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Abstract

A spectral set is a subset Q of R” with Lebesgue measure 0 < p(§2) < oo such that there
exists a set A of exponential functions which form an orthogonal basis of L?(f2). The spectral
set conjecture of B. Fuglede states that a set €0 is a spectral set if and only if €2 tiles R™ by
translation. We study sets Q which tile R™ using a rational periodic tile set § = Z™ + A,
where A C 1 -2 X - Z is finite. We characterize geometrically sets €2 that tile R™ with
such a tile set Certaln tlle sets § have the property that every bounded measurable set 2
which tiles R™ with § is a spectral set, with a fixed spectrum As. We call such As a universal
spectrum for such §. We give a necessary and sufficient condition for a rational periodic set
A to be a universal spectrum for §, which is expressed in terms of factorizations A@ B = G
where G = Zy, X --- X Zn,,, and A := A (mod Z"). In dimension n = 1 we show that S has a
universal spectrum whenever Ny is the order of a “good” group in the sense of Hajoés, and for
various other sets §.
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1. Introduction

Let © C R” be a set of finite positive Lebesgue measure 0 < u(92) < oco. We call Q a spectral
set if there exists a subset A of R™ such that the set of functions {ey(z) : A € A} forms an
orthogonal basis for L?(2), where ey(z) := *™*%, In this case (R, A) is called a spectral pair
and A is called a spectrum or exponent set for Q. (A spectral set  may have several different
spectra.)

The notion of spectral set was introduced by Fuglede [3] in his study of a problem of I.

E. Segal: Which open sets €2 C R™ have the property that the partial differential operators

2
31‘1 ?

el o)

EFRERE —15,- acting on the space, C'2°(£2) of compactly supported smooth functions

—1 ?
on Q extend to a set of commuting self-adjoint operators H = (Hi, Hg, ..., H,) defined on
a dense subspace dom(H) of L%*(). This property is called the integrability property in [17].
Fuglede proved [3, Theorem I(b) and remark (1), p. 108] that any open set  which is a spectral
set has the integrability property, and that for each spectrum A for €2 there is a unique maximal
extension H having A as its spectrum. He also proved [3, Theorem I(a)] that any connected
open set 2 satisfying an extra condition (Nikodym domain) which has the integrability property
must conversely be a spectral set. Later Pedersen [16, Theorem 3.2] removed the extra condition

from this converse result. Fuglede observed that a converse result does not generally hold for

non-connected sets €.



This paper studies spectral sets. These sets form a very restrictive class of sets in R". For
example, neither a circular disk nor a triangle can be a spectral set ([3]). Fuglede proved that
if  is a fundamental domain of a lattice L, then €2 is a spectral set, with spectrum A = L*,

the dual lattice to L, which is
L*=A{vy:y-AeZforall Ae L} . (1.1)

However, not all spectral sets are fundamental domains of a lattice. For example, the discon-
nected set Q = [0,1]U [2, 3] is a spectral set with spectrum A = Z 4 {0, 1}.

Fuglede [3, p. 119] conjectured that a set € with finite measure 0 < u(2) < oo is a spectral
set if and only if it is a direct summand, which he defined to be a set that tiles R™ with measure-
disjoint translates up to a measure zero set. Let €1 ~ €5 mean that £; and €, differ in a set
of measure zero. We state this conjecture as:

Spectral Set Conjecture. A set Q in R™ having finite Lebesgue measure 0 < p(2) < oo is a
spectral set if and only if Q tiles R™ by translation, i.e. R" is the disjoint union (up to sets of
measure zero)

R"2 Q48 =Uses(Q+5s) (1.2)

in which S is a discrete set called a tile set.

Extensive studies have been made of spectral sets,? mainly by Fuglede [3], Jorgensen [7],
Jorgensen and Pedersen ([9], [10]) and Pedersen ([17], [18]). However the spectral set conjecture
has not been resolved in either direction in any dimension, even dimension n = 1. In fact it has
not even been resolved for all sets Q = [0, 1] + B where B C Z is a finite set.

