
APPENDIX 1: REVIEW OF SINGULAR COHOMOLOGY

In this appendix we begin with a brief review of some basic facts about singular
homology and cohomology. For details and proofs, we refer to [Mun84]. We then discuss
the Leray-Hirsch theorem and the Thom isomorphism, we review some special features of
the cohomology of algebraic varieties, and finally, we carry out some simple computations
that we need: the cohomology of a projective space and that of a smooth blow-up.

1. Basic facts about singular homology and cohomology

For every Abelian group A and every non-negative integer p, we have a covariant
functor Hp(−, A) and a contravariant functor Hp(−, A) from the category of topological
spaces to the category of Abelian groups. This is the pth singular homology group (re-
spectively, the pth singular cohomology group) with coefficients in A. More generally, we
have a covariant functor Hp(−,−, A) and a contravariant functor Hp(−,−, A) from the
category of pairs of topological spaces1 to the category of Abelian groups. This is the pth

relative homology group (respectively, the pth relative cohomology group) with coefficients
in A. If f : X → Y is a continuous map, the morphism induced in homology is denoted
by f∗ and that induced in cohomology is denoted by f ∗.

These functors satisfy the following properties:

i) If X consists of one point, then

H0(X,A) ' A and H0(X,A) ' A,

and
Hp(X,A) = 0 = Hp(X;A) for p > 0.

ii) If X =
⊔
i∈I Xi, then

Hp(X,A) '
⊕
i∈I

Hp(Xi, A) for all p ≥ 0, and

Hp(X,A) '
∏
i∈I

Hp(Xi, A) for all p ≥ 0.

iii) If f, g : X → Y are homotopic continuous maps, then they induce the same maps
in homology Hp(X,A)→ Hp(Y,A) and in cohomology Hp(Y,A)→ Hp(X,A).

iv) For every pair (X, Y ), we have the following functorial long exact sequences:

. . .→ Hp(Y,A)→ Hp(X,A)→ Hp(X, Y,A)→ Hp−1(Y,A)→ . . .

and

. . .→ Hp(X, Y,A)→ Hp(X;A)→ Hp(Y,A)→ Hp+1(X, Y,A)→ . . . .

1A pair (X,Y ) consists of a topological space X and a subspace Y ; a morphism in this categoy from
(X,Y ) to (X ′, Y ′) is given by compatible continuous maps X → X ′ and Y → Y ′.

1
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v) (Excision) If (X, Y ) is a pair and U is a subset of X such that U is contained in
the interior of Y , then the inclusion induces isomorphisms

Hp(X r U, Y r U,A) ' Hp(X, Y,A) and

Hp(X, Y,A) ' Hp(X r U, Y r U,A) for all p ≥ 0.

In what follows we will mostly be interested in the case when the (co)homology has
coefficients in Z, Q, R, or C. An immediate consequence of the definition of singular
homology and cohomology groups is that if π0(X) is the set of path-components of X,
then

(1) H0(X,A) ' A(π0(X)) and H0(X,A) ' HomZ(A,Z)π0(X).

In particular, we have a canonical morphism of Abelian groups

deg : H0(X,A)→ A,

which is an isomorphism if X is path-connected.

A useful tool for computing cohomology is provided by the Mayer-Vietoris sequence.
Suppose that U and V are open subsets of X such that X = U ∪V . If the following maps
are given by inclusions:

iU : U ↪→ X, jU : U ∩ V ↪→ U, iV : V ↪→ X, jV : U ∩ V ↪→ V,

then for every Abelian group A, we have a long exact sequence:

. . . −→ Hp(X,A)
α−→ Hp(U,A)⊕Hp(V,A)

β−→ Hp(U ∩ V,A) −→ Hp+1(X,A) −→ . . . ,

where α and β are given by

α(y) = (i∗U(y), i∗V (y)) and β(y1, y2) = j∗U(y1)− j∗V (y2).

A similar sequence holds for homology.

