LECTURE 2. CUBIC HYPERSURFACES I: RATIONALITY OF
CERTAIN CUBIC HYPERSURFACES

The main goal of this lecture is to show that if X is a smooth cubic surface (that
is, X C P? is a smooth degree 3 hypersurface) over an algebraically closed field &, then
X is rational. In fact, we will prove something more general, showing that certain even-
dimensional cubic hypersurfaces are rational.

We mention that the situation is much more subtle for cubic surfaces over non-
algebraically closed fields (see, for example, | , Chapter 2]). However, we will not
discuss this, at least for now.

As we will see later, Castelnuovo’s rationality criterion says that a smooth projective
surface X is rational if and only if h'(X,Ox) = 0 = h(X,w$?). When X is a degree 3
hypersurface in P?, we have wx ~ Ox(—1) and both conditions in Castelnuovo’s criterion
are trivial to check. However, we prefer to give a direct geometric proof of rationality in
this case, since the ingredients will also come up also in higher dimensions.

1. LINES ON CUBIC SURFACES

From now on we fix an algebraically closed field k of arbitrary characteristic. Our
goal in this section is to prove the following two results about lines on cubic surfaces. We
will give a partial generalization of these results to even-dimensional cubic hypersurfaces
in Lecture 4.

Theorem 1.1. If X C P? is a hypersurface of degree 3, then X contains at least one
line.

Theorem 1.2. If X C P? is a smooth hypersurface of degree 3, then the following hold:

a) X contains precisely 27 lines, and
b) X contains at least 2 disjoint lines.

In order to prove the above theorems, we begin by setting up an incidence corre-
spondence. Let G = G(2,4) denote the Grassmannian parametrizing lines in P3. This is
a smooth variety of dimension 4. Let P ~ P! be the projective space parametrizing all
hypersurfaces of degree 3 in P3. Consider the incidence correspondence

M:={Y,L)ePxG|LCY}

We first show that M is closed in P x . This is a standard fact, but we go over
this in detail, since we will need later explicit equations. Let us consider, for example, the
open subset V' ~ A? = Specklay, as, by, bs] of G, where a line is described as the linear
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1 0 a; as
01 by by)-
The hypersurface corresponding to ¢ = (¢,), where a = (ay, ..., a3) with > . a; = 3, is

defined by
fe= Z Cax”.

This contains the line corresponding to the above matrix if and only if

fe(s(1,0,a1, a2) +£(0,1,b1,b5)) =0 in ks, 1.

span of the rows of the matrix

We can write
3
fe(s,t,say + tby, sag + thy) = Z Fi(a,b,c)s't*™",
i=0

where a = (ay,a2) and b = (b1, be), and M N (P x V) is defined in P x V by (Fo, Fy, Fy, F3).
Note that the two projections on P x G restrict to two morphisms

p: M —-P and q¢: M — G.

Lemma 1.3. The fibers of q are projective subspaces of P, of codimension 4. In particular,
M is irreducible, with dim(M) = 19.

Proof. In order to prove the first assertion, we may assume that L is defined by (z9, x3),
in which case (L) consists of those degree 3 homogeneous polynomials in zy, ..., z3
whose coefficients of 3, 221, xoz?, 3 are 0. This is a linear subspace of P of codimension
4. The fact that M is irreducible now follows from the well-known proposition below,
while the assertion about the dimension of M follows from the theorem on dimensions of
fibers of morphisms. 0

Proposition 1.4. Let f: X — Y be a proper morphism of schemes of finite type over a
field k. If Y is irreducible and all fibers of f are irreducible, of the same dimension, then
X is irreducible.

Proof. The assertion follows by using the theorem on dimensions of fibers of morphisms,
see| , p. 77, Theorem 8]. Note that while the statement in loc. cit. requires X and Y
to be projective, the proof only makes use of the fact that f is proper. OJ

Proof of Theorem 1.1. Note that we have the morphism p: M — P between 19-dimensional
varieties. The assertion in the theorem says that p is surjective. Since this is a morphism
of projective varieties, it is closed, hence it is enough to show that it is dominant. This
follows from the theorem on dimensions of fibers of morphisms if we show that some fiber
of p is O-dimensional; equivalently, we need to exhibit a cubic surface that contains finitely
many lines. When char(k) # 3, we give such a surface in Example 1.5 below. 0

Example 1.5. Suppose that char(k) # 3 and let X be the Fermat surface in P? defined
by the equation

3 3 3 3
330—|-331—|-332—|-£E3:0.
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Note that the hypothesis on the characteristic implies that X is smooth.

