by

ABSTRACT

respectively.

〈c, x〉 geometry ds^2 =_{c =1}Σ^n x_i^2 dx_i dx_i

connecting

included.

by

P v(x x P

v(x x_0

__________________

dt dx = v(x

x = x_0 . (1.1b) A t

A-trajectories (or

the

__________________

of

O( O(nL [M1].

1 | d_H (. , . P polytope P* P distinguished chords

d_H (. , .). trajectories.

Karmarkar’s : minimize 〈c, x〉 (2.1a)

Ax = e^Tx = n x ≥

Ae = . (2.1e) Here 〈c, x c^Tx e = ...^T

minimize 〈c, x〉 (2.2a)

Ax = x ≥

Ae = . (2.2d) e^Tx = n trajectory.

The minimize 〈c, x〉

Ax = b , x ≥ .

x x_i > of 〈c, x〉with ds^2 =_{i =1}Σ^n x_i^2 dx_i dx_i

Int(R_+^n ) = {x x_i > 0} metric d_E (. , . P P

P R^k where k = P

P^1 | P d _ H (. , . P)

d_H (x_1 , x_2 ) = x_1 ≠ x_2.)

: minimize 〈c, x〉 (2.3a)

Ax = b (2.3b) x ≥

AA^T . (2.3d)

x = (x_1 , ... , x_n x_i H P_H P_H R_+^n function f R_+^n ) → R^n

f_H (x)_{i =1}Σ^n log x_i . (2.4)

∇ f_H (x) = − x_1

1 , − x_2

1 , , − x_n 1 T . (2.5) ϕ_H P A^⊥ = {x : Ax = } of R^n ϕ_H (x)_A^⊥ (∇ f(x where π_A^⊥ A^⊥

π_A^⊥ = I − A^T(AA^T)^{− 1} A , whenever AA^T P_H

ϕ_H P_H ) → A^⊥

A^⊥ point x_H in H ϕ_H (x_H ) = center H P_H w_H (x x H

w_H (x) =_{i =1}Π^n x_i . ϕ_H for any set H

center A : R^n → R^n A(x) = Lx + c where L is = (L^T)^{− 1} H A(H

Rel-Int(P_{A(H)})

ϕ_{A(H)}

Rel-Int(P_H)

A^⊥ ϕ_H

(L(A^⊥ .

A

L _ * (2.8)

where L _ *_A^⊥ ( x_i. ϕ_H^{− 1}

f_H (x P_H

: A^⊥ → R^n y ∈ A^⊥ g_H (y) =_{x ∈ Rel− P H )} 〈x, y f(x ϕ_H^{− 1}

ϕ_H^{− 1} (y) g_H (y) . (2.10)

c′^{A⊥ (c) . (2.11)} The c′^. A mapping ϕ_H

x_H 〈c, x〉

〈c, x〉 〈c, x〉

〈c, x , where λ P_H

solution x(μ) = x(μ; ϕ μ

minimize ϕ (〈c, x〉)_{i =1}Σ^n log x_i (2.12a)

Ax = b x > where ϕ (t R →

trajectory

not 〈c, x〉is normalized

〈c, x〉 x trajectory

H H′

P_H

slope c′ definition of

definition of

central

Rel-Int(P_H)

extended for

Consequently

ds^2 =_{i =1}Σ^n x_i^2 dx_i dx_i

R_+^n

the

〈e , x n minimize 〈c, x〉 (2.13a)

Ax = x ≥

Ae = AA^T . (2.13e)

〈e, x〉 〈c, x〉

projective

.

form center. z = 〈c, x〉

P

The g P) → R g R^n )^+ →

g(x) = n log c^Tx −_{i =1}Σ^n log x_i . c^Tx ∂P polytope P

g(x) ≥ n c^Tx) . (3.1) If x_j j^{th} R_+ v

x_{j+1} x + R_+ v g(x x_{j+1} then x_{j+1} P g(x_{j+1} ) ≤ g(x_j ) − 5 1 (3.2) c^Tx

x_0 = e then g(x_0 ) = n log c^Tx_0 .

c^Tx_0 c^Tx_j

≤ e^{− 5} 1 j . L

c^Tw ≥ 2^{− L} w e^{− 5} 1 j ≤ 2^{− L} w of P with c^Tw ≤ c^Tx_j e^{− 5} 1 j ≤ 2^{− L} is w The strict

