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Abstract—This paper proposes a nonlinear magnetics model
for Permanent Magnet Synchronous Machines that accurately
captures the effects of magnetic saturation in the machine iron
and variations in rotor temperature on the permanent magnet
excitation. The proposed model considers the permanent magnet
excitation as a current source rather than the more commonly used
flux-linkage source. A comparison of the two modeling approaches
is conducted using Finite Element Analysis for different machine
designs as well as experimental validation, where it is shown that
the proposed model has substantially better accuracy. The pro-
posed model decouples the effects of magnetic saturation and rotor
temperature variations on the current/flux-linkage relationship,
allowing for adaptive estimation of a single parameter to account
for rotor temperature changes.

Index Terms—Electric machine modeling, permanent magnet
synchronous machines, saturation effects, non-linear magnetics
model.

NOMENCLATURE

J 90◦ rotation matrix.
ird Direct axis current in rotor reference frame.
λr
d Direct axis flux linkage in rotor reference frame.

Ld Direct axis inductance.
vrd Direct axis stator voltage in rotor reference frame.
θre Electrical rotor angle.
τem Electromagnetic torque.
Φpm Flux due to permanent magnet.
φ Flux.
L Inductance matrix.
F Magneto-motive force (MMF)
Np Number of poles.
Ipm Permanent magnet current.
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Λpm Permanent magnet flux linkage.
irq Quadrature axis current in rotor reference frame.
λr
q Quadrature axis flux linkage in rotor reference frame.

Lq Quadrature axis inductance.
vrq Quadrature axis stator voltage in rotor reference frame.
R Reluctance.
Tr Rotor temperature.
R Stator winding resistance.

I. INTRODUCTION

P ERMANENT Magnet Synchronous Machines (PMSMs)
have become the popular choice in applications such as

vehicle electrification [1], [2], [3], [4], [5], [6], [7], [8], [9].
With recent advances in cooling techniques, it is now possible to
develop PMSM designs with very high operating current density,
and hence power density [10], [11], [12]. At these high current
excitation levels, PMSMs tend to exhibit significant nonlinear
(NL) behavior due to saturation of their soft magnetic material.
Furthermore, the remanent flux density of Neodymium-Iron-
Boron (NdFeB) permanent magnets (PMs) can decrease signif-
icantly with increasing rotor temperature [13]. References [14],
[15], [16], [17], [18], [19] demonstrate that both magnetic sat-
uration and rotor temperature variation can significantly affect
the magnetic properties of the machine, and hence its torque
production capability. Thus, it is crucial to accurately capture
these phenomena in machine models used for control purposes.
The most common control-oriented model for PMSMs is the
linear magnetics model, where the flux-linkage/current rela-
tionship (�λr -�ir) in the rotor reference frame is modeled with
an inductance matrix (L) and a permanent magnet flux linkage
source (ΛPM ) [20], [21], [22].

�λr = L�ir +�λr
pm; (1)

L =

[
Ld 0
0 Lq

]
, �λr =

[
λr
d

λr
q

]
, �ir =

[
ird
irq

]
,

�λr
pm =

[
ΛPM

0

]
. (2)

Linear models become inaccurate when the machine iron is
magnetically saturated [22], [23]. In the literature, many differ-
ent control-oriented models for PMSMs have been attempted
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to capture nonlinear magnetic properties under certain assump-
tions [23], [24], [25], [26], [27], [28], [29], [30], [31], [32], [33],
[34]. However, these approaches do not take into account the
effects of rotor temperature.

Typically, the effects of temperature variation are considered
solely based on the temperature variation of the permanent
magnets while neglecting the effects of temperature on the
soft magnetic material properties. This is because of the lower
Curie temperature of NdFeB magnets compared to soft magnetic
materials, which makes them much more sensitive to changes
in temperature. Many approaches that capture rotor temperature
effects therefore model inductances [35], [36] as a function of
rotor reference frame currents ird and irq to capture the saturation
phenomenon, while the permanent magnet excitation is modeled
as a flux linkage source ΛPM (Tr) whose value varies with rotor
temperature. This separation of magnetic saturation and rotor
temperature effects in the model is useful as it allows for the PM
flux linkage to be treated as a parameter that can be adaptively
estimated in real time, thereby tracking changes due to rotor
temperature. However, it has been shown that this approach
becomes inaccurate in regions of heavy magnetic saturation and
significant variation in rotor temperature [27].

