integer N

k

x x^2 ≡ k (mod N k

L^c where L = log N N constants c ≥ x k(Q( − Nx = k L^{3/2} k_1 ≡ k_2 (mod N k_1 and k_2 L^{c0} c_0

be O(L^c c probabilistic

O(N^{1⁄4}

k,k+N k and k+N k simpler

factor. P_1 (m m ψ (x,y,z m (x− z,x P_1 (m) ≤ y y=x^α

f(α ) = β α_1 , ψ (x,x^{α 1} ,x^β ) > x ≥ x_0 (α_1 ,β)}.

f^* (α ) = β α_1 c(α_1 ,β) > ψ (x,x^{α 1} ,x^β ) > c(α_1 ,β)x^β x ≥ x_0 (α_1 ,β)}.

≤ f(α ) ≤ f^* (α ) ≤ 1.

f ,f^* (III) f(α f^* (α f(α ) =_{α 1}lim f(α_1 ). f(α f^* (α

z = x, ψ ψ (x,y ψ (x,x^α

α ψ (x,x^α ) = xρ /α ){1+O /logx)} , where ρ ρ ∞ ). ′^{(μ) (} ρ (μ) =

ρ (μ

α ,β ψ (x,x^α ,x^β ) /α )x^β . .

(α )^* (α )

ψ (x,x^α ,x^β ) /α )x^β 1 − 12 5 α β f^* (α α result.

0 * 3/4 1 f^* (α ) ≤ 1 c_0^* )^3 . α.

1 * 0 3/4 f^* (α ) ≤ 1 − +c_1^* )α

f^* (α ) ≤ 1 c_2^* α )^3 c_2^* = c_0^* ,c_1^* ). f(α f(α f(α_1 α_1 zy.

0 1 f( ) f(α ) + 1 .

f(α α ≥ 2_1 , c_2 , , c_{r − 1} r

s = (x− a_1 x− a_2 ) (x− a_{r − 1} x +

j=1Σ^{r − 1 a} j

,a_1 , , a_{r − 1}

a j ≤ cj x^{2j} 1 , j = r −

r r with

0 ≤ s − N ≤ dx^{r − 2+ 2r − 1} 1 . (1.2) =

f( r 1 ) ≤ 1 − r 2 + r2^{r − 1} 1 .

r = S_r has O_r

N^r 2 − r2^{r − 1} 1

S_r

N c_j = r^2 1 ≤ j≤r − d = 2r

2 1 ,

f(α ) ≤ 1− 2α − 2^{− [α − 1 ]} ) . (1.3)

2 1 f(α )

f^* (α ψ (x,x^α ,x^β

(α ) > 0 ψ (x,x^α ,x^β ) (^{− 1} − x^β > c(α ) α β Erdo ψ (x,x^α ,x^β ) (x^α )^{− 1} x^β α

ψ (x,x^α ,x^β ) > x

α , 0 (x) = :y ≤ ψ (y,y^α ,y^β ) = 0 (x) .

choice P(s) = Σ ′m^{− s} m with x^1 ≤ m < 2x^1 P_1 (m) ≤ x^α ,

P(s

f(α f^* (α

0_0 ,c_1 such ε_1 with 0_1 ≤ 3 1 ε

ψ (x,y,z)_1 z

(1) y = x^α with 2 1 1

(2) yz ≥ x^{1− c0 − logx}

logy )_3 + 2ε_1

c_1 x)^2 ) > x_0 (ε_1 ) 1/ ε_1 → 0.

logx logy y = x_α

2 1

x− z < n≤xΣ log n =

d≤xΣ^{Λ(d)}

n≡ ) x− z<n≤xΣ

(z+ x ≥

p≤xΣ^{logp} p x − p x− z . (2.2)

w ≤ y ≤ x

(z+ x ≥

p≤wΣ^+_{p >y}Σ^{logp} p x − p x− z (2.3)

(z+ x ≥ z w+O −

p≤wΣ^{logp} p x − p x− z (2.4)

+ p >yΣ logp p x − p x− z .