This paper studies the spectral set property for bounded sets €2 of positive measure which
tile R™ with a rational periodic tile set. A tile set S is periodic if there is a (full-rank) lattice
L in R"™ such that

S=L+{ay,...,an},
and it is rationalif in addition all coset differences a; — a; are commensurate with the lattice L,
i.e. there exists an integer N such that N(a; — a;) € L for all 4, j. By an affine transformation

we can always reduce a rational periodic tile set to the case that L = Z™ and

S=Z"+ A, (1.3)

2Petersen [17, p. 125] uses a more general definition of spectral set that includes certain sets © of infinite
Lebesgue measure. His definition agrees with the one here finite measure case [17, Corollary 1.11].



with A := {ay,...,a,} C N%Z X N%ZZ X +ee X NLTLZ’ for positive integers Ny, No, ..., N,. We

assume that the cosets of Z" given by A are all distinct, that is
(A-A)NZ"={0}. (1.4)

This paper makes the observation that certain tiling sets S given by (1.3) possess a universal
spectrum A = As. A universal spectrum for § is a set A that is a spectrum simultaneously for
all bounded sets €2 that tile R with tiling set §. The result of Fuglede [3, p. 113] stated in (1.1)
above is such a result, in that it says that if § = L is a lattice, then the dual lattice L* is a
universal spectrum for §. We consider as candidates for universal spectra rational periodic sets
in Z™, namely

A:N1ZX]V2ZX"'XNnZ—|—{")/1,72,...,")/S}. (15)

in which I' ={v1,...,7} CZ" has (' = ') N (N1Z x --- x N, Z) = {0}.

We give a necessary and sufficient condition for a given rational periodic set A to be a
universal spectrum for the tile set §. This condition involves factorizations of the finite abelian
group G = Zn, X -+ X Zpn, . A factorization of a finite abelian group G, written G = A @ B, is

one in which every ¢ € (G has a unique representation
g=a+b, withac A, be B. (1.6)

In what follows, we identify G = Zy, X - -+ X Zy;, with the set N%Z X eee X N%l Z (mod Z")
viewed as a subgroup of the n-torus T = R"/Z".

Definition 1.1. For A C N%Z X e X NLHZ, define Comp (A) to be the collection of all sets

1 1
= by, by —Z - Z )", 1.
B= b b} € (2% % 2] n0,1) (17)

such that A := A (mod Z") and B := B (mod Z") yield a factorization

1 1
AGB=17 X Ty = —Zx ... ANVAD 1.8
® Ny XX Zn, (M X XMLw (1.8)

Such sets B are called complementing sets for A in Zn, x ... X Zn,,.

In §3 we prove the following criterion for a universal spectrum.



Theorem 1.1. Let S = Z" + A with

1 1
= ey} € —Z X x —7Z . 1.
‘/4 {a17 7a }— Nl X X Nn ( 9)

Then a set A = (N1Z X -+ X N,Z) + 1" with I' C Z" is a spectrum for all bounded sets Q that

tile R™ with tile set S if and only if A is a spectrum for each of the sets

1 1
Qp = [0, Vl] X oo X [0, N—n] + 8B, Be Comp (A). (1.10)

Since Comp(.A) is finite, this result yields an algorithm to test whether a given set A as
above is a universal spectrum for &, using Theorem 2.3 in §2, which gives a Fourier-analytic
criterion to check if €25 has A as a spectrum.

Which tiling sets § have universal spectra? As far as we know at present, the following

could be true.

Universal Spectrum Conjecture. Let S : = Z" + A, where A C N%Z X e X NLTLZ such that
A=A (mod Z") admits some factorization A@B = Zn, X ---x Zn, . Then S has a universal
spectrum A of the form N1\Z X NoZ X --- X N,Z + 1T, with ' C Z".

For any given set S, this conjecture is checkable in a finite number of operations using
Theorem 1.1 and Corollary 2.3a.

There is currently little evidence supporting this conjecture in dimensions n > 2, and it is
open even in dimension 1. In this paper we exhibit many one-dimensional tiling sets S that
have universal spectra. We verify the universal spectrum conjecture in many specific cases using
Theorem 1.1 together with known results about the structure of factorizations of finite abelian
groups G.

Factorizations of abelian groups have been extensively studied, see the discussion in §4 and
the paper of Tijdeman [22]. Given a factorization A @ B = G of an abelian group G, we call A

and B complementing sets, and we say that B is an A-complement (mod G).

