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Lag-Compensating Control Barrier Functions
for Feasible Safety-critical Control

Yuchen Chen, Tamas G. Molnar, and Gabor Orosz

Abstract— First-order lags are commonly used in control
system design to approximate system delays, which can signifi-
cantly compromise system safety. To maintain safety under lags,
this paper introduces the concept of lag-compensating control
barrier function (LCCBF). First, we propose a lag-eliminating
state transformation that removes first-order lag dynamics from
linear systems. Then, we use this transformation to construct
an LCCBF from the CBF designed for the lag-free system. We
prove that controllers synthesized via the LCCBF ensure safety
under actuator lags, while preserving feasibility for the same
input bounds that are used to synthesize controllers via the
original CBF. Finally, we simulate a double integrator with
actuator limits to validate that the LCCBF maintains both
safety and feasibility under lags.

I. INTRODUCTION

Ensuring safety is a fundamental requirement when con-
trolling dynamical systems in safety-critical environments. In
recent years, the development of safety-critical control has
received significant attention. Methods such as model predic-
tive control [1], reachability analysis [2] and control barrier
functions (CBFs) [3] have been leveraged to develop safety-
critical controllers. Among these methods, CBFs have gained
wide popularity because of their compatibility with existing
control frameworks and computational efficiency, enabling
real-world deployment. CBFs have been successfully applied
in diverse domains, including connected automated vehi-
cles [4], [5], bipeds [6], and multi-robot systems [7].

First-order lags are often used in control design to capture
delayed responses from actuators [8]. However, such lags
can degrade system safety, as late control actions may not
be sufficient to enforce safety constraints. To maintain safety
for lagged systems, the CBF designed for the lag-free system
needs to be modified. This can be achieved, for example,
using high-order CBFs (HOCBFs) or backstepping CBFs
(BSCBFs) [9], [10], [11], [12]. However, HOCBFs may be
invalid and fail to guarantee safety [13], [14], while BSCBFs
often require nontrivial design processes and may lead to
overly conservative behavior [12], [15]. Moreover, even if
the original safety-critical controller satisfies actuator limits,
neither the HOCBF nor the BSCBF design guarantees feasi-
bility under the same actuator limits for lagged systems [16].
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To address these limitations, inspired by delay-
compensating CBFs [17], we propose the concept of
lag-compensating control barrier function (LCCBF).
Specifically, we introduce a lag-eliminating state
transformation for linear systems with first-order input
lags and derive the LCCBF by applying this transformation
to the original CBF defined for the lag-free system. We
prove that the LCCBEF inherits the safety guarantees of the
original CBF, thereby ensuring safety for the lagged system.
We also show that the LCCBF preserves the feasibility of
the original CBF, enabling the synthesis of safety-critical
controllers that remain feasible under the same input bounds.
A double integrator example illustrates how the proposed
approach maintains safety while guaranteeing feasibility.

The rest of the paper is organized as follows. Section II
reviews the CBF framework. Section III introduces the lag-
eliminating state transformation. Section IV proposes the
novel LCCBF that guarantees safety and preserves feasibility
under input lag. Section V validates the LCCBF on a double
integrator example. Section VI concludes the results.

II. BACKGROUND ON CONTROL BARRIER FUNCTIONS

In this section, we review the background on control
barrier functions, which forms the basis for constructing
LCCBFs. Consider the control-affine system

x = f(x) + g(x)u, (1

with state x € R”, input u € R™, and locally Lipschitz con-
tinuous functions f : R” — R™ and g : R™ — R™*™. For a
locally Lipschitz continuous controller k : R™ — R™ with
u = k(x), we obtain the closed-loop system

% = £(x) + g(x)k(x). @)
To characterize safety, we define the safe set
S={xeR":h(x) >0}, 3)

where h : R™ — R is a continuously differentiable function.
System (2) is considered safe w.rt. § if & is forward
invariant, i.e., every system state trajectory starting from S
always stays within S. To guarantee safety, CBFs [3] were
proposed to synthesize safety-critical controllers for (1).

Definition 1 ([3]). Function h is a control barrier function
for (1) on S if there exists o € K¢ such that for all x € S:

sup h(x,u) > —a(h(x)), “4)
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where
h(x, u) = VA(x)f(x) + Vh(x)g(x) u, 5)

th(x)

Lgh(x)
and Leh(x) and Lgh(x) denote the Lie derivatives.

