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Abstract

We study behaviour of the smallest singular value of a rectangu-
lar random matrix, i.e., matrix whose entries are independent random
variables satisfying some additional conditions. We prove a deviation
inequality and show that such a matrix is a “good” isomorphism on
its image. Then we obtain asymptotically sharp estimates for volumes
and other geometric parameters of random polytopes (absolutely con-
vex hulls of rows of random matrices). All our results hold with high
probability, that is, with probability exponentially (in dimension) close
to 1.

1 Introduction

In this paper we consider rectangular N x n random matrices, whose entries
are independent and satisfy some moment conditions, and the whole matrix
satisfies an additional boundedness conditions. We are interested in singu-
lar values of such matrices and in geometric parameters of polytopes they
determine.

Assume that N > n and denote such a matrix by I' = [§;]i<i<n1<j<n-
Let us briefly recall known results on singular values of I'. Assume that the
variance is 1, and that N is proportional to n, say n/N = ¢ (where ¢ is
considered fixed). From the universality result of Marchenko-Pastur [MP],
the empirical measure associated to the spectrum of the sample covariance
matrix ['*I"/N has a deterministic limit distribution supported by the interval
[(1—+/¢)?, (14+/¢)?]. More precisely, by results from [Si] in the Gaussian case,
and from [BY] in the general case (assuming the finite fourth moment), we
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get that the smallest eigenvalue converges a.e. to (1 — /c)%. Let s, = 5, (T)
be the smallest singular value of I'. Then the above statement says, after
a renormalization, that sn/\/ﬁ — 1 —/cae., as N — oo. However, the
concentration of this random variable around 1 — /¢ is in general unknown.

In this paper we give an estimate of the probability that s,/ V/N is not
too large. Denoting by || - || the operator norm of an operator acting on
a Hilbert space, and considering I' as acting onto its image, we show (in
Theorem 3.1) that for any 0 < ¢ < 1 there is a function ¢(c) such that the
embedding I satisfies ||| [T~} < é(c), for any N and n such that n/N < c,
with probability larger than 1 —exp(—cyN). To the contrary to the approach
discussed above, when the ratio ¢ = n/N is considered fixed (independent
of n and N), here we consider n and N to be independent parameters, in
particular, allowing ¢ to depend on n. This result can be interpreted that if
n/N < cthen, with the high probability, I is a “good” isomorphic embedding
of /3 into £5’. (Let us also mention that in a forthcoming paper [LPRTV] a
similar result will be proved for embeddings of 3 into a large class of spaces
which, for example, includes ¢}V.)

Theorem 3.1 is then applied to study geometry of random polytopes gen-
erated by I', that is, the absolute convex hull of N rows of I". Such random
polytopes have been extensively studied in the Gaussian case, as well as
the Bernoulli case. The former case, when N proportional to n, has many
applications in the asymptotic theory of normed spaces (see e.g., [G1] and
[Sz1], and the survey [MT]). In the Bernoulli case, random polytopes of this
form have been investigated in [GH], as well as in a combinatorial setting of
so-called 0-1 polytopes (see for instance [DFM], [BP], and the survey [Z]).

When speaking of random matrices, we identify a large class that contains
the most important cases studied in the literature, such as the case when the
entries are Gaussian or Bernoulli random variables.

Let us now briefly describe the organization of the paper. In Section 2 we
introduce the class of matrices to be considered and we prove some basic facts
about them. In Section 3 we show, in Theorem 3.1, that if n is arbitrary and
N = (14 6)n (where 6 > 1/Inn), and if I" belongs to a certain class M then
with probability larger than 1—exp(—cyN), s,(I')/V/N > ¢1, where ¢1, ¢, > 0
are universal constants. In Section 4 we study some geometric parameters of
the symmetric convex hull Ky of rows of I', such as the Euclidean inradius,
the mean width and the volume.



2 Preliminaries and some basic facts

By |- | and (-, -) we denote the canonical Euclidean norm and the canonical
inner product on R™. By || - ||, 1 < p < 0o, we denote the ¢,-norm, i.e.
1/p
lall, = (Z !am) for p<oo and |alls = sup|a;].
i>1 izl

As usual, (7' = (R™, || - ||,), and the unit ball of £* is denoted by B;*. The
unit sphere of 5" is denoted by S™~!. The canonical basis of £5' we denote
by e1,...,eém.

Given points 1, ..., z; in R™ we denote their convex hull by conv {x; };<
and their absolute convex hull by abs conv {z; }i<; = conv {£x; }i<.

Given a finite set A we denote its cardinality by |A|.

Given a set L C R™, a convex body K C R™ and ¢ > 0 we say that a set
A is an e-net of L with respect to K if

ACLCUgey (z+ K).

It is well known that if K = L is a centrally symmetric body (or if K is the
boundary of a centrally symmetric body L) then for every ¢ > 0 there exists
an e-net A of K with respect to L with cardinality |A| < (1+2/e)™ (see e.g.
M8, [P, [T)).

Given o C {1,2,...,m} by P, we denote the coordinate projection onto
R?. Sometimes we consider P, as an operator R™ — R™ and sometimes as
an operator R™ — R,

Given a number a we denote the largest integer not exceeding a by [a
and the smallest integer larger than or equal to a by [a].

By g, gi, i > 1, we denote independent N (0, 1) standard Gaussian random
variables. By IP(-) we denote the probability of an event, and E denotes the
expectation.

In this paper, we are interested in rectangular N xn matrices I', with N >
n, where the entries are real-valued random variables on some probability
space (2, A,P). We consider these matrices as operators acting from the
Euclidean space 3 to £3 and we denote by ||T'|| the norm of " in L(¢3, ().
If entries of I' are independent N(0,1) standard Gaussian matrix we say
that T" is the Gaussian random matriz. If entries of I' are independent +1
Bernoulli random variables we say that I' is the =1 random matrix.



We denote by % the Orlicz function i(z) = ¢** — 1 and by Ly, the Orlicz
space of real-valued random variables on (2, A, P), equipped with the norm

1€]ls = inf{t > 0[E(£/t) < 1}.

For > 1, we define B(u) to be the set of real-valued symmetric random
variables on (2, A, P), satisfying the following properties:

1 <[|¢][zz and [[¢][rs < p. (1)

Similarly, for g > 1, we define By, (1) to be the set of real-valued symmet-
ric random variables on (2, 4, P), satisfying:

1< |¢llz2 and [|€]ly < p. (2)

A direct computation shows that for every p > 1, one has
By(x) € B(). 3)
Note also that if £ € By (1) then
P(¢ > u) < exp (—u®/p?) for any u > 0. (4)
Indeed, ¢ is symmetric and E exp(£2/u?) < 2, hence, by Chebyshev inequality

_ Eexp(€/u?)

