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Abstract— This paper presents a safety-critical lane-keeping
controller for automated vehicles subject to actuator delay,
modeled as a first-order lag. Such lags, arising from the steer-
by-wire system, can significantly degrade safety but are often
ignored in prior studies. To remedy this, we propose a lag-
compensating control barrier function (LCCBF) by applying a
state transformation to the CBF designed for the lag-free vehicle
dynamics. Using LCCBF, we design a lag-aware safety filter
that provides formal safety guarantees for lane keeping under
lag. Comparative simulations demonstrate that, unlike high-order
and backstepping CBFs, the proposed method features a simple
formulation without additional parameters while consistently
maintaining safety with less conservatism and control effort,
ensuring robust and comfortable lane-keeping performance.

I. INTRODUCTION

Automated vehicle (AV) technologies have advanced rapidly
in recent years, promising substantial benefits such as improved
passenger comfort, enhanced energy efficiency, and reduced
traffic congestion. However, realizing these advantages in real-
world deployment requires formally ensuring AV safety. Al-
though modern AVs operate reliably across diverse scenarios
using learning-based and data-driven algorithms [1], most of
them still lack formal safety guarantees. In particular, they
do not ensure that safety-critical requirements, such as lane
keeping, are consistently satisfied.

To achieve safety, several approaches have been explored,
such as model predictive control [2] and reachability analy-
sis [3]. However, these methods often involve high computa-
tional complexity, making real-time, on-board implementation
challenging. In contrast, control barrier functions (CBFs) [4]
offer a computationally efficient framework with formal safety
guarantees, enabling seamless integration into existing con-
trollers as safety filters that prevent unsafe control actions.
Owing to these advantages, CBF-based approaches have been
applied in various driving scenarios, such as adaptive and
connected cruise control [4], [5], emergency braking [6], and
lane keeping [7], [8], [9], [10].

Time delays are inherent in AVs, arising from sensory data
processing, state estimation, and actuator dynamics within the
powertrain and steer-by-wire systems [11]. This may signifi-
cantly compromise safety but is often neglected in prior stud-
ies. Time delays in vehicle dynamics are often approximated
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Gábor Orosz is also with the Department of Civil and Environmental
Engineering, University of Michigan, Ann Arbor, MI 48109, USA.

+ymax

-ymax

Fig. 1. Kinematic single-track vehicle model driving along a straight lane,
extended with its bounding box.

by first-order lags, which may help to simplify the design of
controllers [12]. For such lagged systems, high-order CBFs
(HOCBFs) [13] and backstepping CBFs (BSCBFs) [14] have
been adopted to ensure safety, with applications in longitudinal
control [15], [16]. However, HOCBFs may be invalid and fail
to guarantee safety [17], while BSCBFs can be difficult to de-
sign and may lead to overly conservative vehicle behavior [16].
Besides, safe lane-keeping with lag is yet to be addressed.

In this paper, we apply the lag-compensating control barrier
function (LCCBF) [18] to ensure safe lane-keeping for vehicles
with first-order actuator lag. Specifically, we extend the CBF
developed for the lag-free vehicle in [9] to offer provable safety
guarantees for lagged vehicle dynamics without additional
parameters. Using LCCBF, we design a lag-aware safety filter
to minimally modify the desired but unsafe controllers to a safe
one. Comparative analysis with BSCBF and HOCBF highlights
that the proposed safety filter consistently ensures safety under
lag with less control effort and conservatism.

The rest of the paper is organized as follows. Section II
introduces the vehicle dynamics and the nominal controller
for lane-keeping. Section III reviews the CBF theory and safety
filter design for lag-free vehicle dynamics. Section IV proposes
the novel LCCBF and the corresponding lag-aware safety filter,
along with the comparative simulations with the BSCBF and
HOCBF approaches. Section V concludes the paper and lays
out future research directions.

