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Abstract The concept of spectral submanifolds, a
powerful method ofmodel order reduction of nonlinear
systems, is extended to time delay systems that have
infinite dimensional phase space representation. The
proposed sun-star calculus based algorithm results in
system reduction to manifolds which are constructed
corresponding to either a real eigenvalue or to a pair of
complex conjugate eigenvalues of the linearized sys-
tem. Furthermore, it allows an improved approxima-
tion of self-excited oscillations exactly at the parame-
ter point of interest, which could be further away from
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the corresponding Hopf bifurcation point. The paper
includes case studies that demonstrate the capabilities
of the algorithm.
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1 Introduction

Linear spectral theory [1] is a powerful tool for the anal-
ysis of linear and linearizable dynamical systems. A
system is linearizable when applying appropriate coor-
dinate transformations, their equation of motion can be
given in linear form. However, the analysis of essen-
tially nonlinear systems requires more advanced tech-
niques because of the lack of the superposition prin-
ciple. Rosenberg introduced the concept of nonlinear
normal modes [2] as the synchronous periodic oscilla-
tion of conservative systems, which was followed by
further studies in the subsequent decades [3–5]. Later,
Shaw and Pierre [6] extended this concept to dissipa-
tive systems inspired by the center manifold theory [7].
They defined the nonlinear normalmode as an invariant
manifold that contains the stable equilibrium point of
the system and it is tangent to the subspace spanned by
the eigenvectors of the linearized system at that point.

In case of conservative systems, the Lyapunov
subcenter-manifold theorem guarantees the existence
of a unique and analytic invariant manifold under
appropriate nonresonance conditions [8,9]. However,
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these Shaw-Pierre-type surfaces are not unique [10];
generally, infinitelymany of them correspond to a fixed
point. Few years ago, Haller and Ponsioen [11] intro-
duced the concept of spectral submanifolds (SSM) for
dissipative systems,which is the unique smoothest non-
linear continuation of the spectral subspace of the lin-
earized system. Their research is based on the mathe-
matical background of Haro and de la Llave [12] and
on the parametrization method of Cabré et al. [13–15]
and Cirillo et al. [10].

Following the approach introduced by Haller, Szalai
et al. [16] and Breunung et al. [17] applied this con-
cept to generate backbone curves of forced vibrations,
while Jain et al. [18] generalized the algorithm for high-
dimensional finite element models. Furthermore, Pon-
sioen et al. [19] developed a MATLAB package for the
automated computation of the SSMs, and Cenedese et
al. [20] introduced a package for the data-driven mod-
eling and prediction of dynamical behaviour based on
Takens’ delay-embedding theorem (see [16,21]). In the
meantime, Vizzaccaro et al. [22] proposed an algo-
rithm, in which they introduced the direct parametriza-
tion of invariant manifolds for model reduction in finite
element models with the use of the left eigenvectors of
large linearized systems. This algorithm was applied
for micro-electromechanical structures (MEMS) by
Opreni et al. [23]. Later, the method was also general-
ized for arbitrary order of expansion in [24,25]. Related
technical difficulties are discussed in the review paper
of Stoychev et al. [26] which describes the limitations
of the different parametrizations of spectral submani-
folds.

The above papers investigate the autonomous and/or
non-autonomous dynamics of finite-dimensional sys-
tems, while to the best of the authors’ knowledge,
only two papers have been published in which infinite-
dimensional SSM calculations were performed. Kogel-
bauer and Haller [27] investigated a damped-forced
nonlinear beam model; they carried out a rigorous
model reduction for the governing partial differential
equation, the spectrum of which is given explicitly.
Additionally, Buza [28] applied SSM theory to analyze
the dynamics of the Navier-Stokes equations.

In this paper, we focus on delay-differential equa-
tions (DDEs), which also have an infinite-dimensional
phase space representation [29,30]. A wide variety
of methods are proposed for the finite-dimensional
approximation of DDEs including the shift operator
induced approach of Mäkilä and Partington [31], the

semidiscretization, introduced by Insperger and Stepan
[32], or the Krylov based model reduction of Michiels
et al. [33]. The discretization is a useful tool for the
approximation of invariantmanifolds of time delay sys-
tems (see the work of Farkas [34] and Sahai et al. [35]).
However, a subsequent model reduction may already
lose the infinite dimensional nature of the original sys-
tem. The papers of Jarlebring et al. [36], and van de
Wouw et al. [37] keep the infinite dimensional nature
of the reduced dynamics, while reducing the order of
the original DDE; furthermore, Scarciotti et al. [38] uti-
lize the moment matching for the model reduction of
DDEs. Finally, it must be mentioned that Groothedde
and James [39] introduced a parametrization method
for unstable manifolds of DDEs based on the work of
He and de la Llave [40,41]. Their approach is closely
related to the aforementioned spectral submanifolds,
however, they assume only a linear reduced dynamics.

Here, we extend the concept of spectral submani-
folds for time delay systems. During the calculations,
we apply the dual perturbation framework (sun-star
calculus) developed by Clement et al. [42,43], and
the corresponding results of Diekmann et al. [44] and
Wage [45]. The obtained reduced dynamics are of finite
dimension, while the infinite dimensional nature of the
original system is preserved in the manifold itself as
opposed to the discretization methods used for DDEs.
The proposed method enables us to execute the man-
ifold calculations analytically, and accurately capture
the essential finite-dimensional dynamics.

The obtained results may be beneficial in a series
of time delay systems subjected to relevant nonlinear-
ities. Examples include machine tool vibrations [46–
48], wheel shimmy [49,50], robot control [51–53],
human balance [54–56], and traffic dynamics [57,58],
to mention a few.

The paper is organized as follows. After the prob-
lem statement in Sect. 2, the theoretical background
of the sun-star calculus is summarized in Sect. 3. This
section also contains the framework for the treatment
of the nonlinearities. Section4 presents the derivation
of spectral submanifolds for time delay systems. First,
we carry out a projection to the manifold correspond-
ing to a real eigenvalue, which is followed by a pro-
jection to the manifold corresponding to a pair of com-
plex conjugate eigenvalues. After the theoretical cal-
culations, Sect. 5 discusses the SSM calculation for
the simplest nontrivial scalar nonlinear DDE. The SSM
and the corresponding reduced dynamics are calculated
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both in case of a real dominant eigenvalue and in case
of a dominant pair of complex conjugate eigenvalues.
Finally, Sect. 6 presents concluding remarks and future
research directions.

2 Problem statement

Let us consider a smooth nonlinear delay dynami-
cal system with the state vector x ∈ R

n and constant
time delay τ ∈ R, which is governed by the delay-
differential equation (DDE)

ẋ(t) = Lx(t) + Rx(t − τ) + N(x(t), x(t − τ)). (1)

Here, dot denotes the time derivative, L ∈ R
n×n and

R ∈ R
n×n are the coefficient matrices of the actual

and the delayed states, respectively, while the continu-
ously differentiable function N : Rn × R

n → R
n con-

tains the nonlinear terms with zero as trivial solution.
Consider a stable case, that is, all the eigenvalues

of the linearized system have negative real parts. We
assume that the slow dynamics is determined either
by a rightmost real eigenvalue or a rightmost pair of
slightly damped complex conjugate eigenvalues. The
goal of the current study is to calculate the SSM and
the reduced dynamics corresponding to the dominant
eigenvalue(s).

Note that although, the spectrum of DDEs cannot be
expressed in closed form, there are several well devel-
oped methods for the solution of the quasi-polynomial
characteristic equation, for example, the contour inte-
gration basedmethod [59] or the quasi-polynomial root
finder [60]. Other algorithms are based on the dis-
cretization of the DDE, which can be followed by a
Newton iteration in the original characteristic equation
[32,61–64]. In this study, we assume that the dominant
eigenvalues are known, or at least well approximated.

