Problem session 5

Problem 1. Let X = Projm(R), and M = @;czM; a finitely generated graded R-module.
Show that M = 0 if and only if there is dy such that My = 0 for all d > d.

Problem 2. Let I be a homogeneous ideal in R = Az, ..., x,], defining the closed
subscheme X — P7. Show that the induced morphism

(B/1)q — (X, Ox(d))

is an isomorphism for d > 0.

Problem 3. Let L be a line bundle on a scheme X. Show that if m is a positive integer,
then L is ample if and only if L™ is ample.

Problem 4. Let X = Projm(R), and let
0O—-Fi—-Fo—...—»F, —=0

be an exact complex of coherent sheaves on X. Show that there is mg such that the
induced complex

0— F(X, :Fl ®(9X O(m)) — F(X, JTQ ®@X O(m)) — ... F(X, ./Tm ®(9X O(m)) — 0

is exact for every m > my.

Problem 5. Let X be a scheme, and Y a closed subscheme of X defined by the ideal
sheaf 7. Show that if 72 = 0, then there is an exact sequence

HY(X,J) — Pic(X) — Pic(Y) — H*(X, J).

Deduce in particular that if X is affine, then we have an isomorphism Pic(X) ~ Pic(Y).