R_+^n.

strict

minimize 〈c, x〉 (4.1)

Ax = b (4.2a) x ≥

AA^T . (4.2c) π_A^⊥ R^n subspace A^⊥ = {x : Ax = } π_A = I − A^T(AA^T)^{− 1} (4.3)

x = (x_1 , ... , x_n )_i > 0 H H ) P_H ∩ R_+^n

i H

which b = .

e = ...^T v_A(e ; c) e 〈c, x〉at x_0 = e x = b,

v_A(x, c)_A^⊥ (c) . (4.4)

minimize 〈c, x 〈c, e〉 (4.5a)

〈x − e, x − e Ax = b 0. v(d ; c d = (d_1 , ... , d_n R_+^n ) = {x x_i > 0 Let D = d_1 , ... , d_n d d = De

y_D (x) = D^{− 1} x

Φ_D^{− 1} (y) = Dy = x .

program. minimize 〈Dc, x〉 (4.6)

ADy = b (4.7a) y ≥

AD^2 A^T . (4.7c) Furthermore Φ_D (d) = e π_{(AD)}^⊥ (Dc v_A(d ; c Φ_D^{− 1} v_A(d ; c) Dπ_{(AD)}^⊥ (Dc) . D(I − DA^T(AD^2 A^T)^{− 1} AD)Dc (4.8) π_A^⊥ (c c A^⊥

solution x = (x_1 , ... , x_n )_i > 0 is v_A(d ; c) Dπ_{(AD)}^⊥ (Dc) . (4.9)

v_A(d ; c) = v(d; π_A^⊥ (c . (4.10)

π_A(c) = A^T(AA^T)^{− 1} Ac = A^T ,

v_A(d ; π_A(c D^2 A^T D^2 A^T(AD^2 A^T)^{− 1} AD^2 A^T

: minimize 〈c, x〉 (4.11)

Ax = e^Tx = n x ≥

Ae = AA^T . (4.12e)

program

minimize 〈b , x〉

〈c, x〉 (4.13)

Ax = 〈e , x n x ≥

Ae = AA^T . (4.14e) b ≥ 〈b, e e v_{FP} (e ; c e 〈c, x〉 Ax = e^Tx = v_{FP} (e ; c)_{eT}^A^⊥ (c) . (4.15) 〈b , x〉

normalized

identifying 〈e , x〉 〈c, x〉

〈c, x〉 constraint 〈e,x n v_P (e ; c v_P (e ; c v_P (e ; c)_{eT}^A^⊥ (c) . (4.16) v_P (d ; c d S_{n − 1} ) = {x : 〈e,x n and x >

y ~_D (x) = n e^TD^{− 1} x

D^{− 1} x . (4.17)

Φ̃_D^{− 1} (y) = n e^TDy

Dy = x . (4.18)

function 〈e,x〉 〈c, x〉

minimize

〈De, y〉

〈Dc, y〉 (4.19)

ADy = 〈e, y n y ≥

De = AD^2 A^T . (4.20e) 〈De, y〉 〈De, e Φ̃_D (d) = e

v_{FP} (e; Dc)_{eT}^{AD}^⊥ (Dc) . (4.21) v_P (d; c Φ̃_D^{− 1} v_P (d ; c) = (Φ̃_D^{− 1} )_* (v_{FP} (e ; Dc Now Φ̃_D^{− 1}

Φ ~_D^{− 1} * (w) = Dw − n 1 〈De, w〉 De .

v_P (d ; c) Dπ_{eT}^{AD}^⊥ (Dc) + n 1 〈De, π e^T AD ⊥ (Dc)〉De . (4.23)

〈c, x〉

y ~_D (x) = e^TD^{− 1} x nD^{− 1} x

x* = 〈b, x*〉

〈c, x*〉

function

minimize 〈c, x 〈b,x〉 . x*

〈b,x〉 〈c, x〉 ≥ x = 0

transformation y ~_D (x v_P (d ; c)

v_P (d ; c)

v_P (d ; c v_P (d ; c π_A^⊥ (c c A^⊥ Lemma.