The following is the Universal Coefficient theorem, which describes the groups
Hp(X,A) and Hp(X,A) in terms of the groups Hp(X,Z) (see [Mun84, Theorems 55.1,
56.1].

Theorem 1.1. For every Abelian group A and for every p ≥ 0, we have canonical short
exact sequences2:

0→ Ext1Z(Hp−1(X,Z), A)→ Hp(X,A)→ HomZ(Hp(X,Z), A)→ 0

and

0→ Hp(X,Z)⊗Z A→ Hp(X,A)→ TorZ1 (Hp−1(X,Z), A)→ 0.

Both sequences are split, but the splitting is non-canonical.

Remark 1.2. An immediate consequence of the theorem is that if K is a field containing
Q, then

Hp(X,K) ' Hp(X,Z)⊗Z K and Hp(X,K) ' Hp(X,Z)⊗Z K ' Hp(X,K)∗.

2We make here the convention that H−1(X,Z) = 0.
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Remark 1.3. Since H0(X,Z) is a free Abelian group, it is an immediate consequence of
Theorem 1.1 that

H1(X,Z) ' HomZ

(
H1(X,Z),Z

)
.

In particular, we see that H1(X,Z) has no torsion.

Remark 1.4. Note that if M is a finitely generated Abelian group, then Ext1Z(M,Z) is
torsion and HomZ(M,Z) has no torsion. We thus deduce from Theorem 1.1 that if all
homology groups Hi(X,Z) are finitely generated, then the torsion subgroup Hp(X,Z)tors
of Hp(X,Z) is isomorphic to Ext1Z(Hp−1(X,Z),Z), and

Hp(X,Z)/Hp(X,Z)tors ' HomZ(Hp(X,Z),Z).

If R is a ring, then

H∗(X,R) :=
⊕
p≥0

Hp(X,R)

has the structure of a graded-commutative graded ring with respect to the cup-product

Hp(X,R)×Hq(X,R) 3 (a, b)→ a ∪ b ∈ Hp+q(X,R).

We also have a cap product map

Hp(X,R)×Hq(X,R)→ Hq−p(X,R).

This makes H∗(X,R) :=
⊕

pHp(X,R) a left module over H∗(X,R). These operations
satisfy the projection formula: if f : X → Y is a continuous map, then

(2) f∗
(
f ∗(α) ∩ β

)
= α ∩ f∗(β) for every α ∈ H∗(Y,R), β ∈ H∗(X,R).

One can define the cup-product more generally for relative cohomology: if R is a ring and
Y1, Y2 ⊆ X, then we have a cup-product map

Hp(X, Y1, R)×Hq(X, Y2, R)→ Hp+q(X, Y1 ∪ Y2, R)

that extends the one in the absolute case and which satisfies similar properties.

Given two topological spacesX and Y , the Künneth theorem computes the (co)homology
of the product X×Y in terms of the (co)homologies of X and Y . The simplest form con-
cerns homology and says that for every m ≥ 0, there is a natural short exact sequence

0→
⊕
p+q=m

Hp(X,Z)⊗ZHq(Y,Z)→ Hm(X×Y,Z)→
⊕

p+q=m−1

TorZ1
(
Hp(X,Z), Hq(Y,Z)

)
→ 0,

which is split, but non-canonically. If all homology groups Hp(X,Z) are finitely generated,
then for every m ≥ 0 we have a natural short exact sequence for cohomology:

0→
⊕
p+q=m

Hp(X,Z)⊗ZH
q(Y,Z)

ϑ−→ Hm(X×Y,Z)→
⊕

p+q=m+1

TorZ1
(
Hp(X,Z), Hq(Y,Z)

)
→ 0,

where ϑ(α⊗β) = pr∗1(α)∪pr∗2(β). Moreover, this sequence splits (non-canonically) if also
all Hq(Y,Z) are finitely generated. For these results, see [Mun84, §59, 60].

