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 A B S T R A C T

Ducted hydrokinetic turbines enhance energy-harvesting efficiency by better conditioning the flow to the 
blades, which may yield higher power output than conventional freestream turbines for the same reference 
area. In this work, we present a ducted hydrokinetic turbine design obtained by simultaneously optimizing 
the duct, blade, and hub geometries. Our optimization framework combines a CFD solver, an adjoint 
solver, and a gradient-based optimizer to efficiently explore a large design space, together with a feature-
based parametrization method to handle the complex geometry. Practical geometrical constraints ensure the 
manufacturability of the duct in terms of a minimum thickness and the housing of a 5 kW generator within 
the hub. The optimization converges to a short, thin duct with a rounded leading edge and an elongated hub 
protruding the duct inlet. The optimized ducted turbine achieves up to 50% efficiency when evaluated by 
RANS/URANS solvers despite a bulky hub, outperforming the 45% efficiency of the freestream Bahaj turbine 
featuring the same hub. This work showcases the effectiveness of CFD-based optimization in advancing ducted 
turbine designs and demonstrates the hydrodynamic benefits of a ducted configuration, paving the way for 
future research and real-world applications.
1. Introduction

Hydrokinetic turbines have gained attention over the past few 
decades as a promising technology for harnessing renewable energy 
from water currents. They offer a sustainable solution to the growing 
global energy demand. One key advantage of hydrokinetic energy 
resources is their predictable and concentrated nature, enabling contin-
uous power generation [1]. Furthermore, hydrokinetic turbines require 
minimal infrastructure and have limited impact [2]. Due to these ad-
vantages, hydrokinetic turbines have been researched extensively, cov-
ering various topics such as potential site assessments [3], wake flow 
dynamics [4], and environmental impact analyses [5]. Horizontal-axis 
hydrokinetic turbines have particularly received more attention than 
other turbine arrangements because of their technological maturity [6].

An extensively studied topic for horizontal-axis turbines is the im-
provement of their energy-harvesting efficiency. One approach of grow-
ing interest is the use of a duct (also referred to as a shroud or 
diffuser) to condition the flow passing the turbine blades for improved 
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efficiency [7]. Various approaches have been used to assess the per-
formance of ducted turbines, including analytical models, experiments, 
and computational fluid dynamics (CFD) simulations. Analytical works, 
based on 1D momentum theory, have modeled different pieces of the 
physics, such as duct swallowing capacity [8], exit-area ratio and outlet 
back-pressure [9], axial force on the duct [10], and 2D effects and tip-
gap [11]. Experimental works on ducted hydrokinetic turbines span a 
range of scales and duct geometries. For example, Scherillo et al. [12] 
validated two foil-shaped ducts on hydrokinetic turbines in a towing 
tank and wind tunnel. Shahsavarifard et al. [13] conducted experiments 
in a water tunnel using two simple conical duct designs, demonstrating 
the effectiveness of ducted hydrokinetic turbines in low-speed water 
flow. Nunes et al. [14] similarly demonstrated the efficiency gain 
through experiments in a wind tunnel using a 4-bladed turbine with 
lens-type and foil-type duct designs.

These analytical and experimental studies provide valuable bench-
marks and insights. However, CFD simulations remain necessary to cap-
ture complex flow physics, evaluate performance reliably, and explore 
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alternative designs. CFD models for ducted turbines include Reynolds-
averaged Navier–Stokes (RANS) and unsteady RANS (URANS). The 
effects of a rotor on the flow can be modeled with body-force-based 
methods, such as the actuator disk model. These approaches have 
been widely used to quantify performance gain from simple duct ge-
ometries [15], complement analytical models [16], and optimize duct 
shapes [17]. However, these low-order models rely on prescribed thrust 
distributions and do not provide insights into actual turbine power 
extraction. Blade element momentum theory methods [18] address this 
limitation by modeling sectional blade characteristics and estimating 
the power and thrust outputs. Further increasing the model fidelity, the 
full 3D geometry of turbine blades can be resolved within a computa-
tional mesh. The turbine rotation can be modeled by either multiple 
reference frame (MRF) [19] or rotating-sliding mesh (RS) [20]. These 
advancements in ducted turbine modeling enable a more accurate as-
sessment of their performance. However, previous studies’ assessments 
focused on single or a few turbine designs, and thus, the performance 
of these designs is likely far from optimal.

Developing simulation-based optimizations for ducted turbines is a 
considerably more challenging task, especially when the optimization 
is coupled with higher-fidelity simulation methods. Several RANS-
based studies use gradient-free optimization methods, such as genetic 
algorithms [21] and simulated annealing [22]. While these efforts 
provided some insights into the design of ducted turbines, they only 
included a few design variables (up to 14) and did not necessarily 
achieve optimality. These shortcomings stem from the use of gradient-
free optimization methods, which converge slowly and do not check 
for the mathematical optimality conditions [23, Ch. 7]. Additionally, 
the presence of strong duct–rotor interactions suggests that optimizing 
both components simultaneously is critical to identify a system-level 
optimum [20], whereas single-component or sequential approaches 
may lead to suboptimal solutions [23, Ch. 13]. As a result, these design 
efforts optimize only one component of the ducted turbine (e.g., duct 
only) using a small number of design variables, leaving room for further 
improvement.