< et <o), ()

P(§ > u) = (1/2)P(¢] > u)

Let © > 1 and ay,a; > 0. We define M(N, n, i, a1, as) to be the set of
N x n matrices with real-valued independent symmetric random variables

Il St S

I' = (&j)i<ievi<j<n € M(N,n, p1, a1, az) if
&;j € B(p)forevery 1<i< N, 1<j<n (6)

and P <||F|| > ap/ﬁ) < e, (7)

For u > 1, we define My (N, n, 1) to be the set of N x n matrices with

Il e

on (9, A, P), satisfying:

I' = (&j)icicni<j<n € M(N,n,p) if
&j € By(p)forevery 1<i< N, 1<j<n. (8)
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It is well known that L, is in some sense, the set of subgaussian random
variables. We recall more precisely some facts that we will need. Let b > 0.
A real-valued random variable £ on (2, A, P) is called b-subgaussian if for all
t > 0, one has:

Eef < /2, (9)

Let £ be b-subgaussian, then it is classical to check by (9), Chebyshev
inequality, and an easy optimization argument that
ul
2b?

P(¢ > u) < exp (— ) for any u > 0. (10)

It can be also shown by direct computations that if £ € By, (¢) then

¢ is pv/2-subgaussian. (11)
Fact 2.1 Let p; > 1 and & € By(w;), i = 1,...,k, be independent random
variables, then for any xy,x9,..., 21 € R,
. L 1/2
Z@-xi is subgaussian with parameter /2 (Z u?mf) . (12)
i=1 i=1
Proof: If &, i = 1,...,k is a family of independent b;-subgaussian random
variables, then it is clear from (9) that 7, _;; & is subgaussian with param-
eter (Z1g¢gk 65)1/2. We conclude using (11). O

Fact 2.2 Let p > 1 and & € By(p), i = 1,...,n, be independent random
variables. Then random vector v = (&1,&s, ..., &,) € R™ satisfies

P(|z| > uvn) < exp(n(ln2 — u?/p?)), for any u > 0. (13)
Proof: Indeed,

n 1 n
P Z{?Ztﬂn <Eexp|— Z ?—uQn
—1 H 1
J J
u’n\ & u?n\ _,
<o (57 ) Lo () oo (-57)

which implies the desired result. O

Applying this fact with u = v/3u we obtain
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Fact 2.3 Letn < N < 2", p>1and ' € My(N,n,pu). Fori < N let
z; = I e;. Then

P (Elz' R ,ux/?m) < Ne " < e,
Fact 2.4 For every p > 1, as > 0 and all integers N > n > 1, one has
Mw(Nan:/L) - M<N7n7,u:alaa2) (14>

with a1 = p+/36(as + 4).

Proof: Let A(N) (resp. A(n)) be a (1/3)-net of the unit sphere of £ (resp.
(%) with respect to BY (resp. BY) and with cardinality less than 7V (resp.
7"). An approximation argument shows that for any operator I' € L(¢3, /)
we have

IT|[ < 3max{{y,I'z) [z € A(n),y € A(N)}.
Let 4 > 1 and I' be an N x n matrix with real-valued independent symmetric

Il e

for any z and y, respectively in the unit sphere of ¢3 and £} respectively,
(z,T'y) is pv/2-subgaussian. Thus, using Property (10), we get that for any
t > 0, we have

P (HFH > t) < 7n+N€—t2/36u2‘

Therefore

P <||F|| 2 t\/ﬁ) S 7”+N€—Nt2/36u2 S e(—t2/36,u2+4)N.
Use (3) to conclude the proof of (14). -

The following fact is proved by routine calculations. For the sake of
completeness we provide the proof.

Fact 2.5 Let u > 1, & € By(n), & € B(p), i = 1,...,k, be independent
random variables. Then

k
9 k
P (; & < k/4> < exp <—m) (15)

P <Z<5i)2 < k/4> < exp (—QHLMH) : (16)

and

i=1



Proof: Let £ be a random variable such that E€? > 1. Then for every A > 0
we have

1§E§2:/OOIP’(§2>t)dt:/0025P(|§|>s)ds:
0 0

A 00
/25P(|§|>s)ds—i—/ 25 P(|¢| > s) ds.
0 A

Choose A such that the second integral does not exceed 1/2. Then

A
12 g/ 25 P(|¢] > 5) ds.
0

Consider the random variable h defined by h = min{&?, A?}. Then ||A||s <
A% and Eh > 1/2.

We will use the following Hoeffding’s tail inequality ([Ho], see also [L].
(1.23)): let h;, i < k, be independent random variables such that a; < h; < b,
and let B =3 Eh;, M = 3% (b — a;)? then

P (i hi — B < —t) <exp (—2t*/M).

i=1

Taking t = B/2 it implies

P <ihZ < B/Q) <exp (=B?/(2M)).

i=1

Applying this inequality to independent random variables h;, ¢ < k, with
Eh; > 1/2 and 0 < h; < A? we obtain

P (Zk: hi < k/4> <exp (—k/(84%)). (17)

Now we estimate the value A for &’s and &’s.

Case 1. Since every & € By (u), by (5), we get for every ¢

/ 2s P(|&| > s)ds < / 4s e/ ds = 242~/ < 1)2
A A



for A = pu\/2In(2u). Applying (17) with h; = min{&?, A?} we obtain the
desired result.

Case 2. Since every & € B(u), by Chebyshev inequality we have
P(l¢] = v) S EEP/u’ < i’ /u’.

for every ¢ < k. Therefore for every ¢

/23?(|§i|>s)d3§/ 2u° [s*ds = 2u JA < 1/2
A A

for A = 443, Applying (17) with h; = min{¢?, A%} we obtain the desired
result. O

3 Smallest singular values of matrices with
independent entries

In this section we establish deviation inequalities for the smallest singular
value of random matrices from the class M(N,n, i, a1, as). We show that
with high probability I" is a “good isomorphism” onto its image. Our results
in this direction can be summarized in the following theorem.