Definition 1.2. Let G = Zy be a finite cyclic group. Call a subset A C G eligible if there
exists A={ay,...,an} CZ with 0 € A and ged (ay, ..., an,) = 1, such that A:= A (mod N ).
An eligible set A has the strong Tijdeman property if there is a proper subgroup H ; G such
that if B satisfies A B =G and 0 € B, then B C H. Equivalently, there is some prime p| | A|
such that if B C Z with 0 € B and B := B (mod N ), then p|B.



Definition 1.3. A group G = Zy has the strong Tijdeman property if all eligible A C G have

the strong Tijdeman property.

The strong Tijdeman property is hereditary in the sense that if G' has this property, so does

any subgroup of GG. (Lemma 4.1). We prove:

Theorem 1.2. If the cyclic group Zyn has the strong Tijdeman property, then any tile set
S=7Z+ %A with A C Z has a universal spectrum A = NZ + " for some I' C Z.

We show that all cyclic groups that are good in the sense of Hajés [5] have the strong
Tijdeman property (Theorem 4.1). The complete list of finite abelian groups that are good was
found by Sands [20], cf. Proposition 4.1. The cyclic groups Zx which are good are exactly those
N that divide one of pqrs, p’qr, p*q® or p”q, where p, q, r, s are any distinct primes and n > 1.
Fuglede [3] stated without proof that if B C Z is such that B = B (mod N) is a complementing
set for Zy, and Zy is a good group, then Q = [0,1] 4+ B is a spectral set. This result follows
from Theorems 1.2 and Theorem 4.1.

As far as we know, the following could be true.

Strong Tijdeman Conjecture. Fvery cyclic group Zy has the strong Tijdeman property.

We use results of Sands [19] and Tijdeman [22], which give certain other sets A that have
the strong Tijdeman property, to prove:
Theorem 1.3. Let S = Z + %A, where A C Z is such that A (mod N ) is a complementing

set of Zin. If either |A| or af' is a prime power, then S has a universal spectrum A = NZ + T

with I' C Z.

In the one-dimensional case, it was shown in [15] that every compact set T that tiles R has
a rational periodic tiling. We apply this to show the strong Tijdeman conjecture implies that
all compact sets that tile R are spectral sets (Theorem 5.1).

The approach to finding rational periodic sets that are universal spectra via the strong
Tijdeman property cannot always work in dimensions n > 3. In §4 we give an example of an
abelian group of rank 3 which contains a set A that does not even have the Tijdeman property,
which is a weak version of the strong Tijdeman property.

There is a “dual” approach to the spectral set conjecture, which takes a set A and asks:

Which sets © have A as a spectrum? Jorgensen and Pedersen [8] showed that in order for A to



be a spectrum, it must be uniformly discrete. Fuglede [3, p. 114] showed that if A is a lattice
L, then it is a spectrum of exactly those sets € which are a fundamental domain of its dual
lattice L*. Pedersen [17, Theorem 2] derives necessary and sufficient conditions for a set €2 to
be a spectral set with a given rational periodic set A = Z? 4+ T" as spectrum. These conditions
do not reveal whether or not 2 tiles R™ by translation.

We remark that Fuglede [3, p. 120-121] was certainly aware of relations between rational
periodic spectra and factorizations of abelian groups. He states several results without proof,
which are all proved in this paper, in Theorems 1.2 and 4.1.

The contents of this paper are as follows. In §2 we develop a criterion for a set Q := [0, 1]+ B
with B C Z to have a particular rational periodic set as a spectrum. To do this we use theorems
of [8], [18] which we reprove using Fourier-analytic methods. In §3 we give a structure theorem
for sets €2 that have a rational periodic tiling § in terms of complementing sets of finite abelian
groups, and prove Theorem 1.1. In §4 we survey results on factorizations of finite abelian
groups G and prove that good groups have the strong Tijdeman property. Finally, §5 treats the
one-dimensional case, proves Theorems 1.2 and 1.3, and also proves Theorem 5.1 mentioned

above.
2. Spectral Set Criterion in R”

In this section we let Q@ C R"™ be a Lebesgue measurable set with measure 0 < u(2) < oo;
we do not assume 2 is bounded or that it €2 tiles R™ by translation. We develop a criterion to
decide whether a given set A = Z" + ' with ' C Q is a spectrum for €.