ψ (x,y,z)_1 z (2.5)

1 )z x− z,x]

p >y

p >yΣ logp p x − p x− z ≥_1 )z log (2.6) w=x^{1 2ε1 α} and z 1 < 3 1 ε and 2 1 w has

w ≤ y y = x^α , w = x^{1 2ε1 α}

1 α zlogx ≥ O(z) −

p≤x^{1 2ε1 α}

Σ^{logp} p x − p x− z . (2.7)

z

p≤x^{1 2ε1 α}

Σ^{logp} p x − p x− z = O(z) . (2.8)

2 ,c_3

with 1≤w≤

S(x,w) = p≤wΣ p x − 2 1 logp

satisfies

S(x,w) ≤ c3 w 1− c_2 ( logx logw _____)2

+ w^2 3 x^{− 2} 1 c_3 w)^2 x)^2 . (2.9)

2 1_1 < 3 1 ε

w = x^β with 1 2ε_1 2 1 ≤ w ≤ x^{1⁄2} the

w^2 3 x^{− 2} 1 ≤ w^{1− ( logx}

logw _____)2 . Now

p≤wΣ^{logp} p x − p x− z = S(x,w) − S(x− z,w)

w = x^β implies

p≤x^{1 2ε1 α}

Σ^{logp} p x − p x− z ≤ c1 x^{β − c0 β}

2 ) c_1 x)^2

where c_0 = c_2 c_1 = 2c_3

z ≥ x^{β − c0 β2 )} c_1 x)^2

x > x_0 (ε_1 ).

ψ (x,y,z)_1 z

yz ≥ x^{1− c0 − logx}

logy )_3 +2ε_1

c_1 x)^2 z ≥ x^{1 c0 )3 +2ε1} c_1 x)^2

β − c_0 β^2 ) = 1 2ε_1 c_0 2ε_1 α )^3

≤ 1 c_0 )^3 + 2ε_1 .

.

c_4 ,c_5 > ≤w≤x,

p_{≤w}Σ e p x ≤ w 1− c_4 ( logx logw _____)2

+ w^2 3 x^{− 2} 1 c_5 w)^2 ) . (2.14)

S(x,w) =

p≤wΣ^e_p^x^{log (2.15)}

S(x,w) ≤ 2 w 1− c_4 (

logx logw _____)2

+ w^2 3 x^{− 2} 1 c_5 w)^2 x) . (2.16)

S(x,w) ≤_{p≤w}Σ logp ≤ 2w

2 1 w<p≤w Σ^{logp ≤ log} 2 1 w w ≤

function p x − 2 1

Δ with 0 2 1

{α_m(Δ m , m ≠ 0 β_m(Δ m , m ≠ 0 Δ

m≠0Σ^α m^{(Δ)e(mt) ≤ t − [t]−}_2^1_{m≠0}Σ^β m^{(Δ)e(mt}

for t

α m(Δ), β m(Δ) ≤ min m 2 , Δm^2 2 . (2.19)

(2.20) p≤wΣ p x − 2 1 logp ≤

p≤wΣ^{Δlogp +}_{m≠0}Σ^β m^{(Δ)}_{p≤w}Σ^e_p^{xm}^{logp + x)2} ≤ 2Δw + m≠0Σ^β m^{(Δ) S(xm,w) + x)2 ,}

x)^2 x terms p having px p x ε Z.

x^{− 1⁄2}

(2.21)

m≤x m≠0Σ^β m^{(Δ)S(xm,w)}^{≤c}6^{(w1− 4}

1 c_4 (

logx logw _____)2

+ w^2 3 x^{− 2} 1 c_5 w)^2 x)^2 ,

using

m≤x^{1⁄2} Σ_m^{1 +}_{x1⁄2 <m≤x}Σ_m2^x 1⁄2 ≤ x + O .

m>x Σ^β m^{(Δ)S(xm,w)}^{≤ 2} m^{>x} Σ_m2^{x 2} 1 2w ≤ 4wx^{− 1⁄2}

p≤wΣ p x − 2 1 logp ≤ 2c_7 w 1− 4 1 c_4 (

logx logw _____)2

+ w^2 3 x^{− 2} 1 c_5 w)^2 x)^2 .

p≤wΣ p x − 2 1 logp 2c_7 w 1− 4 1 c_4 (

logx logw _____)2

+ w^2 3 x^{− 2} 1 c_5 w)^2 x)^2

c_2 = 4 1 c_4, c_3 = c_5 c_7 ).

y.