In an attempt to improve accuracy, [16], [37] propose forming
three-dimensional Look-Up Tables (LUTs) with currents as
a function of both flux linkages and rotor temperature; i.e.,
�ir=f(�λr, Tr). Another approach is to calculate the inductance
matrix as a function of rotor temperature and currents from a
three-dimensional LUT. Authors in [15] have also suggested to
include compensation terms to take into account rotor tempera-
ture variation in the LUT, which primarily captures saturation.
All of these approaches suffer from the need for additional
model parameters that depend upon rotor temperature. This
requires either the knowledge of the rotor temperature, through
measurement or estimation, or the application of adaptive tech-
niques that estimate multiple parameters simultaneously, which
relies on a persistent excitation condition to ensure parameter
convergence [38].

Another approach to improving accuracy involves using Fi-
nite Element Analysis (FEA) models, or reduced-order models
formed from FEA models [39], [40], [41]. This approach also
require knowledge of rotor temperature. Moreover, obtaining
accurate FEA models of actual PMSMs requires knowledge
of the dimensional parameters and material properties of the
machine, information which is not often available to the controls
engineer.

An alternate approach to modeling permanent magnet exci-
tation is through the use of a current source rather than a flux-
linkage source, as discussed in [8], [42], [43]. However, the mod-
els in these papers all assume linear magnetics, hence they do not
address the issue of accurate modeling of the effects of magnetic
saturation and rotor temperature variations. In this paper, we
present a magnetics model for PMSMs that accurately captures
both the nonlinear and rotor-temperature-dependent behavior of
PMSMs by modeling the PM as a current source as opposed to
the typical flux linkage source. A key contribution of this model
is the decoupling of the nonlinear effects of magnetic saturation
and the rotor temperature effect on permanent magnet excitation.

Fig. 1. Simplified, single-coil magnetics model of PMSM machine.

In this model magnetic saturation can be captured through the
use of two two-dimensional LUTs and the permanent magnet
excitation can be captured in a single parameter, the permanent
magnet current. This parameter can then be adaptively estimated
in real time, removing the need for measurement or estimation
of the rotor temperature. The result is an accurate model suitable
for use in real-time control that works over a broad operating
range, and is computationally efficient and relatively simple
to implement. Table I compares the structure of the proposed
model with models from literature.The proposed PMSM model
is introduced and justified in Section II. A comparison of the
proposed model with a representative nonlinear model that uses
a PM flux linkage parameter is conducted in III-B using FEA
simulation results for different machine designs. A similar com-
parison is conducted using experimental data in IV, followed by
concluding remarks in V.

II. PROPOSED MODEL

A. Model Development

The motivation for the proposed model is illustrated by con-
sidering the single-coil magnetic model shown in Fig. 1.

We begin by creating a magnetic circuit model. The N -turn
coil is represented by an magnetomotive force (MMF) source
Ni, where i is the current flowing in the coil. The stator and rotor
cores consist of a soft magnetic material exhibiting magnetic
saturation, and so are represented by a nonlinear reluctance
Rc(φ) whose value varies with flux level φ. The PM is assumed
to possess linear magnetic properties with an incremental per-
meability μm and a remanent flux density Br that varies with
rotor temperature Tr, and so is modeled as a constant reluctance
Rpm and flux source Φpm(Tr), as shown in Fig. 2.

An equivalent magnetic circuit can be created using the
Thevenin equivalent of the PM, where the PM excitation is
modelled as an MMF source Fpm(Tr) = RpmΦpm(Tr) rather
than a flux source. Simplifying the magnetic circuit further, the
two reluctances are now in series and can be combined into a
single nonlinear reluctance, Rtot(φ). Analysis of the resulting
magnetic circuit yields:

Ni+ Fpm(Tr) = Rtot(φ)φ. (3)
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TABLE I
COMPARISON OF STRUCTURE OF THE PROPOSED MODEL WITH MODELS IN LITERATURE

Fig. 2. Derivation of proposed magnetics model for single-coil. Top left:
magnetic circuit model. Top right: Thevenin equivalent of permanent magnet.
Bottom left: Combination of magnet and core reluctances. Bottom right: Result-
ing electric circuit model.

