CHAPTER 4. PROJECTIVE VARIETIES

In this chapter we introduce a very important class of algebraic varieties, the pro-
jective varieties.

1. THE ZARISKI TOPOLOGY ON THE PROJECTIVE SPACE

In this section we discuss the Zariski topology on the projective space, by building
an analogue of the correspondence between closed subsets in affine space and radical ideals
in the polynomial ring. As usual, we work over a fixed algebraically closed field k.

Definition 1.1. For a non-negative integer n, the projective space P" = P} is the set of
all 1-dimensional linear subspaces in k"t

For now, this is just a set. We proceed to endow it with a topology and in the
next section we will put on it a structure of algebraic variety. Note that a 1-dimensional
linear subspace in k" is described by a point (ay, . . .,a,) € A" {0}, with two points
(ag,...,a,) and (bg,...,b,) giving the same subspace if and only if there is A € k* such
that Aa; = b; for all i. In this way, we identify P™ with the quotient of the set A"\ {0}
by the action of k* given by

A (ag, ... a,) = (Aag, ..., Aay).

Let m: A"" < {0} — P" be the quotient map. We denote the image in P" of a point
(ag,...,a,) € A" {0} by [ag, ..., ay)

Let S = k[zo, ..., x,]. The relevant structure on S, for the study of P, is that of a
graded k-algebra. Recall that a graded (commutative) ring R is a commutative ring that
has a decomposition as an Abelian group

R:@Rm

meZ
such that R; - R; C R, ; for all © and j. We say that R is N-graded if R,, = 0 for m < 0.

Note that the definition implies that if R is a graded ring, then Ry is a subring of
R and each R,, is an Ryp-module, making R an Ry-algebra. We say that R is a graded
A-algebra, for a commutative ring A, if R is a graded ring such that R, is an A-algebra
(in which case R becomes an A-algebra, too). If R and S are graded rings, a graded
homomorphism ¢: R — S is a ring homomorphism such that ¢(R,,) C S, for all m € Z.

The polynomial ring S is an N-graded k-algebra, with S, being the set of homo-
geneous polynomials of degree m. In general, if R is a graded ring, a nonzero element of
R, is homogeneous of degree m. By convention, 0 is homogeneous of degree m for every

1



2 CHAPTER 4. PROJECTIVE VARIETIES

m. Given an arbitrary element f € R, if we write
f=> fi with fieR,
i

then the f; are the homogeneous componenets of f.

Remark 1.2. Note that the action of £* on A"\ {0} is an algebraic action: in fact, it
is induced by the algebraic action of k* on A™*! corresponding to the homomorphism

S—kit,t @S, f— fltry,... tr,).
Exercise 1.3. For an ideal [ in a graded ring R, the following are equivalent:
i) The ideal I can be generated by homogeneous elements of R.
ii) For every f € I, all homogeneous components of f lie in 1.

iii) The decomposition of R induces a decomposition I = @, ., (I N R,,).

An ideal that satisfies the equivalent conditions in the above exercise is a homoge-
neous (or graded) ideal. Note that if I is a homogeneous ideal in a graded ring R, then
the quotient ring R/I becomes a graded ring in a natural way:

R/I =@ R/(INRy,).

meZ

We now return to the study of P". The starting observation is that while it does
not make sense to evaluate a polynomial in S at a point p € P", it makes sense to say
that a homogeneous polynomial vanishes at p: indeed, if f is homogeneous of degree d
and A € k*, then

f(Xag, ..., Aa,) = A f(ag, ..., an),
hence f(Aag,...,Aa,) = 0 if and only if f(ag,...,a,) = 0. More generally, given any
f €5, we say that f vanishes at p if every homogeneous component of f vanishes at p.

Given any homogeneous ideal I of S, we define the zero-locus V(I) of I to be the
subset of P" consisting of all points p € P" such that every polynomial f in I vanishes
at p. Like the corresponding notion in the affine space, this notion satisfies the following
basic properties. The proof is straightforward, hence we leave it as an exercise.

Proposition 1.4. The following hold:

1) V(S) = @.

2) V(0) =
3) If I and J are ideals in S with I C J, then V(J) C V(I).
4)

If (1.)a 1s a family of ideals in S, we have

V)=V (Z Ia) .
5) If I and J are ideals in S, then
VIHUV(J)=V({InJ)=V(-J).
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It follows from the proposition that we can put a topology on P™ (the Zariski
topology) in which the closed subsets of P™ are the subsets of the form V(I), where I is
a homogeneous ideal in S.

Remark 1.5. A closed subset Y C A™*! is invariant by the k*-action (that is, A\-Y =Y
for every A\ € k*) if and only if the ideal Ia»(Y) C S is homogeneous (cf. Lemma 7.22
in Chapter 1). Indeed, if f is homogeneous, then for every A € k* and every u € A"
we have f(Au) =0 if and only if f(u) = 0. We thus see that if / is a homogeneous ideal,
then its zero-locus in A™™! is k*-invariant. In particular, if Ix»(Y") is homogeneous, then
Y is k*-invariant. Conversely, if Y is k*-invariant and f € Ia»(Y"), let us write f =Y. f;,
with f; € S;. For every u € Y and every A € k*, we have \u € Y, hence

0=f(hu)=> X fi(u).
i>0
It is easy to see that since this property holds for infinitely many A, we have f;(u) = 0 for
all i, hence Ian(Y") is homogeneous.

Remark 1.6. The topology on P" is the quotient topology with respect to the k*-action
on A"\ {0}. In other words, if 7: A"\ {0} — P" is the quotient map, then a subset
Z of P" is closed if and only if its inverse image 7~'(Z) is closed. For this, we may assume
that Z is nonempty. If 771(Z) is closed, then it is clear that 7' (Z) U {0} is closed, hence
by the previous remark, there is a homogeneous ideal I C S such that 7=(Z)U{0} is the
zero-locus of I. In this case, it is clear that Z is the zero-locus of I in P™. The converse
is clear.

We now construct a map in the opposite direction. Given any subset S C P", let
I(S) be the set of polynomials in S that vanish at all points in S. Note that I(S) is a
homogeneous radical ideal of S (the fact that it is homogeneous follows from the fact that
if f € I(S), then all homogeneous components of f lie in I(S)). This definition satisfies
the following properties, that are straightforward to check.