Theorem 3.1 Letn > 1 and N = (1+9)n for somed > 0. Let ' be an N xn
random matriz from M(N,n, p, a1, az), for some > 1 and ay,as > 0. There
exists ¢1,Cy > 0 (depending on ay, p only) such that whenever § > ¢/ In(én)
then

P <5n(r) < 01\/N> < exp(—c2N),

where ¢; > 0 depends on 0 and p,ay, and co > 0 depend on ji, as.

Remark 1. Our proof below gives that ¢; can be taken ¢; = c4cé/ 6, where
¢y, c5 are positive constants depending only on g and a;. Then the desired
probability can be made less than exp(—N)+exp(—c’N/(2u°))+exp(—aaN),
where ¢” is an absolute positive constant.

Remark 2. We do not know if this Theorem holds for 0 < ¢ < 1/Inn.
Note that in this case the sentences “a constant depends only on ¢” and “a
constant depends only on n” are equivalent. Also note that one can estimate
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the smallest singular value of I" by considering the case § = 0 only (otherwise
remove an appropriate number of columns to get a square matrix with smaller
singular values). Therefore, if I' is a Gaussian random matrix then the result
(for 6 = 0) follows from results of Szarek ([Sz2], cf. also Theorem II.4 in
[DS]). If I is a £1 random matrix then the result (for § = 0) follows from
results of Kahn, Komlds, Szemerédi ([KKS]).

Remark 3. It is noteworthy that, as can be seen from the proof below,
the case when § > 9y, where dy > 0 is a certain absolute constant, is much
simpler than the case of a general (small) ¢. Indeed, this former case follows
directly from Proposition 3.4, without use of Proposition 3.2.

Remark 4. Let us note that for any N x n matrix [' and any a > 0 the
statement s, (") < a is equivalent to: there exists x € R™ such that |Tx| <
alz|. Therefore in the theorem above we shall estimate the probabilities of
sets of the form (Fz s.t. |I'z| < alx]).

The proof of the theorem is based on two key propositions. The first result
will be used to estimate a single coordinate (hence || - || ), of the vector 'z,
for a fixed x € R™. We state it here in a more general form, as we believe it
is of an independent interest,

Proposition 3.2 Let (&), be a sequence of symmetric independent random
variables with 1 < ||&llr, < |&illes < p for alli =1,...,n. For any subset
o CA{l,...,n} by P, denote the coordinate projection in R™. Then for any
x = (x;) € R" and any o C {1,...,n} we have, for allt >0,

” oy P, 3
P <) < M p ] “(H!Pﬂ:g@ ,
i=1 o o

where ¢ > 0 is a universal constant.

This proposition depends on the well-known Berry-Esséen theorem. (cf.,
e.g., [St]).

Lemma 3.3 Let ((;), be a sequence of symmetric independent random
variables with finite third moments, and let A% = >  E|G|>. Then for
every T € R one has

‘]P’(i G < TA) Py < 7)‘ < (c/A%) iEmF’,
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where g is a Gaussian random variable with N(0,1) distribution and ¢ > 1
is a unwversal constant.

Proof of Proposition 3.2: First we show a stronger estimate for o =
{1,...,n}. Namely, for any a < b,

P(i@xi e la, b)) < 1/27rb|_7|“ +C<Mu>3, (18)

|z]

where ¢ > 0 is a universal constant.
Indeed, let ¢; = &uy. Then A? = Y E¢? = Y, 27E&? > |zf* and
E>. |G]P < p?||z])3. By Lemma 3.3 we get

IP’(a < i@ < b> < Pla/A<g<b/A)+ c(%p)g

b—a [z]ls 3
< +
T AN27 C< A ,U)

h— 3
T

]

IN

as required.

Now, if o is arbitrary, denote the sequence (;);c, by (£!) and the sequence
(&)igo by (&), and by P’ (resp., P”) and E’ (resp., E”) the corresponding
probabilities and expectations. The independence and Fubini theorem imply

i=1 i=1 i=1 i=1
R VR
=1 i=1 =1

2t | Pzl \3
< Jijan ( ) .
s Vi e

The latter inequality follows from (18), the fact that the vector appearing
in the sum ), {x; is exactly P,z, and by the independence of (§;);e, and

(éi)i%a- O

Our second proposition is a general estimate for the norm |['z| for a fixed
vector x.
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Proposition 3.4 Let 1 < n < N be positive integers. Let I' be an N X n
random matriz from M(N,n, p, a1, az), for some pn > 1 and ay,ay > 0. Then
for every x € R™ we have

P (\Fx\ <dp? VN \:r;]) < exp (—d"N/p°) ,
where 1 > ¢, " > 0 are absolute constants.

The proof of this proposition will be using the following simple estimate
which is a general form of the Paley-Zygmund inequality.

Lemma 3.5 Letp € (1,00), ¢ =p/(p—1). Let f >0 be a random variable
with Ef?" < oo. Then for every 0 < X\ < \/Ef?2 we have
(Ef? =A%)

Proof: We have

Ef? = Ef° X(f>2) T+ Ef? X(F<N)
< (ES)(E xipon) 7+ N
= (BT @A)
This implies
(Bf2 - 2!
(Efzp)q/p

as required. O

P(f>\>

)

Corollary 3.6 Let u > 1 and (&;);>1 be a sequence of independent symmetric
random variables such that 1 < E|&[? < E|&|1P < p® for every i > 1. Let
x = (2;)i>1 € o be such that |z| =1 and f = | 5, x:&[. Then for every

0< X<1 one has
1—A2\*
P ) >
> )_( 22 )
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Proof: By symmetry of the &;’s and Khinchine’s inequality ([H]),

3 3/2
Zgifﬂi <8 E¢ (Z 5125‘712> ;

i>1 i>1

Ef® = EE.

where ¢;’s are independent Bernoulli +1 random variables. (In the inequality
above we used the estimate for the Khinchine’s constant By = 2716 < /2,
while the standard proof gives Bs < 2.) Consider the function ¢(s) defined
on the set

E = {3 = (8;)i>1 € {1 | s; > 0 for every i and Zsi = 1}

i>1

3/2
p(s) = E¢ (Z 5@281') :

i>1
Clearly ¢ is convex, since a power larger than 1 of a linear function is convex.

Thus to estimate the supremum of ¢ it is enough to estimate the supremum
of values ¢(e;) for the standard unit vectors e; € ¢;. Therefore

3/2
sup p(s) = supp(e;) = sup Ee (€2)** < 4%,

i>1 i>1

which implies

Ef? < v8u?.

Next, by our normalization,

EfP =) &> > 1.

i>1

O

Applying Lemma 3.5 with p = 3/2 we obtain the desired result.

