n } of

n } U_n = 2^n U =_n } d(U

p for which ord_p V_n = 2^n + V_n = 3V_{n − 1} − 2V_{n − 2} with V_0 = V_1 = 3.

V = : 2^n +1 ≥ 0

n + n≥0} a

L_n L_1 = L_2 = L_{n +1} = L_n + L_{n − 1}.

L = : and_n 2/3.

S_L n } written U_n^n θ

__n

where α and θ K_n }, and α , θ _ α ,θ in K

(i) θ _ θ_k = 1 ϕ

(ii) α α_j where ζ

α and θ

n 0 = W_1 = 2_n = 5W_{n − 1} − 7W_{n − 2}. W = :_n for A_n (m B_n (m U_n = mU_{n − 1} − U_{n − 2} A_0 (m) = B_0 (m) = A_1 (m) = m+ B_1 (m) = m−

2 1 (m + m_2 −

K = Q( m^2 − S_A(m) = :_n (m and S_B(m) = :_n (m p2^n + n 2^n ) (2.1) m = ord_p 2^m ≡ ) . (2.2)

m n = 2 1 m.

j p −

2^j p − ord_p 2 ⇔ 2^{2j}

p − 1

≡ ) . (2.3)

K_j S_V

S_V =_{j=1}∪^∞ S_V^{( j)} (2.4)

S_V^{( j)} = : p≡1+2^j (mod 2^{j+1} p ε S_A

S _ V ( j)

= : p≡1+2^j (mod 2^{j+1} p /∈ S_A p ε S _ V ( j)

p≡1+2^j (mod 2^{j+1} C_j Q(^{2j} K_j = Q(^{2j 2j} L_j = Q(^{2j+1 2j} _ V ( j)

j j.

_ V ( j)

2^{− 2j}_V^{( j)} 2^{− j} − 2^{− 2j}

≤ x: p ε S _ V ( j)

} ∼ 2^{− 2j} lnx x ,

≤ x: p ε S_V^{( j)} } ∼^{− j} − 2^{− 2j} ) lnx x ,

.

Proof C_j = Q(^{2j− 1} − K_j = C_j (^{2j} L_j = C_{j+1} (^{2j} p Q(^m p ≡ p ≡ mod 2^j p splits C_j p in C_j K_j = C_j (^{2j} x^{2j} ≡ mod (p x ε O_j (2.5) O_j for C_j p xin C_j x^{2j} ≡ x ε Z (2.6)

2^{2j}

p − 1 ≡ p K_j ≡ mod 2^j p L_j ≡ mod 2^{j+1} K:Q p K K:Q]^{− 1} C_j :Q] = 2^{j− 1}, [K_j :Q] = 2^{2j− 1} L_j :Q] = 2^{2j} S _ V ( j)

− j− − 2j − 2j

S_V^{( j)} ≡ 1+2^j (mod 2^{j+1} )} 2^{− j} = [C_j :Q]^{− 1} − [C_{j+1} :Q]^{− 1} S _ V ( j) − 2j

(2).

m, j=1∪^{m S}V^{( j) ⊆ S}V^{⊆ P −}_{j=1}∪^{m S_}V^{( j)}

where P

≤ x: p ε S_V} ≥ 3 2 − 2_{− m} − 3 4 2_{− 2m} lnx x + O lnx x

as x S_V^{( j)}

≤ x: p ε S_V} ≤ 3 2 + 3 4 2_{− 2m} lnx x + O lnx x .

as x m

≤ x: p ε S_V} ∼ 3 2 lnx x .

Remarks

≤ x: p ε S_V} = 3 2 Li(x) + O Li(x − c lnlnlnx lnlnx )

where Li(x) = ∫_2^x lnt dt .

S_V^{( j)}

L_n satisfy

L_n^n _n (3.1)

where 2 1+ 5 and ε_ = 2 1− 5 pL_n^{n − 1} (mod (p

n mod (p

where

ε _ ε_2 2 3+ 5

Z[ 2 1+ 5 Q( S_L

p Z[ 2 1+ 5 ]

θ^x mod (p x.

p Z[ 2 1+ 5 p p) _

p mod p Z[ 2 1+ 5

S_L = S_A ∪ S_B where

S_A = : p ε S_L and p mod } and S_B = : p ε S_L and p mod

._A 12 5 .

p) _ in Z[ 2 1+ 5

θ^x mod π_1 − get θ __x

mod π

__1 ) . (3.5)

Since _ = θ^xθ __x = θ^x mod π

__1 ) .

ord_{π 1} θ^x mod (p (3.6)

If p ≡ 1+2^j (mod 2^{j+1}

2^j p − ord_π θ^{2j}

p − 1

≡ mod π_1 ) .

S_A

S_A =_{j=1}∪^∞ S_A^{( j)} ,

where

S_A^{( j)} = : p ≡ 1+2^j (mod 2^{j+1} ord_{π 1} θ

S _ A ( j)

= : p ≡ 1+2^j (mod 2^{j+1} ord_{π 1} θ

K_j^* = Q(^{2j 2j} θ L_j^* = Q(^{2j+1 2j} θ ). _ A ≥ 2 _ A ( j)

K_j^*_j^*. _ A A ≥ 2 _ A ( j)

have

density2^{− 2j}_A^{( j)} 2^{− j− 1} − 2^{− 2j}.