Proposition 1.7. The following hold:
1) 1(0) = S.
2) If (Wa)a is a family of subsets of A", then I (J, Wa) =, {(Wa).
3) If Wy C Wy, then [(Wy) C I(Wh).
We now turn to the compositions of the two maps. The first property is tautological.

Proposition 1.8. For every subset S of P", we have V (I1(5)) = S.

Proof. The proof follows verbatim the proof in the case of affine space (see Proposition 1.8
in Chapter 1). O

The more interesting statement concerns the other composition. This is the content
of the next proposition, a graded version of the Nullstellensatz.

Proposition 1.9. If J C S is a radical ideal different from Sy = (xg,...,x,), then
I(V(J)) =J.
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Note that V(S;) = 0, hence I(V(S})) = S. The ideal Sy, which behaves differently
in this correspondence, is the irrelevant ideal.

Proof of Proposition 1.9. The inclusion “2” is trivial, hence we only need to prove the
reverse inclusion. It is enough to show that every homogeneous polynomial f € [ (V(J ))
lies in J.

We make use of the map 7: A" {0} — P". Let Z be the closed subset of A™*!
defined by J, so that Z~ {0} = 7#~'(V(J)). Our assumption on f says that f vanishes on
Z ~{0}. If deg(f) > 0, then f(0) =0, and we conclude by Hilbert’s Nullstellensatz that
f € J. On the other hand, if deg(f) = 0 and f # 0, then it follows that V(J) = 0. This
implies that Z C {0} and another application of Hilbert’s Nullstellensatz gives S, C J.
Since J # S, by assumption, we have J = S| in which case f € J. O

Corollary 1.10. The two maps V(—) and I(—) give inclusion reversing inverse bijections
between the set of homogeneous radical ideals in S different from S, and the closed subsets
of P™.

Proof. Note that for every closed subset Z of P", we have I(Z) # S,. Indeed, if [(Z) = S,
then it follows from Proposition 1.8 that

Z=V(I(Z)) =V(Sy) = 0.

However, in this case I(Z) = I(()) = S. The assertion in the corollary follows directly
from Propositions 1.8 and 1.9. U

Exercise 1.11. Show that if [ is a homogeneous ideal in a graded ring S, then the
following hold:

i) The ideal I is radical if and only if for every homogeneous element f € S, with
f™ e I for some m > 1, we have f € I.
ii) The radical rad([) of I is a homogeneous ideal.

Exercise 1.12. Show that if [ is a homogeneous ideal in a graded ring S, then [ is a
prime ideal if and only if for every homogeneous elements f,g € S with fg € I, we have
f €I orge I Deduce that a closed subset Z of P" is irreducible if and only if I(Z) is a
prime ideal. In particular, P™ is irreducible.

Definition 1.13. If X is a closed subset of P" and Ix is the corresponding homogeneous
radical ideal, then Sy := S/Ix is the homogeneous coordinate ring of X. Note that this
is an N-graded k-algebra. In particular, S is the homogeneous coordinate ring of P™.

Suppose that X is a closed subset of P”, with homogeneous coordinate ring Sx. For
every homogeneous g € Sy of positive degree, we consider the following open subset of
X:

D (9) = X\ V(9),
where g € S is any homogeneous polynomial which maps to g € Sx. Note that if h is
another homogeneous polynomial of positive degree, we have

Dx(gh) = Dx(g) N Dx(h).
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Remark 1.14. Every open subset of X is of the form X \V(J), where J is a homogeneous
ideal in S. By choosing a system of homogeneous generators for J, we see that this is the
union of finitely many open subsets of the form D7 (g). Therefore the open subsets D% (g)
give a basis of open subsets for the topology of X.

Definition 1.15. For every closed subset X of P", we define the affine cone C(X) over
X to be the union in A™"! of the corresponding lines in X. Note that if X is nonempty,
then

C(X)=r"*2)u{o}.

If X = V(I) is nonempty, for a homogeneous ideal I C S, it is clear that C'(X) is the
zero-locus of I in A", Therefore C(X) is a closed subset of A" for every X. Moreover,
we see that O(C(X)) = Sx.

Exercise 1.16. Show that if G is an irreducible linear algebraic group acting on a variety
X, then every irreducible component of X is invariant under the G-action.

Remark 1.17. Let X be a closed subset of P", with corresponding homogeneous radical
ideal Ix C S, and let C(X) be the affine cone over X. Since C(X) is k*-invariant,
it follows from the previous exercise that the irreducible components of C(X) are k*-
invariant, as well. By Remark 1.5, this means that the minimal prime ideals containing
Ix are homogeneous. They correspond to the irreducible components X, ..., X, of X, so
that the irreducible components of C(X) are C'(X3),...,C(X,).

2. REGULAR FUNCTIONS ON QUASI-PROJECTIVE VARIETIES

Our goal in this section is to define a structure sheaf on P". The main observation
is that if I and GG are homogeneous polynomials of the same degree, then we may define

a function £ on the open subset P" \ V(G) by
F(ag,...,an)
ey >
90, - @) Gl(ag, ..., a,)

Indeed, if deg(F') = d = deg(G), then

F(Xag, ..., ay) A Flag,...,an)  Flag, ... a,)
G(Mag, ..., Aa,) M -Glag,...,a,) Glag,...,a,)

Let W be a locally closed subset in P"™. A reqular function on W is a function
f: W — k such that for every p € W, there is an open neighborhood U C W of p and
homogeneous polynomials of the same degree F' and G such that G(q) # 0 for every ¢ € U
and

F(q)
flq)=—=—= forall geU.
9= aw
The set of regular functions on W is denoted by O(W). Note that O(W) is a k-algebra with

respect to the usual operations on functions. For example, if fi(q) = gll—((qq)) for ¢ € Uy and
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falq) = gz((‘;)) for ¢ € Usy, where U; and U, are open neighborhoods of p, then F1Gs + F2Gy

and 1G5 are homogeneous polynomials of the same degree and
(F1Gy + F>2G1)(q)
f1<Q)+f2(Q> (Gng)(q)
Moreover, it is clear that if V' is an open subset of W, the restriction to V' of a regular
function on W is a regular function of V. We thus obtain in this way a subpresheaf Oy,
of k-algebras of Funy, . In fact, this is a sheaf, as follows immediately from the fact that
regular functions are defined in terms of a local property.

