Contemporary Mathematics

Number Theory Zeta Functions and Dynamical Zeta Functions

Jeffrey C. Lagarias

Abstract. We describe analogies between number theory zeta functions, dynamical zeta functions, and statistical mechanics zeta functions, with emphasis on multi-variable zeta functions. We mainly consider two-variable zeta functions ζ_f (z, s) in which the variable z is a “geometric variable” , while the variable s is an “arithmetic variable”. The s-variable has a thermodynamic interpretation, in which s parametrizes a family of energy functions ϕs. We survey results on the analytic continuation and location of zeros and poles of two-variable zeta functions for four examples connected with number theory. These examples are: (1) the beta transformation f(x) = βx (mod 1), (2) the Gauss continued fraction map f(x) = 1/x (mod 1), (3) zeta functions of varieties over finite fields, and (4) Riemann zeta function. [Revised: Nov. 2002]

1. Introduction

Dynamical zeta functions were introduced by Artin and Mazur [6] in 1965, based on an analogy with the number theory zeta functions attached to a function field over a finite field. Later Ruelle associated zeta functions to statistical mechanics models in one dimension (lattice gases). In the past twenty years many parallels have been drawn between number theory zeta functions, dynamical zeta functions, and statistical mechanics zeta functions, starting with [77]. The object of this paper is to describe such parallels in the case of multi-variable zeta functions. Such zeta functions of several variables naturally arise in the thermodynamic formalism in statistical mechanics, where the extra variables represent thermodynamic quantities. We mainly consider two-variable zeta functions, and survey what is known about the dynamic and geometric information encoded in two-variable zeta functions in various specific cases of interest in number theory.

1991 Mathematics Subject Classification. 11M41, 58F20, 82B20. Key words and phrases. dynamical zeta function, ergodic theory, iterated map, statistical mechanics, thermodynamic formalism, zeta function.

© 0000 (copyright holder) 1

This paper was motivated by a question concerning number theory zeta functions attached to function fields over finite fields. It is well known that there are two distinct treatments of the theory of zeta functions attached to algebraic function fields K over a finite field F_q . The first is an “arithmetic theory” which expresses the zeta function of K as a Dirichlet series in an “arithmetic variable” s. This zeta function encodes the unique factorization of ideals in a ring of integers in K. The second is a “geometric theory” developed by Weil which counts points over F̄_q on a nonsingular projective algebraic variety V attached to the function field, and which encodes information on the topology of this variety. In this case the zeta function is a power series in a “geometric variable” z, and is a rational function of z. These two types of zeta function are not identical, but are related by the change of variable z = q^{−s}. These approaches to zeta functions of function fields have different historical roots and appear to be independent theories. The fact that their associated zeta functions are related by a simple change of variable is a “coincidence” which I feel requires explanation.

This paper proposes such an explanation based on an analogy with (multi-variable) dynamical zeta functions. The explanation is that one may regard the function field zeta function as a function of two complex variables ζ(z, s) which happens to satisfy a special identity (1.1) ζ(z, s) = ζ(zq^{−s}, 0) . This identity allows one to reduce this zeta function to a function of one complex variable, which may be chosen to be either z or s. Indeed ζ(1, s) gives the “arithmetic theory” zeta function and ζ(z, 0) gives the “geometric theory” zeta function. The two-variable zeta function ζ(z, s) is to be thought of as analogous to a statistical mechanics zeta function.

To describe the parallel identity for dynamical zeta functions which motivates (1.1), we recall that dynamical zeta functions also arose in two distinct contexts. The first of these defines a dynamical zeta function as a generating function for periodic points of iterated maps and, more generally, to periodic orbits of flows. This development was initiated by Artin and Mazur [6] and extended by Smale [88]. The Artin-Mazur zeta function contains a single variable z and was constructed by analogy with the “geometric theory” zeta function above. The second context came from the statistical mechanics of lattice gases, and was developed by Ruelle based on his thermodynamic formalism, see Ruelle [77], [78]. The statistical mechanics zeta function is attached to an energy function ϕ describing the physical system, and contains an additional “scaling variable” z, which is a generating function variable for combining finite systems of different sizes. When one considers a family of energy functions ϕ_s that depends on a thermodynamic parameter labelled s, one obtains a zeta function of two variables. More generally, when d thermodynamic parameters are introduced. one obtains zeta functions of d + 1 variables. These parameters describe macroscopically measurable quantities of the physical system. We consider here the case of zeta functions of two complex variables ζ_f (z, s), in which z is the “scaling variable”, which can be used to take the thermodynamic limit as the size of the system becomes infinite, while the variable s corresponds to the thermodynamic quantity “inverse temperature”.

Ruelle carried over his statistical mechanics construction to apply to dynamical systems f : Ω → Ω on a compact phase space (“generalized zeta functions”). In this way one obtains multivariable dynamical zeta functions attached to certain dynamical systems. The theory is particularly effective for “expanding maps”. We consider the case of piecewise-C^1 expanding maps of the interval f : [0, 1] → [0, 1], with |f^′(x)| > 1. We show that in the case of a homogeneously expanding function, which is one for which |f^′(x)| = β is constant, the associated two-variable zeta function satisfies

(1.2) ζ_f (z, s) = ζ_f (zβ^{−s}, 0) .

(See Theorem 3.1.) Here β measures the expansion rate of the map, and log β is the entropy of f. The formula (1.1) now arises by analogy with (1.2) if one considers the Frobenius automorphism acting on V (F̄_q ) as behaving as if^1 it were a homogeneously expanding map with entropy log q.

The two-variable version of the function field zeta function given above in (1.1) is produced by a formal analogy, and it does not provide any new information about function field arithmetic. However treating the two variables s and z as separate variables may have more than a casual significance. Most of the “eigenvalue” interpretations for zeta functions that I know of are formulated in terms of the z-variable. For function field zeta functions the eigenvalues of Frobenius are eigenvalues in the z-variable. In the case of dynamical zeta functions, the z-variable appears as an eigenvalue variable for a transfer operator. I am not aware of any corresponding “eigenvalue” interpretation of the s-variable. However the various “trace formulas” that have been developed, including the “explicit formulae” of prime number theory and the Selberg trace formula, are formulated in terms of the s-variable, cf. [32], [92], [95], [100].

At this point one may wonder whether, in the function field case, the definition of the two-variable zeta function in (1.1) above can be made more than formal. That is, does there exist an explicit construction which assigns to a function field over a finite field a statistical mechanics model (or a dynamical system model) whose two-variable zeta function will satisfy (1.1) and recover both zeta functions attached to the function field? In a similar vein, do there also exist such constructions that would apply to zeta functions attached to algebraic number fields? At present no positive answer to either of these questions is known. The main part of this paper describes the relations among these different kinds of zeta functions, in a form intended

1The Frobenius operator is an automorphism, so that it should correspond to the

natural extension of an expanding map, rather than the expanding map itself, see Section 4.4.

to facilitate thinking about these questions. It emphasizes analogies, and describes what is known in specific examples.

The detailed contents of the paper are as follows. In §2 we describe onevariable number theory zeta functions in the number field case and in the function field case; for the function field case we present both the “arithmetic theory” and “geometric theory” interpretations.

In §3 we consider multivariable dynamical zeta functions, which were introduced by Ruelle [76] as a generalization of statistical mechanics zeta functions. We consider particularly the case of two-variable zeta functions for expanding maps of the interval. We show that “homogeneously expanding maps” have two-variable zeta functions that satisfy (1.2). We review known results for the two-variable zeta functions of the β-transformation f_β(x) = βx (mod 1), and the Gauss continued fraction map f_{CF} (x) = 1/x (mod 1). The results for the Gauss continued fraction map are mainly due to D. Mayer [51], [55], [56], [57], [15]. He proved results showing that the zeta function ζ_{CF} (z, s) at the “special values” z = 1 and z = −1 is related to Selberg’s zeta function for the modular surface H /P SL(2, Z).

In §4 we consider multivariable statistical mechanics zeta functions for one-dimensional lattice gases. We describe the equilibrium statistical mechanics of lattice gases and the thermodynamic formalism of Ruelle. We define statistical mechanics zeta functions and discuss the relation of their variables and singularities to the thermodynamic formalism. As an explicit example, we determine the three-variable zeta function of the one-dimensional Ising model using transfer matrices. In Table 4.1 we give a dictionary of analogies between one-dimensional lattice gas models in statistical mechanics and discrete dynamical systems, which motivated Ruelle’s definition of multivariable dynamical zeta functions. In preparing this dictionary I have benefited from Ruelle [74], [78] and Mayer [52].

In §5 we present two-variable number theory zeta functions ζ(z, s) constructed by analogy with two-variable dynamical zeta functions. We first consider two variable zeta functions for the function field case, and elaborate on the discussion given above. Then we address the number field case, and consider ways of adding a “geometric variable” z to define a two-variable extension of the Riemann zeta function. We describe two such functions, a “naive” zeta function ζ_Z(z, s) and an Arakelov zeta function ζ̃_Z(z, s), constructed in formal analogy to the function field case. These definitions are based on two different notions of the degree of a prime ideal. For these definitions we do not know of any associated dynamical system. The “naive” function ζ_Z(z, s) was already studied in 1943 by A. Wintner [101], who determined its properties under analytic continuation. Its analytic continuation properties superficially resemble those of the two-variable zeta function ζ_{CF} (z, s) attached to the continued fraction map discussed in §3; for all values of the z-variable except 1, 0, and −1 it does not analytically continue in the s-variable to the left of the line Re(s) = 0. The function ζ_Z(z, s) does encode the Riemann hypothesis for all values of z other than z = 0 in a “trivial” way. The Arakelov zeta function ζ̃_Z(z, s) preserves the relation (1.2), and therefore also encodes the Riemann hypothesis for all values of z other than z = 0.

In §6 we give concluding remarks,including a brief summary, some directions for further work, and some speculations.

We conclude this introduction by briefly mentioning three other parallels between number theory zeta functions and dynamical zeta functions that are not discussed in this paper. These parallels mainly concern zeta functions expressed using the “arithmetic variable” s. First, there are analogies between Artin L-functions for number fields and zeta functions of coverings and vector bundles on manifolds, see Fried [28], [29], Adachi and Sunada [1] and Sunada [89]. Second, for certain dynamical zeta functions attached to flows there are analogues of the prime number theorem and the Chebotarev density theorem, and for these see Parry and Pollicott [65], [66], [67]. Third, certain “special values” of number theory zeta functions have parallels in “special values” of dynamical zeta functions, which encode topological invariants such as Reidemeister torsion; One aspect of this line of investigation was started by Milnor [61]. It also includes the Atiyah-Bott fixed point formula, see Atiyah and Bott [7], and the Atiyah-Singer index theorem, see Gilkey [31] and Hirzebruch and Zagier [36].

2. Number Theory Zeta Functions

This section reviews one-variable number theory zeta functions, in a form intended to aid in later comparison with dynamical zeta functions.

2.1. Number Fields. The Riemann zeta function

(2.1) ζ(s) = ∞∑ n=1 n^{−s} . can be viewed as a sum taken over the integral ideals (n) of the ring Z, in which each term in the Dirichlet series represents a weight wt(n) := #|Z/(n)| = n , assigned to the ideal (n). The ring Z is a Dedekind domain, and the unique factorization of ideals into powers of prime ideals is reflected in the Euler product

(2.2) ζ(s) = ∏ (p) (1 − p^{−s})^{−1} ,

taken over the set of prime ideals p in Z. The Riemann zeta function satisfies a functional equation of the form

(2.3) ζ̂(s) := ζ̂(1 − s) ,

in which

(2.4) ζ̂(s) = π^{−s/2}Γ ( s 2 ) ζ(s) .

The Riemann hypothesis asserts that all zeros of ζ̂(s) lie on the line Re(s) = 1/2.

These facts generalize to the Dedekind zeta function ζ_K (s) of an algebraic number field K. Here K is a finite extension of the rationals Q, and the ring Z is replaced by the ring of algebraic integers O_K in K; it is a Dedekind domain. We define (2.5) ζ_K (s) = ∑ A (NA)^{−s} where A runs over the integral ideals of O_K , and the weight of an ideal is its norm (2.6) wt(A) = NA := #|O_K /A| . Unique factorization of ideals gives the Euler product

(2.7) ζ_K (s) = ∏ P (1 − (NP)^{−s})^{−1} ,

where the product is taken over all prime ideals P in O_K . It satisfies a functional equation of the form (2.8) ζ̂_K (s) = ζ̂_K (1 − s) , in which

(2.9) ζ̂_K (s) := |d_K |^{s/2} ( π^{−s/2}Γ ( s 2 ))_{n1} ( 2^{−s}Γ ( s + 1 2 ))_{n2} ζ_K (s) , where d_K is the discriminant of K, n_1 is the number of real conjugate fields to K and n_2 the number of complex conjugate fields to K, and n_1 + 2n_2 = [K : Q]. The function ζ̂_K (s) has poles at s = 0 and s = 1. The extended Riemann hypothesis asserts that all zeros of ζ̂_K (s) lie on the line Re(s) = 1/2.