II. VEHICLE MODEL AND NOMINAL CONTROLLER

We consider a kinematic single-track vehicle model il-
lustrated in Fig. 1, where the tire slip is ignored and the
longitudinal velocity V > 0 is assumed to be constant. The
coordinates of the rear axle center R are denoted by (xR, yR),
while the yaw and steering angle are represented by ψ and δ,
respectively. Besides, we enclose the vehicle by a bounding
box defined by the wheelbase l, the front and rear overhangs
lf < l and lr < l, and the width w. Based on this, the governing
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equations are given by

ẋR = V cosψ, ẏR = V sinψ, ψ̇ =
V

l
tan δ. (1)

The control input can be defined as the tangent of the steering
angle, i.e., u = tan δ, which imposes a natural saturation
on δ ∈ [−90◦, 90◦]. Although this still allows large steering
angles that are unrealistic for most passenger cars, it will
be shown later that the steering commands generated by the
proposed method stay inside the physically relevant range.

For simplicity, we assume that the vehicle travels in a
straight lane aligned with the x-direction, such that the lane
centerline coincides with the x-axis. The left and right lane
boundaries are located at y = ymax and y = −ymax; see the
white dashed lines in Fig. 1. With this lane configuration, we
can decouple the longitudinal dynamics, i.e., first equation in
(1), in lane-keeping design. Since the yaw angle ψ in the lane
is typically small, we apply the small angle approximation for
ψ, i.e., sinψ ≈ ψ. Then (1) becomes

ẏR = V ψ, ψ̇ =
V

l
u, (2)

with the state x = [yR ψ]⊤. If we incorporate the steering
system response time as a first-order lag ξ > 0, we have

ẏR = V ψ, ψ̇ =
V

l
e, ė =

1

ξ
(u− e), (3)

with the lagged input e and the commanded control input u.
To stabilize the vehicle’s motion along the x-axis, we design

a nominal (or desired) state feedback controller:

ud(x) = −PyyR − Pψψ, (4)

where Py and Pψ are control gains selected via pole placement.
Although ud in (4) stabilizes the vehicle’s straight-line motion,
it offers no formal safety assurances for staying between the
lane boundaries. To address this, we introduce a CBF-based
safety filter that minimally modifies the nominal controller to
ensure safe lane keeping, even under lag.

III. SAFETY FILTER WITHOUT FIRST-ORDER LAG

This section reviews the background on CBFs and presents
a safety filter for the lag-free vehicle (2) based on [9], [10].

A. Control barrier functions
Consider a single-input control-affine system:

ẋ = f(x) + g(x)u, (5)

with state x ∈ Rn, input u ∈ R, and locally Lipschitz con-
tinuous functions f ,g : Rn → Rn. Given an initial condition
x(0) ∈ Rn, the system admits a unique solution x(t).

To characterize safety, we define the safe set:

S = {x ∈ Rn : h(x) ≥ 0} , (6)

where h : Rn → R is a continuously differentiable function.
System (5) is safe w.r.t. S if S is forward invariant, i.e.,
x(0) ∈ S =⇒ x(t) ∈ S , ∀t ≥ 0. To enforce safety, control
barrier functions (CBFs) [4] have been introduced.

Definition 1 ([4], [19]). Function h : Rn → R is a control
barrier function for (5) on S if and only if for all x ∈ S:

∇h(x)g(x)︸ ︷︷ ︸
Lgh(x)

= 0 =⇒ ∇h(x)f(x)︸ ︷︷ ︸
Lfh(x)

> −α
(
h(x)

)
. (7)

Here Lfh and Lgh denote the Lie derivatives, and α ∈ Ke

denotes an extended class-K function. For simplicity, we use
the linear function α(r) = γr with γ > 0 in this paper.

Theorem 1 ([4]). If h is a CBF for (5) on S , then any locally
Lipschitz continuous controller u(x) that satisfies:

ḣ
(
x, u(x)

)
= Lfh(x) + Lgh(x)u(x) ≥ −γh(x), (8)

for all x ∈ S renders (5) safe w.r.t. S .