η_3^* with 4 1

ψ (x,y,z) > c_3^* z

(1) y = x^α with 2 1 1

(2) yz ≥ x^1 .

y = x^α with

2 1 2 1

c_3^*.

zlogx ≥ p≤wΣ^+_{p >w}Σ p x − p x− z logp (2.23)

w = x^{1⁄2 0} η_0

v ≤ x^2

1_0

that

p≤vΣ p x − p x− z logp = z logv + c_8 + o

(2.24)

+ O x^γ c_4 x)^2 ) where ( 2 1_0 − c_0 ( 2 1_0 )_2 + 2ε_1 η_0 ≤ ε_1

2 1_0 η_0 ≤ 20 1 c_0 and ε_1 ≤ 2 1 η_0

v_1 ≤p≤v_2Σ p x − p x− z logp = z log v_1 v_2 + o + O(x^2

1_o

) . (2.25)

2 1_0 2 1_0 > x^{1⁄2 0}

[x− z,x]^α < p < x^β

α β

≥ x_0 (ε).

N = x^α <p <x^βΣ p x − p x− z ≤ j=0Σ^{( x}_{α logx+j}^1

e^j x^α <p≤e^{j+1} x^αΣ p x − p x− z logp

N ≤ j=0Σ^{( x}_{α logx+j}^1^{1 + o} ≤ + o α β

as x

4 1 η_0

ψ (x,y,z)_1 z

y ≥ x^{1⁄2}_1 )z x− z,x

factor ≥y − 2ε_1 − log 2 1 2 1_0 )z

x− z,x ≥ w = x^{1⁄2 0}

p≥wΣ p x − p x− z logp ≥

1− 2ε_1 − log 2 1 2 1_0 ( 2 1_0 )zlogx (2.26)

v = w = x^2

1_0

Δzlogx ≥ c_9 (z+x^2

1_0 ) . c_9

2η_0 + ( 2 1_0 ε_1 +log 2 1 2 1_0

) . (2.27)

z ≥ x^2

1_0

1/4η_0

( 2 1_0 2 1 − 4 1 η_0 2 1_0 = ( 2 1_0 1 + 2 1 − 4 1 η_0

5/4η_0 ≤ 4 5 η_0 + O(η_{02} ) .

ε_1 = 4 1 η_0 yields

2 1 η_0 + O(η_{02} ) .

η_0

that

z ≥ x^{1⁄2 0} (2.27)

ψ (x,y,z) z

whenever

x^{1⁄2} ≤ y ≤ x^{1⁄2} . (2.28)

yz > x^{1− 2η}

4 1 η_0 4 1 η_0 ≤ 4 1 .

y = x^α

α_0 , ε_{0 0} , δ_0 ε_0 < 2 1 and

ψ (x,y,z) > c_0 z whenever (i) y = x^β with [α_{0 0} α_0 ], (ii) yz ≥ x^{1 0}

≥x_0 α_1 = 1_0 α_0 , ε_1 = 20 1 ε_{0 1} = 20 1 ε_0 c_0 1 0 and ε_0 ψ (x,y,z) > c_1 z whenever (i^*) y = x^β with [α_{1 1} α_1 ], (ii ) yz ≥ x^{1 1 1}