Remark 1. A continuous function o : R — R belongs to
the extended class-K (a € K°) if it is strictly increasing and
satisfies a(0) = 0. A common choice of such a function is
a linear function such as a(r) = vr with v > 0.

Lemma 1 ([18]). A continuously differentiable function
h:R™—1R is a valid CBF for (1) on S if and only if

Lgh(x) =0 = L¢h(x) > —a(h(x)), Vx€S. (6)

Theorem 1 ([3]). If h is a CBF for (1) on S, then any
locally Lipschitz continuous controller k(x) that satisfies

h(x,k(x)) = —a(h(x)), )
for all x € S renders (2) safe w.rt. S.

Condition (7) can be incorporated as a constraint in op-
timization problems to synthesize safety-critical controllers.
One can design a so-called safety filter that minimally alters
a desired (but not inherently safe) controller k4 : R” — R™
to a safe one by solving the quadratic program

k(x) = argmin ||u — kq(x)||?
uerR™ (8)
st h(x,u) > —a(h(x)).
Remark 2 ([18]). The strict inequality in (4), (6) en-
sures Lipschitz continuity for CBF-based controllers when

Lgh(x) = 0. If the controller is already Lipschitz continu-
ous, (4), (6) can be relaxed to non-strict inequality as in (7).

The analytical solution of (8) was given in [19] as

k(x) = {kd(XHmaX{O, ()} 200 it Lgh(x) £0,
kd(x)7 lf Lgh(X)ZO7
((x) = —L¢h(x) — Lgh(x)kq(x) — a(h(x)). )

Note that if Lgh(x) = 0 for all x € S, which will be the
case when a CBF designed for a lag-free system is directly
applied to a lagged system, the resulting controller satisfies
k(x) = kq(x), cf. (9). In this case, h is no longer a valid
CBF. To resolve this, one popular approach is to construct a
high-order CBF (HOCBF) [9]:

he(x) = Leh(x) + a(h(x)), (10)
such that Lghe(x) # 0 with the extended safe set
Se = {x € R" : he(x) > 0}. 11

Corollary 1 ([9]). If Lgh(x) =0 and he in (10) is a
CBF for (1) on S, with o € K, then any locally Lipschitz
continuous controller k(x) that satisfies:

he (x, k(X)) > —0, (he(x)) )

for all x € S, renders (2) safe w.rt. SN Se.

(12)
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However, establishing that the derived h, is a valid CBF
can be challenging [13]. Moreover, under actuator limits, safe
controllers synthesized from h, may be infeasible even when
those generated by h are feasible [16]. To address these for
systems with first-order input lag, we introduce the LCCBF.
We prove its validity and the feasibility of its safety-critical
controllers, provided that the original CBF for the lag-free
system is valid and its corresponding controller is feasible.
The HOCBEF is used as a baseline for comparison.

III. LAG-ELIMINATING STATE TRANSFORMATION

In this section, we consider a linear time-invariant (LTT)
system subject to first-order lag input dynamics. We establish
that such systems can be equivalently represented as lag-free
LTT systems through an appropriate state transformation.

First, we introduce a lag-free LTI system:

% = Ax + Bu, (13)

with state x € R”, input u € R™, and dynamics governed
by the nonzero matrices A € R™"*™ and B € R"*™,
Next, we augment (13) with a first-order input lag £ > 0:

x = Ax + Bw,

W= %(u—w). (14

Here w € R™ denotes the lagged input, which is also
treated as an additional state governed by the first-order lag
dynamics, i.e., the second equation in (14). Then, we define
the lag-eliminating state transformation 7 :R"*™ — R™ as

x = T(x,w)=x+¢&x = x+&(Ax+Bw). (15)

Note that x can be viewed as a prediction of the future state,
similar to predictors for time delay systems [17], [20].

Theorem 2. For the first-order lag system (14), the trans-
formed state X in (15) is governed by the lag-free system

x = Ax + Bu. (16)

Proof. Differentiating (15) and substituting (14) yields

x = Ax+Bw+£<A(Ax+Bw) +B2(uw)> (17)

= A(x+{(Ax+Bw)) + Bu= Ax + Bu,
which gives the lag-free system (16). O

IV. LAG-COMPENSATING CONTROL BARRIER FUNCTIONS

In this section, we establish the concept of lag-
compensating safety-critical control based on the lag-
eliminating state transformation above. This allows us to con-
struct a lag-compensating control barrier function (LCCBF)
from a CBF defined for the lag-free system. We prove that
the LCCBF is a valid CBF for the first-order lag system.
Moreover, under a directional concavity condition on the
original CBF, the LCCBF guarantees safety on a subset of
the original safe set. Finally, we show that safe controllers
synthesized with the LCCBF preserve the feasibility of those
derived from the original CBF, thereby facilitating feasible
and lag-aware safety-critical control.