If we denote f(φ) = Rtot(φ)φ, and note that φ = λ
N , we can

represent the current as follows:

i =
1

N

(
f

(
λ

N

)
−Fpm(Tr)

)
(4)

= h(λ)− Ipm(Tr). (5)

This expression can be represented in an electrical circuit
model as a nonlinear inductance, with current/flux-linkage re-
lationship i = h(λ), in parallel with a current source Ipm(Tr)
representing the PM excitation, as shown in Fig. 2. As the value
of Ipm is directly proportional to the remanent flux density Br

of the magnet, it will share the same dependence upon the rotor
temperature.

In order to illustrate the advantages of the proposed model,
we consider a model consisting of a nonlinear inductance and

the more commonly used flux-linkage source representing per-
manent magnet excitation.

λ = L(i)i+ Λpm(Tr). (6)

The key distinction between the two models is how the
current/flux-linkage relationships react to changes in rotor tem-
perature. In the case of the model (6) with a PM flux linkage
source, the result of a rotor temperature change would be a
constant offsetΔΛ in the λ − i curve. In the case of the proposed
model a change in rotor temperature would result in a constant
offset ΔI .

Fig. 3 shows a representative flux linkage/current relationship
at two different rotor temperatures. One figure plots flux link-
age versus current, the other current versus flux linkage, both
represent the same data.

As can be seen, the variation of the λ − i curve with tempera-
ture is not captured well by a constant offset in the flux linkage as
modeled in (6). This is because the saturation effect results in a
convergence of the flux-linkage values at high current excitation.
However, the variation of the i− λ curve is well captured by
a constant offset in current as seen in Fig. 3(b) and hence is
captured well by the model presented in (5).

B. Proposed Permanent Magnet Synchronous Machine Model

The proposed equivalent two-phase model for a Permanent
Magnet Synchronous Machine (PMSM) is developed consider-
ing the standard smooth-airgap model (i.e., effects due to the
slots in the stator core are neglected).

1) Current/flux-Linkage Relationship: The current/flux-
linkage relationships of the proposed machine model are
presented in the rotor reference frame (designated by a
superscript ’r’), which is related to the variables in the
stationary reference frame as follows:

�xr = e−Jθre�x, �x = eJθre�xr. (7)

where θre =
Np

2 θr is the electrical rotor angle,

J =

[
0 −1
1 0

]
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Fig. 3. Representative flux-linkage/current relationship capturing magnetic
saturation at two different rotor temperatures. Top: λ − i curve. Bottom: i− λ

curve.

is the 90◦ rotation matrix, Np is the number of poles of the
machine, and θr is the mechanical angle of the rotor. The matrix
exponentials e−Jθre and eJθre represent the Park and Inverse
Park Transforms, respectively.

The current/flux-linkage relationships are an extension of the
single-coil model discussed in the prequel to a vector represen-
tation:

�ir = �h
(
�λr

)
−�irpm(Tr) (8)

or [
ird
irq

]
=

[
hd(λ

r
d, λ

r
q)

hq(λ
r
d, λ

r
q)

]
−
[
Ipm(Tr)

0

]
(9)

where Ipm represents the permanent magnet excitation.
The mapping �h(�λr) captures the nonlinear effects of satu-

ration of soft magnetic materials of the machine. and has the
following property

�h(�0) = �0. (10)

Fig. 4. Example implementations of the proposed magnetics model using two-
dimensional lookup tables. Top: flux linkage to current mapping. Bottom: current
to flux linkage mapping.

If the electric machine design has the standard symmetries,
�h(�λr) also has the following properties:

hd(λ
r
d,−λr

q) = hd(λ
r
d, λ

r
q), (11)

hq(λ
r
d,−λr

q) = −hq(λ
r
d, λ

r
q). (12)

Assuming standard magnetic material properties (e.g., in-
cremental permeabilities are always positive), it can be shown
that �h(�λr) is injective and surjective, and so an inverse flux-
linkage/current relationship exists:

�λr = �h−1
(
�ir +�irpm

)
= �g

(
�ir +�irpm

)
. (13)

Example implementations of the proposed magnetics model
and its inverse relationship using two-dimensional lookup tables
are shown in Fig. 4. Techniques for determining the datapoints
in the lookup tables and the PM current as a function of rotor
temperature will be discussed in detail in the sequel.

A test was conducted to compare the computational efficiency
of two-dimensional versus three-dimensional lookup tables,
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such as those used in the models presented in [16] and [37]. The
computation times of two 2D (36x41) lookup tables and two 3D
lookup tables (36x41x5) were calculated by performing random
lookups throughout the range of the tables. These calculations
were performed in MATLAB using the ‘interp2’ and ’interpn’
functions and linear interpolation on a computer with an Intel
Xeon 3.2 GHz processor and 12 GB RAM. Ten million lookups
were performed to obtain an average computation time. The 2D
lookup tables averaged 32 ns per lookup, whereas the 3D lookup
tables averaged 65 ns per lookup.