2.2. Function Fields — Arithmetic Variable. In 1924 E. Artin [5] studied zeta functions attached to function fields of one variable K over a finite field F_q where q = p^k. Here K is a finite extension of the function field K_0 = F_q (T ) which has a distinguished subring R_0 = F_q [T ] of “integers”. The ring of “integers” R_K of K is the integral closure of R_0 in K; it is a Dedekind domain. He sets (2.10) ζ_K (s) := ∑ A (NA)^{−s} where A runs over all integral ideals in R_K , and the weight (2.11) NA := #|R_K /A| .

The unique factorization of ideals in a Dedekind domain gives the Euler product

(2.12) ζ_K (s) = ∏ P (1 − (NP)^{−s})^{−1} , where the product is taken over all prime ideals P in R. We call s an arithmetic variable because the Euler product (2.12) encodes information about the arithmetic of the ring R_K . E. Artin [5] derived a functional equation for ζ_K (s) in the special case of hyperelliptic function fields K = K_0(T, y) over a prime field F_p , where

y^2 = a_nT^n + a_{n−1}T^{n−1} + · · · + a_0.

In 1931 F. K. Schmidt introduced the theory of divisors to study function field zeta functions defined over an arbitrary finite field F_q where q = p^k. He obtained a functional equation [83, Satz 22]), of the form

(2.13) ζ̂_K (s) := ζ̂_K (1 − s) , in which (2.14) ζ̂_K (s) := q^{−(1−g)s}ζ^∞_K (s)ζ_K (s) .

In this formula g ≥ 0 is an integer called the genus of K, and ζ^∞_K (s) is a finite Euler product coming from the “primes at infinity”.

F. K. Schmidt interpreted K as the field of regular functions attached to a nonsingular projective curve C defined over F_q , and interpreted the functional equation (2.13) as equivalent to the Riemann-Roch theorem. The quantity q^{−(1−g)s} appearing in (2.14) is a normalizing factor, in which

1 − g = 1 2 χ(C) where χ(C) is the Euler characteristic of the curve C. He defined the projective zeta function of the curve ζ_C (s) as the Euler product taken over all prime divisors of the projective curve C including “primes at infinity”, i.e. (2.15) ζ_C (s) := ζ^∞_K (s)ζ_K (s) .

F. K. Schmidt observed that the projective zeta function had the general form

(2.16) ζ_C (s) = P (q^{−s}) (1 − q^{−s})(1 − q^{1−s}) , in which

P (z) = 2g∑ j=0 b_jz^j is a polynomial with integer coefficients, which has exact degree 2g. The functional equation (2.13) is equivalent to the property that the polynomial P (z) in (2.16) satisfies

(2.17) z^{−g}P ( √ qz) = z^gP ( 1 √ qz ) . As an example, in the simplest case of K_0 = F_q (T ), the ideals of R_0 := F_q [T ] are the principal ideals (f(T )), where f(T ) is a monic polynomial

(2.18) f(T ) := T^n + a_{n−1}T^{n−1} + · · · + a_1T + a_0 and has norm N(f(T )) = q^n. There are q^n monic polynomials of degree n, hence

(2.19) ζ_{K0} (s) = ∞∑ n=1 q^nq^{−ns} = 1 1 − q^{1−s} . Prime ideals of F_q [T ] correspond to irreducible polynomials (f(T )) over F_q , hence the Euler product factorization of ζ_{K0} (s) is

(2.20) ζ_K (s) = ∞∏ k=1 (1 − q^{−ks})^{−ϕk (q)} , in which ϕ_k(q) counts the number of irreducible monic polynomials of degree k over F_q . The Möbius inversion formula gives

(2.21) ϕ_k(q) = 1 k ∑ d|k μ(d)q^{k/d} . To determine the functional equation, we note that there is a unique divisor at infinity^1_T , which contributes

(2.22) ζ^∞_{K0} (s) = 1 1 − q^{−s} , and the genus g(K_0) = 0. Thus ζ̂_{K0} (s) = ζ̂_{K0} (1 − s) for

(2.23) ζ̂_{K0} (s) := q^{−s} 1 (1 − q^{−s})(1 − q^{1−s}) = −1 (1 − q^s)(1 − q^{1−s}) . The Riemann hypothesis for ζ_K (s) asserts that all zeros of ζ̂_K (s) lie on the line Re(s) = 1/2. E. Artin [4] formulated it and proved it in special cases. It is true for genus 0 curves by (2.16). In 1933 H. Hasse proved it for genus 1 curves ([33], [34]), and around 1939 A. Weil proved it for all nonsingular projective curves ([97]). The Riemann hypothesis for function fields of one variable is often stated in the alternate form: the roots θ of P (z) in (2.17) all have |θ| = q^{−1/2}.

2.3. Function Fields: Geometric Variable. In 1949 A. Weil [91] defined a zeta function attached to a nonsingular projective variety V of arbitrary dimension defined over F_q which counts points on V over extension fields F_qk for k ≥ 1. Let V be described by a system of homogeneous polynomial equations with coefficients in F_q , say (2.24) F_i(x_1, . . . , x_n) = 0, 1 ≤ i ≤ k .

Let F̄_q denote the algebraic closure of F_q . If (x_1, . . . , x_n) ∈ (F̄_q )^n \ {0} satisfies (2.24) then the point on V (F̄_q ) associated to x is the equivalence class (2.25) [x] = {(λx_1, . . . , λx_n) : λ ∈ F̄_q \ {0}} .

We say that [x] lies in V (F_qk ) if there is some x^′ ∈ [x] with x^′ ∈ (F_qk )^n. Weil defined the zeta function Z_V (z) over F_q to be

(2.26) Z_V (z) := exp (_∞ ∑ k=1 z^k k N_k(V ; F_q ) )

in which N_k(V ; F_q ) := |V (F_qk )|, viewed as a projective variety. In this case

(2.27) d dz (log Z_V (z)) =

Z^′_V (z) Z_V (z) = ∞∑ k=1 N_k(V ; F_q )z^{k−1} .

The Frobenius automorphism F r : F̄_q → F̄_q is defined by (2.28) F r(x) := x^q .

This map induces a well-defined map F r_V on the points of V (F̄_q ) by (2.29) F r_V ([x]) := [(F r(x_1), F r(x_2), . . . , F r(x_n))] . The fixed points of F r^k_V on V are exactly the points of V (F_qk ). Thus

(2.30) Z_V (z) = exp (_∞ ∑ k=1 z^k k |F ix(F r^k_V )| ) . We call the variable z a geometric variable because it appears in counting points on the geometric object V (F̄_q ). Weil observed^2 that for curves C this zeta function has a simple relation to the projective zeta function introduced by F. K. Schmidt.

Theorem 2.1 (Weil). Let C be a complete nonsingular projective curve defined over F_q . Then (2.31) Z_C (z) = ζ_C (q^{−s}) , where ζ_C (s) is the projective zeta function associated to the function field of C over F_q .

Proof. A fixed point of F r^k_V is primitive if it is not a fixed point of any F r^l_V for l < k. Then, using (2.30)

Z_C (z) = exp ∞∑ k=1 1 k ∑ primitive point

− log(1 − z^k)

= exp ∞∑ k=1 ∑ primitive orbits

− log(1 − z^k)

= ∞∏ k=1 (1 − z^k)^{−πk(F rC )} , (2.32)

2Weil was aware of this relation by 1942, see Weil [98, Section 8].

in which π_k(F r_C ) counts the number of primitive orbits of period k of F r_C . Now (2.33) ζ_C (s) = ∞∏ k=1 (1 − p^{−ks})^{−ϕk (K)} , in which ϕ_k(K) counts the number of prime divisors of degree k of the function field K = K(C). The primitive orbits of period k of F r_C are in one-to-one correspondence with prime divisors of the function field K(C), so π_k(F r_C ) = ϕ_k(K(C)), which gives (2.31). □

As an example, the affine curve x_1+x_2 = −1 gives, after homogenization, the projective line P^1:

(2.34) x_1 + x_2 + x_3 = 0 .

The equation x_1 + x_2 = −1 has q^k solutions over GF (q^k) yielding the points (x_1, 1−x_1, −1), while the plane at infinity x_3 = 0 contain one point (1, −1, 0). Thus N_k(V ; F_q ) = q^k + 1, hence

Z_P1 (z) = exp (_∞ ∑ k=1 z^k k (q^k + 1) )

= exp(− log(1 − zq) − log(1 − z)) = 1 (1 − z)(1 − qz) . (2.35)

The function field K(P^1) = F_q (T ), since F_q [x, t]/(x + t − 1) = F_q [t]. A periodic point {(x^{(i)}_1 , x^{(i)}_2 , x^{(i)}_3 ) : 1 ≤ i ≤ k} in F_qk with x^{(i)}_3 = 0 corresponds to a prime divisor (f(T )) in F_q [T ] which is the principal ideal given by

(2.36) f(T ) = k∏ j=1 (T − θ_j) ∈ F_q [T ]

in which θ_j = F r^j(x^{(1)}_1 ), and f(T ) is irreducible over F_q .

Weil [99] conjectured that the zeta function Z_V (z) of an n-dimensional complete nonsingular variety V over F_q satisfies a functional equation

(2.37) Ẑ_V ( 1 q^nz ) = ±Ẑ_V (z) ,

in which

(2.38) Ẑ_V (z) = z^{nχ(V )2} Z_V (z) where χ(V ) is the Euler characteristic of V . He also conjectured that

(2.39) Z_V (z) =

Z_1(z)Z_3(z) · · · Z_{2n−1}(z) Z_0(z)Z_2(z) · · · Z_{2n}(z) in which Z_0(z) = 1 − z, Z_{2n}(z) = 1 − q^nz

(2.40) Z_h(z) = B_h(V )∏

i=1 (1 − α_{hi}z) where B_h(V ) are the Betti numbers of V . Finally, he conjectured the Riemann hypothesis for the variety V , which asserts that

(2.41) |α_{hi}| = q^{h/2}, 1 ≤ i ≤ B_h(V )

for 1 ≤ h ≤ 2n − 1. The first conjecture was proved by Dwork and the Riemann hypothesis was proved by Deligne in 1974.

The method of solving these problems involved constructing suitable cohomology theories on V , such that Z_h(z) is expressed as the characteristic polynomial of a linear operator F r_∗ associated to the Frobenius operator F r_V acting on cohomology, e.g.

(2.42) Z_h(z) := det(I − zF r_∗|H^i_{et}(V, Q_l ))

for l-adic etale cohomology. This formula gives a “spectral” interpretation of the polynomials Z_h(z).

3. Dynamical Zeta Functions

The notion of dynamical zeta function was introduced by M. Artin and B. Mazur [6] in 1965. Let f : M → M be a diffeomorphism of a compact manifold, such that its iterates f^k all have isolated fixed points. They set

(3.1) ζ_f (z) := exp (_∞ ∑ k=1 z^k k #F ix(f^k) ) , in analogy with the geometric zeta function attached function field. They showed that for a dense set of f ∈ Diff(M), the power series converged in a neighborhood of z = 0, i.e. #F ix(f^k) << c^k as k → ∞ . Smale [88] conjectured that for Axiom A diffeomorphisms ζ_f (z) is a rational function, a result later proved by Manning [50], and he also proposed a definition of a zeta function for a flow. About the same time Ruelle [75], [76], [77], motivated by problems in statistical mechanics, introduced dynamical zeta functions with weights. Ruelle’s general zeta function for a map f : X → X on a compact space X, takes the form

(3.2) ζ_f (z, Φ) := exp ∞∑ k=1 z^k k ∑ x∈F ix(f^M ) exp (_m ∑ k=1 Φ(f^k(x)) )

in which Φ : X → C is a weight function. Ruelle related one-parameter families of weight functions Φ_β which depend on a (thermodynamic) parameter β to the thermodynamic formalism, see Ruelle [78, Sect. 7.23]. The two-variable dynamical zeta function (3.4) below is a special case.

For recent surveys on dynamical zeta functions see Baladi [8], Hurt [37], Parry and Pollicott [67], and Ruelle [82].

3.1. Zeta Functions for Expanding Maps of the Interval. Dynamical zeta functions are especially well suited for studying the dynamics of expanding maps (Ruelle [80], [82], Parry and Pollicott [67]). The simplest case are piecewise C^1-maps of the interval f : [0, 1] → [0, ] which are expanding in the sense that

(3.3) |f^′(x)| > 1 a.e. x ∈ [0, 1] .

