SOFT SHEAVES ON PARACOMPACT SPACES AND APPLICATIONS

1. SECTIONS OF A SHEAF ON CLOSED SUBSETS

Let X be a topological space and F a sheaf of Abelian groups on X.
Definition 1.1. If Z is a subset of X and ¢: Z — X is the inclusion map, then
F(2) :=T(Z, Flz),
where Flz =i 1(Z).

Remark 1.2. By definition of F|z, it follows that a section s in F(Z) is given by as-
sociating to every z € Z an element s(z) € F, with the property that for every z € Z,
there is an open neighborhood U of z in X and s € F(U) such that s(z) = s, for every
zelUNnZ.

Remark 1.3. It is clear that if Y C Z| then we have a canonical restriction map F(Z) —
F(Y). Moreover, these restriction maps are functorial in the obvious sense.

Lemma 1.4. Given a cover X = Z,U...UZ,., with all Z; closed in X, if F is a sheaf of
Abelian groups on X, then the following sequence induced by restriction maps

0= FX)=[[F2) - [[Fznz)

18 exact.

Proof. Consider a family (s;)1<i<,, with s; € F(Z;) such that s;|z,nz;, = 8;|z,nz; for all i
and j. We consider each s; as a map Z; — |_|Ie Z, F. such that s;(x) € F,. The condition
on the s; clearly implies that there is a unique map s: X — | | .y F, such that s(z) € F,
for all z € X and s(x) = s;(z) for all € Z;. We need to show that there is 5 € F(X)
such that s(x) = s, for all z € X.

Of course, it is enough to find such s in the neighborhood of any given point y € X:
the resulting sections will glue by the sheaf axiom. Let y € X be fixed. After possibly
replacing X by the complement of those Z; that do not contain y, we may assume that
y € Z1N...NZ,.. After further shrinking X, we may assume that for every i, we have a
section t; € F(X) such that (¢;), = s;(x) for all z € Z;. In particular, we have

(t)y = o = (t)ys

hence after replacing X one more time by a suitable open neighborhood of y, we may
assume that t; = ... =t,; we may take this section to be s. ]
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2. SOFT SHEAVES

We now assume that X is a paracompact topological space; recall that this means
that X is Hausdorff and for every open cover X = |J,.; U;, there is a locally finite open
cover X = |J,; V; that refines it. A useful property is that if X = [ J,; V; is a locally finite
open cover of a paracompact space X, then there is another open cover X = [ J e W; such

that Wj C V, for all j € J. A special case of this says that if F' C U are subsets of X, with
F closed and U open, then there is an open subset V of X such that £ C V C V C U (this
means that X is a normal space). We also note that every closed subset of a paracompact
space is paracompact: this is easy to see using the definition.

Example 2.1. Every topological manifold (assumed to be Hausdorff and with countable
basis of open subsets) is paracompact. Every CW-complex is paracompact.

Definition 2.2. A sheaf of Abelian groups F on X is soft if for every closed subset Z of
X, the restriction map

F(X)— F(2)
is surjective.

Lemma 2.3. Let X be a paracompact topological space and F a sheaf of Abelian groups
on X.

i) For every closed subset Z of X and every s € F(Z), there is an open subset U
containing Z and t € F(U) such that t|; = s.
i) If F is flasque, then it is soft.

Proof. Let us prove i). By definition of F|;, we see that we have a family of open subsets
(Us)ier, with Z C |J,¢; U; and sections s; € F(U;) such that s;|y,nz = s|v,nz for all i € 1.
We consider the cover of X by the U; and by X \ Z; after passing to a suitable refinement,
we may assume that this a locally finite cover. We can then find open subsets V;, with

V; C U;, and such that Z C Uier Vi

Given any = € Z, we choose an open neighborhood U(x) of x that intersects only
finitely many of the U; and such that U(x) is contained in some V;. We put s@ = s;]1(,).
In particular, s®) and s take the same value at z. If 2 ¢ V] for some j, we may replace U(x)
by U(x) \ V;. Since U(x) intersects only finitely many Uj, it follows that after repeating
this operation finitely many times, we may assume that whenever U(x) NV, # (), we have
x € V; C U;. After further shrinking U (z), we may thus assume, in addition, that for such
j we have U(z) C U;. Since s and s; take the same value at x, after further shrinking
U(z), we may assume that for all such j, we have s*) = s;|r;(,).

We put U = |J,c, U(x). It is clear that U is an open neighborhood of Z. We claim
that

(1) SNv@rvw = s v forall z.yeZ
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If 2 € U(x) NU(y), then z € V,, for some £. Since U(x) NV, # 0 and U(y) NV, # 0, then
by construction we have U(z), U(y) C U, and

el =@ and sl = sW,

which gives (1). We can thus find ¢ € F(U) such that |y = s@ for all z € Z. In
particular, we have t, = s, for every x € Z, and thus t|; = s.