Our previous work [24] presented the first gradient-based optimiza-
tion of a ducted hydrokinetic turbine, with the gradients efficiently 
computed by an adjoint method coupled with a RANS solver and 
the MRF method [24]. This methodology enables simultaneous op-
timization of the blade and duct geometries (21 design variables in 
total), yielding an efficiency of approximately 54% when re-evaluated 
using a high-fidelity URANS solver coupled with the RS approach. This 
efficiency is significantly higher than that of the standard freestream 
Bahaj model, which yields 46% efficiency [25]. Despite the novel con-
tribution, the formulation of our previous work had several limitations. 
First, the design excluded a hub, which is a necessary component for 
housing a generator for power transmission and attaching blades in 
actual turbines. Secondly, while several studies have proposed a foil-
shaped duct cross-section (e.g., [22]), our previous duct design was 
restricted to a thin-walled shape due to limitations in the geometric 
parametrization approach.

The purpose of this work is to develop a more comprehensive design 
optimization of a ducted hydrokinetic turbine, overcoming previous 
limitations. To this end, we parametrize the ducted turbine geometry 
with a feature-based parametric CAD software, Engineering Sketch 
Pad (ESP) [26], which has been successfully used in gradient-based 
optimization of simpler, single-component geometries [27]. The ESP 
parametrization offers more direct and convenient control based on 
user-defined features than the previously used free-form deformation 
(FFD) approach [28]. These features can include coordinates, polyno-
mial coefficients, length, radius, and sectional twist, which are then 
connected by cubic spline surfaces to form a smooth geometry [29]. 
ESP enables more precise adjustments of the global and local shape, 
addressing the limitations associated with the FFD method in our 
previous work.
2 
We use this updated framework to perform a gradient-based opti-
mization of a 5 kW ducted hydrokinetic turbine. A total of 37 design 
variables control the geometry of the blades, hub, and duct. In partic-
ular, the duct can have an arbitrary thickness profile constrained by a 
minimum thickness and a minimum leading edge radius of curvature. 
The minimum thickness is a manufacturing and structural considera-
tion, and the minimum leading edge radius is beneficial for off-design 
oblique flow conditions [30]. The hub shape is allowed to change 
only ahead and behind a central cylindrical section that remains fixed 
to accommodate a generator sized from electrical considerations. In 
the optimization process, the efficiency of a design and its gradients 
are evaluated using DAFoam [31], which uses an adjoint method for 
gradient computation. The optimization is performed by SNOPT, which 
is an implementation of sequential quadratic programming [32].

The optimized design yields an efficiency of 50% (and 48%∼49% af-
ter re-evaluation by a higher-fidelity URANS solver in OpenFOAM [33]) 
despite the bulky hub, which negatively impacts the turbine’s hydrody-
namic performance. This efficiency compares favorably to 32% of our 
baseline design of choice and 45% of a freestream Bahaj turbine with 
the same hub. The final design exhibits several distinct features that 
have not been identified before, including an elongated hub protruding 
from the duct inlet, a thin duct at the boundary of the constraints, and 
correspondingly changed blade geometry.

The paper is organized as follows. We first define and formulate 
the optimization problems in Section 2. In Section 3, we describe the 
methods used for the optimization and CFD evaluation, with a focus 
on the ESP parametrization and its integration into the optimization 
framework. The results of the optimization and CFD re-evaluations 
are presented and discussed in Section 4. Finally, the conclusions are 
provided in Section 5.

2. Problem statement

We consider a ducted hydrokinetic turbine operating in an un-
bounded fluid domain with uniform inflow 𝑈∞, as shown in Fig.  1. 
The available inflow power to the turbine is 𝑃avail = 𝜌𝐴𝑈3

∞∕2, where 𝜌
is the fluid density and 𝐴 is the area of the device perpendicular to the 
flow. We consider 𝐴 as the maximum projection area of the duct, which 
in this case is at the duct exit. The turbine converts the inflow power 
into rotational mechanical power with an efficiency characterized by 
the power coefficient 

𝐶𝑃 = 𝑃
𝑃avail

, (1)

where 𝑃 = 𝜏𝛺 is the mechanical power, with 𝜏 the turbine’s torque and 
𝛺 its rotation speed. The conversion of the turbine shaft mechanical 
power into electrical power through the generator system is subject to 
losses as follows: 
𝑃𝑒 = 𝑃 ⋅ 𝜂, (2)

where 𝜂 is the electromechanical efficiency. In this work, inflow veloc-
ity is set to 𝑈∞ = 1.7 m∕s, based on data of the Mississippi River [34], 
and 𝑃𝑒 = 5 kW. The electrical components are sized based on this power 
and flow conditions [35]. This results in a generator with a diameter 
of 0.355 m and 𝜂 = 0.8255. The device projection area 𝐴 is estimated 
by considering Eqs. (1) and (2), as well as 𝐶𝑃 = 0.46 according to the 
original Bahaj model [25]. This yields 𝐴 = 5.23 m2 associated with a 
diameter 𝐷 = 2.58 m.

Another two relevant non-dimensional parameters are the tip-speed 
ratio 𝜆 and Reynolds number 𝑅𝑒 (based on the diameter of the device), 
defined as 

𝜆 = 𝛺𝑅
𝑈∞

, 𝑅𝑒 =
𝑈∞𝐷
𝜈

, (3)

where 𝜈 = 10−6 m2∕s is the fluid kinematic viscosity. For the calculated 
𝐷, we have 𝑅𝑒 = 4 × 106, and thus we consider the boundary layer to 
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Table 1
Optimization problem statement.
 Variables/Function Description Quantity 
 Maximize 𝐶𝑃 Power coefficient 1  
 With respect to 𝛼 Duct cone angle 1  
 𝐴upper Duct upper polynomial coefficients 6  
 𝐴lower Duct lower polynomial coefficients 6  
 𝛽 Duct length 1  
 𝑅𝑏 Blade radius 1  
 𝜃 Blade twists 9  
 𝑐 Blade chords 9  
 𝑥hub Hub control point translations 4  
 Total 37  
 Subject to 𝑡duct ≥ 0.014 m Duct thickness 50  
 ℎ = 0.05 m Tip gap 1  
 𝜌𝜅 ≥ 0.0015 m Duct leading edge curvature radii 1  
 𝐴 = 5.23 m2 Maximum area 1  
 𝐷hub = 0.4 m Hub cylindrical section diameter 1  
 𝐿hub = 0.78 m Hub cylindrical section length 1  
 Total 55  
Fig. 1. The ducted turbine has a projected area 𝐴 and is subject to inflow 𝑈∞.

be fully turbulent. The performance of the turbine will be evaluated as 
a function of 𝜆 at this 𝑅𝑒.