Let yq be the characteristic function of  and let Zg denote the set of real zeros of its

Fourier transform
Zq = {/\ eR": / et = 0} . (2.1)
Q

In order for a set {€2™*% : X € A} to be an orthogonal set in L?(2) we must have
A-ACZyU {0} .

Since Z™ C A — A we certainly need Z™"\{0} C A — A. The following result, due to Jorgensen
and Pedersen ([8], Theorem 6.2), characterizes sets Q with Z"\{0} C ZqU{0}. We give a short

Fourier-analytic proof, different from that in [8].



Recall that a fundamental domain of a lattice L is a set D such that User,(D + £) tiles
R"™ almost everywhere, i.e. D is a measurable set such that the mapping 7, : R* — R"/L
restricted to the domain D is one-to-one almost everywhere and is onto except for a measure

zero set.

Theorem 2.1. Let Q C R™ be a Lebesgue measurable set with measure 0 < p(2) < oo, and
suppose that Z"\{0} C Zg. Then there exist fundamental domains Dy, ..., D,, of the lattice
Z" such that

Q=D,UDyU---UD, (2.2)

where pu(D; N D;) =0 for all © # j. In particular, () = m is a positive integer.
Proof. Let T" = R"/Z"™ be the n-dimensional torus and 7, : R® — T" be the canonical
covering map. We prove that € is an m-fold covering of T" under 7, (almost everywhere) for

some positive integer m. ;From the assumption,

/ 627rilc~zd;r _ / U(Z)eQWik-de -0
Q n

for all k € Z™"\{0}, where o(z) := UyEng(Z)XQ(y). But {eg : k € Z"} is total in L?(T™). Hence
o(z) = a almost everywhere for some nonzero constant a. Since yq(y) is integer-valued, we
must have o« = m for some positive integer m. Therefore 2 is an m-fold covering of T™ under
T

To construct the D;, put the lexicographic total indexing on R”, order the preimages of
each point # € T" using this ordering, and assign the j-th point in this ordering (when it exists)

to D;. We omit details showing that the D; are measurable. O

Does €2 tile R™ by translation? Theorem 2.1 shows that €2 gives at least a multiple tiling of
R™ with multiplicity m, using the tile set Z".

The following result was originally obtained by Pedersen [18]; we give an independent proof.

Theorem 2.2. Let Q@ C R” be such that 0 < p(2) < co. Let I' C R™ be a finite set with
(0 = T)NZ" = {0}, and suppose that {ex : X € Z" + '} is orthogonal in L*(Q). Then
(Q,Z" 4+ 1) is a spectral pair if and only if |I'| = u(9).

Proof. Suppose that (2,Z" 4 I') is a spectral pair. Then the set Z" 4+ [ is both a set of



sampling and a set of interpolation for B(Q) := {f(\) : f € L*()}. Theorems 3 and 4 of
Landau [16] together imply that p(2) = |I'|, because |I'| is the asymptotic density of Z" + I'.
We now prove the converse: if |I'| = p(2) then (2, Z" + 1) is a spectral pair. We need only
show that {e) : A € Z" + I'} is total in L?(9).
Again we let 7, : R" — T" denote the canonical covering map from R” to the torus
T" = R"/Z". Let I' = {y1,...,%m}. Since {e) : XA € Z" + T'} is orthogonal in L%(), for any
Ye # 7v; we have xq(v; —vi+ k) =0 for all k € Z". So

XQ (P)/] - M + k) = / 627”(7] _'Yl+k)'xd$ — / 77(2)627”76.2(12 — 0
Q n

for all k € Z", where
1= X raemor.

ey ()

It follows from the totalness of {ey : & € Z"} in L*(T") that

n(z) = Z xa(y)em v = ¢ (2.3)
yemy ' (2)

Since Z"\{0} C Zgq, it follows from Theorem 2.1 that € is the disjoint union (up to sets of
zero measure) of m fundamental domains of the lattice Z", say 2 = UL, Dj. The projection
map 7, : D; = T" is one-to-one and onto, and we let o; : T" — D, denote its inverse, so that
T, 0 0; = identity. Then we may rewrite (2.3) as

