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Group theory

Group theory
Group theory is the study of symmetry.

What is symmetry?
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Symmetry

The four Basic Shapes Are:

Square

Rectangle

Which is the most symmetric? Which is the least?

L
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Symmetry

Definition
A symmetry is a transformation that leaves something
unchanged.

e Symmetries are always reversible.
e Doing nothing is always a symmetry.
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Groups

Symmetries describe something concrete about an
object. A group, on the other hand is a set of abstract
symmetries.

Definition
A group is a pair (G, %), where Gis a set and x is a
multiplication rule, which satisfies:
@ Associativity g« (h* k) = (g * h) = k always holds.
@ There is an identity e in G such that for any g in G,
exg=gandgx*e=g.
@ Every g in G has an inverse g~ in G such that
gxg '=eandg'xg=e.
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Examples of Groups

What are some examples of groups?

2
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Groups of Numbers

Associativity g x (hx k) = (g = h) = k.
Identity esuchthatexg=gxe=g.
Inverses g~ ' suchthatgxg' =g 'xg=e.

You can make groups out of numbers.

@ (Z,+), where Zisintegers {...,-2,—-1,0,1,2,...}.
e Associativity. a+ (b+c)=(a+b)+c.
o Identity. 0 +a=a+0=a.
o Inverses. a+ (—a)=(—a)+a=0.

@ Same thing withQ, R, C, - --

@ (R,)is not a group!
o Associativity. r- (s-t)=(r-s) - t.
o Identity. 1-r=r-1=r.
@ Inverses. 0 - (anything) =0 # 1.




Examples of Groups
[e]e]e] lelelelele]e}

Groups of Numbers

Identity esuchthatexg=gxe=g.

Associativity g x (hx k) = (g = h) = k.
Inverses g~ ' suchthatgxg=' =g 'xg=e. J

© (Z,+), (Q.+), (R, +), (C,+), -
o (R,.)is not a group'

@ Inverses. 0 - (anything) =0 # 1.
e (R\ {0}, ") is a group.

o Inverses.r-(1/r)=(1/r)-r=
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Groups of Numbers

Associativity g x (hx k) = (g = h) = k.
Identity esuchthatexg=gxe=g.
Inverses g~ ' suchthatgxg' =g 'xg=e.

° (Z7 +)! (Qa +)’ (R’ +)’ (C7 +)! e
o (R\{0},-), (@Q\{0},-), (C\{0},-), not (Z\ {0}, -), - -
@ Matrix groups with matrix multiplication, like

GL,(R) = {2 - 2 matrices, entries in R and det = 1}.

N.B. For most pairs of matrices, AB # BA. For instance,

IR S I

So generally g « h = hx g isn’t true in any group.
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Definition

A group (G, x) is abelian provided that g « h = h x g for
any elements g, hin G.

The operation is then said to be commutative.

Abelian groups.

° (Z7 +)’ (Q, +)5 (R’ +)= ((Cv +)1 e

o (R\{0},), (@\{0},-), (C\{0},-), - -
Non-abelian groups.

o GLy(R).
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Symmetry Groups

Associativity g x (hx k) = (g = h) = k.
Identity esuchthatexg=gxe=g.
Inverses g~ ' suchthatgxg' =g 'xg=e.

Theorem

The set of symmetries of any object where the operation
is composition forms a group!

Proof. Recall:
e Symmetries are always reversible.
@ Doing nothing is always a symmetry.

Thus we have inverses, identity. Furthermore,
composition of transformations is associative.
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Symmetry Groups

What are the symmetry groups of these shapes?

-




Examples of Groups
00000000 e0

Symmetry Groups

Amazing but true! These two objects have the same
symmetry group:
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Symmetry in Mathematics

The greatest developments in modern math have come
from studying symmetries of mathematical structures.

Some objects with important symmetry groups:
@ Vector spaces (Linear groups)

e Field extensions (Galois groups)
e Manifolds (Mapping class groups)
@ L-functions (The modular group)

@ Spacetime (Lorentz group and Poincaré group)
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Definition

Let S be a set of symbols. A word in S is an ordered list
of elements in S, not necessarily distinct.

Example. S={a,b,c,d, e, f, g}

w; = edcedc
W, = gaaaa = a°
ws = cabbage = cab?age
Wy = f
W5 = 0
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Let S be a set of symbols. For every symbol x in S,
associate a corresponding symbol x~'. Call the set of
such symbols S~'. Consider words in SU S~'.

