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Abstract— In this paper, we propose an optimization-based
strategy that utilizes vehicle-to-everything (V2X) communica-
tion in order to resolve conflicts between vehicles of different
automation levels. The strategy consists of a decision checking
mechanism and a control law to adjust the decision of an ego
vehicle in a certain maneuver based on status update messages
received from a remote vehicle involved in that maneuver. Using
numerical simulations with real highway data, we demonstrate
the proposed opportunistic strategy and show how it improves
safety and maximizes the time efficiency of the ego vehicle. We
also highlight the benefits of the strategy by comparing the
results with an existing conservative strategy.

I. INTRODUCTION

Maneuvers of road participants may involve conflicts if
their trajectories cross with each other such that they appear
in the same location at the same time. Examples include
merges, roundabouts, unprotected left turns, intersections and
other scenarios. Mismanaging such conflicts may compro-
mise safety and cause accidents. In traffic scenarios where all
vehicles are highly automated, prior results demonstrated the
benefits of vehicle-to-everything (V2X) communication tech-
nologies in improving safety and performance by enabling
vehicles to seek agreements about their future maneuvers
[1]–[3]. In these scenarios one may use a variety of methods
to design decision making, motion planning, and control
algorithms [4]–[6]. However, for the next few decades, it is
reasonable to assume a mixed traffic environment with vehi-
cles of different automation and cooperation levels (including
human-driven vehicles) [7]–[9]. This demands a systematic
way of resolving conflicts in such mixed environments.

Earlier work [10], [11] looked at the so-called capture set
in state space (where conflicts are unavoidable) while con-
sidering both cooperative and competitive behaviors between
vehicles. In our recent work [12], we proposed a tool called
conflict analysis to handle cooperative maneuvering between
road participants with different automation levels. Utilizing
formal logic, we calculated the so-called no-conflict, conflict,
and uncertain domains in the state space. The corresponding
conflict charts enable fast and reliable decision making
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Fig. 1. Cooperative maneuvering with potential conflict. (a) the ego vehicle
merges ahead without conflict, (b) the ego vehicle merges behind without
conflict, and (c) a conflict occurs; (d) the generalized model of cooperative
maneuvering, where the red-shaded region is the conflict zone.

and controller design. In this paper, we extend the conflict
analysis by introducing an optimization-based opportunistic
strategy which can improve performance while guaranteeing
a conflict-free maneuver at the same time.

Fig. 1(a)-(c) show three realizations of a maneuver, where
the ego vehicle (white) merges ahead of, merges behind, and
has a conflict with the remote vehicle (blue), respectively.
Here we define a conflict zone of a finite size, representing
a safety buffer between vehicles where the shape and size
may vary based on road configurations and type of maneuver.
In the merge maneuver, we consider this zone to be of a rect-
angular shape and fixed to the ground around the end of the
ramp; see the red shaded area in Fig. 1. To prevent conflict,
the two vehicles must not be present inside the conflict zone
at the same time. We resolve conflicts from the perspective
of the ego vehicle because it must yield to vehicles traveling
on the main road based on traffic rules. We assume that the
ego vehicle receives status sharing messages via V2X from
the remote vehicle that contain the current position and speed
of the remote vehicle. One example of a standardized status
sharing message is the basic safety message (BSM) [13].
In conflict analysis, we interpret messages transmitted by
remote vehicles by means of conflict charts, which allow us
to devise conflict-free controllers for the ego vehicle based
on the message content and the state of the ego vehicle.
By solving a constrained optimization problem, we derive
an opportunistic strategy that maximizes the possibility of
the ego vehicle to merge ahead while satisfying the conflict-
free condition. This reduces the conservatism in the strategy
proposed in [12] (referred to as conservative strategy) in
terms of the time efficiency of ego vehicle. These benefits
are demonstrated by using traffic data taken on a highway
in south-east Michigan.
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II. MODELING VEHICLE DYNAMICS