Suppose now that M is a compact, orientable, n-dimensional C∞-manifold. The
orientation on M defines on M a fundamental class µM ∈ Hn(M,Z). The following result
is one of the incarnations of Poincaré duality.
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Theorem 1.5. With the above notation, the cap product map

(3) Hp(M,Z)→ Hn−p(M,Z), α→ α ∩ µM
is an isomorphism.

One can show that for a compact manifold M , the groups Hp(M,Z) (hence also
the groups Hp(M,Z)) are finitely generated. We can now rephrase Poincaré duality as
follows. Consider the following bilinear pairing

(4) Hp(X,Z)×Hn−p(X,Z)→ Z, (α, β)→ deg
(
(α ∪ β) ∩ µM

)
.

Via the isomorphism (3), this gets identified with the morphism

Hp(X,Z)×Hp(X,Z)→ Z, (α, β)→ deg(α ∩ β).

Using the Universal Coefficient theorem, we see that the map induced after killing the
torsion is a perfect pairing. We thus conclude that (4) induces after killing the torsion a
perfect pairing:

(5) Hp(X,Z)/Hp(X,Z)tors ×Hn−p(X,Z)/Hn−p(X,Z)tors → Z.

By tensoring with Q, we obtain a perfect pairing

Hp(X,Q)×Hn−p(X,Q)→ Q, (α, β)→ deg
(
(α ∪ β) ∩ µM

)
.

2. The Leray-Hirsch theorem and the Thom isomorphism

We now discuss two results that we will need later, in order to compute the coho-
mology of projective bundle and that of smooth blow-ups. We begin with a result that
allows the description of the cohomology for the total space of a locally trivial map. Recall
that a continuous map f : Y → X is locally trivial, with fiber F , if X can be covered by
open subsets U such that f−1(U) is homeomorphic over U with U × F . In the cases of
interest to us, X will be covered by finitely many such subsets, and in this case the results
below are easier to prove.

Theorem 2.1. Let f : Y → X be a continuous map, which is locally trivial, with fiber F .
Suppose that all cohomology groups Hp(F,Z) are finitely generated, free Abelian groups.
If α1, . . . , αr ∈ H∗(Y,Z) are such that for every x ∈ X, the inclusion ix : f−1(x) ↪→ Y
has the property that i∗x(α1), . . . , i

∗
x(αr) give a basis of H∗(f−1(x),Z), then we have an

isomorphism of Abelian groups

Zr ⊗Z H
∗(X,Z)→ H∗(Y,Z), (m1, . . . ,mr)⊗ β =

(
r∑
i=1

miαi

)
∪ f ∗(β).

Proof. If Y = X ×F , then the assertion is an easy consequence of the Künneth theorem.
When X has a finite cover by open subsets Ui such that f−1(Ui) is isomorphic over Ui with
Ui×F , one argues by induction on the number of open subsets, using the Mayer-Vietoris
sequence. We do not give the proof in the general case, as we will not need it. �
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We now turn to the definition of the Thom class and to the statement of the Thom
isomorphism theorem. Suppose that π : E → X is an oriented, real vector bundle of rank
r ≥ 1, on a topological space X. In particular, for every x ∈ X, the fiber Ex = π−1(x) is
an r-dimensional, oriented real vector space. We will consider X embedded in E via the
0-section.

Recall that
Hr(Rr,Rr r {0},Z) ' Z,

and choosing a generator is equivalent to the choice of an orientation on Rr. Indeed, it
follows from the long exact sequence in cohomology for (Rr,Rr r {0}) and from the fact
that Rr is contractible, while Rr r {0} is homotopically equivalent to the sphere Sr−1,
that3

Hr(Rr,Rr r {0},Z) ' Hr−1(Rr r {0},Z) ' Hr−1(Sr−1,Z) ' Z.