Remark 2.1. Note that if W is a locally closed subset of P”, then the sheaf Oy we
defined is the one induced from Op~ as in Chapter 3.3.

for qe U NUs,.

Our first goal is to show that all spaces defined in this way are algebraic varieties.
Let U; be the open subset defined by x; # 0. Note that we have

P" = CJ Us.
=0

The key fact is the following assertion:

Proposition 2.2. For every i, with 0 < i <n, the map
wi: A" — Uia w(vlw"avn) = [vlv"'>/Uialavi+17"'7vn]

is an isomorphism in T op,.

Proof. 1t is clear that 1); is a bijection, with inverse
wi: Up = A", uo, o un] = (o /Ui, oy Wit /U, i1 [y - oo U ).

In order to simplify the notation, we give the argument for ¢ = 0, the other cases being
analogous. Consider first a principal affine open subset of A™, of the form D(f), for some
f € klxy,...,x,]. Note that if deg(f) = d, then we can write

g(xo, ..., T,

flxy/xo, ... @0 /x0) = (Ofd)
Lo

for a homogeneous polynomial g € S of degree d. It is then clear that ¢;' (D(f)) =
D (z0g), hence this is open in Up. Since the principal affine open subsets in A" give a
basis for the topology of A", we see that g is continuous.

Consider now an open subset of Uy of the form D3, (h), for some homogeneous h € S,
of positive degree. If we put hg = h(1,21,...,2,), we see that goo(D;;n(h)) = D(hg) is
open in A™. Since the open subsets of the form Dj.(h) give a basis for the topology of
P, we conclude that ¢ is a homeomorphism.

We now need to show that if U is open in A" and a: U — k, then o € Oan(U) if
and only if oo g € Opn (py ' (U)). If @ € Opn(U), then for every point p € U, we have
an open neighborhood U, C U of p and fi, fo € k[z1,...,2,] such that

fo(u) #0 and a(u) = 283

for all w € U,.



CHAPTER 4. PROJECTIVE VARIETIES 7

As above, we can write

Xy Tp Xy Ty
filzy/xo, ... 0/ T0) = % and  fo(x1 /20, ..., 20/20) = %
0 0

for some homogeneous polynomials ¢;, g2 € S of the same degree, in which case we see

that
92(v) #0 and  a(pe(v)) = Z:EZ; for all v € ¢y (U,).

Since this holds for every p € U, we see that a o g is a regular function on ¢y *(U).

Conversely, suppose that a oy is a regular function on ¢y '(U). This means that
for every q € ¢, (U), there is an open neighborhood V, C ¢y ' (U) of ¢ and homogeneous
polynomials Ay, hy € S of the same degree such that

h
ho(v) #0 and  a(po(v)) = 1(v) forall velV,.
hg(v)
In this case, we have
hi(1,uq, ..., uy,
ho(1,uy, ..., u,) #0 and  a(uy, ..., u,) = h;gl, Ul — ,Un§

for all u = (uy,...,u,) € ¢o(V,). Since this holds for every g € ;' (U), it follows that

is a regular function on U. This completes the proof of the fact that g is an isomorphism.
O

Corollary 2.3. For every locally closed subset W of P™, the space (W, Ow) is an algebraic
variety.

Proof. Tt is enough to show the assertion for W = P": the general case is then a con-
sequence of Propositions 3.5 and 5.4 in Chapter 3. We have already seen that P" is a
prevariety. In order to show that it is separated, using Proposition 5.6 in Chapter 3, it is
enough to show that each U; N U; is affine and that the canonical morphism

(1) 7 O(Ui) @ O(U;) — O(U; N Uj)

is surjective. Suppose that i < 7 and let us denote by x1,...,z, the coordinates on the
image of ¢; and by yi,...,y, the coordinates on the image of ¢;. Note that via the
isomorphism ¢;, the open subvariety U; N U; is mapped to the open subset

{(u,...,uy) € A" | u; # 0},

which is affine, being a principal affine open subset of A™. Similarly, ¢; maps U; N U; to
the open subset

{(ur, ... un) € A" [ iy # 0}
Furthermore, since we have

U u; 1wy Uil Uj U

-1 o 1 % i+1 j—1 741 n
9010901 (ulu"'aun)_<f7"'7_.7_‘7 R 0 '7"'7_‘
UJ UJ Uj U] U/J U/J Uj

for all (uy,...,u,) € @;(U; NU;), we see that the morphism

Tt KT, Tn] @k Ky, - Yn] = Kz, ,xn,xj’l]
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satisfies 7(z¢) = x for all £ and 7(y;11) = x;'. Therefore 7, ; is surjective for all i and j,
proving that P" is separated. 0

Example 2.4. The map
m A" {0} = P w(zo, .., 1) = W0, T

is a morphism. Indeed, with the notation in the proof of Proposition 2.2, it is enough to
show that for every 7, the induced map 7#—'(U;) — U; is a morphism. However, via the
isomorphism U; ~ A", this map becomes

A" V() = A" (20, .. 20) = (20/T4, .o Ti1 [T, Tig1 /T4, . . T ) T),
which is clearly a morphism.

Definition 2.5. A projective variety is an algebraic variety that is isomorphic to a closed
subvariety of some P". A quasi-projective variety is an algebraic variety that is isomorphic
to a locally closed subvariety ofsome P™.

Remark 2.6. It follows from definition that if X is a projective variety and Y is a closed
subvariety of X, then Y is a projective variety as well. Similarly, if X is a quasi-projective
variety and Z is a locally closed subvariety of X, then Z is a quasi-projective variety.

Remark 2.7. Every quasi-affine variety is quasi-projective: this follows from the fact that
A™ is isomorphic to an open subvariety of P™.

Remark 2.8. Note that unlike the coordinate ring of an affine variety, the homogeneous
coordinate ring of a projective variety X C P" is not an intrinsic invariant: it depends on
the embedding in the projective space.