One may design a safety filter that minimally adjusts the
nominal controller ud(x) subject to (8):

u(x) = argmin
u∈R

∥u− ud(x)∥2

s.t. ḣ(x, u) ≥ −γh(x).
(9)

The analytical solution of (9) is given in [6] as

u(x) =


min {ud(x), us(x)} , if Lgh(x) < 0,

ud(x), if Lgh(x) = 0,

max {ud(x), us(x)} , if Lgh(x) > 0,

(10)

with the safe controller

us(x) = −Lfh(x) + γh(x)

Lgh(x)
. (11)

B. Safety filter for lag-free vehicle dynamics

Based on (9), we design the safety filter for the lag-free
vehicle model (2), rewritten in the control-affine form (5) as[

ẏR
ψ̇

]
︸ ︷︷ ︸

ẋ

=

[
V ψ
0

]
︸ ︷︷ ︸
f(x)

+

[
0
V
l

]
︸︷︷︸
g(x)

u. (12)

The vehicle is considered safe if its bounding box remains
entirely within the lane boundaries at all times; see Fig. 1. To
ensure this, a valid CBF h : R2 → R for (2) was proposed in
[9] and experimentally validated in [10]:

h(x) = aψ2 + bψyR + cy2R + d, (13)

with the safe set S =
{
x ∈ R2 : h(x) ≥ 0

}
; see the green

ellipse in Fig. 2(a). The parameters a, b, c, d are given by

a = −1, b = −2(l + lf + lr)

(l + lf)2 + l2r
,

c = − 2

(l + lf)2 + l2r
, d =

(2ymax − w)2

4
(
(l + lf)2 + l2r

) . (14)

Given ∇h(x) = [bψ + 2cyR 2aψ + byR], we have

Lfh(x) = bV ψ2 + 2cV yRψ, Lgh(x) =
2aV ψ + bV yR

l
.

(15)
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(a) (b)

=0s

=0.3s
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Safe
Safe

Fig. 2. (a) Safe set S defined by the CBF h in (13), and the simulations
without lag (blue) and with lag (orange) using the lag-free safety filter (4),
(16), (17); (b) safe set S̃ defined by the lifted function h̃.

Then the safety filter can be derived from (10), (11), (15) as

u(x) =


min {ud(x), us(x)} , if yR > −2a

b ψ,

ud(x), if yR = −2a
b ψ,

max {ud(x), us(x)} , if yR < −2a
b ψ,

(16)

with the safe controller

us(x) = −
l
(
bV ψ2 + 2cV yRψ + γh(x)

)
V (2aψ + byR)

. (17)

Fig. 2(a) illustrates simulation results for the lag-free vehicle
(2) and the lagged vehicle (3) with ξ = 0.3 s. Both simulations
use the lag-free safety filter (4), (16), (17) with parameters from
Table I. The safety filter successfully maintains safety for the
lag-free case, with the blue trajectory remaining inside the safe
region (green); cf. [9]. However, it fails to ensure safety for
the lag case, as the orange trajectory escapes the safe set. To
overcome this, we introduce a novel lag-aware safety filter.

IV. SAFETY FILTER WITH FIRST-ORDER LAG

In this section, we develop a lag-aware safety filter for the
vehicle with first-order input lag (3). Specifically, we propose
a lag-compensating control barrier function (LCCBF) based
on the CBF (13). Compared with existing approaches such as
the backstepping CBF [14] and the high-order CBF [13], the
proposed LCCBF provides a parameter-free formulation while
ensuring all-time safe and comfortable lane keeping.

We first rewrite (3) in the control-affine form:ẏRψ̇
ė


︸ ︷︷ ︸
(ẋ,ė)

=

 V ψV
l e

− 1
ξ e


︸ ︷︷ ︸
F(x,e)

+

00
1
ξ


︸︷︷︸
G(x,e)

u. (18)

We then lift the CBF h in (13) to the augmented space
(x, e) and define h̃ : R3 → R as h̃(x, e) ≜ h(x), with the
corresponding set S̃ = {(x, e) ∈ R3 : h̃(x, e) ≥ 0} = S × R;
see Fig. 2(b). From (13), (15) and (18), we obtain:

LGh̃(x, e) = 0, LFh̃(x, e) = Lfh(x) + Lgh(x)e, (19)

for all (x, e) ∈ S̃ . This implies that the control input u does
not influence the safety condition (8). Moreover, there exists
x and e such that LFh̃(x, e) > −α

(
h̃(x, e)

)
does not hold.