The goal of the optimization is to simultaneously optimize the 
geometry of blades, hub, and duct to maximize 𝐶𝑃  at 𝑈∞ = 1.7 m∕s
and fixed 𝛺 = 8.26 rad∕s, which corresponds to the optimal 𝜆 of 
the baseline ducted turbine described later. The designed turbine is 
expected to produce a power greater than 5 kW if the optimized 𝐶𝑃
is larger than 0.46 (the value used to calculate 𝐴). If we need 𝑃𝑒 to be 
precisely 5 kW, the size of the optimized device could be adjusted to 
achieve this value. The complete optimization problem setup with 37 
design variables is described in Table  1.

The design variables are selected to provide sufficient geometric 
freedom for the optimizer to explore a broad design space of the 
system geometry. To avoid unnecessary complexity, we limit the total 
number of shape and sectional variables for the duct and blade, as 
excessive flexibility can lead to noisy geometries without meaningful 
performance gains [30]. The duct design is parametrized by 14 vari-
ables that control the upper and lower surface shapes, duct cone angle, 
and length, as illustrated in Fig.  2(a). The upper and lower surfaces 
of the duct are parametrized using class-shape transformation (CST) 
variables [36], which are coefficients of the Bernstein basis polynomials 
connecting the leading and trailing edges as detailed in Appendix. 
The CST parametrization enables broad and flexible design exploration 
while maintaining a smooth foil-shaped cross-section. The variation 
of the CST parameters is complemented by the duct cone angle and 
length, which change the location of the leading edge. The duct cone 
angle is adjusted by pivoting around the trailing edge, with a bound 
on maximum rotation to ensure that no sectional area exceeds the exit 
area, 𝐴 = 5.23 m2. The duct scaling is also anchored to the trailing 
edge, with a scaling factor applied to all points on the duct. The above 
choices, with the trailing edge as the reference point, make it easier to 
keep the exit diameter as the maximum.
3 
The turbine blades are parametrized by 19 variables, including the 
chords and twists at 9 spanwise locations and the blade radius, as 
illustrated in Fig.  2(b). The chords are determined by scaling factors 
that change the size of the section while maintaining the sectional 
foil shape, e.g., the thickness-to-chord ratio. Any changes to these 19 
variables are equally applied to all three blades. For the turbine hub, 
the central cylindrical section is fixed at a diameter 𝐷hub = 0.4 m and 
length 𝐿hub = 0.78 m to accommodate the selected generator inside. To 
allow flexible change of hub geometry with the fixed central part, the 
front and rear parts are parametrized by translating 4 control points. 
Two points at the front and rear hub ends move axially, primarily 
driving the hub length. The other two points control the hub front and 
rear curvature by moving in the radial direction, as shown in Fig.  2(c). 
Once the locations of the 4 points are given, two cubic splines are used 
to fit the front and rear parts of the hub. We ensure slope continuity at 
the front end and the connection to the main hub cylindrical surface.

In addition to the constraints mentioned above on 𝐴, 𝐷hub, and 
𝐿hub, we also impose a constraint on minimum duct thickness 𝑡duct =
0.014 m to meet the yield strength requirements (based on a calcu-
lation using 6061 aluminum alloy). This constraint is enforced at 50 
chordwise duct sections for global satisfaction. The duct leading-edge 
radius of curvature is constrained to a minimum of 𝜌𝜅 = 0.0015 m. 
This minimum leading-edge radius improves off-design performance at 
oblique flow conditions [30]. Finally, a constraint on a constant tip 
gap of ℎ = 0.05 m is set between the duct and blade surfaces. In 
the optimization, the constraint values 𝐴, 𝑡duct, 𝜌𝜅 , and ℎ can all be 
computed as direct or indirect functions of the design variables (see 
Appendix, particularly for 𝜌𝜅) and can therefore be treated as standard 
equality or inequality constraints.

In this work, the baseline blade geometry is taken from the opti-
mized design A in our previous work [24], with NACA 63-8xx sectional 
shapes and a blade radius of 1 m. The baseline hub geometry consists 
of a hemisphere for the front part and a half ellipsoid of length 0.527 m
for the rear part. The baseline duct uses an Eppler 423 (E423) foil 
shape, which is known for its high lift coefficient [37], scaled for a 
chord length of 3.013 m and maximum thickness of 0.129 m and then 
rotated to maintain the tip gap of ℎ = 0.05 m — see Figs.  10 and 11 in 
Section 4.1.

3. Method

Our overall methodology is summarized in Fig.  3, which shows 
two major components intertwined with each other: gradient-based 
optimization and CFD simulations. The key procedure is described as 
follows.
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Fig. 2. Design variables for (a) duct, (b) blade, and (c) hub. The baseline design is shown in black, with blue and green illustrating two examples of deformed 
configurations.
 

1. The baseline geometry is parametrized with Engineering Sketch 
Pad (ESP) method implemented in the pyGeo package [28]. A 
computational mesh is generated using Pointwise.1

2. DAFoam’s RANS solver DASimpleFoam [31] with multiple refer-
ence frames (MRF) and Spalart–Allmaras (SA) turbulence model 
[38] evaluates the performance of the ducted turbine and pre-
dicts a 𝐶𝑃 .