Consider the scenario depicted in Fig. 1(a)-(c) where the
ego vehicle (white) is joining the main carriageway while the
remote vehicle (blue) is approaching along the main road.
The conflict zone is located towards the end of the ramp
as indicated by the red rectangle. In this paper, we ignore
the lateral dynamics of both vehicles and consider the model
shown in Fig. 1(d). Hereafter, the remote and ego vehicles
are referred to as vehicles 1 and 2, respectively. Here r1
and r2 denote the distances of the vehicles from the conflict
zone, and v1 and v2 denote their longitudinal velocities. The
length of the conflict zone is denoted by L, the length of
both vehicles is l, and we define s := L + l.

By neglecting the air and rolling resistances, the longitu-
dinal dynamics of the vehicles can be given by

ṙ1 = −v1,
ṙ2 = −v2,

v̇1 = sat(u1),

v̇2 = sat(u2),
(1)

where the dot represents the derivative with respect to time t
and the negative signs appear since the vehicles are traveling
towards the negative direction. Moreover, u1 and u2 are the
control inputs, which are limited by the acceleration limits
given by the saturation function

sat(u) =


amin, if u ∈ (−∞, amin],

u, if u ∈ (amin, amax),

amax, if u ∈ [amax,∞),

(2)

when v ∈ (vmin, vmax). For v = vmin, we replace amin

with 0, since the vehicle is not allowed to decelerate; for
v = vmax, we replace amax with 0, since the vehicle is
not allowed to accelerate. Table I summarizes all parameter
values used that correspond to typical highway driving. We
assume that these limits are known to the ego vehicle. Notice
that amax,2 and amin,2 are not necessarily the physical limits
of the ego vehicle, but are parameters that can be chosen by
the users. Also, vmin,2 is set to zero, meaning the ego vehicle
is allowed to stop along the ramp if necessary. We define the
state of the system (1) as x := [r1, v1, r2, v2]> ∈ Ω, where
Ω := [−s,∞)×[vmin,1, vmax,1]×[−s,∞)×[vmin,2, vmax,2].

As mentioned before, when designing the decision making
and control algorithms for the ego vehicle, the status sharing
messages which contain the current status of the remote
vehicle (r1 and v1) are used. We define the initial time to be
the time when the first status sharing packet is received by
the ego vehicle. Note that while the remote vehicle shares
its motion information via V2X communication, we do not
have control over its motion. We can only assign the input u2

and have no knowledge about the exact value of u1 (except
for its limits). Under these conditions, our goal is to design

TABLE I
PARAMETERS VALUES USED IN THE PAPER.

L 20 [m] l 5 [m]
amin,1 −4 [m/s2] amin,2 −4 [m/s2]
amax,1 2 [m/s2] amax,2 2 [m/s2]
vmin,1 20 [m/s] vmin,2 0 [m/s]
vmax,1 35 [m/s] vmax,2 35 [m/s]

Fig. 2. Conflict charts in the (r1, r2)-plane for v1 = 28 [m/s] and v2 = 25
[m/s]. (a)-(c) Conflict charts for merge ahead, merge behind, and the unified
conflict chart. The opportunity region in panel (c) is highlighted by stripes.

decision making and control algorithms for the ego vehicle
that ensure time-efficient and conflict-free maneuvers.

III. CONFLICT ANALYSIS

In this section, we review the conflict analysis proposed in
[12], which provides a formal logic based tool for decision
making and control design for conflict prevention. Moreover,
we point out the conservatism of the decision making rule in
[12] and highlight the potential benefits that may be obtained
by the opportunistic strategy discussed further below.