Theorem 2.2. Let π : E → X be an oriented, real vector bundle of rank r ≥ 1, on a
topological space X.

i) There is a unique ηE ∈ Hr(E,E r X,Z) (the Thom class of E) such that for
every x ∈ X, the restriction of ηE to Hr(π−1(x), π−1(x) r {0},Z) corresponds to
the given orientation on the fiber.

ii) For every closed subset W of X and every p ≥ 0, we have

Hp(E,E rW,Z) = 0 for p < r

and the map

Hp−r(X,X rW,Z)→ Hp(E,E rW,Z), α→ π∗(α) ∪ ηE
is an isomorphism for every p ≥ r (the Thom isomorphism).

Proof. We only sketch the argument under the assumption that there are finitely many
open subsets of X that cover X and such that E is trivial over each of them (this is
enough for our purpose). For both i) and ii), arguing by induction on the number of open
subsets and using the Mayer-Vietoris sequence, we reduce to the case when E is trivial.
In this case the assertions follow easily from the Künneth theorem. �

Remark 2.3. We will apply the Thom isomorphism via the following consequence. Sup-
pose that X is an oriented, n-dimensional C∞-manifold, and Y is a closed, oriented sub-
manifold, of codimension r. The orientations on the tangent bundles TX and TY induce
an orientation on the normal bundle N = NY/X , since we have a canonical isomorphism
det(TX) ' det(TY )⊗det(N). Recall that by the tubular neighborhood theorem, there is an
open neighborhood U of Y in X, a retract r : U → Y , and a homeomorphism h : U → N ,
such that we have a commutative diagram

Y

1Y
��

j // U

h
��

r // Y

1Y
��

Y
i // N

π // Y,

3In order for this to also hold for r = 1, we need to replace the 0th cohomology by the reduced version,
the cokernel of the canonical map Z→ H0(−,Z).
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where j is the inclusion, i is the embedding as the 0-section, and π is the vector bundle
map. If W a a closed subset of Y , we then obtain isomorphisms

Hp−r(Y, Y rW,Z) ' Hp(N,N rW,Z) ' Hp(U,U rW,Z) ' Hp(X,X,rW,Z),

for every p ≥ 0, where the first isomorphism is provided by Theorem 2.2, the second one
is induced by h, and the third one is given by excision (we make the convention that the
first group is 0 for p < r). In particular, we have isomorphisms

(6) Hp−r(Y,Z) ' Hp(X,X r Y,Z) for all p ≥ 0.

Remark 2.4. If X and Y are as in the previous remark and ι : Y → X is the inclusion,
then the Gysin map

ι∗ : H
p(Y,Z)→ Hp+r(X,Z)

is defined as the composition

Hp(Y,Z)→ Hp+r(X,X r Y,Z)→ Hp+r(X,Z),

where the first map is the isomorphism in (6) and the second one is the canonical map
induced by (X, ∅) → (X,X r Y ). Therefore the long exact sequence in cohomology for
the pair (X,X r Y ) becomes

(7) . . .→ Hp−r(Y,Z)
ι∗→ Hp(X,Z)→ Hp(X r Y,Z)→ Hp−r+1(Y,Z)→ . . . .

One can show that Gysin maps are functorial for closed embeddings of oriented C∞-
manifolds.

Remark 2.5. If f : Y → X is any differentiable map between compact, oriented C∞-
manifolds, with dim(X) = n and dim(Y ) = m, we get a morphism

f∗ : H
p(Y,Z)→ Hp+r(X,Z),

where r = n−m. Indeed, Poincaré duality gives isomorphisms

Hp(Y,Z) ' Hm−p(Y,Z) and Hp+r(X,Z) ' Hm−p(X,Z)

and via these isomorphisms, f∗ corresponds to the morphism in homology associated to
f . It is clear that this is functorial. Moreover, one can show that if f embeds Y as a
submanifold of X, then this definition coincides with the one in Remark 2.4.