First, we express the lag-free LTI system (13) in the
control affine form (1) with f(x) = Ax and g(x) = B. Let
h:R™ — R be a CBF for (13) with safe set S in (3). By
Lemma 1, it follows that for all x € S, we have

Lgh(x) =Vh(x)B=0 =
Leh(x) = Vh(x)Ax > —a(h(x)).
This guarantees the existence of a controller k satisfying (7),
which ensures safety w.r.t. S for (13) based on Theorem 1.

(18)

Next, we write (14) in the control affine form as

X Ax + Bw 0
wl —Lw T w
13 3
—— N

G(x,w)

(19)

F(x,w)
where O and I are zero and identity matrices of ap-
propriate size. We lift h into the state space of the

first-order lag system (14), ie., (x,w), and define the
lifted function h : R™*™ — R, h(x, w) £ h(x), with the set

S ={(x,w)eR"™: h(x,w) > 0}=8 x R™. This gives
Leh(x,w) =0, Lph(x,w)= Vh(x)(Ax + Bw). (20)

Because Lgh differs from L¢h in (18), h may violate
Lemma 1, rendering it invalid as a CBF.

To address this, we introduce the lag-compensating CBF
(LCCBF) hy. : R®*™ — R by applying the lag-eliminating
transformation (15) to the original CBF h.

Definition 2. Given a CBF h for the lag-free system (13)
and the transformation (15), the function

hie(x, w) £ h(T(x,w)) = h(X), (1)

is a lag-compensating CBF candidate for the lagged system
(14) on the set Sic={(x, w) R : Iy (x, w) > 0}.

Given a lag-free safety-critical controller k satisfying (7),
we define the lag-compensating safety-critical controller

ke (x, w) & k(T(x7 W)) = k(x%). (22)

The following theorem shows that h. is a valid CBF, and
ki enforces the lag-compensating safety constraint

hlc (X,W,klc(X,W)) > —Oé(hlc(X,W))7 (23)

for all (x,w) € Sj¢, thereby ensuring safety of the lagged
system (14) w.r.t. S} according to Theorem 1.

Theorem 3. If h is a CBF for (13) on S, then hy. in (21)
is a CBF for (14) on S\.. Furthermore, if k satisfies (7) for
all x € S, K¢ in (22) ensures the safety of (14) w.r.t. Sic.

Proof. We first show that Ay is a valid CBF for (14) on S
by verifying Lemma 1. Since h is a valid CBF for (13), and
x follows the same lag-free dynamics as in (16), then for all
x € § we have

Lgh(x) =VAh(X)B=0 =
Leh(x) = Vh(x)Ax > —a(h(fc)),
cf. (18). Note that X € S < (x,w) € Sjc. From (15),

(24)

(21), we calculate the gradient of h). using the chain rule:

Vhie(x,w) = [VA(X)I+EA) VhX)EB]. (25
Then we calculate the Lie derivatives of hj. w.r.t. (19):
Lyhic(x,w) = Vhi(x, w)F(x,w)
= Vh(x)Ax = L¢h(x),
(A% =Leh(®), o

Lehic(x,w) = Vhi(x,W)G(x,w)
= Vh(x)B = Lgh(X%).
Therefore, (24) and (26) give

Lghi(x,w) =0 = Lph(x,w) > —oz(hlc(x,w)),
27

for all (x,w) € Sj.. Thus, Lemma 1 holds and hy is a valid
CBF for (14) on Si..

Next, we prove that kj. ensures the safety of (14) w.r.t.
Sic. For all x € S, the safe controller k satisfies that

h(%,k(X)) = Leh(%X) + Lgh(X)k(%X) > —a(h(X)); (28)

cf. (7). Substituting (21), (22), (26) into (28) yields (23) for
all (x,w) € Si, which implies that k). renders (14) safe
w.r.t. §ic according to Theorem 1, completing the proof. [

Remark 3. If k is Lipschitz continuous, k. is also Lipschitz
continuous from (15), (22). Moreover, (24) can be relaxed to
a nonstrict inequality as discussed in Remark 2, which leads
to a nonstrict inequality in (27).

