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asymptotic dimension, etc

This talk. One example of this trend.
Specifically, work by Jan Grebík and myself on the structure of countable
Borel equivalence relations using ideas about expander graphs
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Borel reducibility of equivalence relations



Goal of Borel reducibility. Rank the complexity of classification problems

Example 1. Two algebraically closed fields are isomorphic if and only if
they have the same characteristic and transcendence degree

Example 2. Two matrices over C are similar if and only if they have the
same Jordan canonical form

Example 3. (Mostow rigidity theorem) Two closed hyperbolic manifolds
of dimension ≥ 3 are isometric if and only if they have isomorphic
fundamental groups

Question. Is it possible to show that some classification problem has no
satisfactory answer? Or to compare the difficulty of two classification
problems?

These questions are part of the motivation for the theory of Borel
reducibility of equivalence relations.
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Goal of Borel reducibility. Rank the complexity of classification problems

Setting. X ,Y Standard Borel spaces
E ,F Equivalence relations on X ,Y

Examples.

• T is a theory in a countable language
X = Countable models of T (with domain N), E = isomorphism
• G is a Polish group
X = G , E = conjugacy

Definition. E ≤B F if there is a Borel function f : X → Y such that

x E y ⇐⇒ f (x)F f (y)

Idea. If E ≤B F then the classification problem for F is at least as hard
as the classification problem for E
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Definition. E is smooth if there is a Borel function f : X → R such that

x E y ⇐⇒ f (x) = f (y).

Equivalently, E is Borel reducible to =R

Informally. E is smooth if it has a complete numerical invariant

Example. Similarity of n × n matrices over C

Definition. E is classifiable by countable structures if it is Borel reducible
to the isomorphism relation on the class of countable structures in some
countable language

Informally. E is classifiable by countable structures if it has a complete
algebraic invariant

Theorem (Hjorth). Conjugacy of (orientation preserving)
homoemorphisms of [0, 1] is classifiable by countable structures, but
conjugacy of homeomorphisms of [0, 1]2 is not
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Countable Borel equivalence relations



Definition. An equivalence relation E on a standard Borel space X is:

• Borel if E is a Borel subset of X 2

• countable if all equivalence classes of E are countable

Abbreviation. CBER = countable Borel equivalence relation

Examples.

• =X for any standard Borel space X

• Turing equivalence
• The orbit equivalence relation of a countable group G acting on X ,

i.e. x EX
G y ⇐⇒ ∃g ∈ G , g · x = y

Comment. Many interesting equivalence relations are not CBERs, but
are Borel bi-reducible to CBERs

General question. What is the structure of the class of CBERs under
≤B?
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Two important classes: Smooth and hyperfinite

Recall. E is smooth if there is a Borel function f : X → R such that

x E y ⇐⇒ f (x) = f (y).

Equivalently, E is Borel reducible to =R

Theorem (Silver). For every CBER E , either E has countably many
equivalence classes or =R≤B E

Consequence. Every CBER is either smooth or is above all the smooth
CBERs
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Definition. A CBER E on X is hyperfinite if there are CBERs
E1 ⊆ E2 ⊆ . . . such that E =

⋃
n En and all equivalence classes of each

En are finite

Example 1. E0 = eventual equality on 2N

i.e. x E0 y ⇐⇒ ∃N ∀n > N, x(n) = y(n)

Example 2. Isomorphism of torsion free abelian groups of rank 1 (i.e.
subgroups of Q). Borel bireducible to a hyperfinite CBER
Fact. Neither of these two examples is smooth

Theorem (Dougherty-Jackson-Kechris). F is hyperfinite if and only if
F ≤B E0

Theorem (Harrington-Kechris-Louveau). For every CBER F , either F is
smooth or E0 ≤B F

I.e. hyperfinite equivalence relations are the simplest non-trivial CBERs
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General question. What is the structure of the class of CBERs under
≤B?