3. Cohomology of complex algebraic varieties

In this section we review some basic facts about the topology of complex algebraic
varieties. For proofs and details, we refer to [Voi07]. We make use of the singular cohomol-
ogy for complex algebraic varieties. Given such a variety X (not necessarily irreducible),
we denote by Xan the same variety, endowed with the classical topology. Recall how this
is defined: if X is affine, then we have a closed immersion X ↪→ Cn, and we endow X with
the subspace topology, where we take on Cn the Euclidean topology. It is straightforward
to see that the topology we get is independent of the embedding. If X is not-necessarily-
affine, then we obtain the topology on Xan by gluing the topology that we get on the
subsets in an affine open cover. In this way, we get a functor from complex algebraic vari-
eties to topological spaces. Whenever we consider the singular cohomology of an algebraic
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variety over C, we always consider it endowed with the classical topology. The following
are some basic facts that we will use:

i) If X is irreducible (or, more generally, connected), then Xan is connected.
ii) Since X is assumed to be separated, then Xan is Hausdorff.

iii) If X is a complete variety, then Xan is compact.
iv) If X is smooth of dimension n, then Xan is a complex manifold of dimension n, and

therefore also a (real) C∞-manifold of dimension 2n. Like every complex manifold,
it carries a canonical orientation.

We note that for every complex algebraic variety X and every Abelian group A, we
have canonical isomorphisms

Hp(Xan, A) ' Hp(Xan, A) for all p ≥ 0,

where on the left-hand side we have sheaf cohomology with values in the constant sheaf
A, and on the right-hand side we have the singular cohomology groups with coefficients in
A. In fact, such isomorphisms hold for all “nice” topological spaces (see [God73]). From
now on, we always identify these two groups. In order to simplify the notation, we write
Hi(X,Z) and H i(X,Z) instead of Hi(X

an,Z) and H i(Xan,Z), and similarly for the other
singular (co)homology groups.

If Y is a complete complex algebraic variety of dimension n, then Y an admits a
finite triangulation, with simplices of dimension ≤ 2n. More generally, if Z is a closed
subvariety of Y , then Zan and Y an admit compatible finite triangulations, with simplices
of dimension ≤ 2n. Given an arbitrary complex algebraic variety X, of dimension n, it can
be embedded as an open subvariety of a complete variety Y by Nagata’s theorem. Using
the above-mentioned fact about triangulations, one can show that the groups Hi(X,Z)
and H i(X,Z) are finitely generated, and they vanish for i > 2n. The Betti numbers of X
are the ranks of these (co)homology groups:

bi(X) := rkH i(X,Z) = rkHi(X,Z).

Let X be a complex algebraic variety. The topological space Xan carries a sheaf of
holomorphic functions OXan . In order to define this sheaf, suppose first that X is affine
and consider an embedding X ↪→ Cn as a Zariski closed subset. By definition, holomor-
phic functions on open subsets of Xan are the functions that can be locally extended to
holomorphic functions on open subsets of Cn. The definition is independent of embed-
ding and in the case of an arbitrary variety X, the sheaf OXan is obtained by glueing
the corresponding sheaves on the open subsets in an affine open cover. Note that we
have a morphism of locally ringed spaces ι : (Xan,OXan)→ (X,OX) whose corresponding
morphism of topological spaces Xan → X is the identity map.

If F is a coherent sheaf on X, then one gets a sheaf Fan := ι∗F on Xan and in this
way we get a functor from coherent sheaves on X to coherent sheaves of OXan-modules.
Serre’s GAGA theorem says that if X is projective, then this functor is an equivalence
of categories, preserving the locally free sheaves in each category. Moreover, for every
coherent sheaf on X, we have a canonical isomorphism

Hp(X,F) ' Hp(Xan,Fan).
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We note that as in the algebraic category, the group Pic(Xan) of rank 1 locally free
OXan-modules is isomorphic to H1(Xan,O∗Xan). For all these results, we refer to [Ser56].