by

v_P (d ; c) Dπ_{(AD)}^⊥ (Dc) + n 1 〈De, π_{(AD)⊥} (Dc)〉De . (4.24)

v_P (d ; c) = v_P (d; π_A^⊥ (c . (4.25)

v_P (d ; c) ≠ v_P (d ; π_e^A^⊥ (c

Proof. v_P (d ; c e^T A ⊥ v_P (d ; c e^T)^⊥

〈e , v_P (d ; c) 〈De ,π_{eT}^{AD}^⊥ (Dc) n 1 〈De, π e^T AD ⊥ (Dc)〉〈Dc , e〉

= 0 .

d gives

ADe = Ad = . π_{(AD)}^⊥ and π_{(e}^T_)^⊥

π_{eT}^{AD}^⊥_{(e}^T_)^⊥ π_{(AD)}^⊥ .

π_{(e}^T_)^⊥ = I − n 1 J where J = ee_T

Jw = 〈e , w〉e w v_P (d ; c) Dπ_{(e}^T_)^⊥ (π_{(AD)}^⊥ (Dc De Dπ_{(AD)}^⊥ (Dc) + n 1 DJπ_{(AD)⊥} (Dc) De

Dπ_{(AD)}^⊥ (Dc) De (4.26) where λ and μ

n 1 〈De , π e^T AD ⊥ (Dc) n 1 〈e, π_{(AD)⊥} (Dc)〉 . (4.27)

e^T 〈e , v_P (d ; c) μ

n 1 〈De , π_{(AD)⊥} (Dc)〉 ,

π_A(c) = A^T(AA^T)^{− 1} Ac = A^T . (AA^T)^{− 1} Ac

π_{AD}^⊥ (Dπ_A(c (I − DA^T(AD^2 A^T)^{− 1} AD)DA^T = .

v_P (d; π_A^T (c = . Since c_A^⊥ (c)_A(c v_P (d ; c c e normalized 〈c , x_{opt} c e H c c_N (i) c_N^⊥ .

(ii) π_{eT}^A^⊥ (c)_{eT}^A (c_N)_e^T (c_N).

Ifc′_e^{TA}^{(c) N}

c_N = c′− n 1 〈c

′^{, xopt 〉 e (4.28)}

Ae = A^⊥ = e^T A ⊥ ⊕ R 〈e〉 i ii)

i ii

c_N = c′ e . μ 〈c_N, x_{opt} 〈c′, x_{opt} 〈e, x_{opt} 0 .

〈e, x n 〈e, x_{opt} n so

n 1 〈c

′^{, xopt 〉 .}

minimize 〈c , x〉

Ax = b x ≥ = (x_1 , ... , x_n )_i > 0 P P Rel− P) = {x : Ax = b and x > 0 (4.29) x_0 P_A(x_0 ; A, b, c) containing x_0 x(t

dt dx X π_{(AX)⊥} (Xc

x = x_0 X = X(t x_1 (t ... , x_n (t x(t) = X(t)e.

x_0 x(t t_1 (x_0 ; A, c) < t < t_2 (x_0 ; A, c) t_1 and t_2 t_1 or t_2 trajectory T(x_0 ; A, b, c P x(t Rel-Int(P).

P) = {x : Ax = e^Tx = x > x_0 P_P x_0 ; A , c containing x_0 x(t

dt dx X π_{(AX)⊥} (Xc) + 〈Xe , π_{(AX)⊥} (Xc)〉Xe (4.31a)

x = x_0 . (4.31b)

x_0.

ρ (x, t

u (t ψ ′(t) > t ρ (x, t) ′(t y(t) = x(ψ (t y = x and x(t y(t

dt dy ′^{(t) Y π (AY)⊥ (Yc}

y = x_0 . If x(t y(t dt dy ′^{(t Y π (AY)⊥ (Yc) − 〈Ye , π (AY)⊥ (Yc)〉Ye}

y = x_0 . (4.33b)

〈c, x〉 ds^2

ds^2 =_{i =1}Σ^n_{j=1}Σ^n g (x)dx_i dx_j (5.1) Ωof R^n G(x) = [g (x Ω f(x x at x R^n at x, df_x R^n ) →

f(x v) = f(x) df_x (v) + O(ε^2 as v ∈ R^n ds^2 ∇_G f : R^n G(x ∇_G f(x f ds^2 at x f(x ds^2 (which x