Theorem (Silver). Either E has
countably many classes or =R≤B E

Theorem (HKL). Either E is smooth
or E0 ≤B E

Theorem. There is a universal CBER,
E∞, which is not hyperfinite
Theorem (Adams-Kechris). There is
an uncountable antichain of CBERs

Question. Are there more dichotomy theorems? I.e. is there E >B E0
such that for all F , either F ≥B E or F ≤B E0?

Question. Is there at least a successor of E0? I.e. is there E >B E0 such
that for all F , F <B E =⇒ F ≤B E0?
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Measure reducibility



Empirical observation. All proofs that E �B F for non-smooth CBERs
E and F use measure theory

i.e. pick a helpful measure λ on X and argue about what happens on
sets of large λ-measure

Idea. Study ≤B up to measure zero

Definition. Given CBERs E on X and F on Y and a Borel probability
measure λ on X :

E ≤λ F for some A, λ(A) = 1 and E |A ≤B F
E is λ-hyperfinite for some A, λ(A) = 1 and E |A is hyperfinite

Definition. Given CBERs E on X and F on Y :
E ≤M F for all λ, E ≤λ F
E is measure hyperfinite for all λ, E is λ-hyperfinite

Idea. If E ≤M F then no current techniques can prove E �B F

If E is measure hyperfinite then no current technique can prove E is not
hyperfinite
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Idea. If E ≤M F then no current techniques can prove E �B F . If E is
measure hyperfinite then no current technique can prove E is not
hyperfinite

Why questions about hyperfiniteness are hard to answer:

Question Expected answer Measure hyperfinite
Increasing unions No Yes
Σ1

2-completeness Yes No
Hyperfiniteness is effective No Yes

Major open question. Does E ≤M F =⇒ E ≤B F?
If so, this would answer all the questions above.

Question. What about the questions about the structure of ≤B?
Does the above question also answer those?
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Question. If E ≤M F =⇒ E ≤B F , does that answer the earlier
questions about the structure of ≤B?

More specifically:
Question 1. Is there a further dichotomy theorem for ≤M? I.e. is there
E >M E0 such that for all F , either F ≥M E or F ≤M E0?

Question 2. Is there a successor of E0 for ≤M? I.e. is there E >M E0
such that for all F , F <M E =⇒ F ≤M E0?

Theorem (Conley-Miller). The answer to question 1 is “no.”
Actually, they showed there is no countable base for CBERs strictly
above E0 in measure reducibility

This talk. The answer to question 2 is probably “yes.”
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Question. Is there a successor of E0 for ≤M? I.e. is there E >M E0
such that for all F , F <M E =⇒ F ≤M E0?

Theorem (Conley-Miller). Suppose E is a CBER and λ is a measure
such that:

• E is not λ-hyperfinite
• for all µ ⊥ λ, E is µ-hyperfinite.

Then E is a successor of E0 for ≤M

The rest of the talk: A plausible candidate, using ideas from the study of
expander graphs

Briefly:

(1) A combinatorial property (lossless expansion) that implies Conley
and Miller’s condition

(2) Two plausible candidates for this combinatorial property
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Expander graphs



Setting. G = (V ,E ) is a finite d-regular graph

Definition. For any A ⊆ V , the boundary of A is

∂A = {e ∈ E | e has one endpoint in A, one endpoint not in A}

Definition. The edge expansion of G is

h(G ) = min

{
|∂A|
|A|

: |A| ≤ |V |
2

}
The larger the edge expansion, the better of an expander graph G is

Informally. If G is a good expander and you take a random walk on G ,
it’s hard to get “stuck” in any small subset

Theorem. A random d-regular graph has edge expansion ≈ d/2

Applications. Derandomization, error-correcting codes, cryptography, etc
Techniques. Spectral graph theory, number theory, random matrix
theory, etc
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Expander graphs: not-too-big subsets have pretty good expansion

Lossless expanders: very small sets have nearly optimal expansion

Roughly. For all sufficiently small sets A, |∂A|
|A| ≥ d − 2− ε

Comment. Average degree of induced graph on A = d − |∂A|
|A|

So in a lossless expander, small sets A have average degree at most 2+ ε

Question. Why not require average degree 1 + ε?