A. Conflict Charts

A conflict is defined by both vehicles being in the conflict
zone at the same time. This can be formally expressed by
the proposition

C := {∃t, r1(t) ∈ [−s, 0] ∧ r2(t) ∈ [−s, 0]}, (3)

and thus a conflict-free maneuver is given by

¬C = {∀t, r1(t) /∈ [−s, 0] ∨ r2(t) /∈ [−s, 0]}, (4)

where symbols ∧ (and), ∨ (or), and ¬ (negation) are used.
Moreover, ¬C can be decoupled into the following two
cases:

P := {∃t, r1(t) = 0 ∧ r2(t) < −s},
Q := {∃t, r1(t) = −s ∧ r2(t) > 0},

(5)

where the proposition P implies that the ego vehicle merges
ahead of remote vehicle without a conflict (see Fig. 1(a)),
while proposition Q implies that the ego vehicle merges
behind the remote vehicle without a conflict (see Fig. 1(b)).
One can show that

P ∨Q ⇐⇒ ¬C. (6)

That is, to ensure a non-conflicting merge we need to show
that either a conflict-free merge ahead or a conflict-free
merge behind exists. This concept can be generalized to
multiple-vehicle cases by considering pairwise conflicts and
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can be extended to many other traffic scenarios involving
potential conflicts; unprotected left-turns, lane changes, etc.

One can further decompose proposition P (vehicle 2
merging ahead) into three cases:
(i) No-conflict case: vehicle 2 is able to merge ahead

without conflict independent of the motion of vehicle 1.
(ii) Uncertain case: vehicle 2 may be able to merge ahead

without conflict depending on the motion of vehicle 1.
(iii) Conflict case: vehicle 2 is not able to merge ahead

without conflict independent of the motion of vehicle 1.
Cases (i), (ii) and (iii) correspond to three disjoint sets in the
state space of the system (1), defined by

AP :={x ∈ Ω|∀u1(t),∃u2(t), P}, (7)
BP :={x ∈ Ω|(∃u1(t),∀u2(t),¬P ) ∧ (∃u1(t),∃u2(t), P )},

(8)
CP :={x ∈ Ω|∀u1(t),∀u2(t),¬P}. (9)

Fig. 2(a) shows these sets on the (r1, r2)-plane for velocities
v1 = 28 [m/s] and v2 = 25 [m/s], where AP , BP and CP are
shaded as green, yellow and red, respectively; see [12] for
detailed derivations. By locating the current vehicle state x
on this chart, one can reason about conflict in terms of merge
ahead. This chart is referred to as a conflict chart. Similarly,
proposition Q can be decomposed into no-conflict, uncertain
and conflict cases using merge behind instead of merge
ahead. The corresponding sets in state space are denoted
by AQ, BQ, and CQ, respectively. They are visualized with
green, yellow and red shadings in Fig. 2(b), respectively.

The conflict charts for merging ahead and behind cases
can be combined to derive the unified conflict chart shown
in Fig. 2(c). We color the unified conflict chart using the
following rule: superimposing a green region with any other
region gives green; superimposing a yellow region with
a yellow or red region gives yellow; and superimposing
two red regions gives red. That is, the green region in the
unified conflict chart is where a conflict can be prevented
by the ego vehicle (either by merging ahead or by merging
behind the remote vehicle), while in the red region conflict
is unavoidable. In the yellow region conflict may or may not
be prevented depending on the motion of the remote vehicle.
Notice that the boundaries separating these regions stretch far
into the state space, enabling an early decision making when
the vehicles are far away from the conflict zone.

B. Conservative Strategy and Potential Opportunity

In [12], the following conservative decision making rule
was proposed in the green region of the unified conflict chart:

decision =

{
merge ahead, if x(0) ∈ AP ,

merge behind, if x(0) /∈ AP , x(0) ∈ AQ.