3. The gradient 𝑑𝐶𝑃 ∕𝑑𝒙 is computed using the discrete adjoint 
method, where 𝒙 ∈ R37 is the vector of design variables. The 
discrete adjoint method is an approach for efficient derivative 
computation, with the computational cost independent of the 
dimension of 𝒙. This solver is also implemented in DAFoam.

4. The next design point is identified through a sequential quadratic
programming algorithm implemented in SNOPT [32], using in-
formation from Steps 2 and 3, as well as the specified constraints.

5. The computational mesh is deformed according to the new set 
of design variables 𝒙 in two steps. First, the surface mesh is 
updated based on the updated ESP geometry. Then, the surface 
deformation is propagated to the volume mesh through the 
analytic inverse-distance weighting method [39] implemented in 
the IDWarp package [40].

6. Steps 2 to 5 are repeated until the optimality convergence crite-
ria are met, after which the optimized design is obtained.

7. After the steady RANS-based optimization, URANS solver pim-
pleFoam with a rotating-sliding mesh (RS) in OpenFOAM [33] 
and 𝑘 − 𝜔 shear stress transport (SST) turbulence model [41] 
re-evaluates the performance of the optimized design on a mesh 
generated using snappyHexMesh.

Most components involved in the above procedure are detailed in 
our previous work [24], except for the ESP parametrization and its inte-
gration into the mesh generation and deformation within the optimiza-
tion process. In the following sections, we provide detailed descriptions 
of the ESP parametrization and the associated mesh generation using 

1 Cadence Fidelity Pointwise for CFD Meshing https://www.cadence.com/
en_US/home/tools/system-analysis/computational-fluid-dynamics/fidelity.
html#fidelity-pointwise.
4 
Pointwise, followed by the mesh generated with snappyHexMesh for 
URANS re-evaluation in Step 7. The key files for this work are publicly 
available.2

3.1. ESP and pointwise mesh

Our previous optimization work [24] had two major limitations: the 
exclusion of a hub and the restriction of a duct to a thin-walled cross-
section, as discussed in Section 1. These limitations were related to the 
FFD approach [28] that we used for the geometry parametrization. In 
particular, it is challenging to separately control the deformation of 
the hub and blades through FFD, as they are attached and have to 
be controlled by the same FFD box enclosing the geometry. Moreover, 
when FFD manipulation is applied to a foil-shaped duct, the defor-
mation inevitably breaks the circular and axisymmetric shape. These 
limitations become particularly problematic as multiple tightly spaced 
components require independent and precise control. To overcome 
these limitations, we use ESP [26] in this work.

The entire ducted turbine geometry is generated and parametrized 
using ESP, with the design variables listed in Table  1 and illustrated in 
Fig.  4. ESP generates the blade surface by blending sectional NACA 63-
8xx shapes at nine spanwise locations with desired twists 𝜃 and sec-
tional chords 𝑐 using cubic spline surfaces. For the hub, cubic splines 
are generated using four control points to shape the front and rear 
sections, ensuring slope continuity at the hub’s front end and junctions 
with the central cylindrical section of the hub. The curves are then re-
volved around the hub’s longitudinal axis to form the full axisymmetric 
hub surface. The duct foil shape is defined by the CST variables 𝐴𝑢𝑝𝑝𝑒𝑟
and 𝐴𝑙𝑜𝑤𝑒𝑟 scaled by a factor 𝛽 and rotated by an angle 𝛼 with respect 
to the trailing edge, which is then revolved around the axial axis to 
create the complete duct geometry.

We use Pointwise to generate high-quality surface and volume 
meshes. Based on the geometry information provided by ESP, we 
discretize the surfaces using triangular elements for the blade and hub 
surfaces and quadrilateral elements for the duct surface. The volume 
mesh, mainly composed of tetrahedral elements, is then generated to 

2 https://github.com/jbpark94/Ducted-Hydrokinetic-Turbine-Key-Files.git.

https://www.cadence.com/en_US/home/tools/system-analysis/computational-fluid-dynamics/fidelity.html#fidelity-pointwise
https://www.cadence.com/en_US/home/tools/system-analysis/computational-fluid-dynamics/fidelity.html#fidelity-pointwise
https://www.cadence.com/en_US/home/tools/system-analysis/computational-fluid-dynamics/fidelity.html#fidelity-pointwise
https://github.com/jbpark94/Ducted-Hydrokinetic-Turbine-Key-Files.git
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Fig. 3. Flowchart of the optimization and CFD simulation processes.
Fig. 4. ESP model of the ducted turbine. (a) The turbine geometry is created by combining three blades and a hub. The blades are generated by blending 
NACA 63-8xx hydrofoils along the span, with rotation and scaling applied according to the desired twist and chord distributions. The hub shape is generated by 
spline curves based on four control points, ensuring slope continuity at the hub’s front end and the junctions with the central cylindrical section and revolving 
the curves around the hub’s axial axis. (b) The duct cross-section is defined using 12 CST variables, a conning angle, and a scale factor. The cross-section revolves 
around the axis to create the 3D duct geometry.
fill the space between the body surface and the domain boundary. Our 
computational mesh has a total of 6.3 million cells and is shown in Fig. 
5. The domain size is chosen based on preliminary tests, resulting in a 
blockage ratio of less than 1% such that boundary effects are negligi-
ble [42,43]. Meshing with Pointwise allows a precise representation of 
the body surfaces, which is difficult to achieve with other automated 
methods such as snappyHexMesh, used in our previous work [24]. 
Inaccurate surface representations are usually more problematic at 
corners such as the trailing edges of the blades, which can lead to poor 
optimization convergence, among other issues.