∇_G f(x) = G(x)^{− 1}

df_x ∂x^n ∂ . . df_x ∂x^1 ∂ . (5.6)

ds^2

ds^2 =_{i =1}Σ^n dx_i dx_i ,

then ∇_G f ∇ f

∇_G f_F f k- F in R^n F be x_0 + Vwhere V n-k R^n

V = {x : Ax = } , A k × n k ∇_G f(x_0 )_F is F f(x x_0 ds^2_F F

∇_G f(x_0 )_F = (G^{− 1} − G^{− 1} A^T(AG^{− 1} A^T)^{− 1} AG^{− 1} )

Df_{x0} ∂x^n ∂ . . Df_{x0} ∂x^1 ∂ . (5.7)

where ds^2 G = G(x_0 x_0.

minimize 〈c, x〉 (5.8)

Ax = b (5.8a) x ≥

AA^T . (5.8c) x x_i >

(Karmarkar) v_A(c ; d) G (〈c , x_0 〉)_F at x_0 = d

ds^2 =_{i =1}Σ^n x_i^2 dx_i dx_i (5.9)

R_+^n ) = {x : Ax = b}.

R_+^n Φ_D : R_+^n → R_+^n given by x_i → d_i x_i ≤ i ≤ n d_i > D = d_1 , ... , d_n

I_i x_1 , ... , x_i , ... , x_n = (x_1 , ... , x_i

1 , ... , x_n

≤ i ≤ n σ x_1 , ... , x_n = (x_σ , ... , x_{σ (n)} by ds^2 R_+^n R^n y_i = log x_i for 1 ≤ i ≤ n

ds^2 =_{i =1}Σ^n x_i^2

(dx_i )^2 ds^2_F

region

Rel− P) = {x : Ax = b and x > 0 F = {x : Ax = b} G(x ds^2

G(x) = diag x^{12}

1 , ... , x_n^2 1 = X^{− 2} ,

where X = x_1 , ... , x_n _c (x) = 〈c, x〉 obtain

∇_G (_c (x _F = X(I − XA(AX^2 A^T)^{− 1} AX)Xc .

− v_A(x ; c

ds^2_F

minimize 〈c, x〉

x ≥ .

dt dx X_2 c (5.12a)

x = (d_1 , ... , d_n ) . (5.12b)

dt dx_i

x_i^2 c_i ,

x_i = d_i .

≤ i ≤ n y_i = x_i 1

dt dy_i = c_i ,

y_i =

d_i 1 , ≤ i ≤ n

x(t) =

d_1

1 + c_1 t

1 , ,

d_n

1 + c_n t 1 . (5.13)

t_1 < t < t_2 where

t_1 = max

d^i c_i

: c_i > 0

(5.14a)

t_2 = min

d^i c_i

: c_i < 0

(5.14b)

t_1 c_i ≤ t_2 c_i ≥ ds^2 =_{i =1}Σ^n x_i^2 dx_i dx_i

(t) = (e^{a 1 t +b1} , ... , e^{a n t +bn} where_{c =1}Σ^n a_i^2 = t n ≥ x(t (t general.

P A-trajectories

minimize 〈c, x〉 (6.1a)

Ax = 〈e,x n (6.1c) x ≥

Ae = AA^T . (6.1f)

minimize 〈c, x〉 (6.2a)

Ax = x ≥

Ae = AA^T . (6.2e)

A(x_0 ; A, c)

T = 〈e , x〉 nx : x ∈ T_A(x_0 ; A c) (6.3)

T = T_P 〈e , x^0 〉 nx_0 _______ A c . (6.4)

Proof.

T_A(x_0 ; A c

solution x(t

dt dx Xπ_{(AX)⊥} (Xc) . (6.5)

x = x_0 .

y(t) =

〈e , x(t)〉 nx(t) . y(t Let Y(t) = y_1 (t ... , y_n (t Y(t) = n〈e ,x(t)〉^{− 1} X(t

Xπ_{(AX)}^⊥ (Xc) = n^{− 2} 〈e, x(t)〉^2 Yπ_{(AY)}^⊥ (Yc) .