2) Stator Voltage Dynamic Equations in Rotor Reference
Frame: It can be shown that the dynamic stator voltages can
be presented in vector and scalar form as follows:

�vr = R�ir +
Np

2
ωrJ�λ

r +
d�λr

dt
(14)

= R
[
�h
(
�λr

)
−�irpm

]
+

Np

2
ωrJ�λ

r +
d�λr

dt
, (15)

vrd = R
[
hd

(
�λr

)
− Ipm

]
− Np

2
ωrλ

r
q +

dλr
d

dt
,

vrq = Rhq

(
�λr

)
+

Np

2
ωrλ

r
d +

dλr
q

dt
(16)

whereωr is the angular velocity of the rotor andR is the winding
resistance.

3) Electromagnetic Torque: As stated in [29], the electro-
magnetic torque is the cross product of the flux linkage and the
current. Thus, the torque expression for the proposed model can
be shown as:

τem =
3Np

4

[
λr
di

r
q − λr

qi
r
d

]
,

τem =
3Np

4

[
hq

(
�λr

)
λr
d − hd

(
�λr

)
λr
q + Ipm (Tr) λr

q

]
,

(17)

where the first two terms in (17) correspond to a (nonlinear)
reluctance torque and the final term is the PM torque.

III. VALIDATION AND COMPARISON RESULTS

In this section we will illustrate the accuracy of the proposed
model through comparison with a “baseline” PM flux-linkage
model. We will first introduce the baseline model. We will then
compare how changes in the rotor temperature affect the accu-
racy of the proposed and baseline models. The first comparisons
will be conducted using FEA results for three different machine
designs: an interior permanent machine, a distributed-winding
surface mount permanent magnet (SMPM) machine, and a
concentrated-winding SMPM machine. Finally, a comparison
will be conducted using experimental results.

A. Baseline Model

We will use the following nonlinear PM flux linkage model
as a baseline for comparison with the proposed model:

�λr = �f(�ir) +�λr
pm(Tr), (18)

where,

�f(�ir) =

[
fd(i

r
d, i

r
d)

fq(i
r
q, i

r
q)

]
, �λr

pm(Tr) =

[
ΛPM (Tr)

0

]

and the torque is given by

τem =
3Np

4

[
λr
di

r
q − λr

qi
r
d

]
,

=
3Np

4

[
fd(i

r
d, i

r
q)i

r
q + Λpm(Tr)i

r
q − fq(i

r
d, i

r
q)i

r
d

]
. (19)

This particular model was chosen for comparison as it uses the
conventional permanent magnet flux linkage source to capture
the permanent magnet excitation, yet separates the effects of
non-linear saturation behavior and rotor temperature variation
in a similar way as the proposed nonlinear PM current model.

B. Model Comparison Using FEA-Based Data

We first use two-dimensional finite element analysis (FEA)
results from ANSYS as the basis for comparison. The process
used to compare the two models is as follows:

1) Using FEA, calculate the flux linkages λr
d and λr

q and the
electromagnetic torque τem over a range of currents ird and
irq with the rotor temperature set at T1 = 20◦C.

2) Use the flux-linkage/current data to determine the values
of Ipm(T1) (used in the proposed model) and Λpm(T1)
(used in the baseline model). The value of Λpm is deter-
mined from λr

d by setting the currents to zero, and the
value of Ipm is determined by finding the value of ird that
sets λr

d = 0 (Ipm = ‖ − ird‖).
3) Generate a look-up table for the �λr = �g(�ir +�irpm) map-

ping of the proposed model using 20◦C FEA data. Note
that we determine the �g(·) mapping rather than the �h(·)
mapping in order to more easily enable the comparison.

4) Generate a look-up table for �f(�ir) in the baseline model
using the 20◦C FEA data.

5) Repeat steps 1) and 2) for a different rotor temperature
(T2).

6) Compute the flux linkages and torques with the proposed
model using the nonlinear look-up table for �g(·) deter-
mined from the T1 data and Ipm(T2).

7) Compute the flux linkages and torques with the compar-
ison model using the nonlinear look-up table �f(�ir) from
the T1 data and Λpm(T2) for the baseline model.