We next show that the distinguished open subsets D (g) are all affine varieties'.

Proposition 2.9. For every closed subvariety X of P™ and every homogeneous element
g € Sx of positive degree, the variety D% (g) is affine.

Proof. Since X is a closed subvariety of P" and D3 (g) = D{.(9) N X, where g € S is
any lift of g, it is enough to prove the assertion when X = P". Let U = D} (g) and put
d = deg(g).

d

Consider the regular functions fy, ..., f, on U given by f;(uo,...,u,) = —. Note

= W
that they generate the unit ideal in I'(U, Opx). Indeed, since g € S, = rad(zg,...,z2), it
follows that there is m such that g™ € (zf,...,z%). If we write g™ = Y | hz{ and if we
consider the regular functions «;: U — k given by
hi u
ozl-(ul, N ,Un) = %,
g(u)

then > 7", fi - oy = 1, hence fo,..., f, generate the unit ideal in I'(U, Opr). By Propo-
sition 3.16 in Chapter 3, we see that it is enough to show that each subset U N U; is
affine, where Uj is the open subset of P™ defined by z; # 0. However, by the isomorphism

IFor another proof of this proposition, making use of the Veronese embedding, see Exercise 2.23 below.
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U; ~ A" given in Proposition 2.2, the open subset U N U; becomes isomorphic to the
subset

{U = (ul,...,un) - An ’ g(ul,...,ui,l,uiﬂ,...,un) # O},
which is affine by Proposition 4.18 in Chapter 1. This completes the proof. U

Since the open subsets D¥ (g) are affine, they are determined by their rings of regular
functions. Our next goal is to describe these rings.

We begin with some general considerations regarding localization in graded rings.
If S is a graded ring and T" C S is a multiplicative system consisting of homogeneous
elements of S, then the ring of fractions 771S has an induced grading, in which

(Tﬁls)m = {{ ‘ te T?f € Sdeg(t)+m} .

Note that even if S is N-graded, T71S is not, in general, N-graded. We will use two
special cases. If g € S is a homogeneous element, then S, is a graded ring, and we denote
by S(g its degree 0 part. Similarly, if p is a homogeneous prime ideal in S and if we take
T to be the set of homogeneous elements in S \ p, then T71S is a graded ring and we
denote its degree 0 part by S(,y. Therefore S, is the subring of S, consisting of fractions

gim, where h is a homogeneous element of S, of degree m - deg(g). Similarly, S, is the

subring of S(,) consisting of all fractions of the form %, where f,g € S are homogeneous,
of the same degree, with g € p. Note that S is a local ring, with maximal ideal

{f/h€Sw | fep}

Let X be a closed subset of P", with corresponding radical ideal Ix and homogeneous
coordinate ring Sx. Note that if h € Sy is homogeneous, of positive degree, we have a
morphism of k-algebras

such that ®(f/h™) is given by the function p — %’ where f,h € S are elements

mapping to f,h € Sx, respectively (it is clear that ®(f/h™) is independent of the choice
of f and h).

Proposition 2.10. For every X and h as above, the morphism ® is an isomorphism.
Proof. We will prove a more general version in Proposition 3.17 below. 0

We end this section with the description of the dimension of a closed subset of P
in terms of the homogeneous coordinate ring.

Proposition 2.11. If X C P" is a nonempty closed subset, with homogeneous coordinate
ring Sx, then dim(X) = dim(Sx) — 1.

Proof. Note that the morphism m: A" \ {0} — P" induces a surjective morphism
f: C(X) N~ {0} — X whose fibers are 1-dimensional (in fact, they are all isomorphic to
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A~ {0}). It follows from Corollary 4.3 in Chapter 2 that
dim (C(X)) = 1 + dim(X).
Since Sy is the coordinate ring of the affine variety C'(X'), we obtain the assertion in the

proposition. U

Corollary 2.12. If X and Y are nonempty closed subsets of P™, with dim(X)+dim(Y") >
n, then X N'Y s nonempty and every irreducible component of X N'Y has dimension
> dim(X) + dim(Y") — n.

Proof. Note that (C(X)NC(Y)) {0} = C(X NY)~ {0}. It is clear C(X)NC(Y) is
nonempty, since it contains 0. In this case, it follows from Exercise 3.21 in Chapter 2 that
every irreducible component of C'(X) N C(Y') has dimension

> dim (C(X)) 4+ dim (C(Y)) — (n + 1) = dim(X) 4+ dim(Y) — n + 1.
This implies that C(X) N C(Y) is not contained in {0}, hence X N'Y is non-empty.

Moreover, the irreducible components of C(X)NC(Y) are of the form C(Z), where Z is
an irreducible component of X NY, hence

dim(Z) = dim (C(2)) — 1 > dim(X) + dim(Y) — n.

Exercise 2.13. A hypersurface in P" is a closed subset defined by
{[zo,...,xn] € P" | F(xy,...,z,) =0},
for some homogeneous polynomial F', of positive degree. Given a closed subset X C P",

show that the following are equivalent:

i) X is a hypersurface.
ii) The ideal I(X) is a principal ideal.
iii) All irreducible component of X have codimension 1 in P".

Note that if X is any irreducible variety and U is a nonempty open subset of X, then
the map taking Z C U to Z and the map taking W C X to W N U give inverse bijections
(preserving the irreducible decompositions) between the nonempty closed subsets of U
and the nonempty closed subsets of X that have no irreducible component contained in
the X ~ U. This applies, in particular, to the open immersion

A" P (x1,. ., 1,) =[x, )
The next exercise describes this correspondence at the level of ideals.
Exercise 2.14. Let S = k[xg,...,z,] and R = k[zy,...,z,]. For an ideal J in R, we put
Jrom i (fem 0 £ f €0),

where fhom = xgeg(f) - f(x1/z0, ..., 2n/x0) € S. On the other hand, if a is a homogeneous
ideal in S, then we put @ := {h(1,z4,...,2,) | h € a} C R.

