Quantum Mechanics on a Spherical Shell

This is the simplest physical example that uses the
“spherical harmonics’.

We imagine that we have a potential of the form

V(ir)=_lim Vpo(R—r)

Vo——0o0

Of course, this is a theorist’s dream, but is closely re-
lated to approximations of the potential for the nuclear
shell model that we shall encounter in the future.



The Schrodinger equation in 2D spherical coordinates:

2
£2 Yy, (6,9) [1 O (sines )+ ]Ye,mgw,qs)
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€+ 1Yy, (6, 0)

where

L2 is the spherical-polar Laplacian operator

Yy m,(0,¢) are the spherical harmonics

Zis gthe orbital quantum number £ =0,1,2---

m, Is the magnetic quantum number m, = 0,1, x2---x/

<}/€/7m2(€, ®) Yg,me(e, P)) = Sp 4 5m£,m2 (orthogonality)



Just as £2 extracts the ¢ quantum number,
the z-component of the ¢ operator, L.,
extracts the magnetic quantum number m,, viz.

0
Lzlfﬁ,mg(ea Qb) = —1 (8—¢> n,m£(97 Qb) — ngE,mg(ea ¢)

Finally, h2£? is the total angular momentum (squared)
of the particle in orbital ¢, i.e. h2¢(¢ + 1)

and

hL, is the z-component of the L operator in orbital
(¢,m,), i.e. km,



Note that there are no values of £ and m, that result in

(Yo, (8, 9)1L% — L2Yy 1, (6,6)) =0

This is a consequence of the Heisenberg Uncertainty
relationship for the azimuthal angle
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We shall see some effects of these in upcoming plots.
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Low-order explicit forms of the Yg,mg(e,gb)SZ

l ml n,me(ea Qb)

0 (z)Y?

0 (2)Y/?coso

+1  F(g:)1/?singetid

0 (32:)Y2(3cos?6 —1)
+1  F(§2)1/?sin 0 cos e*i®

+£2  (32)1/2sin? geti2¢

N N N = O



0.5

-0.5 -







I=1,m=1




0.8

0.6 —

0.4

-0.2

-0.4 —

-0.6

-0.8




0.8

0.6

0.4 —

.2 —

04 —

-06

-0.8 -

‘_i

Fﬂ poo¥ -‘.HI-L

e

4 ?ﬁr i@' .
!

"-:""."

|.-||

’r )
-“, y !r’ 11\:}
h*.m&i ﬁ,;

l|.¢~‘ r

Yew ‘:"". E, i

.1.' :u-t

]

10



I=2, m=2
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Spherical Harmonics and Hydrogenic
wavefunctions

On the next few slides you can see the effect of the
spherical harmonics on the hydrogenic wavefunctions(Z
protons in the nucleus, with only one e in “orbit".
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