Proof of Proposition 3.4 Let z = (x;); € R" with |2] = 1. Let I' =
(&;i)j<n,i<n Where j; are independent random variables with 1 < ||&;;]|1, <
&l s < p, for every j < N and every i < n. Let f; = [ >, &x;|. Note
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that fi,..., fy are independent. For any t,7 > 0 we have

N N
P(|lz]> <#*N) = P <ij2 §t2N> :P<N—%fo zo)
j=1 j=1

N N
S s
j=1

j=1
To estimate the latter expectation first observe that by Corollary 3.6

\2\3
P(fj>)\)2%=¢ﬁ

for every j. Therefore, by the distribution function formula,
E exp (—Tij/tQ) = /0 P (exp (—Tff/t2) > s) ds
1
= / P (1/3 > eTfJ?/t2> ds
06—7)\2/152
<)
0

— ef‘r)\z/t2 + (1 . ﬁ) (1 . e*‘r)\z/tQ)
= 1-7 (1 — e_T’\Z/t2> .

ds+/: (1— B)ds

—7A2/t2

Set 7 = at?/\?, for some a > 0. Then for any ¢t > 0 we get, for arbitrary

a >0 and A > 0 (and obviously, only A < 1 is of interest),

P (ITz> < *N) < <e°‘t2/)‘2 (1-p(1- e—a)))N. (19)

For example, letting A = 1/2 we get 3 = (3/(81%))3, and using 1—s < ¢~
for s > 0, the left hand side expression in (19) is less than

exp ((4at® — B(1 — e *)) N).

Thus letting o = In2 and ¢t = v/3/4 we conclude the required estimates with

d = (27/2"3)% and ¢ = 27/2'.
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We are now ready for
Proof of Theorem 3.1: Let I' € M(N,n, i, a1,a3) be a random matrix
and denote 2 = {w 0 < aI\/N}. We have N = (14 d)n, and for the

time being we assume only that § > 0. (Conditions for ¢ necessary for the
method to work will appear at the end of the proof.) Fix parameters ¢ and
b > 0 to be determined later, depending on p,a;, and 0. Set a := t/a; and
assume that

2a < b<1/4. (20)

Given z = (x;); € R", let 0 = 0, := {i : |z;| < a}, and set z = P,x. Now
consider two subsets of ().

Q(a,b) = QN (EI:E € " Vst |Tz| <tVN and |2] < b), (21)
Q(a,b) = QN (Elx e 5" Vst |Tz| <tVN and |z| > b). (22)

We shall estimate the probabilities of these sets separately. In both cases
the idea of the proof is the same. We shall estimate the probability that
ITz| < tv/N for a single vector z and then use the e-net argument and
approximation. However, the balance between the probabilistic estimate and
the cardinality of an e-net will be different in each case. If x € Q}(a,b), we
have a good control of the /,.-norm of the vector z, which allows us to apply
the powerful estimate of Proposition 3.2. In this case the standard estimate
(3/€)™ of the cardinality of an e-net on the sphere S" ! will be sufficient. In
case when x € (a,b), to bound the probability for a fixed x, we shall use
a weaker, but more general estimate from Proposition 3.4. However, since
in this case |z| < b, a vector x € (a,b) can be approximated by another
vector having a small support. This observation yields a much better bound
for the cardinality of an e-net for (a,b).

Case I: Probability of Q(a,b). Let NV C S™ ! be an e-net in S" ! of
cardinality |N| < (3/e)". Setting ¢ := a = t/a; a standard approximation
argument shows that if there exists € S"! such that [T'z| < tv/N and
|z| = |P,x| > b then there exist v € N and o C {1,...,n} such that

Tv| < (t+ea))VN = 2tV'N,  ||Pov]loo < ate=2a, |Pow|>b—e>b/2.

Denote by A the set of all v € A for which there exists 0 = o(v) C {1,...,n}
such that
1Pov)loe < 2a,  |Pov| > b/2.
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Then |A| < |N] < (3/e)" and
P (Q(a, b)) < P (EIU e A M| < zt\/ﬁ) . (23)

Now, fix v = (v;); € A. For every j =1,..., N, set

£ = P(‘i@jfui < /\>,

and let f(X) = sup; f;(A). Since || |3 < || - lo| - |*, by Proposition 3.2 we get

) < e(A+1Pvllocp®) /1 Povl
< 2¢ (A +2ap”) /b < (4e/b) max {\, 2ap’}, (24)

where o = o(v) and ¢ > /2/7 is an absolute constant.
Now we have

IP’<|FU|2 < 4t2N) - P(i | En:gﬁv,ﬁ < 4t2N>
j=1 =1
= p(N- i | igjivi\z/éltz >0)
j=1 =1
Eexp <N - i | zn: §jz‘vi|2/4t2>
j=1 i=1
= Eﬁexp(l — |i1£ﬂl}1’2/4t2>
j= i=

N n
= €N HEexp(—\ Zgyzvzy2/4t2>
j=1 i=1

IN
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We estimate the expectations by passing to the integral formula. Denote
A= +/2au?/t. Then

E exp(—| iéjivi|2/4t2) = /01P<exp(—] ifjivi\z/éltZ) > s>ds
i=1 i=1

- / ue—v/? [P<| ijﬂﬂ < \/§tu)du
0 i=1
/ ue™"2 f;(v/2tu)du

0

(4¢/b) (2 /OA uap® du + /:o V2tu?e " /? du)
< (4e/b) (ap’A? 4+ t/T)
(
(

IN

4e/b) (2a°1° /8 + t/7)
et /b) (2p° /i + /) = cst /b,

where c3 := 4c (2u°/a3 + /7). So
IP’(]FU\Q < 4t2N> < (cset/b)N.
Finally, since ¢ = a = t/ay, we get by (23),
P(Q(a,b)) < |A| (cset/b)N < (3a1/t)" (czet/b)N < eV, (25)

for any ¢ satisfying

b b 1/6
t< — < ) = c4cé/5. (26)

e2cs \ 3eesaq

Case II: Probability of Q4(a,b).  Given x € S"! recall that o = {i :
|z;] < a}, and set ¢/ = {1,...,n} \ 0. By the definition of o, clearly,
lo’| < [1/a*] =: m. Let y = Pyx. If now x is a vector appearing in the
definition (21) of Q4(a,b) then [T'y| < (t + a1b)V/'N, |y| > (1 — b*)Y/? and
| supp (y)| < m.