(10)

Within AP (green region below the blue boundary in
Fig. 2(c)), there is no conflict with respect to proposition
P and vehicle 2 is able to merge ahead without a conflict
independent of the motion of vehicle 1. The decision for
this region is indeed merge ahead. Note that merging ahead

leads to higher time efficiency and thus has priority over
merging behind. When merging ahead without conflict is not
guaranteed but merging behind without conflict is guaranteed
independent of the motion of vehicle 1 (green region above
the blue boundary in Fig. 2(c)), then vehicle 2 decides
to merge behind. Once the decision is made at the initial
time, vehicle 2 sticks to it and executes it by choosing an
appropriate control law. In [12], two separate controllers
were designed for merging ahead and behind, which ensured
conflict-free merge by keeping the evolution of the state
inside the no-conflict sets AP and AQ, respectively. We refer
to the above decision making rule and the corresponding
control laws as the conservative strategy in the rest of the
paper.

To understand the conservatism one may notice that the
merge behind decision is applied in two different regions of
the state space. In CP ∩ AQ (green region above the red
boundary in Fig. 2(c)), merging ahead without conflict is
not possible, and thus, merge behind is the only choice. On
the other hand, in BP ∩AQ (striped region between the red
and blue boundaries in Fig. 2(c)), merging ahead without a
conflict may be possible depending on the future behavior of
vehicle 1. This may offer potential opportunities for vehicle 2
to merge ahead. The conservative strategy makes the decision
of merge behind without pursuing the opportunity to merge
ahead actively. We name this striped region in conflict chart
the opportunity region, and in the next section we propose
an opportunistic strategy, which tries to merge ahead in this
region, while still ensuring a conflict-free merge.

IV. OPPORTUNISTIC STRATEGY

In this section, we focus on the opportunity region
BP ∩AQ revealed by the conflict analysis (striped region in
Fig.2(c)). We propose an opportunistic strategy which con-
sists of a decision checking mechanism and an optimization-
based controller.

A. Decision Checking Mechanism

As conflict analysis shows, if the initial state is in the
opportunity region (i.e., x(0) ∈ BP ∩ AQ), then the ego
vehicle may be able to merge ahead without a conflict
depending on the motion of the remote vehicle. To prevent
conflict, the ego vehicle decides to pursue the opportunity
to merge ahead, while ensuring that a conflict-free merge
behind is still guaranteed in the case that merge ahead is
not possible. To execute this decision, one needs to solve
a constrained optimization problem, which is discussed in
detail in the next subsection. This initial decision will be
revised and settled down to either merge ahead or behind
later on as updates about the status of the remote vehicle
become available. The decision can be changed to merge
ahead if the system state evolves into the no-conflict set
with respect to merge ahead (AP ), i.e., the trajectory crosses
the blue boundary in conflict charts (see Fig. 2(c)). On the
other hand, the decision must be finalized as merge behind if
the trajectory crosses the red boundary and enters CP ∩AQ

region.
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Fig. 3. Block diagram of the opportunistic strategy.

This decision making rule is summarized as

decision = (11)
stick to merge ahead, if x(tk) ∈ AP ,

pursue opportunity to

merge ahead, if x(tk) ∈ BP ∩AQ,

stick to merge behind, if x(tk) ∈ CP ∩AQ,

where tk, k = 0, 1, . . . represent the time when status sharing
packets are received from the remote vehicle so that t0 = 0
is the initial time. The left part of Fig. 3 visualizes this
mechanism. At any tk, if the state is in the opportunity
region (i.e., x(tk) ∈ BP ∩AQ), then the ego vehicle pursues
the opportunity to merge ahead, but the decision will be
reviewed at the next status update time tk+1. If x(tk) ∈ AP

(green region below the blue curve), the decision is set to
merge ahead for t ≥ tk. Finally, if x(tk) ∈ CP ∩AQ (green
region above the red boundary), then the decision is set to
merge behind for t ≥ tk. We emphasize that in contrast to
the conservative strategy (10) where the ego vehicle does
not revise its decision, the decision checking (11) enables a
potential decision change to merge ahead, which can improve
the time efficiency of the ego vehicle.