Up to reordering the variables, every line L C X can be given by equations of the
form

Tog = ars + fry and 1z = yry + du3,
for some «, 3,7,6 € k. This line lies on X if and only if
(g + Bas)® + (yre + 6x3)® + 25 + 25 =0 in  k[xy, 13).
This is equivalent to the following system of equations:

o’ +7° ==1,0°4 4+ = 0,a8” +76* = 0, and 3 +6° = —1.

If a, B, 7y, ¢ are all nonzero, then it follows from the third equation that
v=—af??
and plugging in the second equation, we get
o?B+ Bt =0,

3. contradicting the fourth equation.

which implies 83 = —¢

Suppose now, for example, that a = 0. We deduce from the second equation that
78§ = 0. Moreover, v = —1 by the first equation, hence § = 0 and 3% = —1 by the fourth
equation. We thus get in this way the 9 lines with the equations

o= frs and 1z = YT,

where 3,7 € k are such that 32 = —1 = +3. After permuting the variables, we obtain 2
more sets of lines on X, hence in total we have 27 lines.

Note that there is a pair of disjoint lines on X: consider for example the pair of lines
L = (xg=axe,x1 =ax3) and L' = (xg= fxq, 11 = fu3),

for some o and 3 such that o® = —1 = 33 and a # 3.

Example 1.6. In fact, it is easy to determine precisely how many pairs of disjoint lines
there are on the Fermat cubic. More precisely, given any of the 27 lines on the cubic X
in Example 1.5, there are precisely 10 of the other 26 lines that intersect this one. In
particular, there are precisely 216 pairs of disjoint lines on X.

After relabeling the coordinates and rescaling them by cube roots of 1, we may
assume that the line L that we consider has the equations

ro=—x1 and x9= —3.
Consider now one of the remaining 26 lines, let it be L’. We have 3 cases to consider.
Case 1. The line L' has equations

o =ax; and w9 = fx3

for some o and 8 such that o® = —1 = 8% and (o, 8) # (—1,—1). We have LN L' #  if
and only if there is a point (ag, ay, as, az) € P? with

ag = —a; = aa; and ay = —a3z = fas.
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If & # —1 (in which case we have two choices for «), then the condition is that ap = a; = 0
and § = —1. Similarly, if 8 # —1 (in which case we have two choices for 3), we get the
condition ay = a3 = 0 and @ = —1. We thus conclude that in this case we have precisely
4 lines that intersect L.

Case 2. The line L' has equations
rog=ary and x, = fx;

for some a and 3 such that o® = —1 = 33. In this case, L N L’ # () if and only if there is
(ag, a1, as, az) € P? such that

ay = —a; = aas = —fag and ay; = —as.

In this case we see that a = [ and conversely, if this is the case, we can find (ay, ..., a3)
as required. Therefore in this case we obtain 3 lines that intersect L.

Case 3. The line L' has equations
ro=ars and x; = fxg

for some o and 3 such that o® = —1 = 33. This is analogous to Case 2, hence we get 3
more lines that intersect L.

By combining the above 3 cases, we see that 10 out of the remaining 26 lines on
X intersect L. This means that precisely 16 do not intersect L, hence we have a total of
2E18 = 216 pairs of disjoint lines on X.

We now know that every cubic surface in P? contains lines. Of course, some cubic
surfaces contain infinitely many lines (for example, the projective cones over elliptic curves
in P?). We turn to smooth cubic surfaces. The fact that they have finitely many lines on
them (in fact, precisely 27) will follow easily from the next proposition. Let U C P be the
open subset that parametrizes smooth cubic surfaces.

Proposition 1.7. The induced map p~*(U) — U is finite and étale.