Z 2mi( - (2) = 0, for almost all z € T" . (2.4)
Now, for any f(z) € L%(2) we define v¢(z) € L?(T™)™ by

vf(2) = [F(01(2)), s flom())] . (2.5)

Then f+ vy defines a linear map from L?(Q2) to L?(T™)™ which is one-to-one and onto. Let

H;() be the subspace of L*() defined as follows:

Hj(Q)::{ E ayey :a) € C, E |a>\|2<oo}.

uj(2) = [0 rrom@T (2.6)



Claim. lLet g(z) € L*(Q). Then g(z) € H;(Q) if and only if v,(z) = h(z)u;(z) for some
h(z) € L*(T™).
Proof of Claim. Suppose that g(z) € H;(€2). Then
g(m) _ Z akeQWi(’Y]+k)~x — 2y E ak627‘rik~m '
kezn keZn
Let h(z) = Y pezn axe?™ ¥ where y is any element in 7;!(z). Then for any z € T" and
1<l<m,

g(o1(2)) = ¥ ) 37 qpetmRl) = 2 iGIp(z)
keZn

Hence v, (z) = h(2)u;(2).

Conversely, suppose that v,(z) = h(z)u;(z) for some h(z) € L*(T™). Then we have h(z) =
Y kezn aker(z). Let z € Q. Then 2 = oy(2) for some z € T” and some 1 < [ < m. So
h(2) = Y rezn axe*™ . Thus

9(2) = g(or(2)) = 77 Oh(z) = 37 age?m 0w
keZn

Hence g(z) € H;(?). This completes the proof of the claim.

We now prove the totalness of {e) : A € I'+ Z"} by establishing that

LA(Q) = Hi(Q) + -+ H, () .

Let A(2) be the m x m matrix with its entries a;;(z) = €2™%7(2)_ It follows from (2.4) that

AA* = A*A = ml, where A* = AT. Now for any given f(z) € L%(Q), let

fi(z) h1(z) . fi(z)
w@=] ¢ |oamd | 0 |=Lag|
fm (2) i (2) fm(2)
Then h;(z) € L*(T?) for all j and A*(2)[h1(2), .. .,hm(z)]T =[fi(z),.. .,fm(z)]T. So
f:emwj.al(z)hj(z) = fi(2) . (2.7)

Now, for each 1 < j < m let g;(z) € L*(Q) satisfy
03, (2) = [0 MOy (), ., et O (2]

10



Then gj(x) € H;(%). Morcover, vy = vy, + - -+ v,,., hence f(z) = g1(z) + -+ + gy (). This

completes the proof. O

We now study sets Q := [0, 1]" 4+ B with B C Z". We associate to B the function

Fs(N) = Z p2mib A _ E e2mi(AbittAnbn) (2.8)

beB b=(b1,+bn)EB

Its Fourier zero set is:

Z(fg) ={r e R": fg(A) =0} . (2.9)
The set Z(fg) is periodic (mod Z™).
Theorem 2.3. Let Q = [0,1]"+ B, where B C Z" is a finite set. Suppose that ' C N%Z X - X
NLHZ is a set of distinct residue classes (mod Z"), i.e. (I' =T')NZ" ={0}. Then A=272"+7T

is a spectrum for Q if and only if |I'| = |B| and
I'-TCZ(fz)u{o}. (2.10)

Proof. We have

/62w2A~zdx — ZeQWZ)vb/ 627r2/\~a;d;r
Q [0,1]”

beB
= fs(\) /[071]71 AN g, (2.11)
<. Suppose that |I'| = |B] and (2.10) holds. Given X;, A; € A, set \; = m; + ; with m; € Z"
and v; € A, and similarly set A; = m; + ;. If \; # A;, (2.11) gives

/eQﬂi()\i—)\])~l‘ _ fB(Az_A])/ e?wi()\i—/\j)-zdx
Q

(01"

= fe(vi— ) / iy tmi=ms) e gy
[01]"
— 0,

since either v; # v; and fg(y; — ;) = 0 by (2.10), or else y; = v; and m; — m; € Z"™ — {0}, so
the integral over [0,1]" is 0. Thus {e) : A € A} is an orthogonal set. Since |I'| = |B| = u(£),

Theorem 2.2 shows that A is a spectrum for €2.