Theorem 3 shows that, unlike HOCBF, the LCCBF hy is
indeed a valid CBF and its corresponding safe controller kj.
establishes safety for the lagged system (14). However, safety
is only established on the new set S)., while the original safe
set S encodes the original safety requirements that should
also be considered. To remedy this, the following theorem
states that, if the original CBF h satisfies a directional
concavity condition, k). also ensures safety w.r.t. both sets,
i.e., makes Sic N S forward invariant.

Theorem 4. Consider the lagged system (14) with LCCBF
hic in (21) and controller k. in (22). If the original CBF h

satisfies the directional concavity condition
%" V2h(x 4 s%)% < 0, (29)

for all s € [0,&] and (x,w) € Sic N S, then k. renders (14)
safe w.r.t. S N S.

Proof. Since Theorem 3 guarantees the safety of (14) on S
using kj., Theorem 4 holds if there exists o € K such that

;L(X,W) > —a(iL(x, W)), V(x,w) € S ns, (30

based on Theorem 1. Using the second-order Taylor expan-
sion with the mean-value theorem applied to the LCCBF
(21), there exists s € [0, &] such that

hie(x, w) = h(T(x,w)) = h(x + £x)
— h(x) + EVA(X)% + % T V2h(x + s%)%
< h(x) 4+ £Vh(x)x, (31
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for all (x,w) € Sic NS based on (29). From (14), (20), the

lifted function h satisfies
h(x,w) = Lph(x,w) = VA(x)x. (32)

Given that h(x,w) = h

—~

x), substituting (32) into (31) yields

;L(X, w) > = (he(x, w) — h(x, w)). (33)

gy

Since hue(x, w) > 0 for all (x,w) € S, NS, (33) implies
(30) with a(r) = r/¢&, thus completing the proof. O

Note that the safety-critical controllers discussed above do
not explicitly account for input limits and may therefore yield
safe but infeasible control inputs. However, if the original
safety-critical controller k satisfies an input constraint for the
lag-free system, then, unlike the HOCBF approach, the lag-
compensating controller kj. in (22) also satisfies the same
input bounds for the lagged system. This is formalized in
the following corollary.

Corollary 2. Let U C R™ denote a nonempty admissible
input set. If k is a feasible safety-critical controller for the
lag-free system (13), i.e., k(x) € U and k(x) satisfies (7)
for all x € S, then k). in (22) is a feasible safety-critical
controller for the lagged system (14), i.e., ki.(x,w) € U and
k. (x,w) satisfies (23) for all (x,w) € Sje.

Proof. Replacing x with X yields that k(%) € U and (28)
hold for all X € S. Because kj.(x, w) = k(%) based on (22)
and X € § <= (x,w) € S|, we have kj.(x,w) € U for
all (x,w) € Sj.. Furthermore, (28) implies that (23) holds
for all (x,w) € ). as discussed in the proof of Theorem 3,
which completes the proof. O

Corollary 2 shows that the feasibility of safety-critical
controllers is preserved when extending from lag-free to
lagged systems. This is because, unlike HOCBF, the LCCBF
explicitly incorporates the lag ¢ and compensates for its
adverse effects by constructing a more conservative safe set,
while keeping the safe input constraints unchanged, thereby
preserving feasibility. This property is further demonstrated
in the following example.

V. EXAMPLE: DOUBLE INTEGRATOR

In this section, we illustrate the proposed LCCBF ap-
proach on a double integrator model with first-order input
lag. Specifically, we show that if an original CBF for the dou-
ble integrator can synthesize a safe and feasible controller,
then the corresponding LCCBF also guarantees safety and
feasibility for the double integrator with first-order lag. A
comparison with the HOCBF approach is also provided.

First, consider the lag-free double integrator as:

d=n, (34)

v =u,

Here d and v denote position and velocity, and u € U is
the control input where U = {u € R : umin < 4 < Umax}-
Rewriting (34) in the control-affine form (1) yields the
state x = [d v]T € R? with dynamics f(x) = [v 0]" and
gx)=[0 1.
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We define the CBF for (34) as

2

h(x) = —d o
with parameter 4 > 0 and safe set S given in (3). Note that
h is globally concave as VZh(x) < 0 for all x € R? and the
directional concavity condition (29) is satisfied.