In order to prove the assertion in ii), suppose that F is flasque. Given a closed subset
of Z of X and s € F(Z), we use i) to find an open neighborhood U of Z and t € F(U)
such that t|; = s. Since F is flasque, it follows that there is ¢’ € F(X) such that t'|y = ¢,
hence t'|; = s. Therefore F is soft. O

Lemma 2.4. Let X be a paracompact topological space. Given a short exact sequence of
sheaves of Abelian groups

0—F -5 F 5 F o,
with F' soft, the corresponding sequence of global sections
0— F'(X)— F(X)— F'(X)—0

15 exact.

Proof. We only need to prove that for every section s” € F”(X), there is s € F(X)
such that 1)(s) = s”. By definition, we can find an open cover X = (J,.; U; and sections
s; € F(U;) such that ¢ (s;) = s|y, for all i. After passing to a refinement, we may assume
that the cover is locally finite. We may now find another cover X = (J,.; V; such that
V; CU;foralliel.

For every J C I, put Z; = |J,c, Vi- We consider the set P of pairs (J,t), where
J C I and t e F(Zy) is such that ¢(t) = s|z,. We order it by (Jy1,t1) < (Ja,t2) if J; C Jo
and to| 5, =t It s straightforward to see that we may apply Zorn’s lemma to choose a
maximal element (J,s) of P. If J =1, then Z; = X, and ¢(s) = s".

el

Suppose now that J # I and let i € I\ J. Since ¥ (sily7,) = ¥(slzny,), it follows
that

Si‘WmZJ - S|VzﬂZJ = (10(8/)7
for some s' € F'(V; N Z;). Since F' is soft, we can find v € F'(X) such that vy, = s
After replacing s; by s; — ¢(v|y,), we may thus assume that si|y-n, = slyn,, = ©(5'),
hence by Lemma 1.4 we can find a section t' € F(Z,(;) such that t'|7, =t and t'[; =
8|7 In this case (t') = s contradicting the maximality of J. O

"
|ZJu{i}7

Lemma 2.5. If X is a paracompact topological space and we have a short exact sequence
of sheaves of Abelian groups on X

0—>F - F—=F" =0,
with F' soft, then F is soft if and only if F" is soft.
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Proof. 1f Z is a closed subset of X, then we have a commutative diagram

0—— F(X) —> F(X) —= F'(X) —0

b

0 —— F'(Z) —= F(Z) —= F'"(Z) —= 0.

The rows are exact by Lemma 2.4 (note that if F’ is soft, then clearly F'| is soft, and
Z is paracompact, being closed in X'). Moreover, since F' is soft, the first vertical map is
surjective, hence the second one is surjective if and only if the third one is. 0

Proposition 2.6. If X is a paracompact topological space and £ is a soft sheaf of Abelian
groups on X, then
HY(X,E)=0 foral i>1.

In particular, if F has a resolution F — £°, with all £ soft sheaves, then we have a
canonical isomorphism
H'(X,F) ~H(I(X,E%)).

Proof. We argue by induction on ¢ > 1. Consider a short exact sequence of Ox-modules

0—->&—-A—>B—0,

with A flasque. By Lemma 2.3, we see that A is soft, hence B is soft by Lemma 2.5. The
long exact sequence in cohomology for the above short exact sequence gives

0—T(X,8) = T(X,A) ST(X,B) - HY(X,E) — H'(X, A).
Note that the map « is surjective by Lemma 2.4, and since A is flasque, we have
H (X, A) = 0 for i > 1. First, we conclude that H*(X,£) = 0, completing the proof
of the case ¢ = 1 in the induction.
Moreover, the long exact sequence in cohomology gives isomorphisms
HY(X,E)~ H YX,B) forall i>2.
Since B is soft, we have H"'(X, B) = 0 by induction, and thus H*(X,&) = 0.

The last assertion in the proposition is now a direct consequence of the fact that
cohomology can be computed by acylic resolutions. ([l

Remark 2.7. Suppose that f: (X', Ox/) — (X,Ox) is a morphism of ringed spaces,
with both X and X’ paracompact, F is an Ox-module, F' is an Ox,-module, and we
have a morphism f*(F) — F' inducing maps

(2) HY(X,F)— H(X' F).

IfF— & and F' — & ® are resolutions by soft sheaves and we have morphisms f*(£%) —
E" that commute with the differentials in the two complexes, we obtain morphisms

(3) H'(D(X, &%) = H (DX, E)).

Then the morphisms (2) and (3) coincide via the isomorphisms provided by Proposi-
tion 2.6. We leave the proof as an exercise for the reader.
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3. SOFT SHEAVES ON SMOOTH MANIFOLDS

In this section we consider a smooth manifold M. Recall that by assumption M is
assumed to be Hausdorff and with a countable basis of open subsets, hence it is paracom-
pact. Let n = dim(M). We denote by C57 the sheaf of smooth functions on X with values
in R. For every p > 0, the sheaf A%, of smooth p-forms on M is a C33-module. Note that
A, =C59 and AL, =0 if p > n.

Proposition 3.1. Every C3p-module is a soft sheaf.
Proof. Let F be a Cq-module and let s € F(Z), where Z is a closed subset of X. By

assertion i) in Lemma 2.3, there is an open subset U of X, containing Z, and ¢t € F(U),
such that t|; = s. Let us choose open subsets U; and U, such that

ZCU,CU CU,CU, CU.