The mesh deformation in Step 5 also requires ESP integration. To 
understand this, let us first express the mapping from the ESP surface 
to the mesh nodes as a function 𝑓𝑆 . In particular, for an ESP-generated 
cubic spline surface 𝑆, the location of any mesh node on it is written 
as 

𝑿 = 𝑓 (𝒙, 𝑢 , 𝑣 ), (4)
𝑖 𝑆 𝑖 𝑖

5 
where 𝑢𝑖 ∈ [0,1] and 𝑣𝑖 ∈ [0,1] are normalized local coordinates of 
the surface 𝑆, 𝑿𝑖 is the nodal location in global coordinate with 𝑖
looping over all nodes on surface 𝑆. In a surface mesh, the locations 
of 𝑢𝑖 and 𝑣𝑖 are stored for all nodal locations. When the design variable 
𝒙 is updated, the new location of 𝑿𝑖 is computed with 𝑢𝑖, 𝑣𝑖, and the 
function 𝑓𝑆 remaining the same [44]. The volume mesh is then updated 
using the analytic inverse-distance weighting method [40].

3.2. snappyHexMesh for URANS simulations

We switch to snappyHexMesh for the higher-fidelity URANS-RS re-
evaluations in Step 7. While the Pointwise mesh provides the exact 
representation of the body surfaces, it usually includes highly non-
orthogonal cells. These cells prohibit efficient URANS simulations be-
cause additional correction steps are needed at each iteration, and the 
whole process is costly in our current setting. The mesh generated using
snappyHexMesh is predominantly composed of hexahedral cells with 
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Fig. 5. The mesh generated by using Pointwise predominantly composed of tetrahedral cells. The domain of the mesh is 10.1𝐷 × 10.1𝐷 × 19.4𝐷. The mesh is 
refined around the ducted turbine geometry, and the near-surface regions are further refined using 15 prism layers with an expansion ratio 1.2 and an initial cell 
spacing of 0.001 m for the duct and 5 × 10−5 m for the blade and hub, resulting in a total cell count of 6.3 million.
a domain of size 12.3𝐷 × 12.3𝐷 × 20.9𝐷, as shown in Fig.  6. In a 
region of 3𝐷× 3𝐷× 8.2𝐷 surrounding the turbine, each cell undergoes 
a level-4 refinement, subdividing each initial cell into 24 cells per 
direction. Further refinements of levels 6 and 9 are applied towards 
the duct, blade, and hub surfaces, respectively. Three prism layers 
with an expansion ratio of 1.2 are added near the turbine and duct 
surfaces to improve the near-wall resolution. The near-wall refinement 
is designed to achieve a 𝑦+ of around 30, within the range where 
OpenFOAM’s automatic wall treatment [45] has been demonstrated 
to perform robustly. We use these strategies to generate meshes with 
different cell counts by varying the resolution of the base mesh. Ducted 
turbine performance will be evaluated on these different meshes.

4. Results and discussion

Before presenting the optimization results, we first present the 
RANS and URANS analysis for a 5 kW freestream Bahaj turbine featur-
ing the baseline hub, compared to the experimental data at a smaller 
model scale [25]. Fig.  7 plots the power coefficient 𝐶𝑃  and thrust 
coefficient 𝐶𝑇 = 𝑇 ∕(0.5𝜌𝑈2

∞𝐴) for various mesh resolutions. For the 
RANS simulations, we consider the results converged when the residual 
of the momentum equation decreases below (10−6). For the URANS 
simulations, we consider the simulation to be converged if the change 
in mean 𝐶𝑃  between small time windows (∼0.025 s) is less than 
10−6. The final 𝐶𝑃  is then calculated by averaging over the remaining 
simulation time. Both the RANS-MRF and URANS-RS results converge 
well with mesh refinement and compare reasonably with the experi-
mental data. When interpreting the difference between simulation and 
experimental results, we need to keep in mind that the simulations 
are performed for a much larger turbine (of blade radius 1.29 m, 
approximately three times larger than the experiments) and a hub with 
a much larger relative size (the exact size not specified for experiments 
in the paper).

Next, we evaluate the power coefficient 𝐶𝑃  of the baseline ducted 
turbine design as a function of tip speed ratio 𝜆 using the RANS-MRF 
approach. As shown in Fig.  8, the peak 𝐶𝑃 = 0.321 is obtained at 
𝜆 = 4.86 (corresponding to a turbine rotation rate of 𝛺 = 8.26 rad∕s) 
6 
among 6 values of 𝜆 ranging from 3.86 to 6.36. At 𝜆 = 4.86, we re-
evaluate the performance using the URANS-RS method, which provides 
a similar value of 𝐶𝑃 . The optimization problem described in Table  1 
is then performed at 𝜆 = 4.86.

4.1. Optimization

We solve the optimization problem described in Section 2 following 
the procedure outlined in Section 3. Fig.  9 shows the evolution of 
the power coefficient 𝐶𝑃  throughout the optimization process. Starting 
from the baseline design with 𝐶𝑃 = 0.301, the optimization achieves 
a final design with 𝐶𝑃 = 0.501 after 291 iterations. This took 17 days 
and 2 h of wall time using 512 cores in Intel Xeon 8352Y processors 
on the TAMU FASTER cluster. The initial 𝐶𝑃  differs from the value 
0.321 shown in Fig.  8 because of the coarser mesh, the SA turbulence 
model, and a lower-order numerical scheme in optimization for stable 
adjoint solver convergence. This is similar to what we found in our 
previous work [24]. The red crosses on the graph indicate points where 
re-meshing is necessary due to excessive mesh distortion that triggers 
IDWarp failures.