=. Suppose that A is a spectrum for B. Then {e* : A € A} is orthogonal, and Theorem 2.2
shows that |A| = () = |B|. Now orthogonality for A; # A; and (2.11) together give

0= [ NI = [y xy) [ A
Q [0,1]"

11



To obtain I' = I' C Z(fg) U {0} it suffices to show that if v,7" € I' with v # +/, then

/ M=)y £ (2.12)
[0,1]"

Now we may choose coset representatives (mod Z™) so that all v = (y1,...,7,) € A have
—% << %, hence p := v — 7' has coordinates —1 < p; < 1. Now
. n 1 .
/ 62772;L~xd$ — H(/ eQ‘M;L]x]dmj).
[0,1]" j=1 70
Each one-dimensional integral

1 if p; =0,

1
27ri,ujx]d L 1 .
/e TITY (e 1) if ;£ 0
0 { 271_2”] (e ) 1 Iu] # 3

and since —1 < p; < 1 this is never zero, so (2.12) follows. O

For later applications, we rescale this result by sending z; — NLmi, to obtain:

Corollary 2.3. et Q = [O,N%] X - x [0, N%l] + B, where B C N%Z X eee X NLHZ is a finite
set. Suppose that I' C Z"™ is a set of distinct residue classes (mod N1Z X --- x N,Z), i.e.
(=T)N(NZ x---x N,Z) ={0}. Then A = (N1Z x --- x N,Z) + I is a spectrum for Q if
and only if |I'| = |B| and

I —T C Z(f5) U {0}.

Note that in this corollary the function fg(X) is periodic with period N;Z X --- x N, Z.

3. Structure Theorem for Tiles

In this section we assume that €2 is a bounded Lebesgue measurable set with measure
0 < u(2) < oo that tiles R™ with a rational periodic tile set . We characterize those sets
that tile with a given & and apply this to prove Theorem 1.1.
iR ™nye write
b =(mod Z")
to mean that b—b e Z" and 0 < b; < 1. Ifbe ! N—1Z><--->< Ninz,then so is b, and we view b as
an element of the finite abelian group Zy, X --- X Zy, in the torus R"/Z".

The following structure theorem is a weak n-dimensional analogue of Theorem 1.3 in [15].

12



Theorem 3.1. Suppose that a bounded measurable set € tiles R™ with the rational periodic
tile set S = Z" + A, where A C N%Z X - X NLHZ with integers N; and (A — A) N Z" = {0}.

Then €2 has a finite partition, up to a set of measure zero, of the form

Q= LJJ QB + B;) (3.1)

=1
satisfying the condition:
(i). Fach B; C N%Z X e X NLTLZ is a set of cardinality %
ii). The sets A:= A (mod Z") and each B; := B; (mod Z") yield a group factorization
J J

A@B]‘:Zle---XZNn. (3.2)
(iii). The sets QBJ are measurable and satisfy

J
]L:Jl Qp, = [O,E] X [O,E] xox (0,41, (3.3)

up to a set of measure zero.

This partition is unique up to measure zero sets.

Proof. For each z € [0, N%] X - x [0, §-], set
{bG—ZX xiz:x+beﬂ}. (3.4)
Ny,

Because © is bounded, there are only finitely many possible such sets B that satisfy B = B(z)

for some z. Define

Q5= {z € 0, Nil] X ox [0, Nin] : B(z) = B). (3.5)
Each Qg is measurable, since
U Qe = (0.5 % - x gD U (U @- 1),

from which Qg is extracted by inclusion-exclusion.
We discard all sets Q3 of measure zero, and retain the rest, which by construction gives the

partition (3.1). Property (iii) holds by definition.

13



The tiling of R™ by  yields a measure-disjoint partition

R = Q+A4+Z"
J

(s, + B, + A+ 2Z") .
=1

J

Since
B+ A+ Z" C 1Z>< X 1Z
I - N N, "’
we have
J J
(O, +B; + A+ 2" C | Js, + (nZx - x —2)
]:1 J J - ]:1 J Nl ‘]VTL
1 1 1 1
— 1% il ST 7
(0.1 x 03 D+ (2% x -2)
= R", (3.6)

Both sides of (3.6) are measure-disjoint partitions of R”, hence B; + A+ Z" = N%Z XX NLHZ7
and it follows that

AEBB]':Zle---XZNn,

which is (ii). Finally |B;| = |B;| = N1|;1'|N“ = Nlpd\f“, proving (i).
The steps of this construction are reversible, to prove that there is a unique partition (3.1)

satisfying (i)—(iii), up to sets of measure zero. O

Various examples of sets €2 having rational periodic tilings arise from self-affine construc-
tions, see [4], [14] and [22].