A very useful tool in this analytic setting is provided by the exponential sequence.
If X is any complex algebraic variety, then on Xan we have a short exact sequence

0 −→ ZX −→ OXan
exp(2πi−)−→ O∗Xan −→ 0,

where the first map is the inclusion and the second map takes a holomorphisc function ϕ to
exp(2πiϕ). Exactness is an immediate consequence of the local existence of the logarithm
function.

By taking the long exact sequence in cohomology associated to the exponential
sequence, we obtain an exact sequence

H1(X,Z) −→ H1(Xan,OXan) −→ H1(Xan,O∗Xan)
c1−→ H2(X,Z).

We will also denote by c1 the composition

Pic(X)→ Pic(Xan) = H1(Xan,O∗Xan)→ H2(X,Z).

This is the first Chern class map for line bundles.

Chern classes of line bundles behave functorially. Indeed, if f : Y → X is a morphism,
then we have a commutative diagram with exact rows

0 // Z

��

// (f an)−1(OXan) //

��

(f an)−1(O∗Xan)

��

// 0

0 // Z // OY an // O∗Y an
// 0,

and by comparing the corresponding long exact sequences in cohomology, we see that for
every L ∈ Pic(X), we have c1

(
f ∗(L)

)
= f ∗

(
c1(L)

)
.

If X is any complete complex algebraic variety of dimension n, then X carries a
fundamental class µX ∈ H2n(X,Z), defined as follows. If X is smooth, then Xan is a
compact oriented C∞-manifold of dimension 2n and µX is the corresponding fundamental
class. Suppose now that X is an arbitrary complete complex n-dimensional variety. By
Hironaka’s theorem, we have a proper morphism f : Y → X such that Y is smooth, and
we put µX = f∗(µY ) ∈ H2n(X,Z). One can show that this is independent of the choice
of f . Moreover, if g : W → X is an arbitrary surjective, generically finite morphism of
complete complex algebraic varieties, then

(8) f∗(µW ) = deg(f)µX .

On the other hand, if g is such that dim
(
g(W )

)
< dim(W ), then g∗(µW ) = 0 (this is due to

the fact that g∗ factors through H∗
(
g(W ),Z

)
and Hi

(
g(W ),Z

)
= 0 for i > 2 ·dim

(
g(W )

)
.

Recall that if f : W → X is a surjective morphism of smooth, complete complex
algebraic varieties, with dim(W ) = dim(X) = n, then for every p we have a morphism

f∗ : H
p(W,Z)→ Hp(X,Z)



APPENDIX 1: REVIEW OF SINGULAR COHOMOLOGY 9

induced via Poincaré duality by the push-forward in homology (see Remark 2.5). It is easy
to deduce from (8) and the projection formula (2) that f∗ ◦f ∗ = deg(f) · Id. In particular,
f ∗ is injective if f is birational.

Suppose now that X is a complete complex algebraic variety, of dimension n. We
have a symmetric, multilinear map

H2(X,Z)×n → Z, (α1, . . . , αn)→ (α1 · . . . · αn) := deg
(
(α1 ∪ . . . ∪ αn) ∩ µX

)
.

This is compatible with intersection numbers of line bundles via the Chern class map: if
L1, . . . , Ln ∈ Pic(X), then

(L1 · . . . · Ln) =
(
c1(L1) · . . . · c1(Ln)

)
.

Example 3.1. If X is a smooth, n-dimensional, complete complex variety, Y is a smooth,
Cartier divisor on X, and i : Y ↪→ X is the inclusion, then

i∗(µY ) = c1
(
OX(Y )

)
∩ µX in H2n−2(X,Z).

Via the projection formula, this implies that for every α ∈ Hp(X,Z), we have

i∗(i
∗(α) ∩ µY ) = α ∪ c1

(
OX(Y )

)
∈ Hp+2(X,Z),

where we identify cohomology and homology via Poincaré duality.