An ideal a in S is called zg-saturated if (a: xo) = a (recall that (a: zo) :={u € S|
Tou € a}).
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i) Show that the above maps give inverse bijections between the ideals in R and the
xo-saturated homogeneous ideals in S.

ii) Show that we get induced bijections between the radical ideals in R and the
homogeneous xg-saturated radical ideals in S. Moreover, a homogeneous radical
ideal a is x¢-saturated if and only if either no irreducible component of V'(a) is
contained in the hyperplane (zo = 0), or if a = S.

iii) The above correspondence induces a bijection between the prime ideals in R and
the prime ideals in S that do not contain xg.

iv) Consider the open immersion

A" =5 P (ug,..un) = (Lrug: oo uy),

which allows us to identify A™ with the complement of the hyperplane (zo = 0)

in P". Show that for every ideal J in R we have Van(J) = Vpn(JhoM).
v) Show that for every homogeneous ideal a in S, we have Vpn(a) N A™ = Van(a).

Exercise 2.15. Recall that GL, (k) denotes the set of invertible (n + 1) x (n + 1)
matrices with entries in k. Let PGL,.1(k) denote the quotient GL,1(k)/k*, where k*
acts on GL,1(k) by

A (aig)ig = (Aaig)iy-

i) Show that PG L, (k) has a natural structure of linear algebraic group, and that
it is irreducible.
ii) Prove that PGL, (k) acts algebraically on P".

Definition 2.16. Two subsets of P" are projectively equivalent if they differ by an auto-
morphism in PGL, (k) (we will see later that these are, indeed, all automorphisms of
P").

Definition 2.17. A linear subspace of P" is a closed subvariety of P defined by an ideal
generated by homogeneous polynomials of degree one. A hyperplane is a linear subspace
of codimension one.

Exercise 2.18. Consider the projective space P".

i) Show that a closed subset Y of P" is a linear subspace if and only if the affine
cone C(Y) C A" is a linear subspace.

ii) Show that if L is a linear subspace in P™ of dimension r, then there is an isomor-
phism L ~ P".

iii) Show that the hyperplanes in P™ are in bijection with the points of “another”
projective space P™, usually denoted by (P")*. We denote the point of (P")*
corresponding to the hyperplane H by [H].

iv) Show that the subset

{(p.[H]) eP"x (P")" |p € H}

is closed in P x (P™)*.
v) Show that given two sets of points in P"

F:{Po,.‘.,Pn_i_l} and F/:{Qo,.‘.,Qn_i_l},
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such that no (n 4 1) points in the same set lie in a hyperplane, there is a unique
A € PGL,.1(k) such that A- P, = Q; for every i.

Exercise 2.19. Let X C P" be an irreducible closed subset of codimension r. Show that
if H C P" is a hypersurface such that X is not contained in H, then every irreducible
component of X N H has codimension r 4+ 1 in P".

Exercise 2.20. Let X C P" be a closed subset of dimension r. Show that there is a
linear space L C P" of dimension (n — r — 1) such that LN X = (.

Exercise 2.21. (The Segre embedding). Consider two projective spaces P™ and P". Let
N = (m+1)(n+1)—1, and let us denote the coordinates on AN+ by z; ;, with 0 <i < m
and 0 < 5 <n.

1) Show that the map A™™! x A" — ANTL given by

((i)i (Y5);5) = (@iy;)iy
induces a morphism
Omn: P™ x P" — PV,
2) Consider the ring homomorphism
fn: klzi; 10<i<m,0<j<n]—=klxy,...,Cm Y1, Yn)s frn(2ij) = Tiy;.
Show that ker(f,,,) is a homogeneous prime ideal that defines in PV the image
of ¢m, (in particular, this image is closed).
3) Show that ¢, , is a closed immersion.

4) Deduce that if X and Y are (quasi)projective varieties, then X XY is a (quasi)projective
variety.

Exercise 2.22. (The Veronese embedding). Let n and d be positive integers, and let
My, ..., My be all monomials in k[zo, ..., x,] of degree d (hence N = (”+d) —1).

d

1) Show that there is a morphism v, 4: P™ — PV that takes the point [ay, ..., a,] to
the point [Mo(a), ..., My(a)].

2) Consider the ring homomorphism f;: k[zq,...,2x] — klzo,...,z,] defined by

fa(z;) = M;. Show that ker(f;) is a homogeneous prime ideal that defines in
P¥ the image of v, 4 (in particular, this image is closed).

3) Show that v, 4 is a closed immersion.

4) Show that if Z is a hypersurface of degree d in P™ (this means that I(Z) = (F),
where F' is a homogeneous polyomial of degree d), then there is a hyperplane H
in PV such that for every projective variety X C P", the morphism v, 4 induces
an isomorphism between X N Z and v, 4(X) N H. This shows that the Veronese
embedding allows to reduce the intersection with a hypersurface to the intersection
with a hyperplane.

5) The rational normal curve in P™ is the image of the Veronese embedding v 4: P! —
P?, mapping [a, b] to [a?, a?"b, ..., b%. Show that the rational normal curve is the
zero-locus of the 2 x 2-minors of the matrix

20 R1 .-+ Rd—1
21 R ... Zd '
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Exercise 2.23. Use the Veronese embedding to deduce the assertion in Proposition 2.9
from the case when h is a linear form (which follows from Proposition 2.2).

Exercise 2.24. A plane Cremona transformation is a birational map of P? into itself.
Consider the following example of quadratic Cremona transformation: ¢: P? — P2, given
by p(z: y: z) = (yz: zz: xy), when no two of x, y, or z are zero.

1) Show that ¢ is birational, and its own inverse.
2) Find open subsets U,V C P? such that ¢ induces an isomorphism U ~ V.
3) Describe the open sets on which ¢ and ¢! are defined.

3. A GENERALIZATION: THE MAXPROJ CONSTRUCTION

We now describe a generalization of the constructions in the previous two sections.
A key idea introduced by Grothendieck in algebraic geometry is that it is often better to
study morphisms f: X — Y, instead of varieties X (the case of a variety being recovered
as the special case when Y is a point). More precisely, instead of studying varieties with
a certain property, one should extend this property to morphisms and study it in this
context. We begin with one piece of terminology.

Definition 3.1. Given a variety Y, a variety over Y is a morphism f: X — Y, where
X is another variety. A morphism between varieties fi: X; — Y and fo: Xo — Y is a
morphism of varieties g: X; — X5 such that f, o g = fi. It is clear that we can compose
morphisms of varieties over Y and we get, in this way, a category.