Of course we want m < n, which will be satisfied whenever a > 1/4/n, or
equivalently,

t>a1/Vn. (27)
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Let ¢ = b and let N C BY such that for every ¢’ with |3/| < 1 and the
support < m there exists v € N such that |y —v| < e. We can chose N/
with cardinality |N| < (")(3/e)™ < (en/m)™(3/e)™. Thus choosing v for y

n
m

as above we get v € N such that |v| > |y| —e >1—2b>1/2 and
ITw| < (t 4 2a1b)V'N < (5/2)a;bV'N < 5a;bv/ N v|.

(We used the fact that ¢ = aya < a1b/2, by our conditions.) Thus, by
Proposition 3.4, we get that if

b:=min{1/4, ¢/(5a11°)}, (28)
then
P(Q(a,b)) < (en/m)™(3/b)" exp (—c"N/u°) < exp (—¢"N/(2p°%))  (29)
if
mIn (f;)c;mn) < ('N/(2u%)). (30)
Since m = [1/a?] < n, the last inequality is satisfied if

3ena?

e (255) < (@), (31)

which holds for

M= 7S T (o) [ (@B %)

Now, to satisfy inequality (26), we choose t = c4cé/6 and note that (32),
which implies also t > a1/+/n, holds for every

d > ¢g/In(ern).

Here constants ¢y, c5, ¢g and ¢; depend only on ay, . Note also that due to
form of ¢5 and since ¢z > max {1, u”/a}} we have t < a;b/2 for every a; > 1.

Finally, to conclude the proof of the Theorem 3.1 observe that the set we
are interested in,

(EI:B c S" st Dz < t\/ﬁ),

17



is the union of € (a, b), Q2 (a, b) and complement of 2. Moreover, by the defi-

nition of the class M(N, n, i1, a1, as) we also have that P(2) > 1—exp(—aaN).
Putting the three estimates together and letting ¢; = t we get

P (sn(F) < 61\/N> < e Ny e 'N/@0) | eV,

which concludes the proof. a

4 Geometry of Random Polytopes

In this section we study some classical geometric parameters of random poly-
topes of the form Ky := I'*BY, where I' is a random matrix either from
M(N,n, pt, a1, az) or from My (N, n,u). In other words, Ky is the absolute
convex hull of the rows of I', and as already mentioned before, this setting
contains the Gaussian case as well as the case when the entries are indepen-
dent Bernoulli £1 random variables.

Saying that a random polytope has a certain property, means that the
probability of the polytopes satisfying this property is close to one. Since
Ky is the absolute convex hull of N independent rows of I', from usual
concentration phenomena, one would expect this probability to be larger than
1 — exp(—cN) for some absolute constant ¢ > 0. This level of concentration
is not always true, though, and the concentration may be of the form 1 —
exp(—cn’ N1=P) for some 0 < 3 < 1. However, when speaking in this context
of high probability we always require that this probability is larger than
1 — exp(—cn) for some absolute constant ¢ > 0.

We improve the estimates from [GH] on the asymptotic behaviour of some
parameters, such as the inradius, the volume, or the mean widths of Ky and
its polar. Moreover, the techniques introduced in this paper allow to obtain
much stronger estimates for probabilities involved.

4.1 Additional definitions and basic facts

Given a convex body K C R" we denote its volume by | K|, its gauge by ||z,
its supporting functional by hg, that is hx(u) = max{(u,y) | y € K}. The
polar of K is

K°={z €R"| (z,y) <1 forevery y € K}.

18



Note that hg(-) = - [|[xo. We use also the following standard notation
Mic = M(K) = [ ol do
Sn—1

where v is normalized Lebesgue measure on S"'. M(K®) we denote by
My, = M*(K). It is well known that there exists constant ¢, > 1 such that
¢, — 1 as n — oo and

C n
Mg = —=E|| Y egillx-

We recall the following inequalities, which hold for every convex body K,
Mj > (|K|/[By)"™ = 1/ M. (33)

The right hand side of the inequality is Urysohn inequality (see e.g. [P]).
The left hand side is obtained by integration and Holder inequality. We
recall also that by Santal6 inequality and Bourgain-Milman ([BM]) inverse
Santal6 inequality there exists an absolute positive constant ¢ such that for
every convex symmetric body K one has

c"|By|* < |K||K°| < | B[ (34)

4.2 Inclusion Theorem

In this section we develop further analytic tools to show that Ky = I'*BY,
' e M(N,n, u,a1,as), contains a large body with high probability.

We first study the inradius of random polytopes. Note that tBy C Ky if
and only if t|x| < ||T||s for every x € R™. Thus if tv/N|z| < [T'z| for every
x € R" then tBy C Ky. Theorem 3.1 (see also Remark 4 after it) has the
following consequence.

Corollary 4.1 Let n > 1 and N = (1 + 6)n for some § > 0. There exists
¢1, G > 0 (depending on ay, p only) such that whenever § > ¢é1/In(én) then

P(Ky > eiBy) > 1—exp(—cN),

where ¢y > 0 depends only on d, u, a, and ca > 0 depends only on p and as.
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Remark 1. In fact, by Remark 1 after Theorem 3.1, ¢; = c;;c}l , Where cs,

¢4 are positive constants depending only on p and a,.

Remark 2. It is proved in [GH] that for all N > enln(a™!), one has P(Ky D
dB}) > 1 — a where ¢ and ¢ are absolute positive constants. Note that
the constraint on N and n does not allow to take a ~ exp(—caN); and if
a ~ exp(—cen), which is the minimum required to get a statement with high
probability, then N > n?. Therefore the statement from [GH] give very weak
estimates for probability when N is proportional to n.

When N/n is large, we have more information and we estimate the inra-
dius with respect to a body bigger than the Euclidean unit ball.

Theorem 4.2 There exists a constant ¢ > 1 such that for every 3 € (0,1)
and every n, N satisfying

2" > N > nmax {exp(C’u/ﬁ), (comax {Inay,1/(1 — 5)2})1/(1—6)} ’

where C,, = 121n(ep), one has

1
P (KN 03 (BL N RB;)) >1—exp (—n’N'"7/5) — exp (—asN)

with R = /BIn(N/n)/C,.

Remark. For the Gaussian random matrix we do not need to take the
intersection with the cube. Namely, for such a matrix we have

i (KN 5 Cv/BIn(N/n) Bg) > 1 — exp (—en® N'#)

where C, ¢ are absolute positive constants [G2]. Moreover, the probability
estimate can not be improved. Indeed, the Gaussian random matrix and
B € (0,c") we have

P (KN D C/\/ﬁln(N/n)Bg) <1—exp(=cn’N'"7),

where C’,¢ > 0 and 0 < ¢’ <1 are absolute constants.