Answer. Pick a long path in G

Average degree of the path: ≈ 2

“Theorem.” A random d-regular graph is a lossless expander
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Setting. G d-regular Borel graph on X
λ Borel probability measure on X

Definition. Given a Borel set A ⊆ X ,

• degA(x) = |{y ∈ A | (x , y) ∈ E (G )}|
• avgdegλ(A) =

∫
A degA(x) dλ

Definition. G is a λ-lossless expander if for every ε > 0, there is some
δ > 0 such that 0 < λ(A) ≤ δ =⇒ avgdegλ(A) ≤ 2 + ε

Comment. Actually, this is more similar to what some computer
scientists have called an “ultra lossless expander”
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Lossless expansion and measure
hyperfiniteness



Definition. If Γ acts on X and Γ is generated by S then the Schreier
graph of the action is the graph on X with an edge between x and y if
for some γ ∈ S , γ · x = y

Suppose we have

• X , a compact Polish space with a fixed metric
• Γ, a finitely generated group acting on X

• G , the Schreier graph of the action
• λ, a Borel probability measure on X such that supp(λ) = X

Theorem (Grebík-L.). If Γ acts by isometries and G is a λ-lossless
expander then for any µ ⊥ λ, EX

Γ is µ-hyperfinite

Corollary. If we also have that EX
Γ is not λ-hyperfinite, then it is a

successor of E0 for measure reducibility
(E.g. if Γ is non-amenable, acts freely and λ is Γ-invariant)
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Theorem (Grebík-L.). If Γ acts by isometries and G is a λ-lossless
expander then for any µ ⊥ λ, EX

Γ is µ-hyperfinite

How to prove hyperfiniteness:

Definition. An undirected Borel graph G is orientable if there is a Borel
way of directing its edges such that each vertex has out-degree at most 1

Fact. To show that EX
Γ is µ-hyperfinite, it’s enough to show that for all

ε > 0, there is some set A such that

• µ(A) ≥ 1− ε
• The subgraph of G induced by A is orientable

Proof strategy. Inductively form A and an orientation of A
On each step, delete a small number of vertices from A and orient some
of the edges that remain
To ensure µ(A) ≥ 1− ε: on each step, make sure many more edges are
oriented than vertices deleted
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Question. Why doesn’t this process get stuck?

Answer. Suppose B is the set of vertices remaining.
Observations:

• B does not have any vertices of degree 0 or 1
• B also doesn’t have any long paths where all vertices have degree 2
• So B must have a lot of vertices of degree 3 or higher

We may also assume λ(B) = 0
So B looks like a set of small λ-measure which has high average degree,
which violates λ-lossless expansion
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Candidates



Suppose we have
• X , a compact Polish space with a fixed metric
• Γ, a finitely generated group acting on X

• G , the Schreier graph of the action
• λ, a Borel probability measure on X such that supp(λ) = X

Theorem (Grebík-L.). If Γ acts by isometries and G is a λ-lossless
expander then for any µ ⊥ λ, EX

Γ is µ-hyperfinite

Question. Is it really possible to fulfill all the assumptions of the
theorem?

Comment. It is not so hard to get a λ-lossless expander. It’s hard to
simultaneously get an action by isometries

Two candidates.

• Two random rotations of the sphere
• Limit of a sequence of random lifts of graphs
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Two random rotations of the sphere

Pick two random rotations γ1, γ2 ∈ SO(3)

Let Γ = 〈γ1, γ2〉
Γ acts on the sphere S2

It is known that these two rotations will generate a free group and that
the action is free on all but countably many points
It is also known that the Schreier graph will be an expander graph (but
not necessarily a lossless expander)
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