8) Compare the results from the previous steps 6) and 7) with
the FEA results at the new rotor temperature (T2).

1) Interior Permanent Magnet Machine: We first consider
the interior permanent magnet machine design presented in [44]
and shown in Fig. 5(a).

The permanent magnet material parameters used are for
NdFeB N35UH from Arnold Magnetics [13]. The mechanical
dimensions and winding parameters are kept the same as in [44].
With recent advancements in cooling as shared in [45], peak
current densities of 48 Arms/mm2 can be achieved in electric
machines. We use this value to determine the maximum current
of the mapping, though we note that this machine was not
specifically designed for these current densities. An example
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Fig. 5. (a) Cross-section of Interior Permanent Magnet machine [44]. (b) Flux
density plot calculated using FEA.

TABLE II
Ipm AND Λpm VALUES FOR INTERIOR PERMANENT MAGNET MACHINE

magnetic flux density distribution for this machine design is
shown in Fig. 5(b).

The nonlinear �λr - �ir mapping, determined using FEA at
temperatures T1=20◦C and T2=100◦C, is shown in Fig. 6.

As is to be expected, we see a significant change in λr
d

whereas λr
q is not substantially different. The value of Ipm and

Λpm was determined for multiple temperatures and is shown in
Table II.The absolute errors in λr

d and λr
q at T2 = 100◦C for

both the proposed PM current model and the baseline PM flux
linkage model are shown in Figs. 7 and 8.

Fig. 6. �λr - �ir mapping of interior permanent magnet machine at different
rotor temperatures (FEA results). Top: λrd mapping. Bottom: λrq mapping.

Fig. 7. Absolute errors in λrd for Interior Permanent Magnet machine at T =
100◦C for the proposed (left) and baseline (right) models, FEA results.

It can be seen that the baseline PM flux linkage model expe-
riences significantly larger error in λr

d at high values of irq when
compared to the proposed PM current model. In the case of λr

q ,
the model errors are similar, and occur at the onset of magnetic
saturation on the quadrature axis.

The relative error in torque for the two models is highlighted
in Fig. 9.
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Fig. 8. Absolute errors in λrq for Interior Permanent Magnet machine at T =
100◦C for the proposed (left) and baseline (right) models, FEA results.

Fig. 9. Relative torque errors (in %) for Interior Permanent Magnet machine
at T = 100◦C for proposed (left) and baseline (right) models, FEA results.

TABLE III
DISTRIBUTED WINDING SMPM PARAMETERS

It can be clearly seen that the proposed PM current model
shows a significant improvement in torque accuracy when com-
pared to the PM flux linkage model, especially at high values of
irq when the machine iron is heavily saturated.

2) Distributed-Winding SMPM Machine: A 4 pole, dis-
tributed winding SMPM (Fig. 10(a)) with machine parameters
as shown in Table III is simulated in ANSYS FEA for rotor
temperatures T1 = 20◦C and T2 = 120◦C . The magnetic flux
density plot is shown in Fig. 10(a). The machine is simulated
with current density of 13Arms/mm2, which corresponds to
forced-air cooling conditions. It can be seen that the proposed
PM current model again outperforms the PM flux linkage model.

The values of Ipm and Λpm for different rotor temperatures
are provided in Table IV for this machine design.

Fig. 11 through 13 show absolute errors in λr
d and λr

q and the
relative torque error for the two models at temperature T2. It can
be seen that, for λr

d and hence torque, significant errors occur for
negative values of ird. This is due to the fact that the machine iron
is saturated by the permanent magnets at zero current excitation.

Fig. 10. (a) Cross-section of Distributed winding SMPM machine in ANSYS
Maxwell. (b) Flux density plot calculated using FEA.

TABLE IV
Ipm AND Λpm VALUES FOR DISTRIBUTED WINDING SMPM MACHINE

The field-weakening effect of negative ird drives the iron out of
saturation and so causes the effective PM flux linkage to increase,
resulting in the error.

3) Concentrated-Winding SMPM Machine: A 4-pole con-
centrated winding SMPM machine with parameters shown in
Table V is simulated in ANSYS FEA for rotor temperatures
T1 = 20◦C and T2 = 100◦C . The machine is simulated with
a peak current density of 35.5Arms/mm2, corresponding to
liquid cooling conditions. The machine cross section is shown
in Fig. 14(a), and the flux density plot for this design is shown
in Fig. 14(b).