We now combine Theorem 3.1 with Theorem 2.3 to prove Theorem 1.1.

Proof of Theorem 1.1. = Suppose that A is a universal spectrum for §. Each set {23 given
by (1.10) tiles R™ using tile set S. For (1.7) yields the partition

1 1

U(QB—I—s):([O,F]x---x[O,

1 DAL B =R,
SES n

up to measure zero sets. Thus A is a spectrum for 5.

< We are given a set A = NiZ X -+ X N,Z 4+ T with I' = {yq,...,7s} C Z™, which is a
spectrum for all sets

Q= [0,—] x --
5=005 N,
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where B satisfies (1.7) and (1.8). Now let  tile R™ with the tile set S = Z" 4+ A. It suffices to
prove that {e) : A € A} is an orthogonal set, for Theorem 2.2 then applies to show that A is a
spectrum for €.

Now the partition of € given by Theorem 3.1 gives, for A\, A € A,
J

Q2T N T g / Q2T g
/Q ]2231 Q48
7 o
= 3 i (A - ) / TN e gy (3.7)
i=1 &

Define B¥ C [0,1]" N (N%Z X oo X NLHZ) by By := B; (mod Z"). Then B} satisfies (1.7) and
(1.8), so A is a spectrum of QB]* by hypothesis. Write A = m + v and X = m/ + +' with
m',m € N1Z X ---x N,Z and v,7" € I'. Since A — X' € Z" we have

fo;(A=X) = fe: (A= X) = fa: (v = 7)) -

If v # 7', Theorem 2.3 gives fgj*( ) =0, hence all f5,(A—=X) =0in (3.7), so that

-7
/ 27r2)\/\$d$:0‘
N

If v =4/, then s (v—=7") = 1B = a7+ In this case, substituting (3.3) in (3.7) yields

/ezm(/\—/\’)a:dm _ N e2miltm=myrg. —
) |A[ Jo, -1x-x[0, 2]

since m —m’ € (N1Z x --- x N,Z)\{0}. This establishes the orthogonality of {ey : A € A}. O

4. Factorizations of Finite Abelian Groups

To apply Theorem 1.1 to obtain universal spectra we need to know properties of factoriza-
tions of finite abelian groups.

Let G be an abelian group and let A, B C G. We call the sum A+ B a direct sum if all a+b
with @« € A and b € B are distinct. We denote a direct sum by A@® B. We call any A B=G
a factorization of GG, and we say that A (or B) is a complementing set (mod () and that B is
an A-complement (mod G).

The rank of a finite abelian group (G is the minimal n > 1 such that G is a quotient group
of Z™. The complexity of the set of factorizations of G' grows with the number of prime factors

in |G|, and with its rank.
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The structure of complementing sets is well-understood for a special class of groups, called
good groups by Hajos [5]. A subset A of G is periodic if there exists g € G with g # 0 such
that g+ A = A. A group G is good if for every factorization A @& B = (G, at least one of A
and B is periodic. Subgroups of good groups are good, and a complete structure theory for
factorizations of good groups is obtained by induction on the order of G. de Bruijn [1] asked
if all groups are good, and Hajés [5] found a counterexample. Later de Bruijn [2] showed that

the group Zr; is not good, using the factorization®
A =1{0,8,16,18,26,34}, B={0,5,6,9,12,29,33,36,42,48,53,57} .

Sands [19], [20] determined the complete set of finite abelian groups which are good.

Proposition 4.1. (Sands) A finite abelian group is good if and only if it is contained in a group
of one of the following types: (p,2,2,2,2), (p,q,7,5), (p,¢,2,2), (v*,2,2,2), (p°,4,7), (»°,2,2),
(p,2%2), (p,3,3), (P™,q), (P*, ¢%), (32,3),(27,2), (22,2?) and (p, p), where p,q,r,s are distinct

primes and p may equal 2.

