Math 420

Solutions for Homework Set 6

Problem 1. Show that if V' is a vector space over F', with dim(V') = n, and if T" € L(V),
then for every j > n, we have

V = null(77) @ range(T7).

Solution. By one of the problems on the previous problem set, for S € L(V), we have
V' = null(S) @ range(S) if and only if null(S) Nrange(S) = {0}. Therefore we only need
to show that

null(7Y) Nrange(77) = {0}.
Suppose that u € null(77) Nrange(T”. Therefore T7(u) = 0 and there is v € V such that
u = TY(v). In particular, we have T%(v) = 0. On the other hand, we have shown in class
that

null(7™) = null(77*)

for every m > m. Since j > n, we thus have null(77) = null(7%). We have seen that
v € null(T#), hence v € null(77), which implies that uw = T7(v) = 0. This shows that
null(77) Nrange(77) = {0}.

Problem 2. Let V' be a vector space over F and let T' € L(V).

i) Show that if 7" is nilpotent and A is an eigenvalue of 7', then A = 0.
ii) Show that if F' = C and the only eigenvalue of T is 0, then T is nilpotent.

Solution. Suppose first that 7" is nilpotent, hence TV = 0 for some N > 1. If X is an
eigenvalue of T, there is a nonzero v € V such that Tv = Av. This easily implies that
T™v = A" for every m > 1 (in fact, we have discussed this in class). By taking m = N,
we have 0 = TVv = A\™v. Since v # 0, it follows that A™ = 0, hence \ = 0.

Suppose now that we work over C and the only eigenvalue of T is 0. In this case, the
characteristic polynomial of T" is pr(z) = 2", where n = dim(V'). The Cayley-Hamilton
theorem thus implies 7™ = 0, hence T is nilpotent.

Problem 3. Let V' be a finite-dimensional vector space over C, T' € L(V'), and
q(z) = 2" +a,_12" 1 + ...+ a1z + ag
the minimal polynomial of T". Show that T is invertible if and only if ay # 0.

Solution. Suppose first that ag # 0. It follows from the definition of the minimal
polynomial that we have

T 4+ a, 1T '+ ...+ a7+ agl =0.
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By multiplying with —1/ag and taking out a factor of T from all but the last one of the
terms above, we obtain

To ((=1/ao)T" " + (—ar—1/ao)T" >+ ...+ (—a1/ap)I) = I
= ((—1/&0)TT_1 + (—ar_l/ao)Tr_Z + ...+ (—al/ao)I) oT.
Therefore T is invertible.

Conversely, suppose that T is invertible. Arguing by contradiction, let us assume
that ag = 0. By definition of the minimal polynomial, we have

T +a, 1T ' +...+a,T=0.
Thus implies that for every u € V', we have
T(T" w4 a, T 2u+ ...+ ayu) = 0.
Since T is injective, we have null(7") = {0}, hence
T Yw+a T 2u+...4au=0.
Since this holds for every u € V', we conclude that
T 4a T2+, . +al=0.

We thus found a monic polynomial of degree smaller than r that vanishes on 7', contra-
dicting the fact that ¢(z) was the minimal polynomial of T

Problem 4. Give an example of an operator on C* whose characteristic polynomial

equals (z — 1)(z — 5)® and whose minimal polynomial equals (z — 1)(z — 5)%.

Solution. Consider the operator T given in the standard basis of C* by the matrix

1
0
A_O

o ot O
o O O
_ o O

0005

Since A is in Jordan canonical form, the eigenvalues of T" are 1 (with multiplicity 1) and 5
(with multiplicity 3). Therefore the characteristic polynomial of T"is p(z) = (z—1)(z—5)3.
Since the minimal polynomial g(z) of 7" is a monic polynomial that divides p(z) and has the
same roots, it follows that ¢(x) is the polynomial of smallest degree that satisfies ¢(T") = 0
out of the following polynomials (x — 1)(z — 5), (z — 1)(x — 5)?, and (z — 1)(z — 5)*.

By direct computation, we see that

(A—I)(A—5I) =

o O OO
o O OO
o O OO
O = O O

and

(A—I)(A—-5I)*=0,



hence the minimal polynomial of T is indeed (z — 1)(z — 5).

Problem 5. Let V be a finite-dimensional vector space over C. Show that for every
T € L(V), there are operators Ts and T, in £(V'), such that the following conditions
holds:

) T=Ts+T,.
ii) Ty and T, commute (that is, we have T,T,, = T,,T%).
iii) T, is diagonalizable (the s-subscript stands for “semisimple”, which is another
name for ”diagonalizable”).
iv) T, is nilpotent.

Remark. One can show that given T', the operators T and T}, that satisfy properties
i)-iv) above are unique.

Solution. Let i, ..., A\, be the distinct eigenvalues of T" and consider the decompo-
sition V = G(A\, T)®. .. &G\, T). We define the operator Ty such that if u = uy+. . .+u,,
with u; € G(\;, T), then Ts(u) = A\uy + ... + A\, It is straightforward to see that Ty is
a diagonalizable operator (if we choose a basis of V' by putting together bases for each of
G(A,T),...,G(\.,T), the matrix of T in this basis is diagonal).

We put 7,, = T — T}, so that condition i) follows by definition and condition iii)
holds by the above discussion. Note that by definition, each G(A;,T') is invariant under
T,. Since it is also invariant under 7', it is also invariant under T,, = T — T,. Moreover,
we have T, |cm) = (T — XNil)|aoam), hence T, g, 1 is nilpotent. If d = dim(V'), then
T¢ = 0. Indeed, for every v € V, we can write v = vy + ... + v,, with v; € G(\;, T).
Since d > dim(G(\;, T)), we have T (v;) = 0 for every i, hence T¢(v) = 3, T (v;) = 0.
Therefore T, is nilpotent.

We are left with proving that T,7T,, = T, T,. Given any v € V, we write it as
v="v+...4+v, withv; € G(\;, T). In order to show that 75T, (v) = T,,Ts(v) it is enough
to show that 7,7, (v;) = T,,Ts(v;) for all i. By the definition of T, we have

TnTs (Uz) = Tn<)\zvz) .

On the other hand, since G(\;,T') is invariant under 7,,, we have T, (v;) € G(\;,T), and
it follows from the definition of 7§ that

TsTn (Uz) = )\zTn (Uz) .

Since T,, is a linear map, we have T,,(\;v;) = N1, (v;), completing the proof.