To such maps we associate a two-variable dynamical zeta function

(3.4) ζ_f (z, s) = exp ∞∑ k=1 z^k k ∑ x∈F ix(f k) xi=f i(x)

| | | k∏ i=1 f^′(x_i) | | | −s . The periodic points are each weighted by a factor based on the rate of expansion of the map near the periodic orbit (which is unstable). The weight depends on the parameter s, and the special case s = 0 gives the Artin- Mazur zeta function. This particular weight exp(− log |f^′(x_i)|) appearing in (3.4) is important in studying absolutely continuous invariant measures for f(x) (when s = 1). It traces back to ideas of Bowen [12] and Sinai [87], see Mayer [54], p. 312.

We say that a piecewise C^1-map f : [0, 1] → [0, 1] is a homogeneously expanding map if

(3.5) |f^′(x)| = β for almost all x ∈ [0, 1] ,

where the exceptional set is countable. Such maps are piecewise linear. A simple example is the beta transformation

(3.6) f(x) = βx (mod 1) ,

whose ergodic theory properties were first studied in detail by Parry [64].

Theorem 3.1. If a piecewise C^1-map f : [0, 1] → [0, 1] is a homogeneously expanding map, then

(3.7) ζ_f (z, s) = ζ_f (zβ^{−s}, 0) .

Proof. The homogeneously expanding property gives

ζ_f (z, s) = exp ∞∑ k=1 z^k k ∑ x∈F ix(f^k) (β^k)^{−s}

= exp (_∞ ∑ K=1 (zβ^{−s})^k k #F ix(f^k) )

= ζ_f (zβ^{−s}, 0), as asserted. □

Theorem 3.1 implies that homogeneously expanding maps have two-variable zeta functions that are singly-periodic in the s-variable with pure imaginary period^{2πi}_{log β} . In another direction, Margulis constructed for transitive Yflows a maximal entropy measure with respect to which the Y-flow has a homogeneously expanding part, see Sinai [87, p. 42].

For homogeneously expanding maps the Artin-Mazur zeta function can be explicitly computed using symbolic dynamics together with the kneading theory of Milnor and Thurston [62]. This approach was taken by Takahashi [90], and has recently been extended by Baladi and Ruelle [9]. When it applies, the symbolic dynamics approach can be used to obtain substantial information on the singularities of the Artin-Mazur zeta function in the unit disk {z : |z| < 1}, and hence, by Theorem 3.1 of the two-variable zeta function. This was carried out for the beta transformation in Flatto et al [27], see §3.2 below.

There is a second method for computing dynamical zeta functions, which is more general but usually gives less explicit information. It applies to general piecewise-C^1 expanding maps f : [0, 1] → [0, 1] and determines the two-variable zeta function. It uses the family of Ruelle-Araki transfer operators L_s depending on the parameter s, where each L_s is a linear operator defined on a suitable Banach space B of functions h : [0, 1] → C by

(3.8) L_sh(x) := ∑ y f (y)=x |f^′(y)|^sh(y), for h ∈ B .

Under suitable hypotheses

(3.9) ζ_f (z, s) = det(I − zL_s) ,

where the right side is a Fredholm determinant. In the case of the βtransformation the locations z^′ of poles of ζ_β(z) in {|z| < 1} have z^′ = 1/λ^′ where λ^′ is an eigenvalue of L_1. For more information see Ruelle [82].

In the rest of this section we describe in detail what is known about the two-variable zeta functions associated to two expanding maps of particular interest in number theory, the beta transformation and the Gauss continued fraction map.

3.2. Zeta Function of the Beta Transformation. The beta transformation is the map f_β : [0, 1] → [0, 1] given by

f_β(x) = βx (mod 1) ,

for a given β > 1, see Figure 3.1. It is a homogeneously expanding map, hence Theorem 3.1 applies. Thus to determine the analytic properties of the two-variable zeta function ζ_{fβ} (z, s) it suffices to consider its Artin-Mazur zeta function ζ_β(z) := ζ_{fβ} (z, 0). Flatto et al. [27] establish the following results.

Theorem 3.2 (Flatto, Lagarias and Poonen). (i) The zeta function ζ_β(z) of the β transformation is given by

(3.10) ζ_β(z) = 1 − z^N (1 − βz) (∑_∞ n=0 f^n_β (1)z^n )

where N is the minimal value such f^N_β (1) = 0, and if no such iterate exists, then z^N ≡ 0.

(ii) ζ_β(z) is a meromorphic function in the open unit disk {|z| < 1}. It is holomorphic in the open disk {|z| < 1/β} and has a simple pole at z = 1/β. It has no other singularities on the circle |z| = 1/β.

(iii) If the sequence of values {f^n_β (1) : n = 1, 2, . . .} is eventually periodic, then ζ_β(z) is a rational function and continues meromorphically to C . Otherwise ζ_β(z) has the unit circle {|z| = 1} as a natural boundary to analytic continuation.

Proof. (i) is derived in [27] from a result of Takahashi [90]. (ii) and (iii) appear as Theorem 2.2 and Theorem 2.4 in [27] respectively. □

More generally, one can analyze the zeta function for the linear mod one transformation f_{β,α}(x) = βx + α (mod 1) .

In this case more complicated behaviors occur, including a renormalization phenomenon for certain (β, α) with 1 < β < 2, see Flatto and Lagarias ([23]–[25]). For a number-theoretic application of the dynamics of linear mod one transformations, see Flatto, Lagarias and Pollington [26].

3.3. Zeta Function for the Gauss Continued Fraction Map. The Gauss continued fraction map is

(3.11) f_{CF} (x) := 1/x (mod 1) ,

and its graph is pictured in Figure 3.2. Its zeta function has been extensively studied by D. Mayer and collaborators.

The continued fraction expansion for a real number x ∈ [0, 1] is expressed in terms of a symbolic dynamics for the map (3.11). We partition

[0, 1] = ⋃ n≥1 X_n, in which X_n = (^1_{n+1} ,^1_n ], and we assign the symbol S(x) = n to all x ∈ X_n, for n ≥ 1 . The continued fraction expansion of x ∈ [0, 1) is

(3.12) x := [0, a_1, a_2, . . . , a_n, . . .] = 1 a_1 +^1_{a2+ 1a3+···} , in which the partial quotients a_n are given by

(3.13) a_n = S(f^{n−1}_{CF} (x)), for n ≥ 1 .

The n^{th} convergent^{pn}_{qn} of the continued fraction expansion is

(3.14) p_n q_n := [0, a_1, . . . , a_n] = 1 a_1 +^1_{a2+···+ 1an} . We now define a zeta function for the Gauss continued fraction map.

This map is clearly not homogeneously expanding. It has infinitely many periodic points of each fixed period, hence the Artin-Mazur zeta function is not well-defined. However the two-variable dynamical zeta function (3.4) is well-defined for some range of z and s. It was introduced and extensively studied by D. Mayer [51], [54], [56], [57]. The two-variable zeta function is

(3.15) ζ_{CF} (z, s) = exp (_∞ ∑ k=1 z^k k Z_k(s) ) , in which

(3.16) Z_k(s) := ∞∑ n_1=1 · · · ∞∑ n_k=1 (wt(x[n_1, n_2, . . . , n_k]))^{−s} , where x[n_1, . . . , n_k] denotes the point in [0, 1] which has the periodic ordinary continued fraction expansion (3.17) x[n_1, . . . , n_k] := [0, n_1, n_2, . . . , n_k], and which is assigned the weight

(3.18) wt(x[n_1, . . . , n_k]) := k∏ i=1 (x[n_i, n_{i+1}, . . . , n_k, n_1, . . . , n_{i−1}])^{−2} . The numbers x[n_1, . . . , n_k] are real quadratic irrationals, and wt(x[n_1, . . . , n_k]) is a unit in the ring of integers of the real quadratic field generated by x[n_1, . . . , n_k]. For example,

(3.19) Z_1(s) = ∞∑ n=1 ϵ^{−2s}_n in which ϵ_n := 1/2(n + √ n^2 + 4). The function^3 Z_1(s) meromorphically continues to C and its only singularities are simple poles at s = 1/2 and −1/2 with residue 1 (Mayer [55, Proposition 2]). Mayer determined the analytic properties of ζ_{CF} (z, s).

Theorem 3.3 (Mayer). (i) The two-variable zeta function ζ_{CF} (z, s) of the Gauss continued fraction map 1/x (mod 1) is meromorphic in the zplane for each fixed s with Re(s) > 1/2.

(ii) For z = −1, 0 and 1, the function ζ_{CF} (z, s) extends to a meromorphic function of s in the entire s-plane.

3It seems likely that each Z_k (s) meromorphically continues to C and has simple poles at s = 1/2 and −1/2.

Proof. (i) Mayer [54] [56] considers the transfer operator

(3.20) L_βf(x) := ∞∑ n=1 ( 1 x + n )_{2s} f ( 1 x + n ) , where f ∈ A_∞(D), a Banach space of functions holomorphic inside the closed disk D = {z : |z − 1| ≤ 3/2} and continuous on its boundary. He expresses ζ_{CF} (z, s) as a quotient of two Fredholm determinants

(3.21) ζ_{CF} (z, s) = det(I + zL_{s+1}) det(I − zL_s) , and obtains the result using Grothendieck’s Fredholm theory of nuclear operators on suitable Banach spaces.

(ii) For z = 0 ζ_{CF} (z, s) = 1. For z = 1 it follows from Corollary 7 of Mayer [71]. The proof for z = −1 is similar to Corollary 7, as Mayer [56, Theorem 1] indicates. □

Some further analytic continuation of ζ_{CF} (z, s) might be possible in the s variable, in analogy with Theorem 5.1 below. Apparently z = 1 and −1 are “special values”, as indicated by Theorem 3.4 below.

Mayer [56] observed that the two-variable zeta function is related to the Selberg zeta function Z(s) of the modular surface M = H /P SL(2, Z). The Selberg zeta function for a surface H /Γ has the general form

(3.22) Z(s) = ∏ γ ∞∏ k=0 (1 − e^{−(s+k)l(γ)}) where the product is over the lengths of all isolated periodic geodesics on S with prime period l(γ). In the special case of the modular surface M it is known that the values e^{l(γ)} are algebraic integers, which are units in real quadratic fields. Vigneras [93] showed that the Selberg zeta function for the modular surface satisfies the functional equation

(3.23) Ẑ(s) = Ẑ(1 − s) ,

where

(3.24) Ẑ(s) := Z_{par}(s)Z_∞(s)Z_{e2} (s)Z_{e3} (s)Z(s)

is meromorphic on C , and Z_{par}(s) = ζ(2s − 1) (3.25)

Z_{e2} (s) = [ 1 + tan (π 2 − π 4 )]_{1/2} (3.26)

Z_{e3} (s) = [ 1 + √ 3 tan (πs 3 − π s )]_{2/3} (3.27)

Z_∞(s) = [Γ_2(s)^2Γ(s)^{−1}(2π)^{−s}]^{1/6} ,

(3.28) where Γ_2(s) is Barne’s double gamma function^4, and the principal branch is taken for Z_2(s), Z_3(∞) and Z_∞(s) on the positive real axis. (The multivaluedness of Z_{e2} (s), Z_{e3} (s), Z_∞(s) cancels out in Ẑ(s).)

Theorem 3.4 (Mayer). The Selberg zeta function Z(s) for H /P SL(2, Z) is given by

(3.29) Z(s) = ∞∏ k=0 1 ζ_{SR}(s + k) in which (3.30) ζ_{SR}(s) = ζ_{CF} (1, s) ζ_{CF} (−1, s) .

Proof. The formula (3.29) appears in Mayer [56]. By Mayer’s definition

ζ_{CF} (1, s) = exp (_∞ ∑ n=1 1 n Z_n(T_G, A_S ) ) = det(I + L_{s+1}) det(I − L_s)

(3.31)

ζ_{CF} (−1, s) = exp (_∞ ∑ n=1 (−1)^n n Z_n(T_G, A_S ) ) = det(I − L_{s+1}) det(I + L_s).

(3.32)

Thus we obtain

ζ_{CF} (1, s)ζ_{CF} (−1, s) = exp (_∞ ∑ n=1 2 2n Z_2(T_G, A_S ) ) := ζ_2(1, s) ,

and Mayer proves that ζ_{SR}(s) = ζ_2(1, s). □ The derivation of the formula (3.29) by Mayer used a symbolic encoding of geodesics on the modular surface developed by Adler and Flatto [2] and Series [86]. Mayer [56] observed that the function ζ_{SR}(s) can be defined in terms of Z(s) by

(3.33) ζ_{SR}(s) =

Z(s + 1) Z(s) , and noted that it can be viewed as the dynamical zeta function of a suspension map over the Gauss map; such maps are discussed in Parry and Pollicott [65].