To prove Theorem 4.2 we need the following lemma modelled on the
Theorem from [M], where it was proved for Bernoulli £1 random variables.
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Lemma 4.3 Leta>1and L = (1/2)(BL NaBy). Let u>1 and &, i <n,
be independent symmetric random variables such that 1 < EE2 < E|EP < p?.
Then for every z € R™, z # 0, one has

P (Z Eizi > hL(z)> > exp (—Cuaz) ,
i=1

where C, = 121n(ep).

We postpone the proof of this lemma until the end of this section.
Corollary 4.4 Let « > 1 and L = (1/2)(B% N aBy). Let T' be from
M(N,n, p,a1,as). Then for every u € R™ and every o C {1,...,N} one

has
P(||P;lullo < hr(u)) < exp (—|0| exp(—CMaz)) ,

where P, : RN — R? and C, = 121In(ep).

Proof: Let I' = (i)j<ni<n be from M(N,n,p,ai,az). Then P,I' =
(&5i)jesi<n be from M(|o|,n, p1, a1, a2) (strictly speaking to use such nota-
tion we should ask |o| > n, however we do not need such condition in this
proof). By Lemma 4.3 we have for every u = {u;}I*; € R", every j € o

P (i (THITES hL(u)> <1—exp(-C,a?).
i=1

Since 1 — s < e % for s > 0, we obtain that for every u € R", every j € o

P <Z Wiy < hL(u)> < exp (— exp(—Cuon)) )

< hL<U)>

< hL(u)> < exp (—|o]exp(—C,a?)) .

Thus

Z Uifji

i=1

P(||PTul|eo < hp(u)) =P (sup

= HP ( Zuz‘sz‘
=1

j€o
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Proof of Theorem 4.2:  Let I' = (§;;) j<n,i<n be from M(N,n, p1, aq,as).
Let us denote z; = (§j;)i<n € R", j < N, K = Ky = abs conv{z;},<n,
L =L(a)=(1/2) (BX NnaBy). Note that

hic(u) = sup | (u, z;) | = [Tl
J<N
for every u € R".

The proof of Theorem 4.2 is again based on a combination of a probability
estimate for a fixed vector u and an e-net argument. To make this scheme
work we replace || - ||oo With a new norm ||| - ||| < || - ||« having a smaller
Lipschitz constant with respect to the Fuclidean metric. This results in a
larger value of ¢ in the approximation, and thus in a smaller size of a d-net.

Let m = 8[(N/n)P] (if the latter number is greater than N/4 we take
m = N) and k = [N/m]. Below we assume m < N (then k£ > 4, hence
km > 4N/5); the proof in the case m = N, k = 1 repeats the same lines
with simpler calculations. Let oy, ..., o be a partition of {1,2,3,..., N}
such that m < |o;| for every i < k. Define ||| - ||| on RY by

1 k
=1l = EZIIPZ-ZIIOO
i=1

for every z € RY, where P, = P,, : RY — R is the coordinate projection.
Clearly, [[| - |l < [| - [loc-

Note that if for some u € R™ we have |||T'u||| < hr(u)/2 then there is
I c {1,...,k} of cardinality at least k/2 such that for every i € I one
has ||PTulloc < hr(u). Therefore, by Corollary 4.4, we obtain for every
u={u;}, € R" and every a > 1
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P ([[[Tull] < hr(uw)/2)
< Z P (||PTul|co < hp(u) for every i € I)
[7|=[(k+1)/2]

< Y TIPUPTul < o)

[I|=[(k+1)/2] i€l

< Z Hexp —|o] exp(—Cra?))

\T|=[(k+1)/2] i€l

([k‘];Q]) exp (—(km/2) exp(—C,0*))

< exp (kIn2 — (km/2) exp(—Cua?)),

IN

where C), = 121n(ep). By our choice of k and m we have (km/2)(n/N)° >
4k. Thus the last expression is bounded by

exp (—(3km/8) exp (—C,a?)) .

Take
»_ B In(N/n)
o= ———=
Ch
(v > 1, by the condition on n and N). Since km > 4N/5 we obtain
P (|||Tull| < hr(uw)/2) < exp (—0.3 N n”).

Let S be the boundary of L° and 1 > § > 0 will be chosen later. By the
standard volume estimates there exists an d-net A in S with respect to L° of
cardinality not exceeding (3/0)™. Therefore

P(FueA:||[|Tull| <1/2)
< D P(llIPull| < 1/2)
u€A
< exp (nln(3/8) — 0.3 N'""n”)
Let 3 = {w D) < alﬁ}. Since (1/2)By ¢ L (for a > 1) and |||2]|] <
(1/VE)|2| for every z € RN, we obtain that for every u € R” and every w €

one has
T (w)]]| < a1/ N/k |u| < 2a1+/N/k hrp(u
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For every u € S there exists v € A such that hy(u —v) < 0, which implies
for every w € )

@< T+ T (w = o)l < [[T@)|] + 2a1 v/ N/k 6.
Setting § = min{1, \/k/N/(8a;)} we obtain

P({weQ : FueR": ||[lull| < hp(u)/4})
= P{weQ: Jues: |||l <1/4})

P{weQ : FveA: |[|Tv]|| <1/2})

exp (n1n(3/8) — 0.3 N'~7n?)

exp (—N'"""n’/5)

IANIAIA

for an appropriate choice of the absolute constant ¢y in
N/n > (c;max {lnay, 1/(1 — 5)2})1/(1_6) :

The desired result follows since hg(u) > |||T'ul|| for every u € R™ and since,
by the assumption on I', we get

P (Q) < exp(—asN).
This completes the proof O
Proof of Lemma 4.3:  The proof mimics Montgomery-Smith’s proof.

Assume first that o? is an integer, which we denote by m. Define the
following norm on R"

m 1/2
2] =sup ) (Z |zk|2) : (35)
i=1 \keB;

where the supremum is taken over all partitions By, ..., B, of {1,2,...,n}.
It is known (see e.g. [M] for the proof) that

21l < 2hr(2) < V2|2

for every z € R™.
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Given z € R" let m’ < m and By, ..., B, be a partition of {1,2,...,n}

such that
m! 1/2
=3 (z w) .