Hence, by (7), h̃ is not a valid CBF and fails to ensure the
safety of (18), as shown by the orange trajectory in Fig. 2(a).

TABLE I
PARAMETERS OF THE SIMULATIONS

Category Variable Symbol Value Unit

Vehicle

wheelbase l 2.7 m
overhangs (lf , lr) (0.9, 0.7) m

width w 1.8 m
longitudinal velocity V 10 m/s

first-order lag ξ 0.3 s

Lane lane boundary ymax 1.75 m

CBFs
class-K function (γ, γho) (1, 1) 1/s

BSCBF parameter µ 1 1
BSCBF gains (ky, kψ) (0.8, 2) (1/m, 1)

Controller stable gains (Py, Pψ) (0.007, 0.27) (1/m, 1)

To remedy this, we introduce the LCCBF hlc : R3 → R first
proposed in [18]. First, we define the state transformation

x̂ = x+ ξẋ ⇔
[
ŷR
ψ̂

]
=

[
yR + ξV ψ

ψ + ξV
l e

]
. (20)

Here x̂ can be viewed as a prediction of the future state as it
yields the corresponding lag-free dynamics:

˙̂x =

[
ẏR + ξV ψ̇

ψ̇ + ξV
l ė

]
=

[
V ψ̂
V
l u

]
= f(x̂) + g(x̂)u. (21)

By (20), the LCCBF candidate is constructed from (13) as:

hlc(x, e) =h(x̂) = aψ̂2 + bψ̂ŷR + cŷ2R + d

=a
(
ψ + ξV

l e
)2

+ b
(
ψ + ξV

l e
)(
yR + ξV ψ

)
+ c

(
yR + ξV ψ

)2
+ d,

(22)

with the safe set Slc = {(x, e) ∈ R3 : hlc(x, e) ≥ 0}. From
(18), (22), the Lie derivatives of hlc are:

LFhlc(x, e) = bV ψ̂2 + 2cV ŷRψ̂ = Lfh(x̂),

LGhlc(x, e) =
2aV ψ̂ + bV ŷR

l
= Lgh(x̂).

(23)

By (10), (11), (23), the lag-aware safety filter ulc is:

ulc(x, e) =


min

{
ud(x), u

lc
s (x, e)

}
, if ŷR > −2a

b ψ̂,

ud(x), if ŷR = −2a
b ψ̂,

max
{
ud(x), u

lc
s (x, e)

}
, if ŷR < −2a

b ψ̂,

(24)

with the safe controller

ulcs (x, e) = −
l
(
bV ψ̂2 + 2cV ŷRψ̂ + γhlc(x, e)

)
V (2aψ̂ + bŷR)

. (25)

Note that ulcs can be derived by substituting x̂ from (20) into
the lag-free safe controller us in (17), i.e., ulcs (x, e)≜us(x̂).
Although (25) is singular when ŷR = −2a

b ψ̂, (24) ensures that
only ud is active in this region, keeping ulc well-defined. The
following theorem establishes that the LCCBF-based safety
filter (24), (25) ensures safe lane keeping for (18).

Theorem 2. The LCCBF candidate hlc in (22) is a valid CBF
for (18) on Slc. Moreover, the lag-aware safety filter ulc in
(24), (25) renders (18) safe w.r.t. Slc ∩ S̃ .
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Please refer to the Appendix for the proof of Theorem 2.
We compare the proposed safe lane-keeping controller to

two baseline methods. The first baseline approach is to con-
struct a backstepping CBF (BSCBF) [14], defined as:

hbs(x, e) = h(x)−
(
e− uv(x)

)2
2µ

(26)

= aψ2 + bψyR + cy2R + d− (e+ kyyR + kψψ)
2

2µ
,

with parameter µ > 0 and the corresponding safe set
Sbs = {(x, e) ∈ R3 : hbs(x, e) ≥ 0}. This involves designing
a safe virtual controller uv that satisfies the CBF condition (8)
for the lag-free dynamics (12) on S . Here we adopt a simple
state feedback controller uv(x) = −kyyR − kψψ that can be
shown to be safe with appropriate gains (ky, kψ) [20].