Theorem 3.4 implies that the poles of the functions ζ_{CF} (±1, s) have an interpretation connected with the discrete spectrum of the Laplacian on the modular surface. In fact det(I + L_s) is zero at the “odd” eigenvalues of the Laplacian while det(I −L_s) is zero at the “even” eigenvalues of the Laplacian and at the complex zeros of ζ(2s), see Efrat [21] and Eisele and Mayer [22]. (Here the odd eigenvalues are eigenvalues on the space L^2_{odd} of L^2-functions

4Here 1_{Γ2(s+1)} = (2π)s/2e−1/2s(s+1)−1/2γs^2 ∏_{n≥1}(1 + s/n)ne−s+s^2/2n where γ is Eu-

ler’s constant, and satisfies the functional equation Γ2(s + 1) =^{Γ2(s)}_{Γ(s)} and Γ2(1) = 1, see also Voros [95].

f(x + iy) on H \ P SL(2, Z) with f(x + iy) = −f(−x + iy). Here L^2_{even} consists of L^2-functions with f(x + iy) = −f(−x + iy).) The formula (3.29) is equivalent to

(3.34) Z(s) = det(I + L_s)det(I − L_s) ,

The functions det(I + L_s) have poles at s =^1_2 (1 − j), j ≥ 1 hence Z(s) is homomorphic except at these points. The zeros of det(I + L_s) are all on the line s =^1_2 , as are those of det(I + L_s) coming from the “even” zeros. The zeros of ζ^∗(2s) lie in the strip 0 < Re(s) <^1_2 . In particular the poles of ζ_{CF} (1, s) for Re(s) > 0 are at the complex zeros of ζ(2s) and at the “even” eigenvalues of the Laplacian acting on L^2(H /P SL(2, Z). A detailed analysis of the zeros and poles of det(I ±L_s) at the special points s =^1_2 (1−j), j ≥ 0, was recently given by Chang and Mayer [15], who relate them to the space of cusp forms of weight j and Maass wave forms of H /P SL(2, Z), and to work of Lewis [48] and Zagier [103].

We next consider the two-variable zeta function ζ_{CF} (z, s) at s = 1. By Theorem 3.3 ζ_{CF} (z, 1) is meromorphic on C . This function contains information on the ergodic behavior of the continued fraction map relative to its unique absolutely continuum invariant measure on [0, 1], given by the Gauss measure μ_G

(3.35) dμ_G := ( 1 log 2 ) dx 1 + x

on [0, 1]. Gauss stated in a letter to Laplace that the event {x : f^n_{CF} (x) ≤ a} had probability log_2(1 + a), which is now taken to mean (3.36) lim_{n→∞} meas{x : T^nx ≤ a} = 1 log 2 ∫_a 0 dx 1 + x

= log_2(1 + a) .

The Lebesgue measure of {x : f^n_{CF} (x) ≤ a} depends on n, and the “relaxation dynamics” concerns the rate at which it converges to the limit (3.36) as n → ∞. This problem has a long history, including work of Levy, Kuzmin, Wirsing and Babenko. It was studied at length by Mayer and Roepstorff [58], [59]. One has

(3.37) meas{x : f^n_{CF} (x) ≤ a} = log_2(1 + a) + ∞∑ i=2 λ^n_i c_i(a)

where λ_1 = 1 > |λ_2| ≥ |λ_3| ≥ · · · are real numbers with |λ_i| < ∞, and c_i(a) are certain continuous functions. One has λ_2 = .30366 . . .. The quantities {^1_{λi} : 1 ≤ i ≤ ∞} are the locations of the poles of ζ_{CF} (z, 1), counted with multiplicity. Mayer and Roepstorff [59, p. 343] conjecture that all the poles of ζ_{CF} (z, 1) are simple, and that the eigenvalues alternate in sign

(−1)^{i+1}λ_i > 0 .

Khinchin showed that under the Gauss measure dμ_G the partial quotients a_n of the continued fraction expansion are identically distributed with distribution

(3.38) p_m := μ_G({x : a_n(x) = m]) = log_2 ( 1 1 + m(m + 2) ) . However the partial quotients {a_n} are not independent random variables. The two-point correlation between {a_n} and {a_{n+k}} drops off exponentially as k → ∞. The location of the pole of ζ_{CF} (z, 1) closest to the origin encodes information about the rate of decay of these correlations.

There is ergodic theory information about the dynamical system S = (f_{CF} , dμ_G) which can be extracted from ζ_{CF} (z, s) using both variables. The Kolmogorov-Sinai entropy^5 h_{K−S}(S) is given by Pesin’s formula

(3.39) h_{K−S}(S) =

∫_1 0 log |f^′_{CF} (x)|dμ_G(x) = π^2 6 log 2 . Mayer [71, Appendix] observes that it can be recovered from ζ_{CF} (z, s), as follows. The pressure P (β) for real β > 1/2 is defined by

exp(P (β)) := sup{r : ζ(z, β) is holomorphic in |z| < r} ,

i.e. log P (β) is the location of the pole of ζ(z, β) nearest the origin (which is necessarily on the positive real axis). Then

(3.40) h_{K−S} (S) = − d dβ P (β) | β=1 . This is a special case of the thermodynamic formalism discussed in Section 4. 4. Statistical Mechanics of One Dimensional Lattice Gases

In this section we describe classical equilibrium statistical mechanics for one-dimensional lattice gases and the associated thermodynamic formalism of Ruelle [78]. The zeta function of a statistical mechanical system S is a generating function that encodes information about passing to the thermodynamic limit through a sequence of finite models of larger and larger size. We define

(4.1) ζ_S (z, β) = exp (_∞ ∑ n=1 z^n n Z_n(β) )

in which Z_n(β) is the partition function for a finite model of size n, and the systems are presumed to have a thermodynamic limit as n → ∞. We compute the zeta function for a simple “exactly solvable” model, the one dimensional Ising model.

5The denominator of the nth partial quotient pn_{qn} of the continued fraction expansion

of a real number drawn randomly from (0, 1) with distribution dμG has limn→∞(qn)^{1/n} = π2 12 log 2 , with probability 1.

The statistical mechanics viewpoint provides an interpretation of the variables appearing in multivariable dynamical zeta functions. The geometric variable z is a “scaling variable” for taking the thermodynamic limit. All other variables s, h, etc. represent macroscopically measurable parameters of the physical system such as temperature or magnetization. The singularities of the statistical mechanics zeta function encode properties of the associated physical system.

Ruelle’s definition of a dynamical zeta function with general weight φ in [75] was motivated by analogy with statistical mechanics. A connection between invariant measures of dynamical systems and Gibbs measures of one-dimensional statistical mechanics models was first observed by Sinai [87]. This analogy permits the “thermodynamic formalism” to be carried over to dynamical zeta functions of expanding maps. In the last subsection we detail the analogy between expanding maps and one-dimensional lattice gas models.

4.1. Equilibrium Statistical Mechanics and Thermodynamics. Following Ruelle [74], we recall that statistical mechanics originated from the desire to obtain a mathematical understanding of a class of physical systems of the following nature.

(a) The system is an assembly of identical subsystems. (b) The number of subsystems is large.

(c) The interactions between the subsystems are such as to produce a thermodynamic behavior of the system.

The notion of thermodynamic behavior refers to a macroscopic description of the system, in which the subsystems are regarded as small and not individually observed. Typically, thermodynamic behavior may be described as follows.

(a^′) The state of an isolated system tends to an equilibrium state as time tends to +∞ (“approach to equilibrium”).

(b^′) An equilibrium state of a system consists of one or more macroscopically homogeneous regions (called “phases”).

(c^′) Equilibrium states can be parametrized by a finite number of thermodynamic parameters which determine all thermodynamic functions. The thermodynamic functions depend piecewise analytically (or smoothly) on the parameters, and the singularities of the functions correspond to changes in the phase structure of the system (phase transitions).

A mathematical justification of (a^′)–(c^′) involves considering the limiting case of an infinite number of subsystems, the thermodynamic limit.

We consider here equilibrium statistical mechanics, which is concerned with the structure and nature of the set of equilibrium states, as a function of the thermodynamic parameters. Furthermore we concentrate on the special case of one-dimensional lattice gases. The prototype of such models is the one-dimensional Ising model, solved in 1925 by Ising [38]. One dimensional lattice gases have been exhaustively studied, see Simon [86]. The translation operator or shift operator on a one-dimensional lattice yields a dynamical structure on the lattice gas configuration space, which leads to a relation with dynamical systems.

A one-dimensional lattice gas is described by an infinite collection Ω of configurations on a one-dimensional lattice Z with each configuration being assigned an energy ( viewed as an energy-density per site on the lattice). The infinite system consists of a one-dimensional lattice of sites indexed by Z, and an infinite configuration is a set of values

(4.2) (· · · , x_{−2}, x_{−1}, x_0, x_1, x_2, · · · )

in the values are drawn from a finite or countable alphabet^6 A. We let

(4.3) Ω ⊆ A^Z

denote the space of allowed configurations. The set of configurations is required to be invariant under translations and an equilibrium state will be a measure on Ω.

These infinite systems are viewed as arising as limits as n → ∞ of finite systems on a finite “lattice” consisting M lattice sites in a line. That is, the lattice gas model consists of a collection of finite models {(Ω_n, E_n) : n = 1, 2, 3, . . . , }. The model on n sites has a configuration space

(4.4) Ω_n ⊆ A^n ,

which is required to be translation-invariant under cyclic shift of states

(4.5) S((σ_1, σ_2 . . . , σ_n)) = (σ_2, σ_3, . . . , σ_n, σ_1) .

We view the points of Ω_n as corresponding to periodic configurations in the limiting model. The finite model is completely specified by its energy function E_n : Ω_n → R which assigns to each configuration σ = (σ_1, . . . , σ_n) an energy E_n(σ); We extend the energy function E_n to A^n by assigning the energy +∞ to all configurations in A^n \ Ω_n (“hard core constraint”). The energy function defines a probability distribution called the Gibbs distribution, which makes the probability of a configuration σ proportional to exp(−βE(σ)), in which β is a positive constant. In gas models the parameter β traditionally denotes

(4.6) β := 1 κT , where κ is Boltzmann’s constant and T is the temperature. The Gibbs distribution is then

(4.7) μ_n(σ) := 1 Z_n(β) exp(−βE_n(σ)) , 6More general lattice gas models allow a continuous space A as alphabet, e.g., A =

SO(3, R) is used to describe continuous spins.

in which the partition function Z_n(β) is the normalizing factor necessary to get a probability distribution. We have

(4.8) Z_n(β) := ∑ σ exp(−βE_n(σ)) , in which the sum as taken over all legal configurations Ω_n, or over all A^n, using the convention above on when E(σ) = +∞. We view the energy function E_n(σ) as being a sum of local interactions over various distances, so that

(4.9) E_n(σ) := n∑ i=1 ϕ_1(σ_i) + n∑ i=1 ϕ_2(σ_i, σ_{i+1}) + n∑ j=1 ϕ_3(σ_i, σ_{i+1}, σ_{i+2}) + · · · ,

We require that the energy functions E_n(σ) for different n be compatible in the sense that the local interaction functions ϕ_n(·) be the same for each n. This is no loss of generality because once ϕ_1, . . . , ϕ_{n−1} are fixed, there are still enough degrees of freedom in the function ϕ_n to describe any energy function E_n. However in physical applications one is interested in such energy functions in which the interactions become small at large distances, i.e. ϕ_k(σ) → 0 as k → ∞. In particular, an interaction is finite-range if ϕ_k ≡ 0 for all large enough k.

All thermodynamic quantities associated to a finite system are encoded in its Gibbs distribution. These include the average energy per site^7

(4.10) ⟨ 1 n E_n ⟩ := 1 Z_n ∑ σ∈A^n E_n(σ) exp(−βE_n(σ)) ,

and quantities like the nearest-neighbor two-point correlation

(4.11) ⟨σ_xσ_{x+1}⟩ := 1 Z_n ∑ σ∈A^n σ_1σ_2 exp(−βE_n(σ)) .