We design a safety filter as in (9) to filter out unsafe
behavior from the desired controller k4, which is chosen as
a state-feedback law with stable gain K given in Table I:

(35)

ka(x) = sat( — Kx), (36)
where the saturation function
sat(u) = max {umin, min{u, umax}} , (37

enforces actuator limits u € U for all x € R2.
For scalar input u, as shown in [5], the safety-critical
controller k£ in (9) simplifies to

min {kq(x), ks(x)}, if Lgh(x) <0,
k(x) = < kq(x), if Lgh(x) =0, (38)
max {kq(x), ks(x)}, if Lgh(x) >0,
with
he(x) = 7th(x) + a(h(x)) o puyh(x) (39)

Lgh(x) AT T

where (34), (35) yield the Lie derivatives Lgh(x) = —v and
Lgh(x) = —v/u, and we choose a(r) = yr with v > 0.

Theorem 5. The safe controller k in (38), (39) is feasible,
i.e., satisfies the input constraint k(x) € U for all x € S, if

Umin < —4# < Umax- (40)
Proof. Consider first Lgh(x) =0 <= v = 01in (38). From
(36), (37), we obtain k(x) = kq(X) € [tmin, Umax]-

For Lgh(x) < 0 <= v > 0, k(x) = min{kq(x), ks(x)},
which implies k(x) < kq(x) < Umax. Since h(x) > 0 for all
x € S and > 0, (39) and (40) yield kys(x) > —p > Umin.
As kq(X) > Umin, it follows that k(x) > Ui, so k(x) € U
holds for all x € S with v > 0.

For Lgh(x) > 0 <= v < 0, k(x) = max{kq(x), ks(x)},
which gives k(x) > kq(X) > wmin. From (39) and (40),
we have ky(x) < —p <umax for all xe€S. Since
kq(x) < tmax, it follows that k(x) < tmax. Therefore,
k(x) € U holds for all x € S with v < 0.

In all cases k(x) € U holds, proving the theorem. O

Theorem 5 shows that, using the CBF A in (35), one can
synthesize a feasible safety-critical controller for the lag-free
double integrator. We now introduce a first-order input lag
& > 0 to (34), leading to the dynamics

d=v, v=a, dz%(u—a), 41

where a € R denotes the lagged input, which can be in-
terpreted as the actual acceleration. Writing (41) in the
control-affine form (1) yields F(x,a)=[v a —a/¢T
and G(x,a)=[0 0 1/ Since Lgh(x,a) =0, h in
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Fig. 1. Safe sets S, S=8xRand Sic, defined by the CBF h in (35) and

the LCCBF hj. in (43) with lag & = 0.5 s. Panel (a) show the sets in the

3-dimensional state space while panel (b) depicts 2-dimensional sections

for various values of a. Arrows indicate the safe side of the set boundaries.
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(35) is not a valid CBF for (41). To address this, we apply
the lag-eliminating state transformation given in (15):

o . |d| _|d+&v
X_X+€X_[@]_[v+§a]’ 42)
and substitute it into h, which yields the LCCBF
2
he(x, @) = h(%) = —d — v — (”;75“) (43)

with the safe set Si. = {(x,a) € R? : hj(x,a) > 0}.

Fig. 1 illustrates the sets S, S=8xR (blue) and 8¢
(purple), given by (35) and (43), in both the (d,v,a) and
(d,v) spaces. For v >0, a larger acceleration a causes
S)c to shrink, yielding a smaller safe region than S. This
conservatism considers the negative effect of lag, as lagged
responses under large accelerations reduce safety margins.
Moreover, as hj. depends on the lag &, larger lag values
yield more conservative safe sets. Conversely, for v < 0,
increasing a expands S). beyond S. Importantly, since A is
globally concave, Theorem 4 ensures the safety of Sjc NS
under the lag-compensating controller k). derived below.