From (18), (26), the Lie derivatives of hbs are

LGhbs(x, e) =− 1

ξ

e+ kyyR + kψψ

µ
= −1

ξ
η, (27)

LFhbs(x, e)=Lfh(x)+Lgh(x)e−ηV
(
kyψ+

kψe

l
− e

V ξ

)
,

which, when substituted into (10) and (11), yield the BSCBF-
based safety filter ubs(x, e) with the safe controller ubss (x, e).
According to [14], ubs ensures the safety of (18) w.r.t. Sbs.

The second baseline is the high-order CBF (HOCBF) [13]:

hho(x, e) = LFh̃(x, e) + γhoh̃(x, e)

= Lfh(x) + Lgh(x)e+ γhoh(x),
(28)

with parameter γho > 0 and the corresponding safe set
Sho = {(x, e) ∈ R3 : hho(x, e) ≥ 0}.

By (18), (28), the Lie derivatives of hho are

LGhho(x, e) = Lgh(x)/ξ, (29)

LFhho(x, e) = γho
(
Lfh(x) + Lgh(x)e

)
− Lgh(x)e/ξ

+ 2cV 2ψ2 +
3bV 2

l
ψe+

2cV 2

l
yRe+

2aV 2

l2
e2.

Following [13], the safety of (18) can be enforced on
Sho ∩ S̃ using the HOCBF-based safety filter uho(x, e)
with the safe controller uhos (x, e), obtained by substituting
(29) into (10), (11). However, when yR = ψ = 0, we have
Lgh(x) = Lfh(x) = 0, yielding

LGhho(x, e) = 0, LFhho(x, e) =
2aV 2

l2
e2,

hho(x, e) = γhod > 0.
(30)

Since a < 0, there exists a large e such that (x, e) ∈ Sho ∩ S̃
and LFhho(x, e) < −γhho(x, e) which violates (7). Therefore,
hho in (28) is not a valid CBF. Moreover, the safety filter (10)
becomes singular, as we have:

lim
x→0

uho(x, e) =

{
−∞, if LGhho(x, e) → 0−,

+∞, if LGhho(x, e) → 0+,
(31)

when LFhho(x, e) < −γhho(x, e). Therefore, uho is infeasible
and cannot guarantee safe lane keeping.

(a) (b)

(c) (d)

(e) (f)

e=0

e=0

e=0

+ymax

-ymax

+ymax

-ymax

+ymax

-ymax

Safe

(Safe)

Safe

Safe

(Safe)

(Safe)

Fig. 3. Safe sets for lane keeping with lag: (a,b) Slc from LCCBF (22);
(c,d) Sbs from BSCBF (26); and (e,f) Sho from HOCBF (28). The nominal
set S̃ (green) and extended sets (purple) illustrate the regions for which (18)
is rendered safe. Panels (a,c,e) show the section of (b,d,f) where e = 0.

Fig. 3 compares the three above-described methods for
lane keeping. The set S̃ (green ellipse) captures the safety
constraint, i.e., keeping the vehicle in the lane, as given by the
lifted function h̃. The purple sets illustrate the extended safe
sets Slc, Sbs, and Sho defined by the LCCBF (22), BSCBF
(26), and HOCBF (28), respectively. The sets are visualized in
both the (ψ, yR) and (ψ, yR, e) spaces using the parameters in
Table I. The green regions in Fig. 3(a,c,e) and their outlines
in Fig. 3(b,d,f) indicate the safe domains of vehicle (18),
namely Slc ∩ S̃ , Sbs, and Sho ∩ S̃ . The corresponding safety
filters seek to keep the vehicle’s lateral position and yaw angle
inside these regions. All three regions are smaller than the
set S̃ , reflecting the adverse impact of lag on safety. As the
lag ξ increases, the LCCBF safe set Slc rotates clockwise
and stretches, further shrinking the safe region Slc ∩ S̃; see
Fig. 3(a). Conversely, the BSCBF and HOCBF safe sets
remain unchanged; see Fig. 3(c,e). The BSCBF yields the most
conservative safe region, while the HOCBF allows unbounded
e values; see Fig. 3(d,f). However, the HOCBF is not a valid
CBF and leads to a singular safety filter as was proven above.