The thermodynamic limit concerns the limiting behavior of the systems (Ω_n, E_n) as n → ∞. Under some restrictions on the local interaction functions {E_k : k ≥ 1} a thermodynamic limit will exist. The thermodynamic limit is often understood in the “classical” sense to be a suitably scaled limiting behavior of the partition functions Z_n(β) as n → ∞. In thermodynamics one considers a family of energy functions E_n(β, h, . . .) depending on a finite number of thermodynamic parameters β, h, . . . representing “macroscopic” quantities such as temperature, magnetization per site, etc. A fundamental quantity obtained in taking the thermodynamic limit is the pressure function

(4.12) p(β, h) := lim_{n→∞} 1 n log Z_n(β, h) . The subject of classical thermodynamics deals with the behavior of the pressure function p(β, h) for specific systems. The pressure function p(β) for the thermodynamic limit of Gibbs distributions (4.8) contains information

7We set E log(−βE) = 0 if E = +∞. Note that E_n represents an energy across n

sites, so^1_n En measures energy per site.

about the limiting energy distribution per site. One can recover from it all the moments ⟨Ẽ^k⟩ of this limiting distribution, which are given by

(4.13) ⟨Ẽ^k⟩ := lim_{n→∞} ⟨ 1 n (E_n)^k ⟩ . These quantities can be expressed in terms of β-derivatives of p(β), via ⟨Ẽ⟩ = lim_{n→∞} ⟨ 1 n Z^′_n(β) Z_n(β) ⟩ = p^′(β)

(4.14)

⟨Ẽ^2⟩ = p^{′′}(β) + p^′(β)^2

(4.15) ⟨Ẽ^3⟩ = p^{′′′}(β) + 3p^′(β)p^{′′}(β) + p^′(β)^3 ,

(4.16) and so on. We are assuming here that the interchange of the order of differentiation and taking limits can be justified. There is a large mathematical literature concerning circumstances when this can be done, cf. Ruelle [74], [78], and Simon [86].

In Gibbs’ development of thermodynamics the fundamental macroscopic quantity is the free energy per site, which is

(4.17) f(β, h) = − 1 β p(β, h) . Mathematically it is equivalent to knowing the pressure, and from it one can derive other thermodynamic quantities. In gas models the internal energy per site is

(4.18) u(β) = ∂ ∂β (βf(β)) . The specific heat per site is

(4.19) c(β) = −β^2 ∂ ∂β u(β) . In the Ising model the magnetization (or average magnetic moment per site) is (4.20) M(β, h) = − ∂ ∂h f(β, h) . These are macroscopically measurable quantities.

More generally, the thermodynamic limit concerns the existence of wellbehaved invariant measures on infinite configurations Ω that describes a limit of the Gibbs distributions on finite site models Ω_n. An equilibrium state is a translation invariant Borel measure on Ω such that when conditioned on a finite set of consecutive sites {1, 2, . . . , n} yields the Gibbs measure dμ_n for the n-site model (Ω_N , E_n). We say that a thermodynamic limit exists (for given parameter values (β, h)) if at least one equilibrium state exists. For given thermodynamic parameters a statistical mechanics model may have one or many equilibrium states; these correspond to different phases possible at those parameter values. Associated to an equilibrium state dμ are its n-point correlation functions

(4.21) ⟨σ_xσ_{x+1} · · · σ_{x+n−1}⟩ := ∫ Ω σ_xσ_{x+1} · · · σ_{x+n−1}dμ ,

which measure how states on the lattice are related at fixed distances. The correlation functions are independent of the choice of equilibrium state at the given thermodynamic parameter values. That is, all equilibrium states produce the same thermodynamic quantities. In general the multi-point correlation functions contain information that cannot be obtained from the pressure function.

Equilibrium states have been proved to exist for a wide variety of energy functions, for one-dimensional lattice gases, see Sinai [87]. He considers a symbolic dynamical system Σ ⊆ A^Z given with an invariant measure μ of maximum entropy equal to the topological entropy. For a large class of energy functions f he proves there is a unique Gibbs measure μ(f), see Sinai [87, Theorem1].

Finally we consider phase transitions, which are abrupt changes in physical state as a thermodynamic parameter is varied, e. g. gas to liquid. In statistical mechanics models this is reflected in abrupt changes in the nature of the set of equilibrium states. For definiteness we consider the inverse temperature β as the parameter to be varied. For many systems the pressure p(β) is an analytic function of the parameter β in a neighborhood of an interval on the real axis σ_1 < β < σ_2. In 1952 Lee and Yang [47], [102] proposed that phase transitions in some statistical mechanical systems would manifest themselves as singularities of the pressure function viewed as an analytic function of the inverse temperature parameter β. Phase transitions might similarly be detected in failures of analyticity of correlation functions as a function of the parameter β. For further elaboration of this mathematical mechanism for phase transitions, see Kac [40].

In the special case of one-dimensional lattice gases, it is known that for finite-range interactions phase transitions cannot occur, i.e. the pressure function p(β) is analytic on the entire range 0 < β < ∞. The term “gas” for such systems reflects the fact that such systems are ergodic and have exponential decay of correlations as a function of distance; they have a unique equilibrium state. (That is, they never “freeze.”) However phase transitions can occur for infinite range interactions. Typically the pressure function p(β) will be analytic in some vertical strip σ_1 < Re(β) < σ_2, with 0 ≤ σ_1 < σ_2 ≤ ∞, and one studies the system in this range. The failure of analyticity of the pressure function may be reflected in the behavior of the singularities of the zeta function ζ(z, β) in the z-variable, as the β-variable is varied. This motivates the study of the analytic properties of ζ(z, β) in both variables.

4.2. Statistical Mechanics Zeta Functions. We formally define statistical mechanics zeta functions of a statistical mechanics model S by

(4.22) ζ_S (z, β) := exp (_∞ ∑ n=1 z^n n Z_n(β) ) . We can apply this definition to any classical statistical mechanics model which comes with a family of partition functions{Z_n(β) : n = 1, 2, 3, . . .} for finite size systems, e.g. the two-dimensional Ising model. We call the variable z the scaling variable because it is the variable incorporating the thermodynamic limit. This zeta function also is a function of all the macroscopic thermodynamic variables that are present in the partition functions.

If the model S is a one-dimensional lattice gas, then the definition (4.22) is a special case of the Ruelle dynamical zeta function defined in §3. Here we take the dynamical system (Ω, s, φ) where S : Ω → Ω where Ω ⊆ A^Z is the limiting configuration space and S is the shift operator, and φ = E(σ) is the energy function on periodic orbits σ. Ruelle’s definition of the dynamical zeta function in §3 was motivated by this analogy.

A converse assertion seems useful as a heuristic principle: it appears that mostt dynamical systems (X, f, φ) can be “reverse engineered” to give an energy function (Hamiltonian) for a one-dimensional lattice gas whose statistical mechanics zeta function (4.22) is identical to the Ruelle zeta function ζ_f (z, s) in (3.4), with s = β. The resulting Hamiltonian may be quite complicated and physically unnatural as a lattice gas model, however. For example, consider the map f(x) ≡ βx ( mod 1) with β > 1. Let Ω_β ⊆ A^N be the shift describing the allowed symbolic dynamics for f, where A = {0, 1, 2, . . . , ⌊β⌋}. Let Ω^∗_β ⊆ A^Z the closed two-sided subshift that is the natural extension of Ω_β, which consists of all infinite two-sided strings such that each suffix (σ_j, σ_{j+1}, σ_{j+2}, . . .) ∈ Ω_β. The set Ω^∗_β is closed, and is specified by its set F^∗_β of forbidden blocks for j ∈ Z. We produce a one-dimensional lattice gas (Ω^∗_β, S, E) that produces the same zeta function using the energy function

(4.23) E(σ_1, . . . , σ_n) = log β if n = 1 ,

+∞ if (σ_1, . . . , σ_n)is a minimal forbidden block for Ω^∗_β ,

0 otherwise .

This Hamiltonian consists of a constant self-interaction term and “hard-core conditions” which specify the symbolic dynamics Ω^∗_β. It gives a finite range interaction if and only if Ω^∗_β has a finite set of minimal forbidden blocks, i.e. it is a shift of finite type (see Lind and Marcus [49], Chapter 2.) When this occurs ζ_f (z) is rational function of z. For most values of β the zeta function ζ_f (z) has the unit circle{z : |z| = 1} as a natural boundary; however there are values of β such that Ω^∗_β is not a shift of finite type but ζ_f (z) is still a rational function.

The two-variable zeta function ζ_S (z, s) encodes information about the thermodynamic limit in its singularities. Under suitably strong hypotheses one can prove results like:

(1) The function ζ_S (z, s) is meromorphic on the domain {z : |z| < 1} × {s : Re(s) > 0}. (2) For s = 0 the closest singularity to the origin in the z-variable is at z = e^{−h(S)}, where h(S) > 1 is the topological entropy of the space Ω of limiting configurations of S. This singularity is a simple pole, and there are no other singularities of ζ(z, 0) in the closed disk {|z| ≤ e^{−h(S)}}. (3) Let r(β) denote the radius of the closest singularity in the z-variable to the origin of ζ_S (z, s) for s = β a positive real, 0 ≤ β ≤ ∞. Then the pressure is given by

(4.24) p(β) = ∂ ∂β ( 1 r(β) ) , 0 < β < 1 . Such results hold for the one-dimensional Ising model considered below as well as for the homogeneously expanding maps considered in Section 3.

4.3. Zeta Function for the One-Dimensional Ising Model. We compute the three-variable zeta function of the one-dimensional Ising model and describe its thermodynamic properties. The one-dimensional model was solved exactly by Ising [38] in 1925. Ising observed that this model has no phase transition, and (erroneously) inferred from this that the n-dimensional model for each n ≥ 2 should also have no phase transitions.

We first describe the Ising model on a finite part of the one-dimensional lattice consisting of n consecutive sites. with periodic boundary conditions. Each site is assigned a spin σ_i ∈ {+1, −1} so there are 2^N configurations σ = (σ_1, σ_2, . . . , σ_n). The energy E(σ) of a configuration is given by

(4.25) E(σ) := −J n∑ i=1 σ_iσ_{i+1} − H n∑ i=1 σ_i , in which σ_{n+1} = σ_1 (periodic boundary condition) and J, h are parameters with h representing magnetization. We set β :=^J_{kT} and h :=^H_{kT} , and the partition function becomes

(4.26) Z_n(β, h) := ∑ σ∈{1,−1}^n exp ( β n∑ i=1 σ_iσ_{i+1} + h n∑ i=1 σ_i ) .

Ising [38] found that the partition function Z_n(β, h) has a closed form which permitted him to compute the thermodynamic limit and obtain the pressure (or equivalently, the free energy per site). We follow Baxter [10, p. 33]. The partition function (4.26) factors into a product of nearest-neighbor interactions as

(4.27) Z_n(β, h) = ∑ σ∈{−1,1}^n n∏ i=1 V (σ_i, σ_{i+1}) ,

in which V (σ, σ^′) = exp(βσσ^′ + 1 2 h(σ + σ^′)), using the convention that σ_{n+1} = σ_1. We introduce the transfer matrix

(4.28) V = [ V (1, 1) V (1, −1) V (−1, 1) V (−1, −1) ] = [ e^{β+h} e^{−h} e^{−h} e^{β−h} ] . The nearest-neighbor factorization (4.27) corresponds to (4.29) Z_n(β, h) = Trace [V^n] . Thus (4.30) Z_n(β, h) = λ^n_+ + λ^n_− , where λ_+ = λ_+(β, h) and λ_− = λ_−(β, h) are the eigenvalues of V , given by

(4.31) λ_± = e^β ( e^h + e^{−h} 2 ) ± ( e^{2β} ( e^h − e^{−h} 2 )_2 + 1 4 e^{−2β} )_{1/2} . For β > 0, h real, the matrix V is a real symmetric matrix so both eigenvalues are real, with λ_+ > λ_−, and the pressure is (4.32) p(β, h) = log λ_+ .

The three-variable zeta function associated to the Ising model is

(4.33) ζIsing(z, β, h) = exp (_∞ ∑ n=1 z^n n Z_n(β, h) ) . The formulae above yield:

Theorem 4.1. The one-dimensional Ising model I has three-variable zeta function

(4.34) ζIsing(z, β, h) = 1 1 − (e^{β+h} + e^{β−h})z + (e^{2β} + e^{−2h})z^2 . When there is no magnetic field (h = 0), the two-variable zeta function is

(4.35) ζIsing(z, β) = 1 1 − 2e^β z + (e^{2β} + 1)z^2 .

Proof. Using (4.30) we have

ζIsing(z, β, h) = exp( ∞∑ n=1 z^n n (λ^n_+ + λ^n_−))

= exp(− log(1 − λ_+z) − log(1 − λ_−z)) = (1 − λ_+z)^{−1}(1 − λ_−z)^{−1} = (det(I − zV ))^{−1} .

This gives (4.34). □ By inspection we see that ζ_I (z, β, h) meromorphically continues to C^3 .

For fixed β and h it has two poles in the z-variable, except that it can have a double pole for certain special values of the parameters (β, h). For β > 0 and real h the pole closest to the origin in the z-plane is at the positive real number

(4.36) z_+ = 1 λ_+

= exp(− log λ_+) = exp(−p(β, h)) .