3 Sun-star calculus

Let us rewrite the DDE (1) as the equivalent operator
differential equation (OpDE)

ẋt (ϑ) = A��xt (ϑ) + N (xt (ϑ)), (2)

where the state vector

xt (ϑ) = x(t + ϑ), ϑ ∈ [−τ, 0], (3)

is defined in the Banach spaceB = C([−τ, 0],Cn), the
linear operator A�� : B → B assumes the form

A��� =
{ d�

dϑ (ϑ), if ϑ ∈ [−τ, 0),
L�(0) + R�(−τ), if ϑ = 0,

(4)

for � ∈ B, while the nonlinear operatorN : B → B is
obtained as

N (�) =
{

0, if ϑ ∈ [−τ, 0),
N(�(0),�(−τ)), if ϑ = 0.

(5)

Note that � (star) denotes the adjoint, while � (sun)
denotes the adjoint in a restricted domain to be defined
later.

The characteristic matrix corresponding to the DDE
(1) is

�(λ) = λI − L − Re−λτ , (6)

which leads to the characteristic equation

det(�(λ)) = 0. (7)

This is a transcendental equation that has got infinitely
many roots, from which only finitely many are located
to the right of a vertical line in the complex plane. This
allows the projection of the dynamics to a selected finite
dimensional subspace. These characteristic roots are
exactly the same as the eigenvalues of the linear oper-
ator A��.

The eigenfunction s ∈ B of the operatorA�� corre-
sponding to an eigenvalue λ is defined by

A��s = λs. (8)

This leads to a boundary value problem, the solution of
which is

s(ϑ) = qeλϑ , (9)

where q ∈ C
n spans the nullspace of �(λ); it is

obtained from

�(λ)q = 0. (10)

Note that q is defined up to a scalar multiplier.
In order to carry out projections to a particular spec-

tral subspace, the adjoint operator A� : D(A�) ⊂ B�

→ B� should also be introduced. This acts on the
dual space B� = NBV([0, τ ],Cn), where NBV refers
to normalized bounded variation. The operator assumes
the form:

A�� =

⎧⎪⎨
⎪⎩

d�
dσ (0), if σ = 0,
d�
dσ (σ ) + �(0)L, if σ ∈ (0, τ ),

�(0)(L + R), if σ = τ,

(11)
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where � ∈ B� and �(0) is a row vector. The domain
of the operator A� is restricted to

D(A�) =
{
� ∈ B� : d�

dσ
(τ) = 0

}
. (12)

The corresponding derivation is presented in Appen-
dix A.1.

Utilizing this domain restriction, the operators A�
and A�� are adjoint to each other with respect to the
pairing

〈�,�〉 = �(0)�(0) +
∫ τ

0

d�

dθ
(θ)�(−θ)dθ, (13)

that is,

〈A��,�〉 = 〈�,A���〉. (14)

Again, the eigenvalues of A� are the same as the
characteristic roots of the DDE (1), and its eigenfunc-
tions satisfy

A�n = λn. (15)

AppendixApresents the detailed derivation of the solu-
tion of (15) assuming continuous extension at λ = 0,
which yields

n(σ ) =

⎧⎪⎪⎨
⎪⎪⎩

peλσ , if σ ≤ 0,

p
(

I + Re−λτ eλσ −1
λ

)
, if σ ∈ (0, τ ),

p
(

I + Re−λτ eλτ −1
λ

)
, if σ ≥ τ,

(16)

where the row vector p ∈ C
n is the solution of

p�(λ) = 0. (17)

Note that n(σ ) in (16) satisfies the domain restriction
(12) at σ = τ .

Equation (17) allows us to choose one coordinate of
p freely, which otherwise has to satisfy the normaliza-
tion

〈n, s〉 = 1. (18)

After some algebraic manipulation, the normalization
assumes the form

p�′(λ)q = 1, (19)

where prime denotes the derivative with respect to λ.
In general, the projection of a solution xt to an eigen-

function s j yields the corresponding coordinate

y j (t) = 〈n j , xt 〉

= p j

(
x(t) +

∫ 0

−τ

Re−λ j (ϑ+τ)x(t + ϑ)dϑ

)
.
(20)

Note that here, the integration variable is changed in
the pairing (13) with ϑ = −θ .

Selecting the K rightmost characteristic roots, the
state can be decomposed as

xt (ϑ) =
K∑
j=1

y j (t)s j (ϑ) + e(t, ϑ), (21)

where the term |e(t, ϑ)| decreases as K is increased.
Following [23,45,65], let us divide the nonlinearity

in (2) into second, third, and higher-order terms:

N (�) = 1

2!B(�,�) + 1

3!C(�,�,�) + (||�||4),
(22)

where

B(�,�) =
{

0 , if ϑ ∈ [−τ, 0) ,

b(�,�) , if ϑ = 0 ,
(23)

C(�,�,�) =
{

0 , if ϑ ∈ [−τ, 0) ,

c(�,�,�) , if ϑ = 0 .
(24)

Here b(�,�) and c(�,�,�) are symmetric multilin-
ear vector functions of �,�,� ∈ B; their coordinates
take the form

bi (�,�) =
2n∑

j,k=1

∂2Ni

∂ x̃ j∂ x̃k

∣∣∣∣
x̃=0

�̃ j �̃k , (25)

ci (�,�,�) =
2n∑

j,k,l=1

∂3Ni

∂ x̃ j∂ x̃k∂ x̃l

∣∣∣∣
x̃=0

�̃ j �̃k�̃l , (26)

for i = 1, 2, . . . , n. Furthermore, tilde refers to the
2n-dimensional vectors

�̃ =
[

�(0)
�(−τ)

]
, �̃ =

[
�(0)

�(−τ)

]
, �̃ =

[
�(0)

�(−τ)

]
,

(27)

and to the corresponding extended state vector

x̃(t) =
[

x(t)
x(t − τ)

]
. (28)

This extension allows us to handle both delay-free,
delayed, and combined terms in the nonlinearity. In
practical examples, the nonlinearity is often purely
delay-free or purely delayed; in these cases, the expres-
sions (27) and (28) are simplified accordingly.
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4 Spectral submanifold for delay differential
equations

Overlooking the special cases of multiple roots, the
dominant dynamics of system (1) is determined either
by a real root or by a pair of complex conjugate roots.
This section presents the calculation of the correspond-
ing one- or two-dimensional reduced dynamics and the
construction of the spectral submanifolds.

4.1 Projection to the manifold corresponding to a
dominant real eigenvalue

Let us assume that λ1 is the real dominant eigenvalue of
the system (1), i.e., it satisfies the characteristic equa-
tion (7), while s(ϑ) and n(σ ) are the corresponding
eigenfunctions, cf. (9) and (16). Then, the correspond-
ing spectral submanifold (SSM) can be searched in the
form

W(z;ϑ) =W1(ϑ)z + 1

2
W2(ϑ)z2

+ 1

6
W3(ϑ)z3 + O(z4),

(29)

where z is called the parametrization variable. The
dynamics on the SSM, that is, the reduced dynamics
assumes the form

ż = λ1z + β2z
2 + β3z

3. (30)

Note that, here, we assume a so-called graph-style
parametrization [18] of the reduced dynamics, that is,
all the powers of the variable z appear in the right-hand
side of (30). If one would like to obtain a pitchfork or a
transcritical bifurcation type reduced dynamics, then,
accordingly, either β2 or β3 should be neglected in the
following calculations, respectively.

Substitution of xt (ϑ) = W(z(t);ϑ) into the OpDE
(2) leads to the homological equation [65]
∂W(z;ϑ)

∂z
ż = A��W(z;ϑ) + N (W(z;ϑ)). (31)

Using (22), (29) and (30), the expansion of the left-
and right-hand sides yields

λ1W1z + λ1W2z
2 + β2W1z

2 + 1

2
λ1W3z

3

+ β2W2z
3 + β3W1z

3 + O(z4)

= A��W1z + 1

2
A��W2z

2 + 1

6
A��W3z

3

+ 1

2
B(W1, W1)z

2 + 1

2
B(W1, W2)z

3

+ 1

6
C(W1, W1, W1)z

3 + O(z4).