Proof. Since the morphism is proper, we only need to prove that it is étale. After con-
sidering a suitable cover of GG by affine charts, we see that it is enough to show that
p Y U)Ng (V) — U is étale. We have seen that p~1(U) N g (V) is cut out in U x V by
4 equations Fy, ..., F3. With our previous notation for the coordinates on U and V', we
see that we need to show that the Jacobian matrix

a(F07F17F2>F3)
a(a'h g, b27 b?)
has rank 4 for every X € U and L € V such that L C X. After a suitable change of

coordinates, we may assume that L corresponds to the point (ai,as, by, by) = (0,0,0,0).
Recall that Fy, ..., F3 were defined such that

A:

(X, L)

3
Z st (a,b, ) = fu(s,t, say + thy, sag + thy)
=0
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for all s and ¢, where f. is the equation defining X. By differentiating this with respect
to ai, we obtain

a C
9, (Zostd 'Fi(a,b, c)) P &J; (s,t,0,0).

Therefore the first column of A corresponds to the list of coefficients of sgg{; (s,1,0,0).
Similarly, the other 3 columns correspond to the list of coefficients of

8fc 8f af
81‘3 ox i) ox T3

Therefore the matrix A has rank less than 4 if and only if we can find (A1, Ao, pi1, o) #
(0,0,0,0) such that

22 (5,1,0,0), t=5(s,,0,0), t=%(s,t,0,0).

dfe
Oy

/e

0 Ouis + ) o o

(5,t,0,0) + (Aas + pot) =—(s,t,0,0) =0

in k[s,t].

Note that ngZ(s,t, 0,0) and ngg(s,t, 0,0) are homogeneous polynomials of degree 2
in 2 variables, over an algebraically closed field, hence they split as products of linear
polynomials. Therefore the condition in (1) says that they have a common factor. This
means that there is a point P = (pg, p1,0,0) € L such that

Ofe dfe
2 P) =

( ) 0$2< 8333
On the other hand, since L is contained in the hypersurface X defined by f., we have
fe(s,t,0,0) = 0 for all s and ¢, hence

(P) = 0.

e iy _ O
3 =0.
(3) oz, ) = g, (0 =
It follows from (2) and (3) that P is a singular point of X, contradicting the fact that X
was a smooth hypersurface. O

We now prove the second main result of this section.

Proof of Theorem 1.2. Since p~'(U) — U is finite and étale by Proposition 1.7, and U is
connected, it follows that all fibers of this map have the same number of elements. At
least when char(k) # 3, we exhibited in Example 1.5 a point in U such that the fiber of
p over this point has 27 elements. We thus obtain the first assertion in the theorem.

In order to prove the second assertion in the theorem, consider the morphism
W=p ' (U)xpp ' (U)={(X,L1,Ly) EUXxGXxG|L CX,LyCX}—U.

It follows from Proposition 1.7 that this morphism is finite and étale. In particular, W is
smooth (but possibly disconnected). Our goal is to show that the subset

W' = {(X,Ll,Lz) eWw | LiNLy= @}

is a union of connected components of W.
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Let Z be the closed subset of G x G consisting of pairs (L1, Ly) such that L;N Ly # ().
If g: Z — G is induced by the first projection, then for every L € G, we have

g (L)={L'eG|LNL #£0}.
Note first that this is an irreducible subset of GG, of dimension 3. Indeed, the closed subset
Qr={(PLYeLxG|PelL}

of L x GG has a morphism to L induced by the first projection, such that every fiber is
isomorphic to P2. Since all these fibers are irreducible, of dimension 2, it follows using
Proposition 1.4 that @) is irreducible, of dimension 3. The second projection gives a
morphism @Q; — G whose image is ¢g~!(L), hence g~*(L) is irreducible. Moreover, the
general fiber of this map consists of 1 point, hence dim(g~!(L)) = 3.

Since g has 3-dimensional, irreducible fibers, it follows that Z is irreducible and
dim(Z) = 7 (we use again Proposition 1.4). Consider now the closed subset

R={(X,L1,[,)EPxZ|L, CZ L, C Z}

of P x Z. By projecting onto the second component, we obtain a morphism h: R — Z
whose fibers are all projective spaces of codimension 7 in P; indeed, if

Ly =(zg=21=0) and Ly = (x9=ax9=0),
then the cubic hypersurfaces containing L, and Ls are those for which the coefficients of
Ty, B3T3, ToTs, T, T, T1T3, T1T5
vanish. We then conclude that R is irreducible of dimension 7+ (19 — 7) = 19.
On the other hand, note that we have a closed embedding
R— M xp M.