The optimization is considered complete when 𝐶𝑃  plateaus, despite 
further mesh adjustments. While this approach is not numerically rig-
orous, it is appropriate for practical engineering design considerations. 
The SNOPT optimality metric [32] decreases from 10−1 to 10−2.28, 
which is a reduction of more than one order of magnitude. Numerical 
noise on the function derivatives and the re-meshing process prevents 
a lower optimality value. When 𝐶𝑃  remains unchanged with additional 
re-meshing, we treat this as the optimal point where further 𝐶𝑃  gains 
would likely be overshadowed by numerical noise.

Fig.  10 compares the optimized geometries of the hub and duct to 
the baseline, and Fig.  11 makes the same comparison for the blades. 
The duct section evolves from a thick foil shape to a thin, highly 
cambered profile with a slightly rounded leading edge. The leading 
edge curvature constraint of 𝜌𝜅 = 0.0015 m is active. The thickness 
constraint of 𝑡duct = 0.0014 m is also active away from the leading 
edge, with a smooth transition to thinner airfoil sections enabled by 
the ESP parametrization. The optimization favors a thin-walled duct 
over a duct with larger thickness because for fixed outlet area 𝐴, a 
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Fig. 6. The mesh generated using snappyHexMesh predominantly contains hexahedral cells. The domain of the mesh is 12.3𝐷×12.3𝐷×20.9𝐷. We add a refinement 
region around the ducted turbine with a size of 3𝐷 × 3𝐷 × 8.2𝐷, with prism layers that further resolve the near-wall region.

Fig. 7. Comparison between RANS (left column) and URANS solvers (right column) with varying mesh resolutions against experimental results for the Bahaj 
turbine [25].

Fig. 8. Power coefficient 𝐶𝑃  of the baseline ducted turbine as a function of 𝜆 evaluated using RANS-MRF (◦) and URANS-RS (+) with varying mesh resolutions. 
The right panel provides a close-up view of the results at 𝜆 = 4.86.
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Fig. 9. Power coefficient 𝐶𝑃  versus iteration during the optimization process. 
Red crosses indicate the points where re-meshing becomes necessary due to 
significant mesh distortion.

Fig. 10. Comparison of the optimized duct and hub with the baseline design.

thin-walled structure allows for a more cambered profile and a larger 
blade radius 𝑅𝑏 (in our case, 𝑅𝑏 decreases only slightly from 1 m
to 0.958 m). Physically, a higher camber and higher cone angle 𝛼
(also observed in the optimized design) generate a stronger circulation 
in the duct. This increases flow acceleration through the duct and, 
ultimately, a higher flow rate across the turbine blades, which increases 
turbine performance. The relation between performance and flow rate 
is discussed in our previous work [24]. The optimized design shows 
a tradeoff between the flow acceleration and reduced blade radius, 
both direct consequences of the higher camber on a fixed-outlet-area 
configuration.

The optimized hub features an elongated shape, with its front end 
protruding in front of the duct inlet. This configuration moves the 
stagnation point at the hub front further upstream, allowing more 
streamwise distance for flow acceleration before reaching the turbine 
blades. For the turbine blades, the optimized design exhibits substan-
tially increased chords, particularly between 0.4𝑅 and 0.8𝑅, where 
the majority of power is extracted. The section twist angles increase 
over the span, with more significant changes occurring near the hub 
to accommodate the bulky hub’s influence. Such a large deformation is 
due to the baseline blade design not considering hub effects [24].

Finally, the section closest to the hub (left-most points in Fig.  11(a)) 
shows a small deviation from the baseline, likely as a result of our 
procedure to limit mesh deformations at the blade–hub connection. 
These deformations can negatively affect convergence in the RANS and 
discrete adjoint solvers. To mitigate this issue, we add tight bounds 
on the variation of this section for each optimization iteration, which 
leads to smaller changes in the twist and chord of the first blade section 
closest to the hub and a rather abrupt transition to the second section. 
These constraints are gradually relaxed with each optimization restart 
8 
Table 2
URANS-RS re-evaluation results of the optimized design with different mesh 
resolutions, including cell counts, 𝐶𝑃 , 𝐶𝑇 , as well as average 𝑦+ values on 
both duct and blades. These 𝑦+ values are within the acceptable range for the 
automatic wall treatment used in our study.
 Cells 𝑦+ Blade 𝑦+ Duct 𝐶𝑃 𝐶𝑇 ,𝑏𝑙𝑎𝑑𝑒 𝐶𝑇 ,𝑑𝑢𝑐𝑡 
 4.4M 45.0 118.9 0.450 0.428 0.474  
 7.9M 34.2 74.8 0.485 0.446 0.503  
 13.4M 27.0 55.4 0.490 0.451 0.508  
 19.7M 22.3 46.2 0.480 0.443 0.487  

and are ultimately not active in the final design. Nevertheless, this 
approach may limit design space exploration in exchange for optimiza-
tion robustness. Future work with more robust meshing deformation 
algorithms could explore and leverage larger chord and twist changes, 
potentially further improving the ducted turbine’s performance.

4.2. Re-evaluation

4.2.1. Performance metrics
In this section, we re-evaluate the performance of the optimized 

design using a higher-fidelity URANS-RS method as discussed in Sec-
tion 3. These URANS simulations for ducted turbines are more compu-
tationally expensive than those for freestream turbines because ducted 
turbines take a longer time to reach a stationary state of performance. 
With the same convergence criterion as for the freestream turbines (see 
Section 4), a typical simulation on a mesh of 13.4M cells requires at 
least 18 s of simulated physical time, equivalent to approximately 24
turbine rotations. With an adaptive time step averaging 10−4 s (rotating 
0.04◦ per time step), the simulation takes approximately 10 days and 
20 h of wall time using 256 cores on the same cluster.