Ye = n〈e , x(t)〉^{− 1} x

dt dy = n〈e, x(t)〉_{− 1} dt dx − n_2 〈e, x(t)〉_{− 2} 〈e , dt dx 〉x

n〈e , x(t)〉^{− 1} (n^{− 2} 〈e, x(t)〉^2 Yπ_{(AY)}^⊥ (Yc) − n^{− 3} 〈e, x(t)〉^2 〈e, Yπ_{(AY)}^⊥ (Yc〉Ye)

= n 1 〈e, x(t)〉(Yπ_{(AY)⊥} (Yc) − 〈Ye, π_{(AY)⊥} (Yc)〉Ye

= n 1 〈e , x(t)〉 v_P (y ; c) .

Since ψ ′(t; x_0 ) = n 1 〈e , x(t) x(t) ∈R_{+n} constraints: minimize 〈c, x〉

e^Tx = n , x ≥ 0 . S_{n − 1}

minimize 〈c, x〉

x ≥ .

T_A(d ; ϕ , ϕ , c) = d_1

1 + c_1 t

1 , ... , d_n

1 + c_n t 1 : t_1 < t < t_2

d S_n

T_P (d ; ϕ , c) = i^{=1} Σ^n_{di}^{1 + c}i^t − 1 n d_1

1 + c_1 t

1 , ... , d_n

1 + c_n t 1 : t_1 < t < t_2 .

where t_1 and t_2 T_A(d ; ϕ , ϕ , c T_P (d ; ϕ , ϕ , c

trajectory e

T_P e A c

= T_A e ; e^T A , 1 , c . (6.6)

e the center (6.6) .

minimize 〈c, x〉 (7.1a)

Ax = x ≥

Ae = AA^T . (7.1e)

x_0 = e

g(x) =_{i =1}Σ^n log x^i 〈c, x〉 (7.2) x_0 , ... , x_n

minimize 〈c, x〉 (7.3a)

Ax = 〈e , x n x ≥

Ae = AA^T . (7.3f)

x^{(k)} ≤ k y_i^{(k)}

y_i = 〈e , x^{(k)} 〉 nx^{(k)} x^{(k)} ≤ k

g(λ x) = g(x 0 . (7.5) k k = k

R_+^n inside R_+^n k +

function

minimize

〈e , x〉

〈c, x〉 ,

∇_G f(x_0 )_F f(x

F = x_0 + {x : Ax = } ds^2 =_{i =1}Σ^n_{j=1}Σ^n g (x) dx_i dx_j at x_0

x_0 = G = [g

〈df_0 , v df ∂x^1 ∂ , ... , df ∂x^n ∂ v (A.1)

i =1Σ n j=1Σ^{n g v}i^vj^2

Av = 0 . (A.3) ε d ≡ df ∂x^1 ∂ , ... , df ∂x^n ∂ T ,

L = d^Tv^TAv (v^TGv^2 ) . (A.4)

∂v ∂L = d − A_T (G + G_T)v =

∂L Av =

∂L = v_TGv_2 . (A.7)

G = G^T

v = 2μ 1 G_{− 1} (d − A_T ) . (A.8)

AG^{− 1} A^T AG^{− 1} d .

Hence

(AG^{− 1} A^T)^{− 1} AG^{− 1} d . (A.9)

v = 2μ 1 (G_{− 1} − G_{− 1} A_T(AG_{− 1} A_T)_{− 1} AG_{− 1} ) d . (A.10)

w = (G^{− 1} − G^{− 1} A^T(AG^{− 1} A^T)^{− 1} AG^{− 1} )d (A.11)

d^Tv v = w matrix M M^{1⁄2} G v^Tw = d^TG^{− 1} d − d^TG^{− 1} A^T(AG^{− 1} A^T)^{− 1} AG^{− 1} d = (dG^{− 1⁄2} I − G^{− 1⁄2}A^T(AG^{− 1} A^T)^{− 1} AG)^{− 1⁄2}d Now π_W = I − G^{− 1⁄2}A^T(AG^{− 1} A^T)^{− 1} AG^{− 1⁄2} W = {x : AG^{− 1⁄2}x = } d^Tw = (G^{− 1⁄2}d)^T π_W(G^{− 1⁄2}d) = π_W(G^{− 1⁄2}d)^2 ≥ where . d^Tw = d = f d ≠ d^Tw = 〈df , v d^Tv F. G unit μ v yields 4μ^2 d^TG^{− 1} d − d^TG^{− 1} A^T(AG^{− 1} A^T)^{− 1} AG^{− 1} d Hence