=1 \ke€B;

and Y-, p |2z |* # 0 for every i < m’.
Then

pP:=P (ifa% > hL<Z)> >P (ifﬂz > ||Z||/\/§>
1/2

=1 kEB; =1 keB;

Since &;’s are independent we obtain

! 1/2
P>T[P| D &> (1/v2) (Z |Zk|2>

=1 keB; keB;

12
fi= (Z fk%) : (Z |Zk|2) .
keB; keB;

Since &;’s are symmetric, by Corollary 3.6 we get
P(fi>1/v3) = S B(Ifl> 1/xf)

1/1-1/2\° 1

2 2112 o 27,u6'

Pe(1 ) = (L)
27,u =\ 27,6

which implies the desired result for the case when «
complete the proof note that for every o > 1 one has

For ¢ < m/ set

v

Since > 1, we obtain

2 is an integer. To

B NaBy C B Ny/mBY and m < 2a,

25



where m = [a?]. O
It is of an interest to note that the radius of B inside Ky obtained in

Theorem 4.2 can be made as close to 1 as we wish. Indeed, we have the
following sharper version of this theorem.

Theorem 4.5 There exists an absolute constant co > 1 such that for every
B,6 € (0,1), and € € (0,1/4) and every

2" > N > nmax {exp(CW;/ﬁ), ((c2/e) max {In(ay /e),1/(1 — ﬂ)Q})l/(l—ﬁ)} ’
where C, 5 = 9n(eu?/d), one has

P(Ky D (1—¢)(1—6)(BLNRBY)) >1—exp (—n’N'"F/5)—exp (—asN),

with R = \/BIn(N/n)/C,,s.

The proof of this Theorem follows the same line as before. In particular,
the only modifications needed in the actual proof of Theorem 4.2 is a more
careful discussion of |||I'u||| and the cardinality of the corresponding sets, and
a more precise approximation argument. We shall also need a more precise
formulation of Lemma 4.3. Namely, given § € (0,1), Lemma 4.3 holds for
L= (1-6)(B:NnaBy) with C, = 91n(eu?/d). To show this we consider the
norm || - ||" defined by the same formula as in (35), but with m = 2a?. Then
for any z € R™ we have hpn oy (2) < ||z, and the rest of the argument is
the same.

4.3 Geometric parameters of Ky

In this section we apply the main results of the previous section to obtain
asymptotically sharp estimates for volumes of Ky, K% and the mean di-
ameters M (Ky), M(KS) of Ky and K%, where Ky = T*BY for I €
My (N, n, pv). Recall that by Fact 2.4 for every as > 0 one has My, (N, n, 1) C
M(N,n, u, a1, az) with a; = p+/36(ag + 4).

First we note that combining Corollary 4.1 and Theorem 4.2 we have the
following result.
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Theorem 4.6 Let n, N be integers such that n < N < 2" and let a =
a(N,n) =n/(N —n). Let Ky = T*BY, where ' € M(N,n, u,a1,as). Then
for every 0 < < 1/2 one has

P <KN > C(a) (B;"; N \/ﬁln(2N/n)B§‘>) > p(N,n,B),

where
p(N,n,3) =1—exp (—cnﬁNl_ﬁ) and C(a) = ¢y,

c1, o are positive constants depending only on ay, p; ¢ is a positive constant
depending only on as, (.

Since B C /nBjy we obtain

Corollary 4.7 Under the assumptions of Theorem 4.6, for every 0 < 8 <
1/2 one has

BIn(2N/n)

n

P (KN D) O(Oé) B:o> > p(N,n,ﬁ),

where C'(a) and p(N,n, ) were introduced in Theorem 4.6.

Now we estimate the volumes of Ky and K% and obtain asymptotically
sharp results. For the technical reasons we separate upper and lower esti-
mates (depending on the class M or My,).

Corollary 4.7 and (34) immediately imply the following volume estimates

for Ky and KY (cf. [GH]).
Theorem 4.8 Letn < N <2". Let Ky = I'"BY, whereT' € M(N, n, ji, a1, as).

There exist an absolute positive constant C' such that for every B € (0,1/2)
one has

]KNII/" > 2C(«) w and \Kjov\l/” < CCHa)/+/BnIn(2N/n),

with probability larger than or equal to p(N,n, 3), where C(a) and p(N,n, )
were introduced in Theorem 4.6.
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The following theorem is a consequence of a well known estimate ([BF],
[CP], [G2]): let z; € S, n <k < e", then

| abs conv{z }ick|Y™ < cy/In(2k/n)/n, (36)

where C' is an absolute positive constant. This estimate, Fact 2.3, and (34)
imply

Theorem 4.9 Let n < N < 2". Let Ky = I'"BYY, where T' € My (N, n, u).
There exist absolute positive constants ¢ and C' such that for every B €
(0,1/2) one has

In(2N/n)

K[ < Cp and Ky [V" > ¢/(ny/nn(2N/n))

with probability larger than or equal to 1 —e™".
Now we calculate the mean diameters M(Ky) and M(KY%) improving
and extending results of [GHJ.

Theorem 4.10 Let n < N < 2". Let Ky =T*BY, where T' € My(N,n, ).
There exists an absolute positive constant ¢ such that

M(Ky) > ¢/+/In(2N/n)

n

with probability larger than or equal to 1 —e™".
Furthermore, there exists an absolute positive constant C such that for
every 3 € (0,1/2) and every T' € M(N,n, p, ay,as) one has

M(Ky) < CC7a) (1/\/5 n(2N/n) + +/(In(2n)) /n)

with probability larger than or equal to p(N,n, 3), where C(«) and p(N,n, ()
were introduced in Theorem 4.6.

Proof: By (33) and Theorem 4.9 there exists an absolute positive constant
¢y such that

M(Ky) = (IB3|/|En)"" = e1/(uy/In(2N/n)),

n

with probability larger than or equal to 1 —e™".
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To prove the upper estimate we use Theorem 4.6:

M(Ky) < M(C(a) (BZO“JWBQ))
< ¢ Ya) (M (B.)+ M (\/WBSD )

which implies the required result. O

Remark. Thus for N < exp(n/In(2n)) we have

M(Ky) =~ 1/4/In(2N/n).

If N > exp(n/In(2n)) there is a gap between lower and upper estimates.
Both estimates could be asymptotically sharp. Indeed, as it follows from
remark after Theorem 4.2, the lower estimate is sharp for the case of Gaussian
random matrix. The upper estimate is sharp for the case of 1 random
matrix (see Section 4.4 below).