Thus the location of the pole of ζ_I (z, β, h) in the scale variable z closest to the origin determines the pressure function, from which the free energy per site and other thermodynamic quantities (4.17)–(4.20) can be derived.

Recall that associated to an equilibrium state there are n-point correlation functions

(4.37) ⟨σ_xσ_{x+i1} . . . σ_{x+in−1} ⟩ := ∫ Ω σ_xσ_{x+i1} . . . σ_{x+in} dμ(x) . Some combinations of these functions are partial derivatives of the pressure. For the Ising model the one-point correlation ⟨σ_x⟩ is the magnetization per site ⟨σ_x⟩ = M(β, h) = − ∂ ∂h p(β, h) . The two-point correlation at distance 1 is given by ⟨σ_xσ_{x+1}⟩ = ∂ ∂β p(β, h) . The two-point correlation functions ⟨σ_xσ_{x+m}⟩ for m ≥ 2 cannot in general be deduced from the pressure. For the one-dimensional Ising model one can use a transfer matrix calculation to determine all two-point point correlations, to obtain, for β > 0 and h real, that

(4.38) ⟨σ_xσ_{x+m}⟩ − ⟨σ_x⟩⟨σ_{x+m}⟩ = (sin 2ϕ)^2 ( λ_− λ_+ )_{|m|} , for m ∈ Z . where (sin ϕ, cos ϕ) is a left-eigenvector of the transfer matrix (4.28) that has eigenvalue λ_+, cf. Baxter [10, p. 36]. These correlation functions exhibit exponential decay with distance |m|. This manifests the “gas” nature of the interaction, and demonstrates that there is no phase transition in the one-dimensional Ising model at finite temperature.

The one-dimensional Ising model is sometimes considered to have a phase transition in the Lee-Yang sense at “absolute zero” β = +∞, when there is no magnetic field (h = 0). The two poles of ζIsing(z, β) in the z-variable then approach each other as β → ∞ through real values.

4.4. Lattice Gases and Dynamical Systems. The thermodynamic formalism was developed by Ruelle [77] for lattice gases, and then carried over to expanding linear maps. In Table 4.1 we give a dictionary of parallel concepts relating the one-dimensional lattice gas framework to the discrete dynamical system framework. Below we comment on specific entries in this table.

(1) We assume that f : X → X has a symbolic dynamics with a finite or countably infinite alphabet A corresponding to a partition X = ⋃ α∈A X_α, with the property that each x ∈ X is uniquely determined by its symbolic itinerary i(x) := (S_0(x), S_1(x), S_2(x), . . .) where S_n(x) := S(f^n(x)) is the symbol α such that f^n(x) ∈ X_α.

(2) An automorphism f : X → X has a two-sided infinite symbolic dynamics obtained by following the orbit of x forwards and backwards. An endomorphism f : X → X only has a one-sided infinite symbolic dynamics on a half-infinite lattice N.

(3) An extension of f is any pair (f̃, X̃, π) such that f̃ : X̃ → X̃ is an automorphism together with an onto projection π : X̃ → X such that the following diagram commutes X̃^{f̃}−→ X̃ ↓ π ↓ π X^f−→ X A minimal (f̃, X̃) with this property is called the natural extension of f. It is defined by the universal property that any other extension factors through it. When it exists it is unique up to isomorphism. It always exists when f is onto. The natural extensions of maps of the interval can sometimes be expicitly represented as maps of a two-dimensional set to itself, e.g. maps of the square. This can be done for the additive continued fraction map, see Lagarias and Pollington [46].

In the dynamical system case the space X̃ of the natural extension corresponds to the set of infinite configurations in the statistical mechanics model. Thus the thermodynamic limit n → ∞ has already been taken in the dynamical system model; its domain represents a space of infinite configurations.

Baladi [8, Sect. 1.3] discusses the problem of going in the reverse direction from two-sided infinite dynamics to one-sided infinite dynamics in special cases; there can be many ways to do this and they are classified by a suitable cohomology group.

Discrete Dynamical System One-Dimensional Lattice Gas f: X → X, X compact

(1) configuration symbols A symbolic dynamics alphabet A (Markov partition)

(2) S(σ) = σ^′ with σ^′_n = σn+1 f(x) = x^′

left-translation operator (left-shift) on iteration of { one-sided infinite lattice N two-sided infinite lattice Z { f : X → X endomorphism f : X → X automorphism

(3) configuration space Ω ⊆ A^Z domain X̃ of natural extension of f

(4) periodic n-site configurations periodic points

Nn(Ω) = #{periodic n-site configurations} Nn(f) := #{periodic points of period n}

(5) interaction energy E : Ω → R weight ϕ : X → C

(6) Partition function (n-sites) Gibbs weight function (periodic points) Zn(β) = ∑ period period n σ e^{−βE(}σ^) Zn(β) = ∑ (x) periodic period n exp ( −β n−1∑ i=0 ϕ(f^i(x)) )

(7) Configurational entropy Topological entropy h_{conf ig} (f) = lim sup n→∞ 1 n log(Nn(Ω)) htop(f) = lim sup_{n→∞}^1_n log(Nn(f))

(8) Transfer matrix Transfer operator

Ruelle-Araki transfer operator Perron-Frobenius operator

(9) Gibbs state S^{−1}(dμ) = dμ; invariant Borel measure f^{−1}(dμ) = dμ

(10) exponential decay rate of two-point mixing rate for f with correlation respect to dμ

(11) metric entropy h(dμ) metric entropy h(dμ)

Table 1. Analogies between statistical mechanics of a lattice gas and discrete dynamical systems

(5) One can allow complex-valued interaction functions in statistical mechanics models. These can occur in quantum statistical mechanics models.

(6) In the case of piecewise differentiable functions f : [0, 1] → [0, 1] an important case is where the weight function on periodic points of period n given by

ϕ(x) := 1 n n−1∑ i=0 log |f^′(x_i)| where x_i = f^i(x). When extended to all points this ϕ(x) measures the “average expansion rate” on an orbit.

(8) There is a precise relation between transfer matrices and transfer operators, which is described in Mayer [52, Chapter II]. A transfer matrix is the matrix of a linear operator L_n on the finite-dimensional space C(Λ_n) of complex-valued functions on the set Λ_n of n-point configurations. For the Ising model C(Λ_n) is a vector space of dimension 2^n. In order to obtain a limiting operator on infinite configurations we have to consider its n-th root (L_n)^{1/n}, whose eigenvalues measure per-site quantities. A suitable infinite limit of (L_n)^{1/n} will define a transfer operator on a suitable Banach space B of functions on the space Ω of infinite configurations, the Ruelle-Araki transfer operator. Formally such a transfer operator has the general form

(L_f h)(x) := ∑ y f (y)=x w(y)h(y) ,

in which w(·) is a suitable weight function. When the weights are nonnegative real numbers such operators are sometimes called Perron-Frobenius operators. The functions h(x) ∈ B are interpreted as observables of the system, and the transfer operator can be interpreted as taking an (unnormalized) conditional expectation of h with respect to the action of the map f : Ω → Ω, see Mayer [52, p. 53].

(9) The Gibbs probability distribution p for a finite system with a given energy function has two different characterizations. One is the formula (4.7) expressing it in terms of a partition function. The other in the Variational Principle, which is that this distribution maximizes the function

(4.39) U(p) := S(p) − ∑ σ p(σ)E(σ) over all probability distributions p on configurations, where S(p) = − ∑ σ p(σ) log p(σ)

is the entropy of p.

These two characterizations of Gibbs distributions lead to two different generalizations to infinite systems, when the thermodynamic limit is taken. Gibbs states are Borel probability measures dμ on the infinite configuration space Ω that generalize the property (4.7). Equilibrium states are Borel probability measures on the configuration space Ω that maximize the variational function, generalizing (4.39). Under some circumstances these sets of measures coincide, see Ruelle [77, Chapter 5]. For more information on Gibbs states and equilibrium states, see Bowen [12] and Sinai [87].

(10) The exponential decay rate of correlations arises only for ergodic systems which are very strongly mixing. In statistical mechanics this corresponds to a “gas” state, in which there is a unique equilibrium state which is a Gibbs state.

(11) For an expanding piecewise C^1-map on [0, 1] the metric entropy can be computed using Pesin’s formula h(dμ) = ∫ |f^′(x)|dμ(x) . 5. Two-Variable Zeta Functions in Number Theory

We propose and study some two-variable zeta functions attached to algebraic function fields and algebraic number fields that are formally analogous to the two-variable dynamical zeta function in §3.1.

5.1. Function Fields. In §2 we described two independent developments of the theory of zeta functions attached to an algebraic function field K over a finite field F_q , one in term of an arithmetic variable s and the other in terms of a geometric variable z. By analogy with Theorem 3.1, we define a two-variable zeta function that keeps the arithmetic variable s and geometric variable z separate, from which one can recover both the arithmetic and geometric version of the zeta function. For a complete n-dimensional nonsingular projective variety V defined over F_q we define the two-variable zeta function ζ_V (z, s) by

(5.1) ζ_V (z, s) := exp ∞∑ k=1 z^k k ∑ F ix(F r^k) (q^k)^{−s} To each algebraic divisor A defined over V (F_q ) consisting of k points this definition associates to each of these points individually the weight

(5.2) wt(A) := N(A) = q^k .

The weights (5.2) treat the Frobenius automorphism F r_q formally as if it were the natural extension of a uniformly expanding map with expansion factor q. With this definition we obtain

(5.3) ζ_V (z, s) = ζ_V (zq^{−s}, 0) = ζ_{F rq} (zq^{−s}) .

There is a two-variable version of the functional equation for the twovariable zeta function ζ_V (z, s). Let V be a complete nonsingular projective variety of dimension d defined over F_q . If we set

(5.4) ζ̂_V (z, s) := (zq^{−s})^{12 χ(V )}ζ_V (z, s)

where χ(V ) is the Euler characteristic of V , then we have the functional equation

(5.5) ζ̂_V (z, s) = ±ζ̂_V ( 1 q^nz , 1 − s ) .

We note that the corresponding two-variable extension for the arithmetic zeta function of a Dedekind ring R has the Euler product

(5.6) ζ_R(z, s) := ∏ P (1 − z^{deg(P )}(NP )^{−s})^{−1} .

This differs from (5.1) in not including the Euler factors for “primes at infinity”.

It would be nice if the formal analogy between two-variable function field zeta functions and dynamical zeta functions could be made exact. It is an open problem to construct a statistical mechanics model or dynamical system that would produce (5.1) as its associated two-variable zeta function. In attempting to construct such a dynamical system model, we note that the set of points on an algebraic variety V defined over F̄_q comprise the set of periodic points of the Frobenius automorphism acting on V . Can one add “transcendental points” to the variety together with a suitable topology in a natural way such that the Frobenius map extends to act on these points to give a symbolic dynamics that is a full shift on q letters? Perhaps one can use a ring of Laurent series in an auxiliary indeterminate, with a suitable multiplication, to do this. Can one also construct in a canonical fashion a non-invertible function with q inverse images of each point, which has a natural extension which is the Frobenius automorphism acting on this object? This is not known, but see the discussion in Baladi [8, Sec. 1.3].

Finally we remark that the two-variable zeta function (5.1) is distinct from the two-variable zeta function for a curve recently introduced by Pellikaan [68].

5.2. Number Fields. The Riemann zeta function ζ(s) is not known to have a naturally associated “geometric variable” z, as in the function field case. However we can formally define a two-variable zeta function for the Dedekind ring Z according to the prescription (5.6) above, provided that we have a definition of the degree of a prime ideal.

The naive definition of degree is to view each finite prime ideal in Z as having degree one. In this case we obtain the two variable zeta-function

(5.7) ζ_Z(z, s) := ∏ p (1 − zp^{−s})^{−1} .

We have

(5.8) ζ_Z(z, s) = ∞∑ n=1 z^{Ω(n)}n^{−s} , where Ω(n) denotes the number of prime factors of n, counted with multiplicity.

What is the behavior of ζ_Z(z, s) as a function of two complex variables? The infinite product (5.2) defines it as a holomorphic function in the domain {z : |z| < 1} × {s : Re(s) > 1} .

Its behavior under analytic continuation was determined in 1943 by Wintner [101]. His results are most elegantly stated by setting

(5.9) ζ^′_Z(z, s) := ∂ ∂s ζ_Z(z, s) . He studied ζ_Z(z, s) for fixed z and variable s. We reformulate his result as follows:

Theorem 5.1 (Wintner). (i) For each z ∈ C the function F_z(s) := ζ^′_Z(z,s) ζ_Z(z,s) extends to a meromorphic function on the half-plane Re(s) > 0, whose

singularities are simple poles.