Following the above philosophy, we introduce in this section the Proj construction,
that allows us to study projective varieties over Y, when Y is affine (as we will see, these
are simply closed subvarieties of a product Y x P™). We will return later to the case when
Y is an arbitrary variety, after discussing quasi-coherent sheaves.

The setting is the following: we fix an N-graded, reduced, finitely generated k-
algebra S = @,,cn Sm- This implies that Sy is a finitely generated k-algebra and it is
also easy to see that each S, is a finitely generated Sp-module. We put S, = P S,

m>0 ~m:

Exercise 3.2. Given homogeneous elements t,...,t, € S, show that they generate S
as an Sp-algebra if and only if they generate S, as an ideal.

For the sake of simplicity, we always assume that S is generated as an Sy-algebra by
S1. This condition is equivalent with the fact that S is isomorphic, as a graded ring, to the
quotient of Sy[zo, ..., z,| by a homogeneous ideal, where the grading on this polynomial
ring is given by the total degree of the monomials. Note that by the above exercise, our
assumption implies that S; generates S, as an ideal.

Consider the affine varieties W = MaxSpec(S) and Wy = MaxSpec(Sy) (see Exer-
cise 2.18 in Chapter 3 for the notation). The inclusion Sy < S corresponds to a morphism
f: W — Wy. The grading on S translates into an algebraic action of the torus k* on W,
as follows. We have a morphism

a: k" x W —-W
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corresponding to the k-algebra homomorphism S — k[t,t7!] ®; S mapping Y . fi to
>t fi, where f; € S; for all i. One can check directly that this gives an action of £* on W,
but we prefer to argue as follows: let us choose a surjective graded homomorphism of Sy-
algebras ¢: Sp[zg, ..., x,] — S, corresponding to a closed immersion j: W — Wy x A"
such that if p: Wy x A" — W, is the first projection, we have po j = f. As before, we
have a morphism
B k* x Wy x A™™ — W, x A™TL

Since ¢ is a graded homomorphism, we see that the two morphisms are compatible via j,
in the sense that

j(a(\w)) = B(A j(w)) forall Xek* weW.
It is straightforward to check that
B\, w, g, . . ., n) = (wo, Ao, ..., A\x,) forall € k* wy € Wy, (x,...,1,) € A"

Therefore 3 gives an algebraic action of £* on Wy x A" and thus « gives an algebraic
action of £* on W. We will keep using this embedding for describing the action of £* on
W. To simplify the notation, we will write A - w for a(\, w).

Lemma 3.3. Given the above action of k* on W, the following hold:

i) An orbit consists either of one point or it is 1-dimensional.
ii) A point is fized by the k*-action if and only if it lies in V(S,).
iii) If O is a 1-dimensional orbit, then O is a closed subset of W . V(S,), O ~ A!,
and O NV (Sy) consists of one point.

Proof. By embedding W in Wy x A" as above, we reduce the assertions in the lemma
to the case when W = W, x A™™! in which case they are all clear. Note that via this
embedding, we have V(S,) = W, x {0}. O

Remark 3.4. By arguing as in Remark 1.5, we see that a closed subset Z C W is invariant
by the k*-action (that is, \- Z = Z for every A € k*) if and only if the corresponding ideal
Iy (Z) is homogeneous.

Definition 3.5. Given S as above, we define MaxProj(.S) to be the set of one-dimensional
orbit closures for the action of £* on W. Since every such orbit is clearly irreducible, being
the image of a morphism k* — W, it follows from Lemma 3.3 and Remark 3.4 that these
orbit closures are in bijection with the homogeneous prime ideals ¢ C S such that S, Z q
and dim(S/q) = 1.

We put a topology on X = MaxProj(S) by declaring that a subset is closed if it
consists of all 1-dimensional orbit closures contained in some torus-invariant closed subset
of W. Equivalently, the closed subsets are those of the form

V(I) = {q € MaxProj(5) | I C q},

for some homogeneous ideal I C S. The assertions in the next lemma, which are straight-
forward to prove, imply that this gives indeed a topology on MaxProj(.S).

Lemma 3.6. With the above notation, the following hold:
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i) We have V(0) = MaxProj(S) and V(S) = 0.
ii) For every two homogeneous ideals I and J in S, we have
VIHUuV(J)=VInJ)=V(-J).

iii) For every family (1) of homogeneous ideals in S, we have
V(L) =V (Z 1a> .

Since every homogeneous ideal is generated by finitely many homogeneous elements,
we see that every open set can be written as a finite union of sets of the form

Dx(f) = {a € MaxProj(S) | f ¢ a},

where f € S is a homogeneous element. In fact, we may take f of positive degree, since
if tg,...,t, € S1 generate S, we have

D(f) = Dx(t:f)

As a special case of this equality for f = 1, we have
MaxProj(S) = D% (to) U...U D% (t,).

Remark 3.7. It is clear that if / is a homogeneous ideal in S, then V(I) = V (rad(])).
Moreover, if

I'={fe8|f 8. Crad(D)},
then V(1) = V(I').

For future reference, we give the following variant of graded Nullstellensatz.

Proposition 3.8. Let S be a graded ring as in the proposition. If I is a homogeneous,
radical ideal in S, and f € S is homogeneous, such that f € q for all ¢ € MaxProj(S)
with q 2 I, then f-S, C 1. If deg(f) >0, then f € 1.