The Ipm and Λpm values for this machine as a function of
rotor temperature are provided in Table VI.

The absolute error in λr
d and λr

q for both models is compared
as shown in Figs. 15 and 16. The relative error in torque by
both models is compared in Fig. 17. We can clearly observe the
improvement in accuracy in the proposed model from Figs. 15
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Fig. 11. Absolute errors in λrd for distributed winding SMPM at T = 120◦C
for proposed (left) and baseline (right) models, FEA results.

Fig. 12. Absolute errors in λrq for distributed winding SMPM at T = 120◦C
for proposed (left) and baseline (right) models, FEA results.

Fig. 13. Relative torque errors (in %) for distributed winding SMPM at T =
120◦C for proposed (left) and baseline (right) models, FEA results.

TABLE V
CONCENTRATED WINDING SMPM PARAMETERS

TABLE VI
Ipm AND Λpm VALUES FOR CONCENTRATED WINDING SMPM MACHINE

Fig. 14. (a) Cross-section of concentrated winding SMPM machine in ANSYS
Maxwell. (b) Flux density plot calculated using FEA.

Fig. 15. Absolute errors in λrd for concentrated winding SMPM atT = 100◦C
for proposed (left) and baseline (right) models, FEA results.

and 17, especially in the region of high torque where magnetic
saturation is most prominent.

IV. EXPERIMENTAL VALIDATION

A. Setup

A three-phase, eighteen-pole, 145 kW SMPM from Unique
Mobility (UQM) with specifications as shown in Table VII was
characterized using a dSpace Scalexio real-time target controller
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Fig. 16. Absolute errors in λrq for concentrated winding SMPM atT = 100◦C
for proposed (left) and baseline (right) models, FEA results.

Fig. 17. Relative torque errors (in %) for concentrated winding SMPM at
T = 100◦C for proposed (left) and baseline (right) models, FEA results.

TABLE VII
TEST MACHINE RATING

and a three-phase voltage source inverter consisting of SKiiP
1814 GB17E4-3DUW V2 IGBTs, made by Semikron, is used
with a switching frequency of 10 kHz, bus voltage of 175 V,
and dead time of 2 μs. Space-Vector Modulation (SVM) is
used as the modulation scheme to calculate the desired duty
cycles. The rotor speed is kept constant at 500 rpm by an
electric-machine-based dynamometer. This speed was chosen
as the voltage/current relationships of the machine are relatively
insensitive to both winding and core losses at the corresponding
electrical frequency (75 Hz). An infrared temperature sensor
from Texense (IRN2) is used to measure the temperature of the
magnets on the rotor. This sensor is pointed at the permanent
magnets on the rotor of the machine, which effectively form a
solid ring in this machine design. While this approach captures
a surface temperature of the magnet rather than an internal or
average temperature, the purpose of the IR temperature mea-
surement is to establish different rotor temperature conditions in
our experiments for the purposes of comparison of the magnetic
models, not necessarily to determine an accurate temperature.
The measurement, modeling, and estimation of rotor tempera-
ture is outside the scope of this manuscript.

Fig. 18. Top: Hardware setup for experiment, Bottom: Infrared sensor for rotor
temperature measurement on the SMPM test machine.

Since it is difficult to keep the rotor temperature constant,
efforts were made to collect data quickly to keep the temperature
variation within 5 ◦C of the stated value. The experimental setup
of the hardware is shown in Fig. 18.

B. Characterization Procedure

The goal of the proposed procedure is to characterize the
steady-state flux linkages in the rotor reference frame as a
function of direct and quadrature currents and rotor temperature.

A characterization process similar to that provided in [46],
[47] is used where the flux linkage can be estimated by integrat-
ing the electromotive force (EMF) of the windings, which can
be estimated as follows:

�λ =

∫
(�̃v − �vRDT )dt, (20)

where �̃v is the command voltage from the controller and

�vRDT = R�i+ �vt + �vdead, (21)

where �vt(t) is the transistor voltage drop and �vdead(t) is the
effective voltage drop due to the dead-time effect in the inverter.
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Fig. 19. Data acquisition and controller block diagram for recording the
integrated voltages at different current operating conditions.

In the following we will approximate the RDT voltage with its
fundamental component �v1RDT , which can be represented as a
nonlinear function of the current vector�i as follows:

�vRDT ≈ �v1RDT = V1RDT

(
‖�i‖

) �i

‖�i‖ , (22)

i.e., the magnitude of �vRDT is a nonlinear function of the
current magnitude, and its angle is the same as that of �i. This
approximation will not affect the steady-state results.