More generally, suppose that Y1, . . . , Yr are smooth, effective divisors on X that
intersect transversely, so that Y = Y1∩ . . .∩Yr is smooth, of codimension r in X. An easy
induction on n implies that if i : Y ↪→ X is the inclusion, then

i∗(µY ) =
(
c1(OX(Y1)) ∪ . . . c1(OX(Yr))

)
∩ µX .

For example, if X = Pn, then for every d ≤ n, we have c1
(
OPn(1)

)d ∩µPn = i∗(µL),
where L ⊆ Pn is any linear subspace of codimension d and i : L ↪→ Pn is the inclusion.

We now recall the Hodge decomposition. Suppose that X is a smooth, projective
complex algebraic variety. In this case, we have for every m ≥ 0 a decomposition

Hm(X,Z)⊗Z C = Hm(X,C) =
⊕
p+q=m

Hp,q, where Hp,q ' Hq(X,Ωp
X).

Moreover, the complex conjugation induces a real linear map on Hm(X;C) that maps
Hp,q to Hq,p. In particular, we have

hq(X,Ωp
X) = hp(X,Ωq

X) for all p, q ≥ 0.

Remark 3.2. If X is a smooth, projective complex algebraic variety, then Poincaré dual-
ity is compatible with the Hodge decomposition, inducing an isomorphism between Hp,q

and the dual of Hn−p,n−q, where n = dim(X). Suppose now that f : X → Y is a mor-
phism of such varieties. The pull-back f ∗ : H∗(Y,C) → H∗(X,C) preserves the Hodge
decomposition: for every p and q, we have

f ∗
(
Hp,q(Y )

)
⊆ Hp,q(X),
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with the map being induced by the morphism f ∗Ωp
Y → Ωp

X . Using the definition of
f∗ : H

∗(X,C) → H∗(Y,C) and the above compatibility between Poincaré duality and
the Hodge decomposition, we deduce that

f∗
(
Hp,q(X)

)
⊆ Hm−n+p,m−n+q(Y ),

where n = dim(X) and m = dim(Y ).

Finally, we need Noether’s formula for smooth complex projective surfaces. This
says that if X is such a surface, then

χ(X,OX) =
1

12

(
(K2

X) + χtop(X)
)
,

where

χtop(X) = b0(X)− b1(X) + b2(X)− b3(X) + b4(X) = 2− 2q(X) + b2(X)

is the topological Euler-Poincaré characteristic. This formula is a consequence of the
Hirzebruch-Riemann-Roch theorem for surfaces (see [Ful98, Example 15.2.2]).

4. Cohomology of projective bundles and smooth blow-ups

We begin with the computation of the cohomology of the complex projective space.

Proposition 4.1. For every n ≥ 0, we have a ring isomorphism

H∗(Pn,Z) ' Z[x]/(xn+1),

mapping c1
(
OPn(1)

)
to the class of x. In particular, we have H i(Pn,Z) = 0 if i is odd or

i > 2n, and H i(Pn,Z) ' Z, otherwise.

Proof. We proceed by induction of n, following the argument in [Voi07, Theorem 7.14].
The assertion is trivial for n = 0. In order to prove the induction step, note that we have
a closed subvariety Y of Pn such that Y ' Pn−1 and Pn r Y ' Cn. The long exact
sequence (7) becomes

. . .→ H i−2(Pn−1,Z)→ H i(Pn,Z)→ H i(Cn,Z)→ H i−1(Pn−1,Z)→ . . . .

Since Cn is contractible, we have H i(Cn,Z) = 0 for all i > 0, and we conclude from the
exact sequence that

H i(Pn,Z) ' H i−2(Pn−1,Z) for all i ≥ 1

and H0(Pn,Z) ' H0(Cn,Z) ' Z. The last assertion in the proposition thus follows from
the inductive assumption.