From (41), (43), we compute the Lie derivatives:

Lehi(x,a) = —v — fa = —0 = Leh(X),

v+&a
I

cf. (26). From (9), we obtain the lag-compensating safety-

critical controller

min {kq(x), k¢ (x,a)}, if v > —&a,

ka(x), if v=—Ea, (45)

max {kq(x), k°(x,a)}, if v < —&a,

Lghlc(x, a) = — (44)

D
—— = Lsh(X);
p gh(x)

kie(x,a) =

with
pyhic(x,a)
v+éa
cf. (38), (39). Note that Corollary 2 and Theorem 5 ensure
that k. is a feasible safety-critical controller, satisfying
kie(x,a) € U on Sy, if condition (40) holds.
We also construct the HOCBF for (41) using (10), (35):

2

va v
he(x,a v%<d+>,
(x,a) . o

with the set S, defined in (11), where a,(r) = 7.r with

E(x,a) = —p + (46)

(47)
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TABLE 1
PARAMETERS OF THE SIMULATIONS

Variable Symbol Value Unit
Actuator limits Umin, Umax ~ —8,8 m/s
First-order lag I3 0.5 S
CBF parameter o 8 m/s?

Nominal controller gain K (0.005,0.15)  1/s
Class-K parameters Y, Ve 5,5 1/s

Yo > 0. From (9), the HOCBF safety filter takes the form

min {kq(x), kS(x,a)}, if v >0,
ke(x,a) = ¢ kq(x), ifv=0, (48
max {kq(x), kS (x,a)}, if v <O,
where

N §uvhe(x,a) — Sa(p + a)

° (49)

However, from (41), (47), we have Lghe(x,a) = 0 when
v=0. In this case, Lphe(x,a) = —a — a®/p, which be-
comes arbitrarily negative for sufficiently large a > 0, vi-
olating Lemma 1. Hence, h. in (47) is not a valid CBF, and
ke in (48) may fail to ensure safety, as also observed in [14].

We simulate the lag-free double integrator (34) with
the lag-free safety filter £ in (38), and the lagged system
(41) with the lag-compensating controller kj. in (45); see
Fig. 2(a,d,e) and Fig. 2(b.f,g), respectively. For comparison,
the HOCBF controller k. in (48) is also simulated for the
same lagged system; see Fig. 2(c,h,i). All simulations use
the parameters in Table I and start at a = 0 m/s.

In Fig. 2(a-c), all safety-critical controllers successfully
guarantee safety, as all gray and purple trajectories remain
within the original safe set S (green), while the desired
controller (36) violates safety, as shown by the red tra-
jectories. The LCCBF generates trajectories (gray) similar
to those of the original CBF, while the HOCBF yields
significantly different flows. Furthermore, the LCCBF safety
filter (45) intervenes earlier than both the original CBF
(38) and the HOCBF (48); see the purple trajectories in
Fig. 2(b) compared to Fig. 2(a,c). This earlier deceleration
from LCCBF accounts for the negative impacts of the lag on
safety and ensures safety under the same input bounds as the
lag-free original CBF, see the purple curves in Fig. 2(d,f).

Conversely, the safe set induced by the HOCBF in (47)
does not compensate for the lag magnitude £. As a result, its
safety filter (48) violates actuator limits even if its original
CBF yields feasible input, see the purple curve in Fig. 2(h).
Importantly, although safety is maintained in this simulation,
the HOCBF is invalid and can lead to safety violations in
some extreme cases, €.g., when system starts at d=0m,
v=0m/s and a > 0 m/s?, whereas the LCCBF provides
provable safety for all time, as indicated by Theorem 3 and
the nonnegative LCCBF values in Fig. 2(g). Overall, the
proposed LCCBF not only maintains safety under lag but
also preserves feasibility under the same conditions as the
lag-free original CBF, which may not be guaranteed by the
HOCBF-based approach.

ES(x,a) = —velu+ (1 —7:6)a
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Fig. 2. Simulations(o)f the double integrat(gr>(a) without lag (34) ar(ld) (b-c) with first-order lag (41), using the safety-critical controllers (gray and purple)
given by (38), (45), (48), respectively, and the desired controller (red) given by (36). Blue lines indicate the boundary of S given by (35). (d,f,h) Control
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VI. CONCLUSION

In this paper, we established a lag-eliminating state trans-
formation to construct lag-compensating control barrier func-
tion (LCCBF) for linear systems with first-order input lag.
The LCCBF ensures safety while preserving feasibility under
the same input bounds as the original CBF of the lag-free
system. With an additional directional concavity condition on
the original CBF, safety guarantees extend to the nominal
safe sets. We also demonstrated by simulations that our
approach maintains safety and feasibility for lagged systems,
outperforming high-order CBFs. In future work, we plan to
extend this framework to nonlinear control-affine systems.
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