The integral of the command voltage �̃v(t) can be shown to be

�s(t) =

∫
�̃v(t)dt = �wRDT (t) +�λ(t), (23)

where

�wRDT (t) =

∫
�vRDT (t)dt. (24)

In steady-state operation, this can be represented as follows
in the rotor reference frame:

�W r
RDT =

−J�V r
RDT

Ωre
= − J

Ωre
V r
RDT (|| �I ||)

�I

|| �I || (25)

Fig. 19 shows a block diagram of the control system used for
characterization.

The characterization approach assumes that the flux link-
age/current relationships of the machine possess the following
(standard) symmetries:

λr
d(i

r
d,−irq, Tr) = λr

d(i
r
d, i

r
q, Tr), (26)

λr
q(i

r
d,−irq, Tr) = −λr

q(i
r
d, i

r
q, Tr). (27)

These symmetries are exploited to separate the steady-state
flux linkage �Λ from �WRDT . This is achieved by using the current
regulator to command the following two steady-state current
vectors, where the direct component is the same and the sign of
the quadrature component is flipped.

�Ir1 =

[
Ird
Irq

]
, �Ir2 =

[
Ird
−Irq

]
(28)

and determining the corresponding integrals �Sr
1 and �Sr

2. These
operating points are commanded one immediately after the other
so that the rotor temperature remains relatively unchanged.

Fig. 20. Bode plots comparing numerical integrator to ideal integration, a =
0.9994. Crosses represent magnitude and phase at the electrical frequency used
for characterization (75Hz).

It can then be shown that, using (23) and (25) and the symme-
tries in (26) and (27), the steady-state flux linkages correspond-
ing to Ird and Irq are given by

Λr
d =

Sr
1d + Sr

2d

2
,Λr

q =
Sr
1q − Sr

2q

2
(29)

1) Numerical Integration: The integration of �s is done nu-
merically using the following discrete-time transfer function:

�S(z) =
Ts(z − 1)

(z − a)2
�̃V (z), (30)

where a = 0.9994 was chosen so that the transfer function has
the same magnitude and phase shift as ideal integration at the
frequency of characterization (75Hz), as shown in Fig. 20. The
discrete-time transfer function also has zero DC gain to eliminate
the effects of DC offsets on the integration.

C. Operating Points

The machine under test does not experience appreciable satu-
ration under normal operation. Therefore, to evaluate the model
over a broad range and illustrate the benefits of the proposed
model, the following two data sets were collected and analyzed:
� Test 1 Data:

The current irq was set to zero and ird was varied from -300A
to 500A.

� Test 2 Data:
The current irq was varied from -400A to 400A and ird was
varied from 100A to 300A.

The resulting λr
d − ird relationships for Test 1 data are shown

in Fig. 21 for rotor temperatures T1 = 60◦C and T2 = 90◦C.
1) Calculation of Ipm and Λpm: The values of Ipm and Λpm

were not determined in real time but calculated offline using
the characterization data. The flux-linkage estimation process
discussed in the prequel does not provide accurate flux-linkage
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Fig. 21. Experimental λrd - ird characterization of UQM 145 machine for rotor
temperatures T1 = 60◦C and T2 = 90◦C, irq = 0.

estimates when there are high levels of field weakening (i.e.,
large negative values of ird.) This is due to the fact that, in
these circumstances, the emf of the windings becomes a small
fraction of the overall voltage. As a result, the estimated flux
linkages become highly sensitive to errors in the estimated
winding resistance, voltage drops of the inverter transistors,
and deadtime, which are used to calculate the emf. Hence we
cannot accurately determine the zero-flux-linkage condition as
we did with the FEA study, and so another method must be
used to determine the value of Ipm. This is achieved through the
following process:
� Using the experimentally determined λr

d − ird data at tem-
perature T1, create a function which calculates λr

d =
gdT1

(ird + IpmT1
) for a given value of IpmT1

through the
use of lookup tables and linear interpolation.

� Repeat the above step for data taken at temperature T2.
� Determine the values of Ipm at temperatures T1 and T2 si-

multaneously by solving the following minimization prob-
lem

min
IpmT1,IpmT2

‖gdT1
(ird + IpmT1

)− gdT2
(ird + IpmT2

)‖2 , (31)

where ‖ · ‖ represents the L2 norm.
For the baseline NL PM flux linkage model, Λpm is com-

puted from the experimental through two different methods as
described below.