Proof^2 K_1^* = L_1^* = Q( −

causes S_A j ≥ K_j^* : Q] = 2^{2j− 1} L_j^* : Q] = 2^{2j}

j ≥ 2, K_j^* = Q(ω_j , ϕ_{j− 2} ω_j ϕ_{j− 2} ω_j =^{2j− 1} − ϕ_{j− 2} =^{2j− 2} ε

L_j^* = Q(ω_{j+1} , ϕ_{j− 1} S_A^{( j)} ∪ S _ A ( j)

= : p mod } and

p ≡ 1+2^j (mod 2^{j+1 − j− 1}.

S_A 4 1 + j=2 S^{∞ − j+1} − 2^{− 2j} )

= 2 1 − 12 1 = 12 5 .

._B 4 1 .

p mod Z[ 2 1+ 5

θ^x mod (p ⇔ ord_{(p)} θ Now

θ^2

p +1

= (−^2

p +1

ε^{p +1} ≡ a ( )

a ε Z because GF(p)^* = {ψ^{p +1} : GF(p^2 )^* } Q(

θ __2^{p +1} ≡ a ( )

hence

1 = ( _ )^2

p +1

≡ a^2 (mod (p .

Thus

θ^{p +1} ≡ a^2 ≡ mod (p

Consequently ord_{(p)} θ p + p 1+2^j (mod 2^{j+1}

θ^{2j}

p +1

≡ mod (p ⇔ ord_{(p)} θ (3.9)

S_B =_{j=1}∪^∞ S_B^{( j)}

where

S_B = : p ≡ mod p ε S_B and S_B^{( j)} = : p 1+2^j (mod 2^{j+1} p ε S_B

B

≥ 2_B^{( j)} = : p 1+2^j (mod 2^{j+1} p mod_B^{( j)} 2^{− j}.

Proof j=

θ^2

p +1

≡ mod (p ⇔ ord_{(p)} θ (3.10)

Now^2 so

θ^2

p +1

≡ (^2 )^2

p +1 p +1 (mod (p

ε^{p +1} mod (p

θ^2

p +1

≡ mod (p ord_p θ S_B

ε^2

p +1

(mod (p so ε^{p +1 2} (mod (p . (3.12)

ε __2^{p +1} _ ( _

− 1 = (−^2

p +1 ≡ ( _ )^2

p +1 _

(mod (p . (3.13)

ε^{p +1} mod (p ε^{p +1} ≡ mod (p

ϕ^2 ≡ mod (p mod (p _ (mod (p

ϕ^2 mod (p

j ≥ p 1+2^j (mod 2^{j+1} p mod

claim ord_{(p)} θ ord_{(p)} θ

θ^{2j}

p +1

≡ mod (p Set

ε^{2j}

p +1

(mod (p

2 ≡ mod (p . (3.15) Now

ε __2^{jp +1} _

(mod (p and

− 1 = (−^{2j}

p +1 ≡ ( _ )^{2j}

p +1 _

(mod (p . (3.16)

ϕ^2 mod (p p ≡ mod ϕ _ (mod (p

__2

≡ mod (p

S_B is_{j=2}Σ^∞ 2^{− j− 1} = 4 1

V_n = ( 2 1 + 6 1 − 2 5 + 2 1 −_n + ( 2 1 − 6 1 − 2 5 − 2 1 −_n . (4.1)

Letting 2 1 + 6 1 − 2 5 + 2 1 −

V_n ≡ mod (p^n α α (mod (p

where γ _ γ = 14 11+5 − 3 and − α α = 2 − 1+ − 3

n for ≥0 ⇔ ord_{(p)} mod . (4.3)

p Q( −

≡ mod

p) _ in Z[ 2 1+ − 3

ord_{(p)} mod ⇔ ord_π mod _ =^j p −

ord_π ϕ mod^{3j}

p − 1

≡ mod π

Then

θ^{3j}

p − 1

≡ mod π _ )_j = Q(^{3j 3j} θ ) (^3

⇔ (p)_j (4.6)

F_j :Q]^{− 1} = . 3^{2j− 1} )^{− 1} d_j

j p −

d_j = . 3^j )^{− 1} − . 3^{2j− 1} )^{− 1}

D_1 =_{j=1}Σ^∞ d_j = 16 5 . (4.7)

≡ mod

p Z[ 2 1+ − 3

ϕ^{p +1} ≡ mod (p

j p +

ord_{(p)} mod^{3j}

p +1

≡ mod (p .

ϕ^{3j}

p +1

≡ mod (p ⇔ p ≡ mod p)_j ( −

. 32j− 1 )− 1

F_j Q . 3^{2j− 1}

F_j (p) F_j , where σ F_j

F_j :Q]^{− 1} = . 3^{2j− 1} )^{− 1}

d_j^{* j} p +

d_j^* = . 3^j )^{− 1} − . 3^{2j− 1} )^{− 1}

D_2 =_{j=1}Σ^∞ d_j^* = 16 5 .

Acknowledgement

References

15

a ≠ ≠ 162 a ≠ 166

27

26 32

10 14

313-332.

333-345. 21 11

ABSTRACT

L_n L_0 = L_1 = L_n = L_{n − 1} + L_{n − 2} S_L = : pdivides L_n S_U = : p divides U_n recurrences_n }