B. Opportunistic Controller

The decision checking mechanism allows the ego vehicle
to take the opportunity of merging ahead, but whether it
can merge ahead or not also depends on the future motion
of the remote vehicle, which we do not have control over.
Here we propose a control algorithm that maximizes the ego
vehicle’s chance to merge ahead while ensuring that it can
still merge behind without conflict if its decision to merge
ahead is not possible. The key idea is to “push” the system
toward the blue boundary, i.e., toward set AP , while keeping
it inside the no-conflict set AQ. This can be formulated as
an optimization problem as discussed below.

Let Treach,1(t) denote the time needed for the remote
vehicle to reach the conflict zone and Texit,2(t) the time
needed for ego vehicle to exit the conflict zone, calcu-
lated at time t assuming [u1(t), u2(t)]> ≡ [amax,1, amax,2]>

as future inputs. Based on the definition of sets AP

and BP , x(t) ∈ AP if and only if Treach,1(t) > Texit,2(t),
while Treach,1(t) ≤ Texit,2(t) holds if x(t) ∈ BP . De-
fine T̃ (t) := Texit,2(t)− Treach,1(t) and consider the state

Fig. 4. Optimal solution u∗
2(t) for the time interval t ∈ [tk, tk+1)

(between receiving two adjacent status sharing packets) when t∗k ≥ tk+1

(a) and when t∗k < tk+1 (b). Here t∗k predicts the time when the state will
reach the black boundary of set AQ.

x(tk) ∈ BP ∩AQ such that T̃ (tk) ≥ 0. In order for
x(t) ∈ AP at some t > tk, T̃ (t) < 0 must hold. Noting that
T̃ (t) is a continuous function of t, pushing the state x(t) from
BP to AP is equivalent to decreasing T̃ (t) in t. Although
we do not have control over Treach,1(t), we can ensure via
u2(t) that Texit,2(t) decreases the most.

Assuming x(tk) ∈ BP ∩AQ, we formulate an optimiza-
tion problem that minimizes the time derivative of Texit,2(t)
by shaping u2(t) within the time interval [tk, tk+1):

min
u2(t)∈R

J(t) =
d

dt
Texit,2(t), ∀t ∈ [tk, tk+1),

subject to dynamics (1),
x(tk) ∈ BP ∩AQ,

x(t) ∈ AQ, ∀t ∈ [tk, tk+1).

(12)

Note that d
dtTexit,2(t) depends on u2(t), and the optimal

solution u∗2(t) ensures that Texit,2(t) (and thus T̃ (t)) de-
creases the most along t ∈ [tk, tk+1). This maximizes the
opportunity of the state x evolving into the set AP . In
the meantime, the last constraint ensures that a conflict-free
merge behind is always possible.

Due to the simplicity of the dynamics (1), the optimal
solution to (12) can be found analytically:

u∗2(t) =

{
amax,2, if t ∈ [tk, t

∗
k),

amin,2, if t ∈ [t∗k, tk+1),
(13)

where t∗k is the predicted time when the system
state reaches the black boundary of set AQ assuming
[u1(t), u2(t)]> ≡ [amin,1, amax,2]> for t ≥ tk. Since the fu-
ture motion of vehicle 1 is unknown, we must assume the
“worst-case scenario” u1(t) ≡ amin,1 to ensure x(t) ∈ AQ.
Note that amax,2 minimizes the cost function, while amin,2

ensures that the constraints are satisfied under the “worst case
scenario” (see Appendix I for the proof). We remark that
if t∗k ≥ tk+1, then we only need to assign u∗2(t) ≡ amax,2

for t ∈ [tk, tk+1), otherwise we switch to amin,2 at time t∗k;
see Fig. 4. Recursively, at tk+1 we check decision using
x(tk+1). If x(tk+1) ∈ BP ∩AQ, then we calculate t∗k+1

and apply (13) again for t ∈ [tk+1, tk+2). One can prove
that t∗k+1 ≥ t∗k, which means that status updates make the
prediction less conservative.