≥ x_1

Proof

ψ (x,y,z) =

p≤yΣ^{ψ (}_p^{x , p,}_p^z

ψ (x,y,z) ≥

y_1 ≤p≤yΣ ψ ( p x , p, p z ) . (2.30)

y_1 = y^{1 2} ε_2

* x,y,z ε_2 = 20 1 ε_0

p x , p, p z y1_2 < p < y.

x≥x_0 that

ψ (x,y,z) ≥

y^{1 2} <p <y

Σ^c0_p^{z (2.31)}

p≤yΣ_p^{1 = y} 0^{+ o}

where γ_0

ψ (x,y,z) ≥ c_0 log 1_2 1 + o z (2.32)

1_2

1_2 x ≥ x_1 (ε_0 ,x_0 )

ψ (x,y,z)_2 c_0 z = c_1 z ,

y=x^β , p =x^γ y^{1 2} ≤ p ≤ y

that β_2 ) (2.33) *

α_{1 1 2} )_1

x̃,ỹ,z̃) ≡ ( p x , p, p z x̃ = x_1 , ỹ = x_γ = x̃ 1^γ

1_{1 1 2} ) α_{1 1 2} ) ≤ 1 γ ≤ 1_1 α_{1 0} . (2.34)

1 w 1 ≥ 1 w 2 1 ≤w≤1 . (2.35)

dw d ( 1 w 1 − 1 w ) = w)^2 α − 1 1 ≤

1 1 ( 1 α − ≤ ≤w≤ w=

1 γ ≥_1 )^2_2 )^2 1_1 α_1 =_1 )^2_2 )^2 α_0 . (2.36)

x̃,ỹ,z̃

1 )^2_2 )^2 ≥ 1_0 . (2.37)

ε_1 ≤ 20 1 ε_0, ε_2 ≤ 20 1 ε_{0 0} ≤ 2 1 *

ỹz̃ = z ≥ y x^{1 1 1}

= x^{1 1 1}

= x̃^1

1_{1 1}

≥ x̃ 1_0 + 1 1

≥ x̃^{1 0}

1 α_1 ≤ 1_1 α_{1 0} ,

2 2 x̃,ỹ,z̃

c_1^* = 1 η >

f(α ) ≤ 1 − +c_1^* )α ; 2 1 1 .

Since 4 1 [ 2 1 , 4 3 α and

that k+1 1 k 1 k≥ T(x) = 1− x x

j+1 1 , j 1 j 1 , j− 1 1 T^{(k−} (α ) ε [ 3 1 , 2 1

T^{(k−} (α ) ε [ 2 1

( 2 1 α_0 = T_{(k−} (α U(x) = 1+x x has U_{− 1} = T so that U^{(k−} (α_0 )

α_{0 0} α_0 ], c_0 = c_3^*, c_1^* x_0 k− ψ (x,y,z) > c_1 (ε_0 )z

(i^*) y = x^β with [α^* α ]

(ii ) yz ≥ x^{1− c1*}

x ε^* = 20 1 k− 2

ε_0 and ε = 19 1 1− ( 20 1 )_{k− 2} ε_0

α_0 = T^{(k−} (α 2 1

y = x^α , z = x^{1− +c1* )}

f^* (α ) ≤ 1− +c_1^* ) ε_0 → f^* (α ) ≤ 1 − +c_1^* )α.

f(α ) ≤ 1 x m 2 1 x_1 , x_1

P_1 (m) < x^α n = m[ m x x− x^1 ,x

P_1 (n) < 2x^α .

n with x^1 < n < 2x^1

with P_1 (n) ≤ x^ε 2 1 x_λ ≤ n x ≤ x_λ

find ywith P_1 (y) < ( n x )^α ≤ x y − n x ≤ ( n x )_{f(α )} ≤ x_{λ f(α )} .

