that

> a(n) = (E{z((k)) z+0 (Vz).

n<x

4. Let f : N — C be an arithmetic function and F(s) = Df(s) be its Dirichlet series.
Denote the abscissas of convergence and of absolute convergence of F'(s) by o, and o,
respectively.

(a) Prove that o, <o, <o.+ 1.

(b) Prove that o, < 400 if and only if there exists a 6 € R such that f(n) = O (n?)
for all n € N.

(c) Give an example of a Dirichlet series F'(s) for which o, = 0. and give an example
of a Dirichlet series F(s) for which o, = 0. + 1.

5. (a) Show that the Dirichlet series F'(s) := ">, % converges at every point on
the line o = 0.
(b) Define

ns
n=1

Show that h(n) is unbounded, and deduce that H(s) diverges everywhere on the
line o = 0.