Note that for t∗k < tk+1 (see Fig. 4(b)), if the remote vehi-
cle’s behavior does not follow the worst-case scenario, then
t∗k+1 > tk+1 holds. In this case, the optimal solution (13)
switches from amax,2 to amin,2 at t∗k and then back to amax,2

at tk+1, which could result in passenger discomfort. Thus, for
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practical purposes, one may implement a sub-optimal solu-
tion, where after the earliest t∗k such that t∗k < tk+1 holds, the
decision is changed to merge behind and u2(t) = amin,2 is
applied without pursuing the opportunity again. The value of
u2(t) may be updated to be less conservative as new status
updates are received, similar to the controller for merging
behind proposed in [12].

As a summary, the control law (13) pursues the oppor-
tunity of merging ahead but ensures that a conflict-free
merge behind is always possible. The decision checking
mechanism (11) together with the corresponding controller
is referred to as the opportunistic strategy. We remark that
V2X communication is essential to apply this strategy as
this allows the ego vehicle to monitor whether and when it
crosses the blue boundary of AP . This will be demonstrated
in the next section by simulations.

V. SIMULATION WITH REAL HIGHWAY DATA

In this section, we demonstrate the benefits of opportunis-
tic strategy using simulations with real highway data, and
compare the results with the conservative strategy. We show
that the opportunistic strategy can significantly improve the
time efficiency of the ego vehicle by revising decisions as
new information becomes available via V2X.

To represent the remote vehicle, we use data collected
from a real human-driven vehicle approaching a junction on
highway US-23 near Ann Arbor, Michigan. The ego vehicle
is assumed to be a connected automated vehicle merging
from an on-ramp. At the initial time, the remote vehicle is
201.57 meters from the conflict zone traveling with speed
22.63 [m/s], while the ego vehicle is 210 meters from the
conflict zone travelling with speed 25 [m/s]. The magenta
cross in Fig. 5(a) marks the initial state in the conflict chart,
which is located in the opportunity region. In this case, the
conservative strategy decides to merge behind, while the
opportunistic strategy applies the decision checking mech-
anism (11) and controller (13) allowing the ego vehicle to
eventually change its decision and merge ahead. Fig. 5(b)-(c)
depict the system state as time evolves until the ego vehicle
exits the conflict zone. The magenta crosses are plotted
every 100 ms corresponding to 10 Hz status updates rate.
Although both strategies avoid conflict, the opportunistic
strategy significantly improves time efficiency of the ego
vehicle by merging ahead within 29% shorter time. The
corresponding time profiles are shown in Fig. 5(d)-(f) for the
two different strategies. The conservative strategy updates the
control input with status updates while keeping the decision
the same. On the other hand, the opportunistic strategy is
capable of updating the decision if such opportunity arises
while still remaining conflict-free.

Figure 6(a)-(e) show the detailed evolution of trajectory
under the opportunistic strategy. At 1.4 [s] (Fig. 6(b)), the
trajectory crosses the blue boundary and enters set AP .
Based on (11), the decision is changed to merge ahead, and
the ego vehicle keeps using amax,2 to achieve this goal.
However, if there is no status updates available when the
state enters set AP , then a decision change is not possible.

Fig. 5. Simulation results of conservative and opportunistic strategies with
initial state r1(0) = 201.57 [m], v1(0) = 22.63 [m/s], r2(0) = 210
[m], and v2(0) = 25 [m/s] when status sharing packets are received every
0.1 [s]. (a) initial state in conflict chart (magenta cross). (b)-(c) trajectories
under conservative and opportunistic strategies (magenta crosses); (d)-(f):
position, speed and acceleration profiles.