Words may be simplified by deleting subwords of the form
xx~1or x~'x. For instance, if S = {a, b, ¢},

ab®c'cb~'c —» ab®b'c — abc.

Definition

© Awordin SU S~ is reduced p.t. it can’t be simplified.

© Two words are equivalent p.t. they can be simplified
to the same reduced word.
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Concatenation

Definition

Concatenation is the operation o on words which places
the symbols of one word after the other.

Example. wy = iam, w, = sam

Wy o Wo = [amsam
Wo o Wy = Samiam

N.B. concatenation is not commutative!
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Free Group

Definition
The free group (Fs, o) on generating set S is the group of

non-equivalent words in SU S~', where o is the
concatenation operation.

Example. S = {a}
Fs=1{...,a2a'0adad,. . .}
am o an — am+n

(F37 O) = (Z7 +)
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Free Group

Definition
The free group (Fs, o) on generating set S is the group of

non-equivalent words in SU S~', where o is the
concatenation operation.

Example. S = {a, b}
aba’ba ' o ab 'a 'ba 'b® = aba’ba 'ab~'a 'ba'b?
= aba’bb'a 'ba'b?
— aba’a 'ba'b?
= ababa'b2.
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Free Group

Definition

The free group (Fs, o) on generating set S is the group of
non-equivalent words in SU S~', where o is the
concatenation operation.

N.B. Fs depends only on the number of generators |S]|. |

Thus the (finitely generated) free groups are Fi, F», F3, . ..
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Free Group

Definition

The free group (Fs, o) on generating set S is the group of
non-equivalent words in SU S~', where o is the
concatenation operation.

We check that the free group is a group.

Associativity. Word concatenation is associative:
Wy O(W20W2)231 ---ajb1 - brey ---Cg:(W1 OW2)0W2

Identity. e=0: Dow =wo ) =w.

Inverses.g=a,---ax, g '=a, ' ---a’

31...akoa;1...a1—123;1...31—1031...31(:9_

- EEETTTSTSTSTSTSSSSSSSEEEEESEEEE
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Relations

We impose relations ry, >, ..., rx in Fs on a free group by
declaring
n=rnrn=-:--=1I=E¢,

and following through all the implications.

Example. The free abelian group Zs from Fgs by setting
aba'b'=e

for every pair of generators a, b.
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Relations

We impose relations ry, 2, . .., rx in Fs on a free group by
declaring
n=rnrn=:--=I=E¢,

and following through all the implications.

Example. The projective special linear group
PSL(2,Z) from Fisn by “%

s? = (st} =e.

PSL(2,Z) can be realized as symmetries on the upper
half plane H? = {x + iy € C : x > 0} formed by

S:z— —-1/z, T:z—z+4+1
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PSL(2,7)

PSL(2,Z) can be realized as symmetries on the upper
half plane H? = {x + iy € C : x > 0} formed by

S:z——-1/z, T:z—z+1

ISTS| T
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Presentations

Definition
A presentation of a group is a way of writing it as a free
group with relations.

Every group has a presentation!

The Word Problem

Given a presentation of a group, and two words wy, ws,
how can you tell if they are equal in the group?
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The Word Problem

The Word Problem

Given a presentation of a group G with finitely many
relations rq, ..., rx and two words wy, w, written in the
generators, how can you tell if they are equal in G?

Example. In PSL(2,Z) [= Fis with $2 = (st)® = é],

sts =t 1st!

There is no algorithm which can solve the word problem.
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Cayley Graphs
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Cayley Graphs

Definition

Given a group G and a presentation with generators S, its
Cayley graph is the graph with the elements of G as
vertices and edges g — (s x g) if s is a generator.

Example. G= (Z,+), S={1}.

Opposiies
-t + + + + + + + + ¥ + + +—
-6 5 4 3 2 - o] 1 2 3 4 5 B
* o "] LN — :
Negative Integers Positive Integers




Cayley Graphs
[e]e] le]e]e]

Cayley Graphs

Example. The free group F, on 2 generators.

1 bu
b
S ¥ -
gt bu a bu
[T b [
bo | o b . .
lbj‘ z L e e Pf_ This graph is
R N used in the proof
T v o of the Banach-
P P P O Tarski theorem.
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Cayley Graphs

Example. The free group F3 on 3 generators.
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Cayley Graphs

Example. PSL(2,Z) with generators {s, t}.

7~
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Some random Cayley Graphs
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The End

The End
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