We simulate a vehicle with lag (18) using the LCCBF-
based safety filter ulc (4), (24), (25); see Fig. 4(a,d,e). For
comparison, the BSCBF-based and HOCBF-based safety filters
ubs and uho are also simulated for the same vehicle, see
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Safe

Unsafe

LCCBF, hlc HOCBF, hho

(g)Safe

Unsafe

(e)

+ymax

-ymax

(a)

(d)

ud
us

lc

ulc

+ymax

-ymax

(b)

BSCBF, hbs

(f)
us

bs

ud

ubs

(c) +ymax

-ymax

Safe
Unsafe

(i)(h)ud

uho

us
ho

Safe Safe Safe

1/
s

Fig. 4. Simulations of the vehicle with first-order lag (18). (a-c) State trajectories using the safety filters (gray, black, blue, purple) derived by LCCBF (22),
BSCBF (26), and HOCBF (28), respectively, and using only the nominal controller (orange) from (4). (d,f,h) Steering angle δ for the blue and purple curves
in (a-c), driven by the nominal controllers (orange), safe controllers (green) and safety filters (blue, purple). (e,g,i) CBF values hlc, hbs, and hho for the blue
and purple curves in (a-c). Note that cross marks indicate that the simulation stops due to singularity.

(a) Nominal Controller

(b) LCCBF

(c) BSCBF

(d) HOCBF

Fig. 5. Simulated vehicle trajectories using (a) nominal controller only, and
safety filters based on (b) LCCBF, (c) BSCBF, and (d) HOCBF. The colored
curves depict the motion of the rear-axle center.
Fig. 4(b,f,g) and Fig. 4(c,h,i), respectively. All simulations use
the parameters in Table I.

Fig. 4(a,b) shows that both the LCCBF- and BSCBF-based
safety filters successfully maintain safety, as the blue and
black trajectories start and remain within the safe domain,
while the nominal controller (orange) fails to do so. For
trajectories that start outside the safe domain (gray), both safety
filters render the safe set attractive. The nonnegative values
of hlc and hbs in Fig. 4(e,g) further confirm safety w.r.t.
the extended sets Slc and Sbs. Compared with BSCBF, the
LCCBF achieves safety with less conservatism and a smaller

steering angle; see the blue curves in Fig. 4(a,b,d,f). This
improvement arises because the BSCBF (26) requires a safe
virtual controller uv , which is often nontrivial to design and can
introduce unnecessary conservatism. Conversely, the LCCBF
compensates for actuator lag by predicting and safeguarding
future states, eliminating the need for complicated parameter
tuning and avoiding additional conservatism. For the HOCBF,
the safety filter becomes singular, as shown in Fig. 4(h),
making safe lane-keeping infeasible.

Fig. 5 illustrates the vehicle trajectories in the (xR, yR)
plane for different controllers. The colored curves represent
the motion of the rear-axle center, corresponding to the nom-
inal and safety-filtered trajectories with the same colors in
Fig. 4(a–c). The nominal controller in Fig. 5(a) fails to keep
the vehicle within the lane boundaries, while the safety filters
in Fig. 5(b,c) successfully maintain lane keeping. Notably, the
HOCBF-based filter gets stuck in Fig. 5(d) due to its singular
input, causing an unrealistically large steering angle. Compared
with the BSCBF-based filter in Fig. 5(c), the proposed LCCBF-
based filter in Fig. 5(b) achieves less abrupt steering, as shown
in Fig. 4(d,f), and gently guides the vehicle back to the lane
center, ensuring both safety and passenger comfort.