Fig. 6(a)-(b), (f)-(i) show the evolution under opportunistic
strategy without status update after the initial time. Although
the trajectory crossed the blue boundary, the ego vehicle is
not aware of it and, based on (13), the control input switches
to u2(t) = amin,2 at 3.1 [s] to keep the state inside AQ (i.e.,
above the black boundary). At 4.3 [s], the state moves out
of the AP region, and the opportunity to merge ahead is
gone. Eventually, the ego vehicle merges behind the remote
vehicle using 16.3 [s] compared to 7.5 [s] in the regular
status update case. These results are summarized in Table II.
Consequently, maintaining regular V2X communication is
essential to secure the benefits of opportunistic strategy.

VI. CONCLUSION

In this paper, we developed an opportunistic strategy for
conflict prevention in cooperative maneuvering with the help
of conflict analysis. We demonstrated that the proposed
optimization-based strategy can significantly improve the
time efficiency of the ego vehicle by revising its decision
based on status updates received via V2X while guaranteeing
a conflict-free maneuver. The benefits are illustrated by
simulations using real highway data. We showed that V2X
connectivity is essential to apply this strategy as regular
status updates are needed for successful decision revision.
Our future work include considering larger number of vehi-
cles and moving conflict zones, and deriving communication
requirements for securing the opportunity.
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Fig. 6. Sequences of trajectories with and without regular status update. (a)-(e) ego vehicle changes decision to merge ahead based on status update at
1.4 [s] and keeps using u2(t) ≡ amax,2 to merge ahead. (a)-(b), (f)-(i) opportunity to merge ahead is missed without status update. Here, the state evolves
out of AP at 4.3 [s] since the input u2(t) ≡ amin,2 is used after 3.1 [s] to keep the state inside AQ and the ego vehicle eventually merges behind.

TABLE II
SIMULATION RESULTS WITH EGO VEHICLE’S INITIAL STATE r2(0) = 210 [m] AND v2(0) = 25 [m/s].

V2X condition Regular status update No regular status update
Strategy Conservative Opportunistic Conservative Opportunistic

Maneuver result merge behind merge ahead merge behind merge behind

APPENDIX I
PROOF OF THE OPTIMALITY OF SOLUTION (13)

From the dynamics (1), one can calculate

Texit,2(t) = (14)
√

v2
2(t)+2amax,2(r2(t)+s)−v2(t)

amax,2
, if r2(t) ≤ v2

max,2−v
2
2(t)

2amax,2
− s,

vmax,2−v2(t)
amax,2

+ r2(t)+s
vmax,2

− v2
max,2−v

2
2(t)

2amax,2vmax,2
, otherwise.

which yields that

J(t) =
d

dt
Texit,2(t) = (15){

−f1(t) sat
(
u2(t)

)
− f2(t), if r2(t) ≤ v2

max,2−v
2
2(t)

2amax,2
− s,

−g1(t) sat
(
u2(t)

)
− g2(t), otherwise,

where

f1(t) =
1

amax,2

(
1− v2(t)√

v22(t) + 2amax,2(r2(t) + s)

)
,

f2(t) =
v2(t)√

v22(t) + 2amax,2(r2(t) + s)
, (16)

g1(t) =
1

amax,2

(
1− v2(t)

vmax,2

)
, g2(t) =

v2(t)

vmax,2
.

Thus, from (15), for all t ∈ [tk, tk+1), independent of the
value of r2(t) and v2(t), maximizing sat

(
u2(t)

)
minimizes

the cost function J(t). This implies u2(t) ≡ amax,2. More-
over, the constraint x(t) ∈ AQ must hold. Since vehicle 1’s
status is unknown until tk+1, we must assume the worst-
case scenario u1(t) ≡ amin,1 for t > tk, and predict time t∗k
such that x(t∗k) reaches the boundary of AQ. Based on the
definition of AQ, amin,2 is the only input that can keep a
state staying on the boundary of AQ under the worst-case
scenario. Therefore, (13) is the optimal solution to (12).
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