(32)

The manifold is determined by balancing the coeffi-
cients of equal powers in z.

In case of z1, this yields

λ1W1 = A��W1, (33)

thus, W1(ϑ) is the eigenfunction of the operator A��

corresponding to the dominant root λ1 (cf. (8)), that is,

W1(ϑ) = s(ϑ). (34)

Utilizing (34), the coefficients of z2 satisfy

(2λ1I − A��)W2 = B(s, s) − 2β2s. (35)

In order to satisfy the normality condition 〈n, W2〉 = 0,
the term 2β2s has to balance the second order nonlin-
earities in the direction of the eigenfunction s. Thus,
pairing (35) with n and using (23) yield

β2 = 1

2
pb(s, s). (36)

Similarly, balancing the coefficients of z3 leads to

(3λ1I − A��)W3 =3B(s, W2) + C(s, s, s)

− 6β2W2 − 6β3s,
(37)

while considering 〈n, W3〉 = 0, pairing (37) with n,
and using (23),(24) imply

β3 = 1

6
p(3b(s, W2) + c(s, s, s)). (38)

As the coefficients of the reduced order dynamics are
already known, one can solve the boundary value prob-
lems (35) and (37) under certain non-resonance condi-
tions. Since the power series expansion of the SSM can
be continued to any order, these non-resonance condi-
tions take the form

Ker(kλ1I − A��) �= {0}, k = 2, 3, . . . , (39)

where the identity operator is denoted by I.
Note that according to the finite dimensional SSM

theory, the non-resonance conditions must hold up to
any order for the SSM to be analytic [11,13]. If the
ratio of the leftmost and rightmost eigenvalues is a finite
number, then only finitely many non-resonance condi-
tions should be checked. This was utilized in [27] as
well, where the authors derived the infinite dimensional
SSM of a partial differential equation. In that case, a
special type of damping had to be applied, at which
there is a lower bound for the radius of the characteris-
tic multipliers. They could express these characteristic
multipliers in closed form, and then, the finitely many
relevant non-resonance conditions could be investi-
gated.
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In the case of delay differential equations, there are
infinitely many eigenvalues, the real part of which tend
to minus infinity; moreover, the eigenvalues cannot
be expressed in closed form. Therefore, proving that
the non-resonance conditions fulfill is possible only in
some special cases, one ofwhich is the one dimensional
SSMof the scalar case study inSect. 5.1.Unfortunately,
we could not prove the existence and uniqueness of the
delayed SSMs in general. In the followings, we assume
that the non-resonance conditions fulfill.

The solution of the boundary value problems (35)
and (37) yields

W2(ϑ)=�−1(2λ1)b(s, s)e2λ1ϑ −2
β2

λ1
qeλ1ϑ , (40)

W3(ϑ)=�−1(3λ1)(3b(s, W2)

+ c(s, s, s))e3λ1ϑ

+ 6
β2

λ1
�−1(3λ1)b(s, s)e3λ1ϑ

− 6
β2

λ1
�−1(2λ1)b(s, s)e2λ1ϑ

+
(
6
β2
2

λ21
− 3

β3

λ1

)
qeλ1ϑ , (41)

see Appendix C for the detailed derivation.
Finally, substituting (34), (40) and (41) into (29) pro-

vides the SSM. If the manifold is obtained correspond-
ing to a dominant stable eigenvalue λ1 < 0 in (1), the
trajectories tend to this manifold and stay close to it as
they approach the stable equilibrium point.

The projection of the manifold to the eigenfunction
s(ϑ) yields the coordinate

y(z) = 〈n, W(z)〉 = z, (42)

while the part of the SSM, which is orthogonal to s(ϑ),
assumes the form

w(z;ϑ) = W(z;ϑ) − y(z)s(ϑ), (43)

that is,

w(z;ϑ) = 1

2
W2(ϑ)z2 + 1

6
W3(ϑ)z3 + O(z4). (44)

Figure 1 presents an example for the visualization of
the SSM when λ1 < 0. The horizontal axis represents
the eigendirection corresponding to s, the coordinate
along which is y(z) = z. The brown curve presents the
nonlinear part of the SSM at ϑ = 0, while the green
curve is a particular trajectory transformed to this space

Fig. 1 Schematic diagram illustrating the convergence of a tra-
jectory towards the spectral submanifold corresponding to a real
dominant negative root. Thebrowncurve is the part of the spectral
submanifold, which is orthogonal to the dominant eigenfunction,
while the green curve refers to the trajectory transformed to the
same space. Note that y(z) = z

(see details in Appendix D). As it can be observed,
the trajectory first approaches the SSM. The dynamics
close to the SSM can be approximated with the reduced
dynamics (30).

Note that if a pitchfork-type bifurcation is assumed
in the reduced dynamics, that is, the coefficient β2 is
zero, then the pairing 〈n, W2〉maynot be zero in case of
nonsymmetric nonlinearities with B(s, s) �= 0. In these
cases, the coordinate y can be introduced in the form

y(z) = z + 1

2
〈n, W2〉z2, (45)

along the eigenfunction s and this will appear also in
(43).

4.2 Projection to the manifold corresponding to a pair
of complex conjugate eigenvalues

In some critical engineering applications, the time
delay system is slightly damped, in which case a pair
of complex conjugate roots is responsible for the slow
dynamics. This section presents the derivation of the
corresponding SSM.

Assume that λ1 and λ2 = λ1 form a pair of dominant
eigenvalues, i.e., they satisfy the characteristic equation
(7), while the corresponding eigenfunctions are s(ϑ),
n(σ ) and s(ϑ), n(σ ), respectively, see (9) and (16).
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In this case, the SSM assumes the form

W(z, z; ϑ) = W10(ϑ)z + W01(ϑ)z

+ 1

2
W20(ϑ)z2 + W11(ϑ)zz

+ 1

2
W02(ϑ)z2

+ 1

6
W30(ϑ)z3 + 1

2
W21(ϑ)z2z

+ 1

2
W12(ϑ)zz2 + 1

6
W03(ϑ)z3 + (|z|4),

(46)

while the reduced dynamics is governed by the normal
form[
ż
ż

]
=
[
λ1z + β21z2z
λ1z + β21zz

2

]
. (47)

Note that the algorithm is also able to handle the
graph-style parametrization of the normal form, where
all themonomials of z and z appear. However, this leads
to a lot of unknown coefficients and lengthy algebraic
expressions. Here, we calculate the reduced dynamics
directly in normal form including the minimal number
of monomials, which allows us to obtain simple and
direct expressions for the arising limit cycles.

Substitutingxt (ϑ) = W(z(t), z(t);ϑ) into theOpDE
(2) yields the homological equation
∂W(z, z;ϑ)

∂z
ż + ∂W(z, z;ϑ)

∂z
ż

= A��W(z, z;ϑ) + N (W(z, z;ϑ));
(48)

Appendix B presents this homological equation in an
expanded form after the substitution of (46) and (47).
Again, the coefficients of the SSM are determined by
balancing the terms with the same powers of z and z.

Balancing the coefficients of z1, one obtains

λ1W10 = A��W10, (49)

thus,

W10(ϑ) = s(ϑ), (50)

cf. (8). Similarly, the z1 terms lead to W01(ϑ) = s(ϑ),
that is,W01(ϑ) = W10(ϑ). Furthermore, balancing z2,
zz, z3, z2z yields

(2λ1I − A��)W20 = B(s, s) , (51)

((λ1 + λ1)I − A��)W11 = B(s, s) , (52)

(3λ1I − A��)W30 = 3B(s, W20)

+ C(s, s, s) , (53)

((2λ1+λ1)I−A��)W21 = 2B(s, W11)+B(s, W20)

+ C(s, s, s) − 2β21s ,

(54)

respectively. Due to the selection of the normal form
(47), we consider that

〈n, W21〉 = 0; (55)

then, the pairing of n(σ ) with (54) and using (23),(24)
yield that

β21 = 1

2
p(b(s, W20) + 2b(s, W11) + c(s, s, s)). (56)

Finally, Eqs. (51)–(54) lead to boundary value prob-
lems, the solutions of which are

W20(ϑ) = �−1(2λ1)b(s, s)e2λ1ϑ , (57)

W11(ϑ) = �−1(λ1+λ1)b(s, s)e(λ1+λ1)ϑ , (58)

W30(ϑ) = �−1(3λ1)[3b(s, W20)+c(s, s, s)]e3λ1ϑ ,

(59)

W21(ϑ) = �−1(2λ1+λ1)[b(s, W20)+2b(s, W11)

+ c(s, s, s)]e(2λ1+λ1)ϑ − 2β21

λ1 + λ1
qeλ1ϑ .