Hence ny − x ≤ nx^{λ f(α )} ≤ 2x^{λ f(α ) + 1} , while P_1 (ny) ≤ MAX(x^ε , x ) ≤ x if f( ) f(α ) + 1

Let x^r ≥ N

s(a) = (x− a_1 x− a_2 ) (x− a_{r − 1} x +

j=1Σ^{r − 1 a} j^)

where a = (a_1 a_{n − 1} j a_j

a j ≤ Aj (x Aj (x) = cj x^{2j} 1 c_j r r and N N > N_j (r). j, a_j 1 + a_j a_k s(a

s(a) − k≠ jΠ (x− a_k)

2a_j + k≠ jΣ a_k + 1

. (3.1)

a = (a_1 a_{r − 1} ) = 0 a_2 = a_3 =...= a_{r − 1} = a_1 a_1 → a_1 + s(a

2a_1 x^{r − 2} + O(x^{r − 2} ) .

a = (a_{11}

S(0) − S(a_1 ) = 2 2 a_{11} x^{r − 2} + O a_{11} x^{r − 2} .

Since S(0) = x^r ≥ N > (x−^r = x^r − rx^{r − 1} + O(x^{r − 2} ) a = (a_{11} ≤ a_{11} < A_1 (x 0 ≤ s(a ) − N ≤ 2A_1 x^{r − 2} + O(x^{r − 2} ) .

c_1 > 2r^2 1 and N > N_1 (r).

a = (a_{21} , a_{22}

where a_{21} = a_{11} − m , a_{22} = 2m m ≤ m ≤ 2 1 A_2 (x A_1 (x A_2 (x a_{21} ≤ A_1 (x N m by m+ a_1 ,a_2 ) → (a_1 − a_2 + s(a 3a_2 x^{r − 2} + O(x^{r − 2} ) .

provided a_3 = a_4 =...= a_{r − 1} = c_2 > 3 4 c_1 N is

s(a N m ≤m≤ 2 1 A_2 (x a

0 ≤ s(a ) − N ≤ 3A_2 (x)^{r − 2} + O(x^{r − 2} ) . j < r a^{( j−} with a_{j− k} = j ≤ k ≤ r − 0 ≤ s(a^{( j−} ) − N ≤_{j− 1} (x)x^{r − 2} + O(x^{r − 2} ) . a^{( j)} with a = j+1 ≤ k ≤ r − a = a_{j− k} − m 1 ≤ k ≤ j− a_{jj} = m ≤ m ≤ j 1 A_j (x N, a ≤ Ak(x ≤ k ≤ j− 1 . m by m+ (a_1 a_j ) → (a_1 − a_{j− 1} − a_j +j s(a ( j+ a_j x^{r − 2} + O(x^{r − 2} ) . N

c_j^2 > j+1 2j c_{j− 1} , s(a N a^{( j)} 0 ≤ s(a^{( j)} ) − N ≤ ( j+ A_j (x)x^{r − 2} + O(x^{r − 2} ) . j = r − Remark S_2 S_2^* =_1 k_2 :k_2 − k_1 ≤ 2 1 k_1^{⁄2}} x x− k ≥ 2 1 x1_{⁄2} (3.2)

k ∈ S_2^* S_2^*

identity

k_1 k_2 = ( 2 k_1 +k_2

)^2 − ( 2 k_1 − k_2 )^2

with m=k_1 +k_2

k1 k2 − 4 m^2 ≤ 16 1 k_1 ≤ 16 1

2 m )_2 2 m+1 _____)2 is ≥m

References

≤x >y 36

53-57.

Mathematica 141 ≤x >y

29

F_7 29 in:

3

43

preprint.

ABSTRACT

ψ (x,x^α ,x^β x− x^β , x x^α guarantee ψ (x,x^α ,x^β ) > x ψ (x,x^α ,x^β ) ≥ c(α ,β) x^β x c(α ,β let f(α β α_1 ψ (x,x^{α 1} ,x^β ) > x f^* (α β α_1 ψ (x,x^{α 1} ,x^β ) ≥ c(α_1 ,β) x^β c(α_1 ,β) > 0 x constant c 1,

f^* (α ) ≤ 1 cα )^3.

for α^{− 1} = . 2 1 , f(α ) ≤ 1− 2α − 2^{− [α − 1 ]} ).

__________