(ii) For all values of z ∈ C \ {−1, 0, 1} the function F_z(s) has Re(s) = 0 as a natural boundary to analytic continuation. If z ∈ {−1, 0, 1} then F_z(s) continues to a meromorphic function of s on C .

(iii) For each z ∈ C the singularities of F_z (s) in the region Re(s) ≥ 1/2 consist of a simple pole with residue −z at s = 1 and simple poles with residue z at the nontrivial zeros of ζ(s) which have Re(s) ≥ 1/2.

Proof Sketch. Wintner [101] actually studies (s − 1)^{−z}ζ(z, s); here we have reformulated his results in terms of F_z(s). He observes that for any z ∈ C \ {0} there is a unique formal expansion {β_n(z) : n = 1, 2, 3, . . .} with β_n(z) ∈ C such that

(5.10) 1 − zT = ∞∏ n=1 (1 − T^n)^{βn(z)}

agree as formal power series, with the two properties:

(a) Infinitely many β_n(z) ≠ 0 unless z = 1 or −1.

(b) The infinite product converges absolutely in the disk {T : |T | < 1 |z| }. Applying this identity to individual terms in the Euler product for ζ_Q (z, s) yields

(5.11) ζ_Q (z, s) = ∞∏ n=1 ζ(ns)^{βn(z)} . Thus,

(5.12) F_z (s) = ζ^′_Z(z, s) ζ_Z(z, s) = ∞∑ n=1 nβ_n(z) ζ^′(ns) ζ(ns) . To prove (i), for any ϵ > 0, only finitely many terms in (5.11) have poles with Re(s) > ϵ, and the rest converges to an analytic function on Re(s) > ϵ.

To prove (ii), the function F_z(s) has poles contained in s = 1 together with the set of zeros of ζ(ns) whenever β_n(z) ≠ 0. If this set is infinite, then these points approach all points on the line Re(s) > 0. Some care is needed to show that sufficiently many pole locations are actual poles to give the general result. Wintner actually shows it only for z ∈ Z \ {−1, 0, 1}. For the three “special values” z = −1, 0, 1 we have ζ_Z(−1, s) =^{ζ(2s)}_{ζ(s)} , ζ_Z(0, s) = 0 and ζ_Z(1, s) = ζ(s).

Finally, for (iii) we observe that all terms on the right side of (5.12) are analytic for Re(s) ≥ 1/2 except the first term, which is z^{ζ′(s)}_{ζ(s)} since β_1(z) = z. □

The result (ii) above seems to be in parallel with the analytic continuation properties of the continued fraction zeta function ζ_{CF} (z, s) in Theorem 3.3.

Result (iii) implies that the Riemann hypothesis holds for ζ(s) if and only if for some fixed z ≠ 0 the function

G_z(s) := (1 − z)^sζ(z, s)

is holomorphic for Re(s) > 1/2. Thus the two-variable zeta function ζ_Z(z, s) encodes information on the Riemann hypothesis for variable z, but in an unenlightening way.

One can define another two-variable zeta function using a different notion of degree, suggested by the the arithmetic intersection theory of Arakelov [3], see also van der Geer and Schoof[30]. Here the prime ideal (p) in Z is assigned the degree log p. The resulting two-variable zeta function is

(5.13) ζ̃_Z(z, s) := ∏ p (1 − z^{log p}p^{−s})^{−1} ,

where we take

(5.14) z^{log p} := exp(log p log z).

In this case we formally obtain the identity

(5.15) ζ̃_Z(z, s) = ζ̃_Z(ze^{−s}, 0),

which is analogous to the function field case.

Finally, in connection with statistical mechanics models, we note that Knauf ([42]-[45]) has recently constructed a collection of finite lattice gas models whose partition functions Z_n(s) approach the function^{ζ(s−1)}_{ζ(s)} in the thermodynamic limit (for Re(s) > 2). (See also Contucci and Knauf [17] [18].) One can formally construct from Knauf’s models a two-variable zeta function according to the prescription (4.22); its properties have not been investigated.

6. Concluding Remarks

In this paper we considered two-variable zeta functions. We observed that function field zeta functions can be developed in terms of either an arithmetic variable s or of a geometric variable z, and that both of these variables can be made simultaneously present in a two-variable zeta function. This two-variable zeta function is analogous to Ruelle’s two-variable dynamical zeta function of an expanding map. There is a functional identity relating the two variables so that each can be expressed in terms of the other: z = q^{−s}. In this way, questions about the “Riemann hypothesis” in the s-variable can be transferred to questions of the z-variable. The z-variable has an interpretation in terms of “spectral geometry”; the behavior of the zeta function in the z-variable can be related to cohomology of the underlying variety. No such interpretation is currently known for the s-variable. It remains an open problem to construct a statistical mechanics model associated to a function field K which would give the two-variable zeta function ζ_K (z, s) as its associated zeta function.

For the number field case, in §5 we presented two different notions of a two-variable zeta function that extend the Riemann zeta function in a way analogous to the function field case. The naive version preserves the “Riemann hypothesis” but offers no substantial new insight into the truth of the Riemann hypothesis. The version using Arakelov’s notion of degree preserves the function field relation (1.2). A dynamical system interpretation is lacking for either of these two-variable zeta functions.

Deninger [19] [20] has recently outlined an approach which attempts in the number field case to associate a (conjectural) cohomology theory to the s-variable in number field zeta functions, with an associated dynamical system. If this can be done, it would seem to assign a geometric meaning directly to the s-variable. One may also consider the suggestive evidence for a spectral interpretation of zeta zeros in Katz and Sarnak [41]. Thus it may be that in the number field case it is not appropriate to introduce an auxiliary “scaling variable” z.

We conclude with various speculations. One may view the integers Z as a dynamical system with an N^∞ -action is given by a semigroup of commuting endomorphisms {M_a : a ∈ Z}, which are defined by (6.1) M_a(n) = an, n ∈ Z . This semigroup is generated by {M_p} for p prime, together with the torsion element M_{−1}. This suggests that one must add a “geometric variable” z_p separately for each prime, and consider the zeta function

(6.2) ζ(s, z) = ∏ p (1 − z_pp^{−s})^{−1} ,

which has an infinite number of variables. Some interesting information can be gained from this viewpoint, see Hedenmalm, Lindqvist and Seip [35].

We also note that each multiplication operator M_p acts as an expanding map on Z with entropy log p. These different expansion rates suggest that any underlying dynamical system associated to Z to which a hypothetical two-variable zeta function is attached will not be homogeneously expanding. This analogy seems an obstacle to a direct “spectral geometry” interpretation of the Riemann hypothesis. On the other hand, if we extend Z to obtain a minimal space A on which the natural extensions M_a of all the maps {M_a : a ∈ Z} act as automorphisms, then A is a space of adeles. In this connection there is a recent interpretation of the Riemann hypothesis by Connes [16] via a trace formula on adeles. See also Bost and Connes [11] and Goldfeld [32].

Finally we note that the functional equation for the projective zeta function of an algebraic curve requires a global “normalizing factor” q^{−(1−g)s} in (2.14) to obtain a symmetric functional equation (2.13). For the Riemann zeta function the term π^{−s/2} seems to play a similar role in the functional equation. Weil [96, p. 238] suggests a definition of “genus” for a number field K; for K = Q his formula assigns genus g_Q = 0. With this interpretation of g, the factor π^{1/2} plays a role analogous to q. Since log q is the entropy assigned to the Frobenius operator in §5, this would suggest the possibility of viewing^1_2 log π as the “global entropy” of an hypothetical dynamical system attached to ζ(s). On the other hand van der Geer and Schoof [30, Proposition 1] recently formulated a Riemann-Roch formula for number fields using Arakelov divisors; in this case log |d_K | plays the role of 2g_K − 2, so that Q cab be assigned a genus g_Q = 1. (This notion of genus is however not the same as the one given in [30].) With this interpretation the ‘”global entropy” of an hypothetical dynamical system associated to ζ(s) must be infinite, and the value^1_2 log π might then represent a “renormalized” entropy for a quotient dynamical system.

Acknowledgments. I am indebted to E. Bombieri, A. Borisov, and J. A. Reeds for helpful comments.

References

[1] T. Adachi and M. Sunada, Twisted Perron-Frobenius Theorem for L-functions, J.

Funct. Anal. 71 (1987), 1–46.

[2] R. Adler and L. Flatto, Cross section maps for the geodesic flow on the modular surface, Contemp. Math. 26, American Math. Soc.: Providence, RI, (1984), pp. 9– 24. [3] S. Ju. Arakelov, Intersection Theory of Divisors on an Arithmetic Surface, Math.

USSR izvestija 8 No. 6 (1974), 1167–1180.

[4] E. Artin, Quadratische Körper in Gebiet der höheren Kongruenzen I, II, Math. Z. 19 (1924), 153–246. (Collected Papers, Springer Verlag, pp. 1–94.)

[5] E. Artin, Über eine neue Art von L-Reihen, Hamb. Abhl. (1923), 89–108. (Collected Papers, Springer-Verlag: New York, 1965, pp. 105–124).

[6] M. Artin and B. Mazur, On periodic points, Ann. Math., 81,(1965), 82–99. [7] M. Atiyah and R. Bott, A Lefshetz fixed point theorem for elliptic complexes, I, II, Annals of Math. 86(1967), 374-407 and 88(1968), 451–491.

[8] V. Baladi, Dynamical Zeta Functions in: Real and Complex Dynamical Systems, (B.

Branner and P. Hjorth, Eds.) Kluwer: Dordrecht 1997.

[9] V. Baladi and D. Ruelle, An extension of the theorem of Milnor and Thurston on the zeta function of interval maps, Ergod. Th. & Dyn. Sys. 14 (1994), 621–632.

[10] R. J. Baxter, Exactly Solved Models in Statistical Mechanics, Academic Press: New York, 1982.

[11] J.-B. Bost and A. Connes, Hecke algebras, Type III Factors and Phase Transitions with Spontaneous Symmetry Breaking in Number Theory, Selecta Mathematica, N.S. 1 (1995), 411–457.

[12] R. Bowen, Equilibrium States and the Ergodic Theory of Anosov Diffeomorphisms, Lecture Notes in Math. No. 470, Springer-Verlag: New York 1975.

[13] R. Bowen and C. Series, Markov maps associated to Fuchsian groups, Publ. Math.

IHES, 50 (1979), 153–170.

[14] P. Cartier and A. Voros, Un nouvelle interpretation de la formule des traces de Selberg, Grothendieck Festscrift, Volume 1, Birkhäuser: Boston, pp. 1–67.

[15] C.-H. Chang and D. H. Mayer, The transfer operator approach to Selberg’s zeta function and modular and Maass wave forms for P SL(2, Z), Emerging Applications in Number Theory, (eds: D. Hejhal, M. Gutzwiller et al.), IMA Volume 109, Springer- Verlag: New York 1999, pp. 72–142.

[16] A. Connes, Formule de trace en geométric non-commutative et hypothèse de Riemann C. R. Acad. Sci. Paris 323 (1996), 1231–1236.

[17] P. Contucci and A. Knauf, The Low Activity Phase of Some Dirichlet Series, J. Math.

Phys. 37 (1996), 5458–5475.

[18] P. Contucci and A. Knauf, The phase transition of the number theoretic spin chain, Forum. Math. 9 (1997), 547–567.

[19] C. Deninger, Evidence for a cohomological approach to analytic number theory, First European Conference of Mathematics, Vol. I (Paris 1992), Prog. Math. 119, Birkhäuser: Basel 1994, pp. 491–510.

[20] C. Deninger, Some analogies between number theory and dynamical systems on foliated spaces, Proceedings of the International Congress of Mathematicians, Berlin 1998, Volume I, Geronimo GmbH: Rosenheim. Germany 1998, pp. 163–186.

[21] I. Efrat, Dynamics of the continued fraction map and the spectral theory of SL(2, Z), Invent. Math., 114 (1993), 207–218.

[22] M. Eisele and D. Mayer, Dynamical zeta functions for Artin’s billard and the Venkov- Zograf factorization formula, Physica D, 70 (1994), 342–356.

[23] L. Flatto and J. C. Lagarias, The lap counting function for linear mod one transformations I. explicit formulas and renormalizability, Ergod. Th. Dyn. Sys., 16 (1996), 451–492.

[24] L. Flatto and J. C. Lagarias, The lap counting function for linear mod one transformation II. the Markov chain for generalized lap numbers, Ergod. Th. Dyn. Sys., 17 (1997), 123–146.

[25] L. Flatto and J. C. Lagarias, The lap counting function for linear mod one transformations III. the period of a Markov chain, Ergoc. Th. Dyn. Sys. 17 (1997), 369–403.