By dimension considerations, it follows that if we restrict this embedding over U, the
image is a connected component of W. The complement of this image is W', which shows
that W’ is a union of connected components of W.

The only thing left to note is that W’ is nonempty: at least when char(k) # 3, this
follows from Example 1.5. Since the map W’ — U is finite and étale, it is surjective, giving
the second assertion in the theorem. In fact, we get more: since all fibers of W’ — U have
the same number of elements, it follows from Example 1.6 that for every smooth cubic
surface X, we have precisely 216 pairs of disjoint lines on X. 0

2. RATIONALITY OF SOME EVEN-DIMENSIONAL CUBIC HYPERSURFACES
We now prove a general rationality result about even-dimensional cubic hypersur-
faces.

Theorem 2.1. If X C P>t s q cubic hypersurface over a field k, with m > 1, such
that X contains two disjoint m-dimensional linear subspaces, then X is rational.
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Proof. Let A1 and Ay be the two disjoint m-dimensional linear subspaces of X.

Claim. For every point € P21\ (A;UA,), there is a unique line Lg such that Q € Lq
and Lo N Ay # 0, Lo N Ay # 0. Moreover, the map

0: PP (A UA) — Ay x Ay, o(Q) = (Lo N Ay, LoNAy)
is algebraic.

Proof of claim. After a suitable change of coordinates, we may assume that we have
coordinates T, . .., Tomi1 on P! such that

AMN=(xg=...=2,=0) and Ay = (Tpi1=...= Topms1 =0).
Suppose that @ = (ao, ..., a2m+1) & A U As.

Note that if the line Lg contains ), then Lo € Ay and Lg € As. Suppose now
that we have a line L, with L € Ay and L € Ay such that L intersects A; in a point
(0,...,0,1,...,ps1) and L intersects Ay in a point (S, ..., Bmi1,0,...,0). Then we
have

L:{S(O,...,O,Ql,...7am+1)+t(/31,...,6m+1,0,...70) | (S,t) EPI},
hence () € L if and only if there are s,t € k not both 0 such that

(tﬁl, . ,tﬁm, sy, SOéerl) = (ao, c. ,a2m+1) in P2m+1.

Note that by the assumption on @, both s and ¢ must be nonzero. We see that if Q) € L,
then

LA ={(0,...,0,amy1,--.,02m+1)} and LNAy={(ag,...,am,0,...,0)}.

Conversely, if L is the line generated by these two points, then () € L. This proves the
existence and uniqueness of Lq, as well as the fact that the map ¢ is algebraic.

By restricting ¢ to X ~ (A; U Ay) we obtain a morphism
fl X~ (AlﬂAg) —)Al X AQ.

We will show that f is birational; since Ay x A, is clearly rational, this implies that X is
rational.

In order to prove that f is birational, we may pass to the algebraic closure of k£ and
thus assume that k is algebraically closed. For every () € Ay and ()5 € A, consider the
line Q1 Q)2 spanned by Q1 and Q». Note that for (Q1, Q2) € A1 x Ay general, the line Q10
is not contained in X. Indeed, the set of pairs (@1, Q2) such that (1@ is contained in
X is closed in A; x As. If it is not a proper subset, then it follows from the above claim
that every line that is not contained in A; U Ay is contained in X, hence X = P?"*! a
contradiction.

It follows that if (@1, Q2) € Ay X Ag is general, then X N Q1> is a subscheme of
degree 3 of a line, containing both ¢); and ()2, hence it can contain at most one other
point different from @)1 and (). In other words, a general fiber of f consists of at most 1
point. In characteristic 0, this is enough to show that f is birational.
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In positive characteristic, we show that f is birational by an explicit computation
of its inverse. As in the proof of the above claim, we choose coordinates on P?™*! such
that

AN=(xg=...=2,=0) and Ay = (Tpi1=...= Tops1 =0).
Since A; and A, are contained in X, it follows that we can write an equation for X as
m o 2m+1
F=Y ) mustiyle)
i=0 j=m+1
for some linear forms ¢; ;. If Q1 = (0,...,0,a0,...,ay) and Q2 = (bo, ..., Bm,0,...,0),
then Q;(Q2 N X is isomorphic to the subscheme of P! (with homogeneous coordinates s, t)

defined by f(sfo, .-, $0m,tag, ..., tBm).