(60)

see Appendix C. As the inverse �−1 of the character-
istic matrix implies, in this case, the non-resonance
conditions take the form

Ker((kλ1 + lλ1)I − A��) �= {0},
k + l = 2, 3, . . . .

(61)

The further coefficients are obtained as W02(ϑ)
= W20(ϑ),W03(ϑ) = W30(ϑ) andW12(ϑ) = W21(ϑ).
This implies that the imaginary parts in (46) cancel out
each other and so the spectral submanifold is real; this
is in accordance with the requirement that the solution
of the dynamical system (1) should be real. Moreover,
the real coefficient W11(ϑ) is responsible for the shift
in the mean value of the large amplitude oscillations,
which iswell-known in the presence of second (ormore
generally, even) order nonlinearities.

Let y(z, z) = 〈n, W(z, z)〉 denote the coordinate of
the SSM along the eigenfunction s(ϑ), which leads to
the near-identity transformation

y(z, z) = z + 1

2
〈n, W20〉z2 + 〈n, W11〉zz

+ 1

2
〈n, W02〉z2 + 1

6
〈n, W30〉z3

+ 1

2
〈n, W12〉zz2 + 1

6
〈n, W03〉z3

+ (|z|4).

(62)
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Fig. 2 Schematic diagram illustrating the convergence of a tra-
jectory towards the spectral submanifold corresponding to a pair
of complex conjugate dominant roots with negative real part. The
brown surface is that part of the spectral submanifold, which is
orthogonal to the dominant eigenfunctions, while the green curve
refers to the trajectory transformed to the same space

Here, the 〈n, W21〉 term is missing, since it equals to
zero (see (55)).

Thus, the part of the SSMwhich is orthogonal to the
space spanned by the eigenfunctions s(ϑ) and s(ϑ),
assumes the form:

w(z, z;ϑ) = W(z, z;ϑ) − y(z, z)s(ϑ)

−y(z, z)s(ϑ). (63)

Figure 2 presents a schematic diagramof the spectral
submanifold and a particular trajectory considering a
stable case with Reλ1,2 < 0. The brown surface repre-
sents the SSM above the space spanned by the real and
imaginary parts of the eigenfunction s(ϑ); the green
curve is a particular trajectory, which first tends to the
SSM, then it spirals towards the fixed point staying
close to the SSM.

A valuable outcome of the spectral projection is, that
it allows the direct approximation of the self-excited
oscillations exactly at the parameter point of interest,
which might be far from a related Hopf bifurcation. Let
us consider the first row of the reduced dynamics (47),
and look for the solution in the form

z(t) = ρ(t)eiα(t), (64)

which yields

ρ̇(t) + iα̇(t)ρ(t) = λ1ρ(t) + β21ρ
3(t). (65)

Separating the real and imaginary parts results

ρ̇(t) = Reλ1ρ(t) + Reβ21ρ
3(t) , (66)

α̇(t)ρ(t) = Imλ1ρ(t) + Imβ21ρ
3(t) . (67)

In case of a steady state periodic motion, we have
ρ̇ = 0 and α = ωt , which imply that there exists a limit
cycle if the following inequality holds:

Reλ1
Reβ21

< 0. (68)

The corresponding self-excited oscillation is unstable
for Reλ1 < 0 and stable for Reλ1 > 0 and Reλ3,4,... <

0. Furthermore, the amplitude of the limit cycle can be
approximated as

ρ̂ =
√

− Reλ1
Reβ21

,

(69)

while the corresponding angular frequency assumes the
form

ω = Imλ1 − Imβ21

Reβ21
Reλ1. (70)

The limit cycle can be transformed back to the orig-
inal state space; often, the first order term provides
already a good estimation for the amplitude of the self-
excited oscillations. Let Ai denote the amplitude of the
i-th coordinate, then

Ai ≈ 2ρ̂|qi |, i = 1, 2, . . . , n, (71)

where qi is the i-th coordinate of the n-dimensional
vector q (see (10)).

However, substituting (64), (69) and (70) into (46)
provides an even better approximation of the limit cycle
containing also higher harmonics:

xt (ϑ) = W10(ϑ)ρ̂eiωt + W01(ϑ)ρ̂e−iωt

+ 1

2
W20(ϑ)ρ̂2e2iωt + W11(ϑ)ρ̂2

+ 1

2
W02(ϑ)ρ̂2e−2iωt + 1

6
W30(ϑ)ρ̂3e3iωt

+ 1

2
W21(ϑ)ρ̂3eiωt + 1

2
W12(ϑ)ρ̂3e−iωt

+ 1

6
W03(ϑ)ρ̂3e−3iωt + (ρ̂4).

(72)

Note that because of the summation of the complex
conjugate vector valued functions, the trajectory xt (ϑ)

is real. Furthermore, the real coefficient W11 repre-
sents a shift in the solution, which is a well-known
phenomenon caused by non-symmetric nonlinearities.
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Finally, the corresponding periodic solution is the head-
point of the trajectory, that is, xper(t) = xt (0).

This allows the closed-form analytical approxima-
tion of the limit cycle calculated exactly at the parame-
ter point of interest, which could be further away from
the corresponding Hopf bifurcation point. In contrast,
the classical Hopf bifurcation calculation [29,30,65]
extrapolates the dynamics from the linear stability
boundary. Onemay also calculate the SSMup to higher
orders; in the case ofO(5) approximation, the reduced
dynamics contains the second resonant term z3z2. This
yields a second degree polynomial for ρ̂ and an even
better approximation of the limit cycle (and the SSM
itself) as it is demonstrated in Sect. 5.2.

The only drawback of the SSM-based approach is
that the dominant eigenvalues with non-zero real part
cannot be expressed in closed algebraic form for arbi-
trary bifurcation parameters in a delayed system. Still,
there are well-developed numerical methods for the
approximation of the spectrum of DDEs [32,61–64].

5 Case study

As it was also selected for a case study in [66], let us
consider the simplest scalar nonlinear DDE

ẋ = −x(t − τ) + x3(t), (73)

where x ∈ R. Compared to the general DDE (1), in
this case, the coefficients of the delay-free and delayed
terms are

L = [ 0 ] and R = [ −1 ], (74)

respectively, while the nonlinearity assumes the form

N(x(t)) =
[
x3(t)

]
. (75)

Note that although this is a scalar case, the variables are
still in bold to make the calculation comparable to the
general theoretical description of Sect. 4, while square
brackets refer to 1-by-1 matrices, that is, to scalars.

The corresponding (scalar) characteristic matrix
assumes the form

�(λ) = [ λ + e−λτ
]
, (76)

yielding the characteristic equation

λ + e−λτ = 0. (77)

The linearized system is exponentially stable, that is,
all the eigenvalues have negative real parts, if the delay
τ is smaller than the critical delay [30]

τcr,1 = π

2
. (78)

Assume that λ1 is the dominant eigenvalue of the
system, which may be either real or complex. Note that
in the latter case, λ1 forms a complex conjugate pair
with the other dominant root λ2 = λ1.