Method 1 : This is same method described earlier in III-B
where Λpm is determined from the estimated λr

d when the
currents are set to zero.

Method 2 : This method is analogous to the one used to com-
pute Ipm. Functions fdT1

(λr
d − ΛpmT1

) and fdT2
(λr

d − ΛpmT2
)

are constructed for given values of ΛpmT1
and ΛpmT2

using the
experimental data taken at temperatures T1 and T2, respectively.
The values of the PM flux linkage at temperatures T1 and T2

are then determined simultaneously by solving the following

TABLE VIII
EXPERIMENTAL Ipm AND Λpm VALUES

Fig. 22. Absolute errors in λrd for proposed NL PM current and baseline NL
PM flux linkage models at Tr = 90◦C using Method 1 for Λpm calculation,
Test 1 data experimental results.

minimization problem

min
ΛpmT1

,ΛpmT2

‖fdT1
(λr

d − ΛpmT1
)− fdT2

(λr
d − ΛpmT2

)‖2 .
(32)

The solver fmincon in MATLAB was used to solve the
optimization problems to compute Ipm and Λpm. The values
of Ipm and Λpm for both rotor temperartures (T1 = 60◦C and
T2 = 90◦C) from the experimental results are shown in Table
VIII.

2) Comparison Results: The models were compared using
the same technique used in III-B for the FEA results. Fig. 22
shows the absolute error in λr

d for the PM current model and
NL PM flux linkage model for Test 1 data, where the value of
Λpm for the nonlinear PM flux linkage model at temperature T2

was computed using Method 1. While the models show similar
accuracy in the linear region (i.e., negative ird excitation), one
can distinctly observe the improved accuracy of the proposed
model in the region of magnetic saturation.

Fig. 23 compares the absolute error in λr
d when Λpm for the

NL PM flux linkage model is computed using Method 2 for
the Test 1 data. In this case, the proposed model shows better
accuracy in both the nonlinear and linear regions.

Figs. 24 and 25 show the results for Test 2 data. Subplots
(a), (b) in Figs. 24 and 25 highlight the absolute error in λr

d for
the NL PM current model and NL PM flux linkage model using
Methods 1 and 2 forΛpm calculation respectively. The proposed
model demonstrates higher accuracy in both cases. We observe
a similar model error in case of λr

q (subplots (c), (d) in Figs. 24
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Fig. 23. Absolute errors in λrd for proposed NL PM current and baseline NL
PM flux linkage models at Tr = 90◦C using Method 2 for Λpm calculation,
Test 1 data experimental results.

Fig. 24. Absolute errors in λrd (top) and λrq (bottom) at Tr = 90◦C using
Method 1 for Λpm calculation, Test 2 data experimental results for the proposed
(a, c) and baseline (b, d) models.

and 25), which is consistent with the observation from the FEA
results.

V. CONCLUSION

A machine model for PMSMs that captures the effects of
magnetic saturation and rotor temperature variations has been
proposed, and its efficacy and ease of implementation are
demonstrated. The main contribution of the proposed model is
the decoupling of the effects of magnetic saturation and rotor
temperature variation, the latter being captured in a PM current
parameter Ipm. This parameter can be adaptively estimated,

Fig. 25. Absolute errors in λrd (top) and λrq (bottom) at Tr = 90◦C using
Method 2 for Λpm calculation, Test 2 data experimental results for the proposed
(a, c) and baseline (b, d) models.

Fig. 26. Example torque regulator based on proposed magnetics model.

thereby avoiding the need for rotor temperature measurement.
The proposed model is validated using FEA simulation for an
interior permanent magnet machine design, a distributed wind-
ing SMPM design, and a concentrated winding SMPM design,
and shows high accuracy at different rotor temperatures when
compared with a nonlinear PM flux linkage model. Experimental
results also confirm that the proposed model is more accurate
than the nonlinear PM flux linkage model.

Future work will involve the development of a torque regulator
based upon the proposed model, such as the one shown in Fig. 26.
In such a scheme, the proposed model will be used to calculate
reference currents that accurately produce the command torque,
and could also assist in flux linkage estimation to accurately
compensate the speed-dependent cross-coupling terms in a field-
oriented control strategy. An adaptive estimator will be designed
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to determine the PM current in real time, thereby capturing the
effects of rotor temperature variations.
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