Since X is a smooth manifold, by the smooth version of Urysohn’s lemma, we can find a
global section f € C3(X) such that f =1 on U; and f = 0 on X \ U,. Since F is a sheaf
and (ft)|y.z; = 0, we can find v € F(X) such that v|y = ft and v|x g = 0. It is clear
that v|y, = t|y,, hence v|; = s. O

4. APPLICATION TO DOLBEAULT COHOMOLOGY

Suppose now that X is a complex manifold of dimension n. We have seen that for
every p, we have an exact complex

(4) 0— % — AR Lzt 2y 2 an .

Note that the sheaves AR are in particular C-modules, hence they are soft by Proposi-
tion 3.1.

The Dolbeault cohomology group of X, denoted HP(X), is defined as the ¢ coho-
mology of the complex

0 DA -2 DX, A% % 25 (X, AR — 0.

The following result now follows now from Proposition 2.6.

Theorem 4.1. For every complex manifold X and every p and q, we have an isomorphism

HP(X) ~ HY(X, %),

More generally, consider a holomorphic vector bundle E, with sheaf of holomorphic
sections £. Note that the sheaf of smooth sections of E is &, = C¥ ®o, €. If we put
g&?s = Agéq ®C§(° Emn = .Agéq Koy £,

then we have an exact complex

(5) 0 — Q% Qoy & — AL 25 25 A 0
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obtained by tensoring (4) with £. The Dolbeault cohomology group of X with coefficients
in €, denoted HP(X, £) is the ¢'" cohomology of the induced complex:

0 — DX, AR%) 255 T(X, A%L) 55 . 25 DX, ARL) — 0.
The sheaves A&?g are again C-modules, hence soft by Proposition 3.1; we deduce
the following result via Proposition 2.6.

Theorem 4.2. For every complex manifold X, every locally free Ox-module £ of finite
rank, and every p and q, we have a canonical isomorphism

HP(X, E) ~ HI(X, % Qoy E).

Remark 4.3. It is clear that both H??(X, —) and H?(X, Q% ®o, —) give functors on
locally free Ox-modules of finite rank and the isomorphism provided by Theorem 4.2 is
functorial.

Remark 4.4. Suppose that f: X — Y is a holomorphic map between complex manifolds
and & is a locally free Oy-module of finite rank. The canonical morphism f*Q) — QF
induces a morphism

J1(Qy ®oy &) = Oy @oy [(€)
and thus canonical C-linear maps
HYY, % ®o, &) = HI(X, 0% Qo [*(£)).
On the other hand, by pulling back (p, ¢)-forms, we obtain C-linear maps
DY, AV ®o, €) = T'(X, AL @0, [*(€))
which commute with the differentials in the two complexes and thus induce C-linear maps
HP(Y,E) — HP (X, f*(£)).
It follows from Remark 2.7 that the diagram

HUY, ) ®o, &) — HI(X, Q% @0, [*(£))

|

HP(X, f*(€)),

in which the vertical maps are the isomorphisms provided by Theorem 4.2, is commutative.

HPA(Y, €)

5. THE DE RHAM THEOREM
A more basic result concerns the description of H9(M,R) as De Rham cohomology

for a smooth manifold M. For such M, let n = dim(M ) and consider the complex defined
by exterior differentiation:

(6) 0 A% LA, -4 LA, —0.
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The De Rham cohomology of M, denoted H, (M, R) is the ¢"™ cohomology of the
induced complex obtained by taking global sections:

0— (M, AY) -5 T(M,AL) -5 .. -5 T(M, AL) — 0.
Theorem 5.1. For every smooth manifold M, we have an isomorphism
Hir(M,R) ~ H*(M,R),

where on the right-hand side we have the sheaf cohomology with coefficients in the constant
sheaf R.

Proof. Tt is straightforward to see that the kernel of

Ay -5 AL
is the constant sheaf R on M. Moreover, every sheaf A", is a C33-module, hence it is soft
by Proposition 3.1. The isomorphism in Theorem 5.1 thus follows from Proposition 2.6 if
we show that the complex in (6) has no cohomology in positive degrees. This follows in

the same way as the d-lemma (but it is easier); we leave the proof as an exercise for the
reader. U

Remark 5.2. Recall that the exterior product of differential forms satisfies
dlwAn) =dw)An+ (—=1)Pw Ad(n) for wel (M, AL, nel (M A%).

It is thus immediate that the exterior product induces a multiplication on

HBR<M7 R) = @ H]%R(Mv R)
p=0
that makes this a graded-commutative R-algebra. One can show that the isomorphism in
Theorem 5.1 is an isomorphism of graded-commutative R-algebras.

Remark 5.3. We have a similar description of H*(M, C) if we work with differential
forms with complex coefficients, by tensoring the complex (6) with C.

Remark 5.4. We have an analogue of the assertion in Remark 4.4 in the case of a smooth
map f: M — M.
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