In this scalar case, any 1-by-1 vector q satisfies

�(λ1)q = [ 0 ], when det(�(λ1)) = 0; (79)

thus, one can choose

q = [ 1 ]. (80)

Similarly, any scalar p satisfies

p�(λ1) = [ 0 ], when det(�(λ1)) = 0. (81)

The actual value of p can be obtained from the normal-
ization criterion (19), which now assumes

p(1 − τe−λ1τ )q = 1. (82)

Utilizing �(λ1) = [ 0 ], the normalization yields

p =
[

1

1 + λ1τ

]
. (83)

Therefore, the eigenfunctions of A�� and A�
assume the forms

s(ϑ) = [ eλ1ϑ
]

, ϑ ∈ [−τ, 0] , (84)

n(σ ) = p
(
1 − (eλ1σ − 1)

e−λ1τ

λ1

)
, σ ∈ [0, τ ] ,

(85)

respectively, considering the continuous extension at
λ1 = 0. Note that, compared to (16), n(σ ) is not pre-
sented for σ < 0 and σ > τ , since the derivative prop-
erty at the boundaries will not be needed during the
calculations. Utilizing the characteristic equation (77),
formula (85) simplifies to

n(σ ) = peλ1σ . (86)

The symmetry in the nonlinearity yields

B(�,�) =
{

[ 0 ], if ϑ ∈ [−τ, 0),

[ 0 ], if ϑ = 0,
(87)

C(�,�,�) =
{

[ 0 ], if ϑ ∈ [−τ, 0),

6�(0)�(0)�(0), if ϑ = 0.

(88)

The following two subsections present the deriva-
tion of the SSM and the corresponding dynamics for
a real dominant eigenvalue and for a dominant pair of
complex conjugate eigenvalues.
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Fig. 3 Dependence of different variables on the delay τ corre-
sponding to Example (73). Panels a and b present the evolution
of the dominant characteristic roots and their ratio, respectively.
Panel c shows the change of the coefficient of the cubic term in the
reduced dynamics, while d visualizes the coefficient of the cubic

term of the submanifold itself evaluated at ϑ = 0. Finally, panels
e and f refer to the non-trivial equilibrium point of the reduced
order dynamics and the corresponding equilibrium transformed
back to the original coordinate, respectively

5.1 The case of a dominant real eigenvalue

Let us assume thatλ1 is the real dominant eigenvalue
of system (73). After carrying out the spectral subman-
ifold calculation detailed in Sect. 4.1, the coefficients
of the SSM are

W1(ϑ) = [ eλ1ϑ
]

, (89)

W2(ϑ) ≡ [ 0 ] , (90)

W3(ϑ) = �−1(3λ1)6s3(0)e3λ1ϑ − 3
β3

λ1
s(ϑ)

=
[

6e3λ1ϑ

3λ1 + e−3λ1τ
− 3eλ1ϑ

λ1 + λ21τ

]
, (91)

while

β2 ≡ 0, and β3 = 1

6
p6s3(0) = 1

1 + λ1τ
, (92)

where we utilized (84) which implies that s(0) = [1].
Here, the coefficients W2 and β2 are zero, since the
governing Eq. (73) lacks the second-order nonlinearity.

Figure 3 presents the two most dominant character-
istic roots λ1,2, their ratio, and the relevant parameters
of the spectral submanifold as a function of the delay
parameter τ . In the given range, both λ1 and λ2 are real
and they are well separated for τ < 0.3.

Note that in this simple system, themaximal number
of real characteristic roots is 2. This can be obtained
solving the characteristic Eq. (76) for λ ∈ R, which
leads to the intersections of an exponential and a lin-
ear function. These curves intersect at most twice pro-
viding the two real roots; all the other infinitely many
eigenvalues are complex. Thus, in this case, the non-
resonance conditions (39) have to be checked only
between the two real eigenvalues.

A λ2 = 3λ1 resonance occurs when

τ = τcr,3:= ln 3

2
√
3
, (93)

λ1 = −√
3, and λ2 = −3

√
3. (94)

At this point, theW3 coefficient of the SSM is singular,
which can also be obtained from the expression (91).

As the delay is increased the two real roots are
approaching each other, they coincide at the critical
value τcr,2, above which the dominant roots form a
complex conjugate pair. At this critical delay, λ1 is the
solution of the characteristic equation with multiplicity
two. This means that λ1 is not only a root of (76), but
also a root of its derivative with respect to λ:

∂ det(�(λ))

∂λ
= 1 − τe−λτ . (95)
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Fig. 4 Convergence of two particular trajectories towards the
spectral submanifold corresponding to the dominant real root for
different values of the delay τ . The brown curve indicates SSM,

while the green and blue curves represent trajectories initiated
from x(t) = −0.2 − t and from x(t) = 0.2 + t (t ∈ [−τ, 0]),
respectively

After some calculation, one obtains that

τcr,2 = 1

e
, (96)

at which

λ1,2 = −e. (97)

At this critical delay, both W3 and β3 tend to infinity,
which can be obtained from their expressions (91) and
(92). Note that if a linear reduced dynamics had been
assumed with β3 = 0, then the coefficient W3 would
remain finite. This corresponds to the SSM theory for
ordinary differential equations, according to which the
1:1 resonance is allowed [11].

Substituting (89)–(91) into (29) results the current
third-order approximation of the SSM:

W(z;ϑ)=[
eλ1ϑ z+

(
e3λ1ϑ

3λ1+e−3λ1τ
− eλ1ϑ

2(λ1+λ21τ)

)
z3
]

,
(98)

while the reduced dynamics is governed by the normal
form of a pitchfork bifurcation:

ż = λ1z + 1

1 + λ1τ
z3. (99)

Thus, beside the trivial equilibrium z1 = 0, the reduced
dynamics has two further equilibria at:

z�2,3 = ±√−λ1(1 + λ1τ), (100)

see Fig. 3e where z�2 is plotted as a function of τ .
Transforming these equilibria to the original coor-

dinate system with the help of (98), and utilizing the
characteristic Eq. (77), one obtains

x̃�
2,3 = ±7−3λ21+2 ln(−λ1)

6 − 2λ21

√−(λ1−λ1 ln(−λ1)),

(101)

see Fig. 3f depicting x̃�
2 as a function of τ . Note that in

this case the real dominant eigenvalue λ1 < 0, that is,
the natural logarithm is defined for ln(−λ1). In addi-
tion, the nontrivial equilibria can be obtained from
the original Eq. (73), leading to the exact solutions
x�
2,3 = ±1. Figure 3f shows that the location of the
nontrivial equilibrium estimated through (100) is not
accurate enough for τ > 0.3 due to the nearby reso-
nance.

The nonlinear part of the SSM and the transformed
trajectories initiated from two different initial condi-
tions are presented in the first row of Fig. 4 for var-
ious values of the delay τ (see the details of the tra-
jectory transformation in Appendix D). In all cases,
the trajectories approach the manifold and tend to the
origin along that. However, the trajectories run longer
along themanifold when the time delay is small, that is,
when the dominant characteristic root is increasingly
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separated from the other characteristic roots of the sys-
tem. Furthermore, the second row of Fig. 4 presents
the same trajectories in the plane of the delayed coordi-
nate x(t − τ) and of the current coordinate x(t), which
correspond to the W(z;−τ) and W(z; 0) states of the
SSM, respectively. Again, the trajectories approach the
manifold and tend to the origin along that.

5.2 Projection to the manifold corresponding to a pair
of complex conjugate eigenvalues

As it was determined in the previous subsection, if the
delay satisfies τcr,2 < τ < τcr,1, then the dominant
eigenvalues of (73) form a complex conjugate pair. Let
λ1 and λ2 = λ1 denote this dominant pair of roots.

In this case, the spectral submanifold calculation–
detailed in Sect. 4.2–yields

W10(ϑ) = [ eλ1ϑ
]

, (102)

W30(ϑ) = �−1(3λ1)6s3(0)e3λϑ

=
[

6e3λ1ϑ

3λ1 + e−3λ1τ

]
, (103)

while

β21 = 1

2
p6s2(0)s(0) = 3

1 + λ1τ
, (104)

and so

W21(ϑ) = e(2λ1+λ1)ϑ�−1(2λ1+λ1)6s2(0)s(0)

− 2β21

λ1+λ1
qeλ1ϑ

=
[

6e(2λ1+λ1)ϑ

2λ1+λ1+e−(2λ1+λ1)τ
− 6eλ1ϑ

(λ1+λ1)(1+λ1τ)

]
.