In order to complete the proof of the induction step, we need to show that if h =
c1
(
OPn(1)

)
, then hk is a generator of H2k(Pn,Z) for 0 ≤ k ≤ n. The key point is that

(hn) = (OPn(1)n) = 1. In particular, we have hk 6= 0 for 0 ≤ k ≤ n. For every element
α ∈ H2k(Pn,Z), we can thus write α = qhk, for some q ∈ Q. On the other hand, since

q = q(hn) = deg
(
(α ∪ hn−k) ∩ ηPn

)
∈ Z,

we conclude that q ∈ Z. This implies that H2k(Pn,Z) is generated by αk, completing the
proof. �
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Corollary 4.2. If X is a complex variety and π : P(E) → X is a projective bundle on
X, with rk(E) = n+ 1, then we have a ring isomorphism

H∗(X,Z)[x]/(xn+1)→ H∗
(
P(E),Z

)
,

n∑
i=0

αix
i →

n∑
i=0

π∗(αi) ∪ c1
(
OP(E)(1)

)i
.

Proof. It is clear that the map is a ring homomorphism. In order to see that it is an iso-

morphism, it is enough to apply the Leray-Hirsch theorem for the elements c1
(
OPn(1)

)i ∈
H2i(P(E),Z), for 0 ≤ i ≤ n; the fact that they satisfy the hypothesis in the theorem
follows from Proposition 4.1. �

We can now compute the cohomology of a smooth blow-up. Let us first fix some
notation. We consider a smooth complex variety X and a smooth closed subvariety Y

of X, of codimension r. Let f : X̃ → X be the blow-up of X along Y , with exceptional

divisor E. Let j : E ↪→ X̃ be the inclusion and g : E → Y the map induced by f .

Proposition 4.3. With the above notation, for every i ≥ 0, we have an isomorphism

Hp(X,Z)⊕
r−1⊕
q=1

Hp−2q(Y,Z) ' Hp(X̃,Z) given by

(β, α1, . . . , αr−1)→ f ∗(β) +
r−1∑
q=1

j∗
(
c1(g∗(αq) ∪ OE(1))q

)
,

with the convention that Hp−2q(Y,Z) = 0 if p− 2q < 0.

Proof. Since E is a projective bundle over Y , with fibers isomorphic to Pr−1, it follows
from Corollary 4.2 that we have an isomorphism

r⊕
q=1

Hp−2q(Y,Z)→ Hp−2(E,Z), (α1, . . . , αr)→
r∑
q=1

g∗(αq) ∪ c1
(
OE(1)

)q−1
.

By considering the long exact cohomology sequences for the two pairs (X,X r Y ) and

(X̃, X̃ r E), we obtain the following commutative diagram with exact rows:

Hp(X,X r Y,Z)

f∗

��

// Hp(X,Z)

f∗

��

// Hp(X r Y,Z)

��

// Hp+1(X,X r Y,Z)

f∗

��

Hp(X̃, X̃ r E,Z) // Hp(X̃,Z) // Hp(X̃ r E,Z) // Hp+1(X̃, X̃ r E,Z),

in which the vertical maps are induced by the pull-back in cohomology corresponding
to f . Note that the third vertical map is an isomorphism. Moreover, by using Thom
isomorphisms as in Remark 2.4, we obtain a commutative diagram

Hp(X,X r Y,Z)

f∗

��

// Hp−2r(Y,Z)

ϕp

��
Hp(X̃, X̃ r E,Z) // Hp−2(E,Z),
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in which the horizontal maps are isomorphisms. Moreover, one can check that

ϕp(α) = g∗(α) ∪ c1
(
OE(1)

)r−1
for al α ∈ Hp−2r(Y,Z).

Using also the fact that f ∗ : Hp(X,Z) → Hp(X̃,Z) is injective4, the assertion in the
proposition follows from the above exact sequences, using a straightforward diagram chase.

�
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alités Scientifiques et Industrielles, No. 1252, Hermann, Paris, 1973. 7

[Mun84] J. Munkres, Elements of algebraic topology, Addison-Wesley Publishing Company, Menlo
Park, CA, 1984. 1, 2, 3
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