[26] L. Flatto, J. C. Lagarias and A. Pollington, On the range of fractional parts {ξ(^p_q )^n}, Acta Arith., 52 (1995), 125–147.

[27] L. Flatto, J. C. Lagarias and B. Poonen, The zeta function of the beta transformation, Ergod. Th. Dyn. Systems, 14 (1994), 237–266.

[28] D. Fried, Analytic Torsion and closed geodesics on hyperbolic manifolds, Invent.

Math. 84 (1986), 523-540.

[29] D. Fried, The zeta functions of Ruelle and Selberg I, Ann. Sci. Ec. Norm. Sup. 4e serie 19 (1986), 491–517.

[30] G. van der Geer and R. Schoof, Effectivity of Arakelov Divisors and the Theta Divisor of a Number Field, Selecta Math. (N. S.) 6 (2000), 377–398. : eprint: arXiv math.AG/9802121 v2, 6 March 1998.

[31] P. B. Gilkey, Invariance, the Heat Equation, and the Atiyah-Singer Index Theorem, Second Edition, CRC Press: Boca Raton 1996.

[32] D. Goldfeld, A spectral interpretation of Weil’s explicit formula, in: Explicit Formulas, Lecture Notes in Math. No. 1593, Springer-Verlag 1994, pp. 136–152.

[33] H. Hasse, Beweis des Analogons der Riemannsche Vermutung für die Artinschen und F. K. Schmidtschen Korgruenz zeta Funktionen in gewissen ellipschen Fällen, Nachr. Ges. D. Wiss. Göttingen, Math.-Phys. Kl., Heft 3, (1933), 253–262.

[34] H. Hasse, Über die Riemannshe Vermuting in Funktionkörpern, C. r. du Congres International des Mathématiciens, Oslo 1936, tome I, pp. 189–206.

[35] H. Hedenmalm, P. Lindqvist and K. Seip, A Hilbert space of Dirichlet series and systems of dilated functions in L^2(0, 1), Duke Math. J. 86 (1997), 1–37.

[36] F. Hirzebruch and D. Zagier, The Atiyah-Singer Index Theorem and Elementary Number Theory, Publish or Perish, Inc.: Boston 1974.

[37] N. E. Hurt, Zeta Functions and Periodic Orbit Theory: A Review, Results Math. 23 (1993), 55–120.

[38] E. Ising, Beitrag zur Theorié des Ferromagnetismus, Z. Phys. 31 (1925), 253–258. [39] B. L. Julia, Thermodynamic limit in number theory: Riemann-Beurling gases, Physica A, 203 (1994), 425–436.

[40] M. Kac, Mathematical Mechanism for Phase Transitions, in: Brandeis University Summer Institute in Theoretical Physics (J. Chretien, et al., Ed.), vol. I, Gordon and Breach: New York 1961, pp. 245–303.

[41] N. Katz and P. Sarnak, Zeros of zeta functions and symmetry, Bull. Amer. Math.

Soc., N. S. 36 (1999), 1–26.

[42] A. Knauf, On a Ferromagnetic Spin Chain, Comm. Math. Phys. 153 (1993), 77–115. [43] A. Knauf, Phases of the Number Theoretic Spin Chain, J. Stat. Phys. 73 (1993), 423–431.

[44] A. Knauf, On a ferromagnetic spin chain II. Thermodynamic limit, J. Math. Phys.

35 (1994), 228–236.

[45] A. Knauf, The Number-Theoretical Spin Chain and the Riemann Zeros, Comm.

Math. Phys. 196 (1998), 703–731.

[46] J. C. Lagarias and A. Pollington, The Continuous Diophantine Approximation Map of Szekeres, J. Australian Math. Soc., Series A, 59 (1995), 148–172.

[47] T. D. Lee and C. N. Yang, Statistical Theory of Equations of State and Phase Transitions II. Lattice Gas and Ising Model, Phys. Rev. 87 (1952), 410–419.

[48] J. Lewis, Spaces of holomorphic functions equivalent to even Mass cusp forms, Invent.

Math. 127 (1997), 271–306.

[49] D. Lind and B. Marcus, An Introduction to Symbolic Dynamics and Coding, Cambridge Univ. Press: Cambridge 1995.

[50] A. Manning, Axiom A diffeomorphisms have rational zeta functions, Bull. London Math. Soc. 3 (1971), 215–220.

[51] D. H. Mayer, On a zeta function related to the continued fraction transformation, Bull. Soc. Math. France 104 (1976), 195–203.

[52] D. H. Mayer, The Ruelle-Araki transfer operator in classical statistical mechanics, Lecture Notes in Physics, 123, Springer-Verlag: New York, 1980.

[53] D. H. Mayer, Approach to Equilibrium for Locally Expanding Maps in R^k , Comm.

Math. Phys. 95 (1984), 105–115.

[54] D. H. Mayer, On the location of poles of Ruelle’s zeta function, Lett. Math. Phys., 14 (1987), 105–115.

[55] D. Mayer, On the thermodynamic formalism for the Gauss map, Comm. Math. Phys.

130 (1990), 311–333.

[56] D. Mayer, The thermodynamic formalism approach to Selberg’s zeta function for P SL(2, Z), Bull. Amer. Math. Soc. 25 (1991), 55–60.

[57] D. Mayer, Continued fractions and related transformations, in: Ergodic Theory, Symbolic Dynamics and Hyperbolic Spaces (T. Bedford, M. Keane, C. Series, Eds.), Oxford U. Press: Oxford, 1991, pp. 175–222.

[58] D. H. Mayer and M. Roepstorff, On the relaxation time of Gauss’s continued-fraction map I. The Hilbert space approach (Koopmanism), J. Stat. Phys. 47 (1987), 149–171.

[59] D. H. Mayer and M. Roepstorff, On the relaxation time of Gauss’s continued fraction map II. The Banach space approach, J. Stat. Phys., 50 (1988), 331–344.

[60] D. H. Mayer and K. S. Viswanathan, On the ζ-function of a one dimensional classical system of hard-rods, Comm. Math. Phys. 52 (1977), 175–189.

[61] J. W. Milnor, Infinite Cyclic Coverings, in: Conference on the Topology of Manifolds, Prindle, Weber and Schmidt: Lansing, MI 1968, pp. 115-133.

[62] J. W. Milnor and W. Thurston, On iterated maps of the interval, in: Lecture Notes in Math. 1342 Springer-Verlag: Berlin 1989, pp. 465–563.

[63] M. Mori, Fredholm determinant for piecewise linear transformations, Osaka J. Math.

27 (1990), 81–116.

[64] W. Parry, On the β-expansion of real numbers, Acta Math. Acad. Sci. Hung. 11 (1960), 401–416.

[65] W. Parry and M. Pollicott, An analogue of the prime number theorem for closed orbits of axiom A flows, 118(1983), 573–591.

[66] W. Parry and M. Pollicott, The Chebotarev theorem for Galois coverings of Axiom A flows, Ergod. Th. Dyn. Sys. 6 (1986), 133–148.

[67] W. Parry and M. Pollicott, Zeta functions and the periodic orbit structure of hyperbolic dynamics, Asterisque 187–188 (1990), 269 pp.

[68] R. Pellikaan, On special divisiors and the two variable zeta function of algebraic curves over finite fields, In: Arithmetic, Geometry and Coding Theory (Luminy 1993), de Gruyter: Berlin 1996, pp. 175-184.

[69] M. Pollicott, Distribution of geodesics on the modular surface and quadratic irrationals, Bull. Math. Soc. France 114 (1986), 135–146.

[70] M. Pollicott, Meromorphic extension of generalized zeta functions, Invent. Math. 85 (1986), 147–164.

[71] M. Pollicott, The differential zeta function for axiom A attractors, Ann. Math. 131 (1990), 331–354.

[72] M. Pollicott, Some applications of thermodynamic formalism to manifolds of constant negative curvature, Adv. Math. 85 (1991), 161–192.

[73] D. Ruelle, Statistical mechanics of a one-dimensional lattice gas, Comm. Math. Phys.

9 (1968), 267–278.

[74] D. Ruelle, Statistical mechanics:rigorous results, W. A. Benjamin, Inc.: New York 1969.

[75] D. Ruelle, Generalized ζ-functions for axiom A basic sets, Bull. Amer. Math. Soc. 82 (1976), 153–156.

[76] D. Ruelle, Zeta-functions for expanding maps and Anosov flows, Invent. Math. 34 (1976), 231–242.

[77] D. Ruelle, Zeta functions and statistical mechanics, Astérisque 40 (1976), 167–176. [78] D. Ruelle, Thermodynamic Formalism, Addison-Wesley: Reading, Mass. 1978. [79] D. Ruelle, One-dimensional Gibbs states and Axiom A diffeomorphisms, J. Diff.

Geom. 25 (1987), 117–137.

[80] D. Ruelle, The thermodynamic formalism for expanding maps, Comm. Math. Phys.

125 (1989), 239–262.

[81] D. Ruelle, Analytic completion for dynamical zeta functions, Helvetica Phys. Acta, 66 (1993), 181–191.

[82] D. Ruelle, Dynamical Zeta Functions of Piecewise Monotone Maps of the Interval, CRM Monographs No. 4, American Math. Society: Providence, 1994.

[83] F. K. Schmidt, Analytische Zahlentheorie in Körpern der Characteristik p, Math. Z.

33 (1931), 1–32.

[84] A. Selberg, Note on the paper by L. A. Sathe, J. Indian Math. Soc. 18 (1954), 53–57. [85] C. Series, The modular surface and continued fractions, J. London Math. Soc. 31 (1985), 69–80.

[86] B. Simon, The statistical mechanics of lattice gases, Princeton Univ. Press: Princeton 1993.

[87] A. Ya. Sinai, Gibbs measures in ergodic theory, Russian Math. Surveys 27 No. 4 (1972), 21–69.

[88] S. Smale, Differentiable dynamical systems, Bull. Amer. Math. Soc. 73 (1967), 747– 817.

[89] T. Sunada, Fundamental Groups and Laplacians, in: Geometry and Analysis on Manifolds, (T. Sunada, Ed.), Lecture Notes in Math. No. 1339, Springer-Verlag 1987, pp. 248–277.

[90] Y. Takahashi, Shift with orbit basis and realization of one-dimensional maps, Osako Math. J. 20 (1983), 269–278.

[91] E. C. Titchmarsh and R. Heath-Brown, The Theory of the Riemann Zeta Function (Second Edition), Oxford Univ. Paris: Oxford 1986.

[92] A. B. Venkov, Spectral theory of automorphic functions, the Selberg zeta function and some problems of analytic number theory and mathematical physics, Russian Math. Surveys 34 (1979), 79–153.

[93] M.-F. Vigneras, L’ Equation Fonctionnelle de la fonction zêta de Selberg du groupe modulaire P SL(2, Z), Asterisque 61 (1979), 235–249.

[94] K. S. Viswanathan and D. H. Mayer, Statistical Mechanics of One Dimensional Ising and Potts Models with Exponential Interactions, Physica 89 A (1977), 99–112.

[95] A. Voros, Spectral Functions, Special Functions and the Selberg Zeta Function, Comm. Math. Phys. 110 (1987), 439–465.

[96] A. Weil, Sur l’analogie entre les corps de nombres algébriques et les corps de functions algébriques, Revue Scient. 77 (1939), 104–106. (Collected Papers, Vol. I, Springer- Verlag, pp.236–240.)

[97] A. Weil, On the Riemann hypothesis in function fields, Proc. Nat. Acad. Sci. U.S.A.

27 (1940), 345–347. (Collected Papers, Vol. I, Springer-Verlag: New York, pp. 256– 259.)

[98] A. Weil, Lettre ’a Artin (inedit), 1942, in: Collected Papers, Vol. I, Springer-Verlag, New York, pp. 280–298.

[99] A. Weil, Number of solutions of equations in finite fields, Bull. Amer. Math. Soc. 55 (1949), 497–508. (Collected Papers, Vol. I, pp. 399–410.)

[100] A. Weil, Sur les ’formules explicites” de la th’eorie des nombres premiers, Comm.

Math. Lund, (vol. ded. to Marcel Riesz), 1952, 252–265. (Collected Papers, Vol II, pp. 48–61.)

[101] A. Wintner, The singularities of a family of zeta functions, Duke Math. J. 11 (1943), 287–291.

[102] C. N. Yang and T. D. Lee, Statistical theory of equation of state and phase transitions I. Theory of condensation, Phys. Rev. 87 (1952), 404–409.

[103] D. Zagier, Periods of modular forms and Jacobi theta functions, Invent. Math. 104 (1991), 449–465.

Current address: Information Sciences Research, AT&T Labs, Florham Park, New Jersey 07932-0971

E-mail address: jcl@research.att.com