Proof. We first prove the last assertion, assuming deg(f) > 0. After writing S as a quotient
of a polynomial ring over Sy, we see that we may assume that S = Alxo,...,x,], with
the standard grading. Recall that we take Wy = MaxSpec(Sy) and W = MaxSpec(S) =
Wy x A" Let Y C W be the closed subset defined by I. Note that W is k*-invariant.
Our assumption says that f vanishes on {w} x L, whenever L is a line in A™"! with
{we} x A C Y. On the other hand, since deg(f) > 0, we see that f automatically
vanishes along Wy x {0}, hence f vanishes along Y (we use the fact that Y is a union of
k*-orbits). We thus conclude that f € I. The first assertion in the proposition now follows
by applying what we know to each product fg, with g € S;. O

Given an ideal q € MaxProj(S), let T' denote the set of homogeneous elements in
S\ q. Recall that the ring of fractions 715 carries a natural grading, whose degree 0 part
is denoted by S(4). This is a local ring, with maximal ideal mg := q-7~'SNS(y. Similarly,
given a homogeneous element f € S, the localization Sy carries a natural grading, whose
degree 0 part is denoted Sy).
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Lemma 3.9. For every t € 51, the following hold:

i) We have an isomorphism of graded rings Sy =~ Sgylz, v 7.

ii) Every homogeneous ideal in Sy is of the form @, (I N Sy)t™.
iii) We have a homeomorphism between D*(t) and MaxSpec(S)).
iv) For every q € MaxProj(5), the residue field of S(q) is equal to k.

Proof. Since the element % € S; has degree 1 and is invertible, it follows easily that the
homomorphism of graded S(;-algebras

S(t) [l‘, Jiil] — S

that maps z to % is an isomorphism. This gives i) and the assertion in ii) is straightforward
to check.

It is clear that localization induces a bijection between the homogeneous prime ideals
in S that do not contain ¢ and the homogeneous prime ideals in S;. Moreover, it follows
from ii) that every such prime ideal in S; is of the form @, ., pt™, for a unique prime
ideal p in S(). If ¢ € S corresponds to p C S(;), then

(2) (S/a)e = (S /p)|z, x ],
hence
dim(S/q) = dim ((S/q);) = dim(S(;)/p) + 1.

Therefore q lies in MaxProj(.5) if and only if p is a maximal ideal in Sgy. This gives the
bijection between D (t) and MaxSpec(S(;)) and it is straightforward to check, using the
definitions of the two topologies, that this is a homeomorphism.

Finally, given any q € MaxProj(S), we can find ¢ € Sy such that q € D (¢). If p is
the corresponding ideal in S(;), then the isomorphism (2) implies that the residue field of
S(q) is isomorphic as a k-algebra to the residue field of (Sq)),, hence it is equal to k. [

We now define a sheaf of functions on X = MaxProj(S), with values in k, as
follows. For every open subset U in X, let Ox(U) be the set of functions ¢: U — k with
the following property: for every x € U, there is an open neighborhood U, C U of x and
homogeneous elements f,g € S of the same degree such that for every q € U,, we have
g & q and ¢(q) is equal to the image of g in the residue field of S(q), which is equal to k by
Lemma 3.9. It is straightforward to check that Ox(U) is a k-subalgebra of Funx(U) and
that, with respect to restriction of functions, Ox is a sheaf. This is the sheaf of reqular
functions on X. From now on, we denote by MaxProj(S) the object (X, Ox) in Topy.

Remark 3.10. It is clear from the definition that we have a morphism in 7 op,
MaxProj(S) — MaxSpec(Sy)

that maps q to g N Sp.
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Proposition 3.11. If we have a surjective, graded homomorphism ¢: S — T, then we
have a commutative diagram

MaxProj(T) I, MaxProj(S)

! K

MaxSpec(Ty) —— MaxProj(Sp),

in which i is a closed immersion and j given an isomorphism onto V (I) (with the induced
sheaf from the ambient space)®, where I = ker(y).

Proof. Note first that since ¢ is surjective, the induced homomorphism Sy — T} is surjec-
tive as well, hence the induced morphism i: MaxSpec(7y) — MaxSpec(Sp) is a closed im-
mersion. Since ¢ is graded and surjective, we have T, = ¢(S,) and S = ¢ (T, ), hence
S, C p !(p) if and only if T, C p. We can thus define j: MaxProj(T) — MaxProj(S)
by j(p) = ¢ (p). It is straightforward to see that the diagram in the proposition is
commutative and that j gives a homeomorphism of MaxProj(7") onto the closed subset
V(1) of MaxProj(S). Furthermore, it is easy to see, using the definition, that if U is an
open subset of V(I), then a function ¢: U — k has the property that ¢ o j is regular on
J1(U) if and only if it can be locally extended to a regular function on open subsets in
MaxProj(S). This gives the assertion in the proposition. U

We now consider in detail the case when S = Alxy, ..., z,|, with the standard grad-
ing. As before, let Wy = MaxSpec(A). We have seen that a point p in X = MaxProj(.S)
corresponds to a subset in Wy x A" of the form {wy} x L, where L is a 1-dimensional
linear subspace in k™!, corresponding to a point in P™. We thus have a bijection between
MaxProj(S) and Wy x P™. Moreover, since z, ..., x, span S, we see that

1=0

The above bijection induces for every i a bijection between DY (x;) and Wy x D, (x;). In
fact, this is the same as the homeomorphism between DY (z;) and

MaxSpec(A[xo, . ,mn](xi)) = MaxSpec(A[xo/xi, . ,xn/xz])

given by assertion iii) in Lemma 3.9. Furthermore, arguing as in the proof of Proposi-
tion 2.2, we see that each of these homeomorphisms gives an isomorphism of objects in
T op,,. We thus obtain the following

Proposition 3.12. If S = Alxy, ..., x,], with the standard grading, and Wy = MaxSpec(A),
then we have an isomorphism

MaxProj(S) ~ Wy x P"

of varieties over Wj.

20nce we will show that MaxProj(S) and MaxProj(T) are algebraic varieties, this simply says that j
is a closed immersion.
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Corollary 3.13. If S is a reduced, N-graded, finitely generated k-algebra, generated as
an So-algebra by Sy, then MaxProj(S) is a quasi-projective variety.

Proof. By the assumption on S, we have a graded, surjective morphism of Sy-algebras
SQ[ZUQ, R ,.Tn] — S.