V. CONCLUSION

In this paper, we proposed a safety-critical lane-keeping
controller for automated vehicles with actuator lag. We intro-
duced a lag-compensating control barrier function (LCCBF)
that extends the formal safety assurance of the lag-free vehicle
dynamics to those with lag, while retaining a simple formu-
lation without additional parameters. Based on the LCCBF,
a lag-aware safety filter was developed to modify unsafe
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actions from the nominal controller in a minimally invasive
manner. Comparative simulations demonstrated that, unlike
backstepping and high-order CBF-based methods, the proposed
LCCBF approach consistently ensures safe lane-keeping with
smaller steering angle and reduced conservatism, achieving
both safety and passenger comfort. Future work will extend the
framework to more sophisticated vehicle models and driving
scenarios, such as curved roads.

APPENDIX

Proof of Theorem 2. We first show that hlc is a valid CBF
for (18) on Slc by verifying that (7) holds. By (23),
LGhlc(x, e) = 0 if and only if ŷR = −2aψ̂/b. Substituting this
into LFhlc(x, e) in (23) yields:

LFhlc(x, e) =

(
b− 4ac

b

)
V ψ̂2. (32)

Using (14) and the geometric condition l + lf > lr, one may
show that

b− 4ac

b
=

2(l + lf + lr)
2(

(l + lf)2 + l2r
)
(l + lf − lr)

> 0. (33)

Hence, LFhlc(x, e) ≥ 0 for all (x, e) ∈ Slc, and equal-
ity holds if and only if ψ̂ = ŷR = 0. Moreover, for any
α ∈ Ke, we have −α

(
hlc(x, e)

)
≤ 0 for all (x, e) ∈ Slc, and

−α
(
hlc(x, e)

)
= −α(d) < 0 when ψ̂ = ŷR = 0. Therefore,

(7) holds, and hlc is a valid CBF for (18) on Slc.
Next, we show that ulc in (24) renders (18) safe w.r.t.

Slc ∩ S̃ using Theorem 1 on Slc and S̃ , respectively. From
the construction of safety filter (9) we have

LFhlc(x, e) + LGhlc(x, e)ulc(x, e) ≥ −γhlc(x, e), (34)

cf. (8). Therefore, Theorem 1 holds for (18) w.r.t. Slc. For S̃ ,
safety is guaranteed if there exists a γ > 0 such that

˙̃
h
(
x, e, ulc(x, e)

)
≥ −γh̃(x, e), (35)

for all (x, e) ∈ Slc ∩ S̃ based on Theorem 1. Applying a
second-order Taylor expansion with the mean-value theorem
to the LCCBF (22) yields

hlc(x, e) = h(x̂) = h(x+ ξẋ)

= h(x) + ξ∇h(x)ẋ+ ξ2

2 ẋ
⊤∇2h(x+ sẋ)ẋ, (36)

for some s ∈ [0, ξ] and all (x, e) ∈ Slc ∩ S̃ . Since a, b, c < 0
in (14) and 4ac > b2 from (33), we have

∇2h(x+ sẋ) =

[
2c b
b 2a

]
≺ 0, (37)

thus h is globally concave and hlc(x, e) ≤ h(x) + ξ∇h(x)ẋ.
As LGh̃(x, e) = 0 in (19), the lifted function h̃ satisfies

˙̃
h
(
x, e, ulc(x, e)

)
= LFh̃(x, e) = ∇h(x)ẋ. (38)

Since h̃(x, e) = h(x), substituting (38) into (36) yields

˙̃
h
(
x, e, ulc(x, e)

)
≥ 1

ξ

(
hlc(x, e)− h̃(x, e)

)
. (39)

Since hlc(x, e) ≥ 0 for all (x, e) ∈ Slc ∩ S̃ , (39) implies (35)
with γ = 1/ξ. Therefore, the safety of (18) is established w.r.t.
Slc ∩ S̃ , completing the proof.
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