(105)

In the above derivations, we utilized (84), which
implies that s(0) = s(0) = [1] . Furthermore,

W01 = W10, W03 = W30, W12 = W21, (106)

and again, the second-order terms are zero:

W20 = W11 = W02 = [ 0 ]. (107)

Thus, the SSM assumes the form

W(z, z; ϑ) = eλ1ϑ z + eλ1ϑ z + 6e3λ1ϑ

3λ1 + e−3λ1τ
z3

+
(

6e(2λ1+λ1)ϑ

2λ1+λ1+e−(2λ1+λ1)τ
− 6eλ1ϑ

(λ1+λ1)(1+λ1τ)

)
z2z

+
(

6e(2λ1+λ1)ϑ

2λ1+λ1+e−(2λ1+λ1)τ
− 6eλ1ϑ

(λ1+λ1)(1+λ1τ)

)
zz2

+ 6e3λ1ϑ

3λ1 + e−3λ1τ
z3 + O(|z|5),

(108)

while the corresponding reduced dynamics is governed
by the normal form

ż = λ1z + 3

1 + λ1τ
z2z + O(|z|5). (109)

As it was stated in (68), a limit cycle exists if
Reλ1/Reβ21 < 0. According to (69), (70), the ampli-
tude and the angular frequency of this limit cycle
assume the forms

ρ̂ =
√√√√− Reλ1

Re
(

3
1+λ1τ

) , (110)

ω = Imλ1

(
1 + τReλ1

1 + τReλ1

)
, (111)

respectively.
Evaluating W(z, z;ϑ) at z = ρ̂eiωt and considering

ϑ = 0 yield the formula of the limit cycle in the original
coordinate (see also (72)):

xper(t) = ρ̂
(
eiωt + e−iωt

)

+ ρ̂3
(

2eiωt

2λ1+λ1+e−(2λ1+λ1)τ
− 2eiωt

(λ1+λ1)(1+λ1τ)

+ 2e−iωt

2λ1+λ1+e−(2λ1+λ1)τ
− 2e−iωt

(λ1+λ1)(1+λ1τ)

+ e3iωt

3λ1 + e−3λ1τ
+ e−3iωt

3λ1 + e−3λ1τ

)
+ O

(
ρ̂5
)

,

(112)

where ρ̂ and ω are given by (110) and (111), respec-
tively. That is, the SSM algorithm results a closed-form
analytic approximation of the limit cycle exactly at the
parameter point of interest. Moreover, the expression
contains not only the first Fourier term of the self-
excited oscillation but also the higher harmonics.

The first row of Fig. 5 present the SSM and the
transformed trajectories above the space spanned by
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Fig. 5 Convergence of trajectories towards the spectral subman-
ifold corresponding to the dominant pair of complex conjugate
roots for various values of the delay τ . The brown surface refers
to the spectral submanifold, while the green and red curves repre-
sent converging and diverging trajectories, respectively. Finally,
the blue closed curve is an unstable limit cycle determined with
DDE-BIFTOOL. In the panels of the second row, the brown

dashed curves are trajectories initiated on the SSM and obtained
with the reduced dynamics, while the orange dashed curve is
the approximation of the limit cycle based on the reduced order
model. The initial conditions of the trajectories are summarized
in Table 1. The trivial equilibrium is indicated with green or
red dot depending on whether it is stable or unstable, while red
crosses refer to the unstable nontrivial fixed points

Table 1 Initial conditions of the trajectories visualized in Fig. 5.
The functions are defined in the interval t ∈ [−τ, 0]

Convergent traj. Divergent traj.

τ = 1 x(t)=0.95 –

τ = 1.3 x(t)=0.6 x(t)=0.95

τ = 1.6 – x(t)=0.15−0.1t

the real and imaginary parts of the eigenfunction s for
various delay values. The brown surface refers to the
spectral submanifold, while the green and red curves
represent converging anddiverging trajectories, respec-
tively. Finally, the blue closed curve is a limit cycle
determined with DDE-BIFTOOL [61,67]. Observe
that all trajectories are running close to theSSM.Select-
ing the initial condition x(t) ≡ 0.95 (t ∈ [−τ, 0]), the
trajectory converges to the origin for τ = 1 while it

diverges for τ = 1.3 (see also Table 1). The latter
occurs due to the presence of the unstable limit cycle. In
case of τ = 1.6, the origin is unstable since τ > τcr,1;
still, the trajectory tends to the SSM and remains close
to that while it is spiraling outward.

The second row of Fig. 5 presents the same trajec-
tories in the plane of the actual and the delayed states.
The brown dashed curves represent trajectories on the
SSM calculated based on the reduced dynamics (109).
The initial conditions for the SSM-based trajectories
were generated by projecting the initial condition of
the reference trajectory to the SSM; this explains the
phase shift. Still, the SSM-based trajectories approx-
imate well the reference trajectories. Moreover, the
orange dashed curve refers to the limit cycle calcu-
lated from the 3rd order SSM, which is also in good
agreement with the one obtained by DDE-BIFTOOL.
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Fig. 6 Comparison of the limit cycle obtained with DDE-
BIFTOOL, with the traditional Hopf bifurcation calculation and
with spectral submanifolds of order 3 and 5. Panels a–c present

the different harmonics of the limit cycle, panel d shows the cor-
responding time period, while panel e shows the limit cycles in
the plane of the delayed and actual states for τ = 1.3

Figure 6 presents the evolution of the unstable limit
cycle as the bifurcation parameter τ is varied. Fast
Fourier transform was applied to the limit cycle: panel
(a) presents the bifurcation diagram for the base har-
monic, while panels (b) and (c) present the bifur-
cation diagrams for the higher harmonics. The blue
curve serves as a reference, determined with DDE-
BIFTOOL, the dashed red line is the result of the
classical Hopf bifurcation calculation [30], while the
dashed orange and black lines present the 3rd and 5th
order SSM-based approximations. By classical Hopf,
we mean the calculation of the Poincaré-Lyapunov
coefficient and the root tendency at the Hopf bifurca-
tion boundary, and then the extrapolation of the limit
cycle further away from the bifurcation point at τcr,1.
During this extrapolation, the time period of oscillation
is assumed to be constant, while the limit cycle con-
tains only the base harmonic. As it can be observed,
the higher-order SSM-based approximation not only

introduces higher harmonics, but it also effects the base
harmonic yielding excellent match with the reference.

Panel (d) presents the time period of the limit cycle
as the delay varies. Again, the SSM-based approxima-
tion is better than assuming constant time period, and
it improves further when the SSM is calculated up to
higher order. Finally, panel (e) visualises the limit cycle
at τ = 1.3 and it shows that the 5th order SSM approx-
imation indeed provides an excellent match with the
reference given by DDE-BIFTOOL.

6 Conclusion

In the present paper, we extended the powerful concept
of spectral submanifolds to time delay systems. Spec-
tral projectionswere carried out to an SSMcorrespond-
ing to a real dominant eigenvalue and to an SSM corre-
sponding to a pair of complex conjugate eigenvalues.
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These results can be generalized also to large dimen-
sional spectral subspaces, however, the corresponding
derivations may become lengthy.

In the case of complex conjugate dominant eigen-
values, the method allowed an improved approxima-
tion of self-excited oscillations exactly at the parameter
point of interest, which could be further away from the
corresponding Hopf bifurcation point. In contrast, the
classical Hopf bifurcation calculation extrapolates the
limit cycle while using the parameters from the linear
stability boundary.

The theoretical derivation was followed by a case
study, which demonstrated the effectiveness of the
method. A nonlinear scalar DDE was investigated ana-
lytically, which presented the accuracy of the algorithm
together with its limitations at parameter combinations
close to resonances. Furthermore, it also demonstrated
how precisely a limit cycle can be approximated.