If Wy = MaxSpec(Sp), then it follows from Propositions 3.11 and 3.12 that we have a
closed immersion

MaxProj(S) < MaxProj(So[zo, . .., x,]) =~ Wy x P,

which gives the assertion in the corollary, since a product of quasi-projective varieties is
quasi-projective by Exercise 2.21. O

Remark 3.14. If X is a closed subset of P", with homogeneous coordinate ring Sy,
then MaxProj(Sy) ~ X. More generally, suppose that A is a reduced, finitely generated
k-algebra, Wy = MaxSpec(A), and X is a closed subvariety of Wy x P™. If I is a radical,
homogeneous ideal in A[xy, ..., z,| such that X = V(I), then

X ~ MaxProj(A[zo, ..., zn)/1).
Indeed, the surjection
Alxg, ..., xn] = Alxo, ..., 2] /1
induces by Proposition 3.11 a closed immersion
v: MaxProj(Alzg, ..., z,) /1) — MaxProj(Alzo, . .., z,)).

It is then clear that, via the isomorphism MaxProj (A[xo, e ,xn]) ~ Wy x P™ provided
by Proposition 3.12; the image of ¢ is equal to X.

Definition 3.15. Given an affine variety Y, a variety f: X — Y over Y is projective if
there is a reduced, N-graded, finitely generated k-algebra S, generated as an Sy-algebra by
S1, such that Y ~ MaxSpec(.Sp), and X is isomorphic (over Y') to MaxProj(.S). It follows
from the above remark, together with Propositions 3.11 and 3.12, that X is projective
over Y if and only if it admits a closed immersion (over Y) in Y x P™.

Proposition 3.16. If S is a reduced, N-graded, finitely generated k-algebra, generated
as an Sy-algebra by Sy, then for every homogeneous f € S, of positive degree, the open
subset D% (f) € X = MaxProj(S) is affine.

Proof. By Proposition 3.11, it is enough to prove this when S = Spy[zo,...,x,]. The
argument in this case follows the one in the proof of Proposition 2.9. [l

We now give a generalization of Proposition 2.10 describing the regular functions
on the affine open subsets D (f) in MaxProj(S).

Proposition 3.17. Let S be a reduced, N-graded, finitely generated k-algebra, generated
as an Sy-algebra by Sy, and let X = MaxProj(S). For every homogeneous f € S, of
positive degree, consider the homomorphism

®: Sip) — O(Dx(f))
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that maps fim to the function taking q € DX (f) to the image of fim in the residue field of
S(q), which is isomorphic to k. Then ® is an isomorphism.

Proof. The proof is similar to that of Proposition 4.6 in Chapter 1. We first show that &
is injective. Suppose that % lies in the kernel of ®. In this case, for every g € X \ V(f),
we have g € q. This implies that fg € q for every q € X, hence fg = 0 by Proposition 3.8,

hence % = 0 in (Sx)(s). This proves the injectivity of .

In order to prove the surjectivity of ®, consider ¢ € O(D%(f)). By hypothesis, and
using the quasi-compactness of D} (f), we may write

D (f)=ViU...UuV,

for some open subsets V; such that for every ¢, there are g;, h; € S homogeneous of the
same degree such that for every q € V;, we have h; ¢ q and ¢(q) is the image of ¥ in
the residue field of S¢;). We may assume that V; = X N V(f;) for 1 < i < r, for some
homogeneous f; € S, of positive degree. Since h; & q for every q € X ~ V(f;), it follows
from Proposition 3.8 that f; € rad(h;). After possibly replacing f; by a suitable power,
we may assume that f; € (h;) for all 7. Finally, after multiplying both g; and h; by the
same homogeneous element, we may assume that f; = h; for all 7.

We know that for u € X \ V(g;g;) the two fractions % and ij % have the same

image in the residue field of every S(). By the injectivity statement we have already
proved, this implies that

gi g .
hi  hy M

Therefore there is a positive integer N such that
(hzh])N(glh] - gjhz) =0 for all Z,j

After replacing each g; and h; by g;hY and hZN *1 respectively, we see that we may assume

that
gih]‘ - g]hz =0 for all ’L,]
On the other hand, since

D) = Dl

we have
V(f)=V(h,...,h),
and therefore Proposition 3.8 implies that f € rad(hy, ..., h,). We can thus write

T
fm:Zaihi for some m>1 and ay,...,a,. €05.
i=1

Moreover, by only considering the terms in Sy,.qeq(s), We see that we may assume that
each a; is homogeneous, with deg(a;) + deg(h;) = m - deg(f).
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In order to complete the proof, it is enough to show that

algl+-'-+a7‘gr
@z@( )
fm

Note that for q € D% (h;), we have

% _ a191 + fm + argr in S(q)
)

T T

hj - Zaigi = Zaihigj = f"g;.
i—1 i—1

This completes the proof. 0

since

Remark 3.18. Suppose that S is an N-graded k-algebra as above and
f: X = MaxProj(S) — MaxSpec(Sy) =Y

is the corresponding morphism. If a € Sy and we consider the N-graded k-algebra S,
then we have a map

j: MaxProj(S,) — MaxProj(5)
that maps ¢ to its inverse image in S. This gives an open immersion, whose image is
1 (Dy(a)): this follows by choosing generators ti,...,t. € S; of S as an Sy-algebra, and
by showing that for every ¢, the induced map

MaxSpec((S,) ) — MaxSpec(S,))
is an open immersion, with image equal to the principal affine open subset corresponding
to & € Si,).
1 (t:)

Remark 3.19. Suppose again that S is an N-graded k-algebra as above and f: X =
MaxProj(S) — MaxSpec(Sy) = Y is the corresponding morphism. If J is an ideal in S,
then the inverse image f~!(V/(J)) is the closed subset V(.J - S). This is the image of the
closed immersion

MaxProj(S/rad(J - S)) < MaxProj(S)
(see Proposition 3.11).

Remark 3.20. For every S as above, we have a surjective morphism
m: MaxSpec(S) \ V(S;) — MaxProj(5).

Since all fibers are of dimension 1 (in fact, they are all isomorphic to A' \ {0}), we
conclude that

dim (MaxProj(5)) = dim (MaxSpec(S) \ V(54)) — 1 < dim(S) — 1.
Moreover, this is an equality, unless every irreducible component of maximal dimension
of MaxSpec(S) is contained in V(S5 ), in which case we have dim(S) = dim(.Sy).
Exercise 3.21. Show that if S is an N-graded k-algebra as above and X = MaxProj(.5),
then for every q € X, there is a canonical isomorphism

OX,q ~ S(q).
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