We can write
m

m
f(sﬁla ceey Sﬁm—i—la tOfl, .. tam—‘rl = Z 'aj im+1+j(8607 sy Sﬁm; taOa s atam)
=0 j5=0

= st(A(e, B)s + B, B)t),

where A and B are bihomogeneous polynomials in « and /3, of bidegrees (1,2) and (2,1),
respectively. We thus see that the inverse map ¢ of f is defined on the set

{(a, 8) € Ay x Ay | A(ev, B) # 0 and B(a, ) # 0}
by
g(@,ﬁ) = (_ BUB(avﬁ%' . .,—ﬁmB<Oé,6),a0A(Oé,ﬁ),. = 7amA(aaﬁ))a

hence it is algebraic. U

Corollary 2.2. If X C P? is a smooth cubic surface over an algebraically closed field,
then X is rational.

Proof. 1t follows from Theorem 1.2 that X contains two disjoint lines. We can thus apply
Theorem 2.1 with m = 1 to conclude that X is rational. 0

Remark 2.3. If X C P? is a singular cubic surface over an algebraically closed field,
which is reduced and irreducible, then by Example 3.7 in Lecture 1, X either has a point
of multiplicity 3, in which case it is the cone over a smooth plane conic, or has a point of
multiplicity 2, in which case it is rational.

Remark 2.4. If X C P? is a smooth cubic surface, then by applying the argument in
the proof of Theorem 2.1, we have a birational map X --+ P! x P!, One can show that
this is in fact a morphism, which is the blow-up of P* x P! at 5 points.

Remark 2.5. It is well-known (and easy to see) that the blow-up W of P! x P! at one
point is isomorphic to the blow-up of P? at two points P and @ (such that the exceptional
divisor on W corresponds to the strict transform of the line PQ). The assertion in the
previous remark thus implies that a smooth cubic surface X is isomorphic to the blow-up
g: Y — P? at 6 points. It is easy to see that since

w{,l ~ g*OP3 (3)(—E1 — ... EG)
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is ample (where EY, ..., Eg are the components of the exceptional divisor), the 6 points
are general, in the sense that they do not lie on a conic and no 3 of them lie on a
line. Conversely, if ¥ is a set of 6 points in P? that are general,in the above sense, and
g: Y — P2 is the blow-up along X, then one can show that w{,l is very ample and embeds
Y as a cubic surface in P? (see | , §V.4]).

Remark 2.6. We will see in Lecture 4 that if X is a hypersurface of degree d > 2 in
P" and if L is an r-dimensional linear subspace contained in the smooth locus of X,
then r < ”T’l Moreover, if d > 3 and r = ”T’l, then the hypersurface X contains in its
smooth locus only finitely many r-dimensional subspaces. Using this, we will deduce that
if 7 > 1 and P is the projective space parametrizing cubic hypersurfaces in P?"*! (hence
dim(P) = (2r;4) —1=2(r+1)(r+2)(2r +3) — 1), then the subset of P consisting of
smooth cubic hypersurfaces that contain two disjoint r-dimensional linear subspaces is an

irreducible, constructible subset of P, whose closure has dimension (r + 1)(r +4) — 1.

In particular, we see that in the space of smooth cubic hypersurfaces in P®, we
have an irreducible, codimension 2 closed subset F', whose general element consists of a
hypersurface that contains two disjoint 2-planes, and therefore is rational. Similar argu-
ments show that the set of smooth cubic hypersurfaces in P® containing one 2-plane is
an irreducible divisor D in the space of all smooth cubics, hence F' is a divisor in D.
We mention that Brendan Hassett constructed in | | an infinite family of divisors in
D and it is expected that the rational smooth cubic 4-folds correspond precisely to the
points in these divisors in D. However, even the rationality of these cubic hypersurfaces
is known in only a few cases.

Remark 2.7. Finally, we note that no examples of rational odd-dimensional smooth
cubic hypersurfaces are known. Moreover, no examples of rational smooth hypersurfaces
in P” of degree d > 4 are known.
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