Fig.  12 presents the time series of 𝐶𝑃  from the simulation, showing 
the convergence of its value at the end of the simulation. Table  2 
summarizes the URANS results. The results include 𝐶𝑃 , 𝐶𝑇 , as well as 
average 𝑦+ values on both duct and blades obtained using four meshes 
with different cell counts. The 𝑦+ values are within the range where 
OpenFOAM’s automatic wall treatment has been demonstrated to per-
form robustly [45]. When increasing the number of cells, the value of 
𝐶𝑃  converges to a range between 0.48 and 0.49, consistent with the 
RANS simulation despite exhibiting oscillatory behavior. Considering 
both RANS and URANS results, a value of 𝐶𝑃  up to 50% is expected for 
the optimized design. This value of 𝐶𝑃  is considerably higher than the 
maximum that can be achieved by the freestream turbine over a range 
of 𝜆. The freestream turbine with the bulky baseline hub achieved a 
𝐶𝑃  of about 45% according to the RANS and URANS results shown in 
Fig.  7. The optimization of the freestream turbine does not provide a 
significant performance improvement [24], but adding a duct improves 
the turbine performance even when the hub is present. Moreover, the 
overall 𝐶𝑇  value for the entire ducted turbine is between 0.92 and 0.96, 
as shown in Table  2. This is higher than for the freestream turbine’s 
𝐶𝑇 = 0.838 (see Fig.  7). The higher 𝐶𝑇  value indicates an increased 
total force on the system. However, the 𝐶𝑇  on the rotor itself is 
substantially reduced in the ducted turbine. This may be advantageous 
when anchoring the device on-site because it lowers the force directly 
acting on the rotor and shifts more of the load onto the surrounding 
structure.

The value of 𝐶𝑃  from the RANS simulations of the current design 
(0.501) is higher than that of the design from our previous work [24] 
(0.482). However, the URANS results show a different trend, with 
𝐶𝑃 = 0.48∼0.49 and 0.54∼0.55 for the current and previous designs, 
respectively. The uncertainty in CFD simulations due to mesh and 
modeling errors must be taken into account when comparing these two 
cases.

Besides this uncertainty, two factors in the current design could 
negatively affect the performance in terms of 𝐶 . The first factor is 
𝑃
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Fig. 11. Comparison of the optimized blade with the baseline design.
Fig. 12. Power coefficient 𝐶𝑃  as a function of time from the URANS-RS simulation on the mesh with 13.4 million cells. Convergence is declared once the change 
in mean 𝐶𝑃  between small time windows (∼0.025 s) is less than 10−6. The final 𝐶𝑃  is then calculated by averaging over the remaining simulation time (shaded 
area).
the bulky hub, which tends to reduce the flow velocity and occupy 
the space that could otherwise be used by the blades for power ex-
traction. The second factor is the bound on the leading edge radius 
of curvature. The rounded leading edge tends to improve the per-
formance at off-design conditions (e.g., oblique inflow) with some 
sacrifice of the performance at the on-design condition [30]. Consid-
ering the additional constraints and hub negatively affecting the peak 
performance, the current design’s performance exhibiting considerably 
higher 𝐶𝑃  compared to the unducted counterpart should be applauded. 
This achievement showcases once more the hydrodynamic benefits of 
ducted turbine configuration.

Fig.  13 plots the values of 𝐶𝑃  obtained with the URANS solver using 
the 13.4M cell mesh for 𝜆 from 3.70 to 6.09, where the shift in 𝜆 reflects 
the reduced blade radius after optimization. The optimized ducted 
turbine achieves a higher maximum 𝐶𝑃  of approximately 0.49, com-
pared to 0.32 for the baseline and 0.44 for the unducted counterpart, 
9 
with all 𝐶𝑃  values obtained using meshes of comparable resolution. 
Despite being optimized at a fixed 𝛺 = 8.26 rad∕s, it maintains high 
performance across a wide range of 𝜆, demonstrating robustness under 
varying operating conditions. This further supports the advantage of 
the optimized ducted turbine in realistic situations with a time-varying 
tip speed ratio.

4.2.2. Flow field features
We finally compare some key flow features between the optimized 

and baseline designs. Fig.  14 shows the iso-surfaces of the Q-criterion, 
which is defined as difference between local rotational and strain rates, 
commonly used to visualize vortex structures (see detailed mathemat-
ical definition in the caption of the figure) [46]. For both designs, we 
observe helical tip and root vortices, along with ring-shaped vortices 
formed near the duct trailing edge. For the optimized design, the short 



J. Park et al. Renewable Energy 256 (2026) 124304 
Fig. 13. Comparison of power coefficient 𝐶𝑃  between the optimized ducted turbine and the 5 kW freestream Bahaj with the baseline hub over a range of 𝜆, 
using a mesh with a similar number of cells. The dotted arrow indicates the performance improvement achieved through optimization.
Fig. 14. Iso-surfaces of Q-criterion = 1 of the baseline design (left) and the optimized design (right) colored by the magnitude of normalized velocity (𝐔∕𝑈∞). 
Q-criterion is defined as 𝑄 = (‖𝐑‖2 − ‖𝐒‖2)∕2, where 𝐑 = (∇𝐔 − (∇𝐔)𝑇 )∕2 and 𝐒 = (∇𝐔 + (∇𝐔)𝑇 )∕2 are rotation tensor and strain rate tensor, respectively.
and highly cambered duct drives a faster radial expansion of the flow, 
which is visualized as an expanding helical tip vortex with a tighter 
axial spacing downstream of the duct. Additionally, the optimized case 
shows earlier decay of the vortices compared to the baseline, consistent 
with the literature [47].