Note that the investigation of the existence and
uniqueness of the delayed SSMs is a part of future
research. Nevertheless, the results show a good agree-
ment with the simulations, and we consider that the
algorithm can be useful from an engineering point of
view similarly to the SSMs applied for finite element
and finite volume models of partial differential Eqs.
[18,20,22]. In those cases the SSM can be proven to
be unique and exist for the ODE corresponding to the
approximate discretized model, however, it is an open
question whether the SSM of the original partial differ-
ential equation exists.

Finally, as a future direction, we plan to extend the
SSM to calculations for periodically forced time delay
systems.
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Appendix A Eigenfunctions of the operators

Let us assume that the linearized dynamics is governed
by the Stieltjes type DDE:

ẋt =
τ∫

0

dξ(θ)xt (−θ), (A1)

where

ξ(θ) = LĤ(θ) + RH(θ − τ), (A2)

with

H(θ) =
{
1, if θ ≥ 0,

0, if θ < 0,
(A3)

and

Ĥ(θ) =
{
1, if θ > 0,

0, if θ ≤ 0.
(A4)

Fig. 7a–c present these heaviside step functions and
the function of bounded variation ξ(θ) to visualize the
nature of their discontinuities.

Then, the corresponding linear operators assume the
form (see [44,45]):

A��� =
{

d�
dϑ (ϑ), if ϑ ∈ [−τ, 0),∫ τ

0 dξ(θ)�(−θ), if ϑ = 0,
(A5)

and

A�� = d�

dσ
(σ) + �(0)

σ∫
0

dξ(ϕ), if σ ∈ [0, τ ].(A6)
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Fig. 7 Panels a and b visualize the heaviside step functions
H(θ) and Ĥ(θ), respectively, panel c refers to the function ξ(θ)

that determines the dynamics, while panel d illustrates the eigen-
function n(σ ) of the operator A�

Furthermore, the characteristicmatrix and its deriva-
tive take the form

�(λ) = λI −
τ∫

0

e−λθdξ(θ), (A7)

and

�′(λ) = I −
τ∫

0

−θe−λθdξ(θ). (A8)

Appendix A.1 Domain restriction of operator A�

The adjoint operator is defined through (14), and this
is the source of the restriction of the corresponding
domain as well. Let us derive the left- and right-hand
side in more detail.

According to the definition of the pairing, the right-
hand side of (14) assumes the form

〈�,A���〉 = �(0)(A���)(0)

+
τ∫

0

d�

dθ
(θ)(A���)(−θ)dθ.

(A9)

Then, utilizing the definition (A5), one obtains

〈�,A���〉 = �(0)

τ∫
0

dξ(θ)�(−θ)

+
τ∫

0

d�

dθ
(θ)

d�

dθ
(−θ)dθ.

(A10)

Similarly, the left-hand side of (14) takes the form

〈A��,�〉 = (A��)(0)�(0)

+
τ∫

0

d(A��)

dθ
(θ)�(−θ)dθ,

(A11)

which can be reformulated with the help of (A6) as

〈A��,�〉 = (A��)(0)�(0)+
τ∫

0

d2�

dθ2
(θ)�(−θ)dθ

+ �(0)

τ∫
0

d

dθ

θ∫
0

dξ(ϕ)�(−θ)dθ.

(A12)

Finally, the partial integration of the second term and
the simplification of the third term yields

〈A��,�〉 = (A��)(0)�(0) + d�

dθ
(τ )�(−τ)

− d�

dθ
(0)�(0) +

τ∫
0

d�

dθ
(θ)

d�

dθ
(−θ)dθ

+ �(0)

τ∫
0

dξ(θ)�(−θ).

(A13)

Then, since

(A��)(0) = d�

dθ
(0), (A14)

the expressions (A10) and (A13) are equal if

d�

dθ
(τ ) = 0. (A15)

This domain restriction is presented in (12).
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Appendix A.2 Eigenfunction of operator A��

The eigenfunction s(ϑ) corresponding to the eigen-
value λ ofA�� satisfies (8) yielding the boundary value
problem:

ds
dϑ

(ϑ) = λs(ϑ), if ϑ ∈ [−τ, 0), (A16)

with the boundary condition
τ∫

0

dξ(θ)s(−θ) = λs(0), (A17)

at ϑ = 0. The solution yields the eigenfunction

s(ϑ) = qe−λτ , (A18)

where the vector q satisfies �(λ)q = 0 .

Appendix A.3 Eigenfunction of operator A�

Similarly, the eigenfunction n(σ ) of the adjoint opera-
tor A� is the solution of

dn
dσ

(σ) + n(0)

σ∫
0

dξ(ϕ) = λn(σ ). (A19)

Utilizing the variation of constants formula yields

n(σ ) = eλσ n(0) −
σ∫

0

eλ(σ−θ)n(0)

θ∫
0

dξ(ϕ)dθ, (A20)

wheren(0) = p, such thatp�(λ) = 0 . Thus, the eigen-
function assumes

n(σ ) = eλσ p

⎛
⎝I −

σ∫
0

e−λθ

θ∫
0

dξ(ϕ)dθ

⎞
⎠ . (A21)

Applying partial integration yields

n(σ ) = eλσ p

⎛
⎝I+ e−λσ

λ

σ∫
0

dξ(ϕ)−
σ∫

0

e−λθ

λ
dξ(θ)

⎞
⎠ .

(A22)

Then, introducing

f(λ; σ) =
σ∫

0

e−λθdξ(θ), (A23)

and utilizing that
σ∫

0

eλθ df
dθ

(λ; θ)dθ =
σ∫

0

dξ(θ), (A24)

the above expression can be rewritten as

n(σ ) =

p

⎛
⎝eλσ I+

σ∫
0

e−λϕ

λ

df
dϕ

(λ;ϕ)dϕ − eλσ

λ
f(λ; σ)

⎞
⎠ .

(A25)

After this, let us carry out a second partial integration
yielding

n(σ ) = p

⎛
⎝eλσ I−

σ∫
0

eλϕf(λ;ϕ)dϕ

⎞
⎠

= p

⎛
⎝
⎛
⎝1 +

σ∫
0

λeλϕdϕ

⎞
⎠ I−

σ∫
0

eλϕf(λ;ϕ)dϕ

⎞
⎠

= p

⎛
⎝I +

σ∫
0

eλϕ(f(λ; τ) − f(λ;ϕ))dϕ

+
σ∫

0

eλϕdϕ�(λ)

⎞
⎠ ,

(A26)

where we utilized that λI = f(λ; τ) + �(λ) , which is
obtained from the combination of (A7) and (A23).

Finally, since p�(λ) = 0, this expression simplifies
to

n(σ ) = p

⎛
⎝I +

σ∫
0

eλϕ(f(λ; τ) − f(λ;ϕ))dϕ

⎞
⎠

= p

⎛
⎝I +

σ∫
0

τ∫
ϕ

eλ(ϕ−α)dξ(α)dϕ

⎞
⎠ ,

(A27)

which was also obtained in [45].
Then, we can substitute (A2) and carry out a partial

integration yielding

n(σ )=p

⎛
⎝I+

σ∫
0

[eλ(ϕ−α)(LĤ(α)+RH(α−τ))]τϕdϕ

−
σ∫

0

τ∫
ϕ

(−λ)eλ(ϕ−α)(LĤ(α)+RH(α−τ))dαdϕ

⎞
⎠.

(A28)

The result of the nested integration is

n(σ ) = p

⎛
⎝I +

σ∫
0

ϒ(ϕ)dϕ

⎞
⎠ , (A29)
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with

ϒ(ϕ) =

⎧⎪⎨
⎪⎩
eλϕL + eλ(ϕ−τ)R, ϕ ≤ 0,

eλ(ϕ−τ)R, ϕ ∈ (0, τ ),

0, ϕ ≥ τ.