Theorem 4.11 Letn < N < 2". Let Ky = T*BY, where T' € My, (N, n, u).
There exists an absolute positive constant C' such that

M(KY) < Ciy/m(2N)

with probability larger than or equal to 1 —e™".
Furthermore, there exists an absolute positive constant ¢ such that for
every 3 € (0,1/2) and every I' € M(N,n, p, ay,as) one has

(i) for N < n? (note that in this case n N < 2Inn)
M(KY) > cy/In(2 +n/a?)
with probability larger than or equal to
1 — exp (—aaN) — exp (—nN/(32p" n*(2p)));

(ii) for N > n?
M(KY) > co/FTEN)
with probability larger than or equal to p(N,n, 3), where p(N,n, 3) was

introduced in Theorem 4.6, and cy is a constant depending only on ay,
as and fu.
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Proof: Let G =3 gie;. Recall that Ky is the absolute convex hull of N
vertices x; = I'*¢;. Thus we have

C1 C1
M(K%) < —E = —E ;
(%) < “LE|Gli, = “HEma Gz
where ¢; is an absolute constant. By Fact 2.3 we obtain that with probability
larger than or equal to 1 — e™™ one has |z;] < pv3n for every i < N.
Using standard estimate for the expectation of maximum of Gaussian random
variables (see e.g. [P]), we obtain that there is an absolute constant ¢y such

that
M(KS) < e /I(2N),

with probability larger than or equal to 1 —e™".

The second estimate follows from the Bourgain-Tzafriri theorem ([BT]).
However, the application of Vershynin’s extension ([V]) of results from [BT]
is easier and leads to slightly better probability estimates. Let || - ||ns de-
note Hilbert-Schmidt norm and denote A = ||I'*||s, B = ||[I™*||. Vershynin’s
theorem implies that there exists o C {1,..., N} of cardinality larger than
A?/(2B?) such that for all i € ¢ one has |T*¢;| > c3A/v/'N, where c3 is an
absolute positive constant, and vectors I'e;, i € o, are almost (up to an
absolute positive constant) orthogonal. Recall that with probability greater
than 1 — exp (—ayN) the norm B < a;v/N. By Fact 2.5, A > v/nN /2 with
probability greater than 1 — exp (—nN/(32u* In*(2p))). Thus, with proba-
bility greater than 1 — exp (—ayN) — exp (—nN/(32p* In*(2u1))) there exists
o C{1,...,n} of cardinality larger than n/(8a?}) such that |Te;| > c3v/n/2
for i € o and {T"e; }ie, are almost orthogonal. Now,

1 1 . 1 .
M(KY) > %EHGHK% = %E%&( (G, T"e;) > %Er?eagx@,r e:) .

Since {I"*e;};c, are well separated, by Sudakov inequality (see e.g. [P]), the
last expectation is greater than c;y/In(2 + n/a?), where ¢4 is an absolute
constant. This proves the second estimate.

To prove the third estimate we use again (33):

1/n

M(KY) = (IB3I/1Kx) "

The result follows by Theorem 4.8, since a < 1 and In(2N/n) > (1/2) In(2N)
in the case N > n?. a
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4.4 The case of -1 random matrix

Here we briefly discuss improvements and simplifications that can be done
in the case of £1 random matrix.

1. If T is the £1 random matrix, then Ky = abs conv {z;};<n, where
x;’s are vertices of the cube. Thus we have |z;] = \/n for all i < N and we
do not need to use Fact 2.3. Therefore, in this case, the estimate 1 — e™"
for the probability in Theorems 4.9, 4.10, 4.11 should be substituted with 1.
Moreover, since Ky C B, we obtain

M(Ky) > M(BL) > cy/(Inn)/n

improving the result of Theorem 4.10 to the best possible one.

2. We would also like to mention that in this case (i.e., the case of £1
random matrix), using Sauer-Shelah lemma, one can prove that

M*(Ky) > C(y)VInN

with probability larger than 1 — exp (—¢; N) for N > 27" where v € (0,1),
C(v) = cay/7/In(e/7), and ¢y, ¢y are absolute constants.

3. Recall that by (36) we have that if Ly C R™ is the absolute convex hull
of N < e" points with Euclidean norm /n then

In(N/n)

Y

[Ln|" < e

n

where C' is an absolute positive constant. Thus Theorem 4.8 says that ran-

dom polytope Ky has the largest possible volume. A concrete example of an

n-dimensional polytope Ly with N vertices, all of them of Euclidean norm
Vv/n, and satisfying

|LN|1/n > ¢ IH(N/TL)

for some absolute positive constant ¢, was constructed in [CP] and [G2]. This
polytope is not a 0-1 polytope. We show here that such a 0-1 polytope does
exist. Let us come back to our setting and consider vertices of the hypercube
{-1,1}".

=>J YA x>

g X ¢ matrix. Let p > 1 and define the set S of p by ¢ matrices by
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(eiwjk)1<i<p.1<j<q Where (g;) runs over the 2P choices of signsand k =1, ..., q.
The cardinality of S is ¢2P. Let P be the convex hull of these N = ¢2? points
in R” where n = pq. Then P is a +1 polytope. Because of the property of
the Hadamard matrix, R" admits an orthogonal decomposition by ¢ linear
spaces F; of dimension p and P is the convex hull of ¢ hypercubes lying re-
spectively in E;, 1 < ¢ < ¢ and with length of size 2,/q. An easy computation

shows that
(ph)?

n!

[Pl = (2va)"

Therefore 9
PlY/n > 9 r_ 2
PP > 2y

e\/a.

Since N/n = 2P/p < 2P, one has

log(N/n) < plog2  log2
n -~ n  q

Therefore

P/ > 2 > 2 In(N/n)
e\/q — ey/log?2 n

4. Let P be 1 polytope in R™ with N = n? vertices and such that
(1/\)BS, Cc P C B,

with A = O(y/n/Inn). Such a polytope exists by Corollary 4.7. Following
the language and the method of [BGKKLS], if C' is a convex body given
by a strong separation oracle, one can construct an algorithm that gives in
a polynomial time and with any given accuracy the inradius m of C' with
respect to P (the best number such that mP C C. From this one gets
estimates (1/A\)m < m < m of the inradius m of C with respect to BZ.
Therefore there exists a polynomial time algorithm that gives estimates of m
with accuracy A = O(y/n/Inn). As is proved in [BGKKLS], this is the best
possible order. Unfortunately, we do not know any explicit construction of
such a polytope P.
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