Fig.  15 and 16 present the in-plane velocity vectors and the contours 
of pressure coefficient, respectively, for the baseline and optimized 
ducted turbines. The highly cambered duct profile of the optimized 
design generates stronger axial acceleration through the throat and 
a more pronounced outward flow deflection towards the exit. The 𝑐𝑝
contours show the corresponding broader lower-pressure region both 
inside the duct and immediately downstream. These features are con-
sistent with a higher flow rate through the turbine, leading to increased 
efficiency. Additionally, the elongated hub shifts the flow stagnation 
point (and its corresponding high-pressure region) farther upstream of 
the duct inlet. The longer distance between the hub nose and the blades 
allows more room for flow to accelerate and further contributes to the 
performance improvement.

5. Conclusions

In this study, we conduct a gradient-based design optimization 
of a 5 kW ducted hydrokinetic turbine using CFD and the adjoint 
10 
method. We optimize a total of 37 design variables, parametrizing the 
duct, blade, and hub geometries. We built this parametrization with 
ESP and used it to construct practical geometric constraints, including 
a minimum hub size to house the generator and a minimum duct 
thickness for manufacturing and structural considerations.

Our optimized design yields significantly improved performance 
relative to the baseline design at a broad range of 𝜆, achieving a 𝐶𝑃  of 
up to 50%. The optimized design’s features include a hub protruding 
from the inlet of the duct, a highly cambered thin-walled duct con-
strained only by the thickness and leading edge curvature constraints, 
and blades with increased twist near the base and enlarged chords in 
their midspan. All these features have different physically beneficial 
effects on the turbine’s performance.

This work demonstrates the effectiveness of using gradient-based 
optimization with practical geometry constraints in the design of high-
efficiency ducted hydrokinetic turbines. In future work, the optimiza-
tion problem could be extended to include supporting structures for the 
hub, either as constraints or additional design variables. Such continued 
efforts aim to push the boundaries of performance in ducted turbine 
systems and enhance their viability for renewable energy applications.
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Fig. 15. Velocity vectors of the baseline design (left) and the optimized design (right) colored by the magnitude of normalized velocity (𝐔∕𝑈∞).
Fig. 16. Pressure coefficient, 𝑐𝑝 = (𝑝 − 𝑝∞)∕(0.5𝜌𝑈2
∞), of the baseline design (left) and the optimized design (right).
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Appendix. Foil shape parametrization using Class-Shape Transfor-
mation (CST)

The class-shape transformation (CST) [36] parametrization provides 
a flexible and efficient representation of complex geometries, such 
as foils in our case, through the multiplication of class and shape 
functions. The class function 𝐶 defines the overall shape category or 
‘‘class’’ of geometry, given in generic form by: 
𝐶(𝜓) ≡ 𝜓𝑁1 (1 − 𝜓)𝑁2 , (5)

where the coordinate 𝜓 varies from 0 to 1, and the exponents 𝑁1 and 
𝑁2 define the type of geometry. In the case of foil shape, 𝑁1 = 0.5 and 
𝑁2 = 1 are typically used to create a round leading edge and a pointed 
trailing edge.

The detailed geometry is further refined by multiplying a shape 
function on the class function. A family of well-behaved analytical 
functions is commonly chosen to generate the shape function 𝑆, for 
example, the Bernstein basis polynomials used in our case: 

𝑆(𝜓) =
𝑛
∑

𝑖=0
𝐴𝑖 ⋅

(

𝑛
𝑖

)

𝜓 𝑖(1 − 𝜓)𝑛−𝑖, (6)

where 𝑛 is the polynomial degree, 𝐴𝑖 is the Bernstein coefficient (or 
CST variables), and (𝑛𝑖

) is the binomial coefficient.
Under the CST framework, the duct upper and lower surfaces are 

described as the product of the class and shape functions: 
{

𝜉𝑢𝑝𝑝𝑒𝑟(𝜓) =
√

𝜓(1 − 𝜓) ⋅∑𝑛
𝑖=0 𝐴𝑖,𝑢𝑝𝑝𝑒𝑟 ⋅

(𝑛
𝑖

)

𝜓 𝑖(1 − 𝜓)𝑛−𝑖 + 𝜓𝛥𝜉𝑢𝑝𝑝𝑒𝑟,
𝜉𝑙𝑜𝑤𝑒𝑟(𝜓) =

√

𝜓(1 − 𝜓) ⋅∑𝑛
𝑖=0 𝐴𝑖,𝑙𝑜𝑤𝑒𝑟 ⋅

(𝑛
𝑖

)

𝜓 𝑖(1 − 𝜓)𝑛−𝑖 + 𝜓𝛥𝜉𝑙𝑜𝑤𝑒𝑟.

(7)

Here, 𝜓 and 𝜉 are the foil–surface coordinates along the chord and 
thickness directions, respectively, normalized by the chord length, and 
𝛥𝜉 specifies the trailing edge thickness, set at 0.5% of the chord length 
in this work. This CST parametrization offers systematic adjustments to 
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the upper and lower surfaces of the duct, ensuring smooth geometries 
throughout the design process.

Another advantage of using the CST variable is that the leading-edge 
radius of curvature can be directly expressed as 

𝜌𝜅 = 1
2𝐴

2
0, (8)

for both upper and lower surfaces, where 𝜌𝜅 is the radius of curvature 
normalized by the chord length. This is computed by first substituting 
the first and second derivatives of Eq. (7) into the general equation 
for radius of curvature, i.e., 𝜌𝜅 (𝜓) = {1 + [𝜉′(𝜓)]2}3∕2∕𝜉′′(𝜓), and then 
taking the limit as 𝜓 → 0. For a detailed derivation, readers can refer 
to the appendix of the original paper [36].

Data availability

All data are included in the paper, with a link to the Git repository 
for key files provided: https://github.com/jbpark94/Ducted-Hydrokine
tic-Turbine-Key-Files.git.
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