2ε ±1 (d_TG_{− 1} d − d_TG_{− 1} A_T(AG_{− 1} A_T)_{− 1} AG_{− 1} d) 1_{⁄2}

0 lim εv 1 (G, d G_{− 1} − G_{− 1} A_T(AG_{− 1} A_T)_{− 1} AG_{− 1} )d (A.12) where θ(G, d θ(G, d) = (d^TG^{− 1} d − d^TG^{− 1} A^T(AGA^T)^{− 1} AG^{− 1} d)^{− 1⁄2} Here θ(G, d w ds^2 F = R^n w

R_+^n.

ds^2 =_{i =1}Σ^n_{j=1}Σ^n g (x)dx_i dx_j (B.1)

has g (x) = g (x g (x R_+^n R_+^n, x = (x_1 , ... , x_n )^T then

Int(R_+^n ) = {x : x_i > ≤ i ≤ Let D = d_1 , ... , d_n d_i >

Φ_D (x) = Dx . (B.2) G_+^n

G_+^n = {Φ_D : d_i > ≤ i ≤ (B.3) Then G_+^n R_+^n.

(R_+^n )_+^n metrics

ds^2 =_{i =1}Σ^n x_i x_j c dx_i dx_j (B.4)

= [c ]

Proof R_+^n L R_+^n ) → R^n

L(x) = x_1 , ... x_n y_i = log x_i

ds^2 =_{i =1}Σ^n_{j=1}Σ^n g _ (y)e^{y1 +yj} dy_i dy_j (B.5)

where g _ (y) = g (e^{yi} , ... , e^{yn} ) . (B.6) G_+^n T_n R^n

L(Φ_D (x = L(x) + L(De) where

L(De) = d_1 , ... d_n ) .

R^n

ds^2 =_{i =1}Σ^n_{j=1}Σ^n c dy_i dy_j

where C = [c g _ (y) = c e^{− (yi +yj )}

g (x) = x_i x_j c . G_+^n

R_+^n )_+^n

inversions

I_k x_1 , ... , x_{k− 1} , x_k , x_{k+1} , ... , x_n = (x_1 , ... , x_{k− 1} , x_k

1 , x_{k+1} , ... , x_n )

for 1 ≤ k ≤

ds^2 =_{i =1}Σ^n c_i x_i^2 dx_i dx_i

. (B.8)

i > 0

permutations σ_j (x_1 , ... , x_n ) = (x_σ , ... , x_{σ n)} )

ds^2 = c_{i =1}Σ^n x_i^2 dx_i dx_i (B.9)

> 0.

ds^2 = Σ

x_i x_j c dx_i dx_j . (B.10)

y_k = x_k

1 , y_j = x_j for j ≠ k

ds^2 = Σ g _ (y)dy_i dy_j

where g _ (y) =

x_i x_j c ∂y_i

∂x_i

∂y_j

∂x_j . j ≠ k

g _ (y) =

y_j c y_k − y_k^2 1 y^j y^k c .

g _ (y) = y_j y_k c

c = i ≠ j

c_i = c_{ii}.

y_i = x_{σ (i)}

ds^2 =_{i =1}Σ^n_{j=1}Σ^n y_i y_j c_{σ (i σ ( j)} dy_i dy_j

c_{ii} = c_{σ (i σ (i)} σ

ds^2 =_{i =1}Σ^n x_i^2 dx_i dx_i (B.11)

in R_+^n )

γ(t)_{a,b} (t) = (e^{a 1 t +b1} , e^{a 2 t +b2} , ... , e^{a n t +bn} t . (B.12)

where a^2 = a_1^2 + a_2 + ... + a_n^2 = 1 .

L : R_+^n → R^n

L(x) = x_1 , ... x_n

ds^2 =_{c =1}Σ^n dy_i dy_i

on R^n ds^2 γ(t) = (a_1 t + b_1 , ... , a_n t + b_n ) where a = (a_1 , ... , a_n a_i^2 =

L^{− 1} (y) = (e^{y1} , ... , e^{yn} ) .

Σ_{xi}2^{dxi dxi R}+^2

flat.

R-1

REFERENCES

(1985).

115 (1984), 299-315.

1

R-2

Foundations ).

4 (1984) 373-395.

th

preparation.

(1985),

19

R-3