(A30)

This leads to the expression of the eigenfunction in the
form:

n(σ ) =⎧⎪⎪⎪⎨
⎪⎪⎪⎩

p
(
I + eλσ −1

λ
(L + Re−λτ )

)
, if σ ≤ 0,

p
(

I + Re−λτ eλσ −1
λ

)
, if σ ∈ (0, τ ),

p
(

I + Re−λτ eλτ −1
λ

)
, if σ ≥ τ.

(A31)

Finally, utilizing p�(λ) = 0, the latter expression
simplifies to the form presented in (16).

Figure 7(d) presents the eigenfunction n(σ ) illus-
trating that it is a continuous function, which is con-
stant for σ ≥ τ . Note that the derivative property in the
domain restriction (12) assumes the right derivative:

dn
dσ

(τ):= lim
σ→τ+

dn
dσ

(σ) = 0, (A32)

which is fulfilled by the eigenfunction (A31).

Appendix B Homological equation in the case of
complex dominant eigenvalues

The homological equation (48) assumes the form

λ1zW10 + λ1W20z
2 + λ1W11zz + 1

2
λ1W30z

3

+λ1W21z
2z + 1

2
λ1W12zz

2 + β21z
2zs + λ1zs

+λ1W11zz + λ1W02z
2 + 1

2
λ1W21z

2z

+λ1W12zz
2 + 1

2
λ1W03z

3 + β21zz
2s

= A��W10z + A��W01z + 1

2
A��W20z

2

+A��W11zz + 1

2
A��W02z

2 + 1

6
A��W30z

3

+1

2
A��W21z

2z + 1

2
A��W12zz

2

+1

6
A��W03z

3 + 1

2
B(s, s)z2 + B(s, s)zz

+1

2
B(s, s)z2 + 1

2
B(s, W20)z

3 + B(s, W11)z
2z

+1

2
B(s, W02)zz

2 + 1

2
B(s, W20)z

2z

+B(s, W11)zz
2 + 1

2
B(s, W02)z

3

+1

6
C(s, s, s)z3 + 1

2
C(s, s, s)z2z

+1

2
C(s, s, s)zz2 + 1

6
C(s, s, s)z3. (B33)

Note that in the arguments of the nonlinear termsB and
C, it is already utilized that

W10 = s, and W01 = s. (B34)

Appendix C Solution of the homological equations

In the homological Eqs. (32) and (48), balancing the
coefficients of the powers of z leads to (35), (37) or to
(51)-(54), which all can be written in the general form:

(λ̃I − A��)�(ϑ) = �(ϑ), (C35)

where λ̃ is the corresponding linear combination of the
dominant eigenvalue(s) and� ∈ B(ϑ) is the coefficient
of the SSM, which we want to obtain. Furthermore, the
general form of the right-hand side is

�(ϑ) =
{

�1eλ̂ϑ , if ϑ ∈ [−τ, 0),

�0 + �1, if ϑ = 0.
(C36)

Assume that λ̃ is not in the kernel ofA��, and λ̃ �= λ̂.
Then, applying the operator A�� yields the boundary
value problem

λ̃�(ϑ) − d�(ϑ)

dϑ
= �1e

λ̂ϑ , ϑ ∈ [−τ, 0), (C37)

with the boundary condition

λ̃�(0) − L�(0) − R�(−τ) = �0 + �1, (C38)

at ϑ = 0 . The solution of (C37) is

�(ϑ) = teλ̃ϑ + �1eλ̂ϑ

λ̃ − λ̂
, (C39)

where the coefficient vector t can be determined from
the boundary condition (C38), which yields

λ̃

(
t + �1

λ̃ − λ̂

)
− L

(
t + �1

λ̃ − λ̂

)

− R

(
te−λ̃τ + �1e−λ̂τ

λ̃ − λ̂

)
= �0 + �1.

(C40)

Utilizing the definition of the characteristic matrix (6),
the above equation takes the form

�(λ̃)t + �(λ̂)
�1

λ̃ − λ̂
+ �1 = �0 + �1, (C41)
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from which t can be expressed as:

t = �−1(λ̃)

(
�0 − �(λ̂)

�1

λ̃ − λ̂

)
. (C42)

Thus, the solution of the boundary value problem
assumes the form

�(ϑ) = eλ̃ϑ�−1(λ̃)

(
�0 − �(λ̂)

�1

λ̃ − λ̂

)
+ �1eλ̂ϑ

λ̃ − λ̂
.

(C43)

Note that the inverse of the characteristicmatrix implies
that resonance occurs when λ̃ is an eigenvalue of the
system.

This above expression simplifies under certain con-
ditions:

• If�1 is in the nullspace of the characteristic matrix
�(λ̂), then the solution takes the form

�(ϑ) = eλ̃ϑ�−1(λ̃)�0 + �1eλ̂ϑ

λ̃ − λ̂
. (C44)

This occurs, when W2(ϑ), W3(ϑ) and W21(ϑ) are
obtained. In these cases λ̂ equals to the dominant
eigenvalue λ, and �1 is a scalar multiple of the
vector q.

• If the right-hand side of (C35) consist only of non-
linear terms, that is �1 = 0, the solution of the
boundary value problem simplifies to

�(ϑ) = eλ̃ϑ�−1(λ̃)�0. (C45)

This occurs in case of all the other coefficients of
the SSM.

Appendix D Projection of a sampled trajectory

Assume that a trajectory x(t) is sampled with the sam-
pling time �t = τ/r , where the integer r is the sam-
pling delay number. Then, the sampled state vector
takes the form

y(k) =

⎡
⎢⎢⎢⎣

x(tk)
x(tk−1)

...

x(tk−r )

⎤
⎥⎥⎥⎦ , (D46)

where tk = k�t is the k-th sampling instant.
The projection of a trajectory to an eigenfunction

s j (ϑ) is defined in (20); its discretized form assumes

y j (k) = p j

(
x(tk) +

r∑
l=1

Reλ j (l−r)�tx(tk−l)�t

)
.

(D47)

The corresponding right-hand side can be rewritten in
the form of the mapping

y j (k) = T jy(k), (D48)

where

T j =
[
p j , p jReλ j (1−r)�t�t, . . . , p jR�t

]
. (D49)

In this paper, when we referred to transformed tra-
jectories, we meant that after this projection. We also
subtracted that part of the trajectory, which is in the
direction of the eigenfunction(s). This way, the corre-
sponding SSM has a horizontal tangent space and the
convergence of the trajectories is better visualized.

Assume that s(ϑ) is a real eigenfunction, to which
the projection is carried out. Then, the transformed tra-
jectory x̃(tk) assumes the form

x̃(tk) = x(tk) − y(tk)s(0). (D50)

Similarly, complex conjugate eigenfunctions yield

x̃(tk) = x(tk) − y(tk)s(0) − y(tk)s(0). (D51)

Note that the above described discrete time rep-
resentation of DDEs is closely related to the delay
embedding, which is a useful method to identify sys-
tem parameters from data [68–70]; moreover, it is
also applied in the SSMLearn package [20,71]. Delay
embedding for ODEs allows one to create an observ-
able vector that contains the state variables (or the com-
bination of those) in subsequent time instances. This
way, one obtains an extended state vector. Although,
the coordinate on the SSM at time t depends only on
the solution at time t , this is true for each time instance.
Thus, delay embedding increases the number of equa-
tions in the regression analysis making it more accurate
and less sensitive to noise.

In the above mentioned paper [71], the Vander-
monde matrix, the range of which spans the tangent
space of the SSM at the fixed point, has the same shape
as the discretized eigenvectors of the delayed SSM cal-
culation. Note that the left eigenvectors differ, since
the orthogonality conditions are defined differently for
ODEs and DDEs.

Applying delay embedding for delay differential
equations, one should keep in mind that the τ long
history is also relevant [70]. This results in the fact that
while the depth of the embedding is preferred to be
short in the case of ODEs, in the case of DDEs, this
depth should be as long as the time delay of the system
requires.
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