In particular, the good groups that are cyclic are Zy where N divides one of pgrs, p*qr, p*q®
or p"q, where p, g, r, s are any distinct primes. The cyclic group of smallest order which is not
good is Zrs.

A number of weaker structural properties have been studied for factorizations of cyclic
groups. Call a factorization A@ B = G quasiperiodic if either A or B, say B, can be partitioned
into disjoint subsets By,..., B,, with m > 1 such that there is a subgroup H = {hy,..., A}
of G with

A+B =A+Bi+h.

The example of de Bruijn above is quasiperiodic, with H = {0,36} where B is partitioned as:
By ={0,6,9,12,33,57}, B, = {5,29,36,42,48,53} .

Call a group G quasiperiodic if all factorizations of G are quasiperiodic.

Quasiperiodicity Conjecture. (Hajés [5]) All finite abelian groups G are quasiperiodic.

For cyclic groups de Bruijn [2] obtained some partial results on this question.

3We have applied a translation to de Bruijn’s second set to make 0 € B.
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Tijdeman [22] has studied a somewhat stronger property that a factor A of a cyclic group
G = Zy may have. Call a subset A of a cyclic group Zy primitive if 0 € A and thereis A C Z
with A ={ay,...,a,} having ged (a;) =1 and A := A (mod N).

Definition 4.1. A primitive complementing set A C Zy has the Tijdeman property if for each
B C Zy such that A@ B = Zy and 0 € B, there is a subgroup H ; G such that B C H.
Fquivalently, if B = {0,bq,...,b,}, there is a prime p| |A| such that p|b; for alli, and B C Z ~ .
We say that A has the strong Tijdeman property if the subgroup H can be chosen to depe:zd
only on A, i.e. it can be taken the same for all complements B with 0 € B.

Tijdeman [22] gives examples showing that the subgroup H of Zx cannot be chosen inde-
pendent of A.
Definition 4.2. A finite cyclic group G' = Zy has the Tijdeman property (resp. strong Tijde-
man property) if every eligible complementing set A has the Tijdeman property (resp. strong
Tijdeman property).

Tijdeman [22] shows that if a group G and all its subgroups have the Tijdeman property,

then G is quasiperiodic.
Conjecture. (Tijdeman) Fvery finite cyclic group G' has the Tijdeman property.

In order to construct universal spectra we need to use the uniformity condition embodied
in the strong Tijdeman property. We proceed to show that all good groups have the strong
Tijdeman property.

Lemma 4.1. If a finite cyclic group G has the strong Tijdeman property, then every subgroup
of G has the strong Tijdeman property.

Proof. We argue by contradiction. Let G = Zy, and suppose there exists d|N such that Z,
does not have the strong Tijdeman property. Then there exists a set A C Z with 0 € A and
ged {a € A} =1, such that A := A (mod d) has |A| = |A], and there are complementing sets
A® B; = Z,, with B; C Z such that 0 € B; and B; := B; (mod N) for 1 < j < k, such that

no prime factor p of |A| divides all elements of B;. Let N = md and define
C;=B;2{0,d,....,(m—1)d} CZ, 1<j<k.
Then (A, C;) is a complementing pair (mod N) for 1 < j < k, and no prime factor p| |A| divides
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all elements of all C;. This contradicts Zy having the strong Tijdeman property. O

Theorem 4.1. Let G be a finite cyclic group which is a good group. Then G has the strong
Tijdeman property.

Proof. Let G = Zy. We prove the result by induction on d(/N), the number of divisors of N.
The base case is d(N) = 2, where N = p is prime, and the hypothesis is trivially true.

Assume that the induction hypothesis is true if d(N) < k. Now let d(N) = k and assume
that Zy is good. Let A be a complementing set (mod N) such that 0 € A and ged (a:a € A) =
1. We prove that there exists a prime factor p of |A| such that p|B for all A-complementing
sets B with 0 € B.

Suppose first that A is periodic, i.e. A+ g = A (mod N), with ¢ # 0 (mod N). Since any
multiple mg of ¢ also makes A periodic, i.e. A+ mg = A, we may without loss of generality

take g to be a (proper) factor of N. Then there exists A; C Z with 0 € A; and
A={0,9,29,...,N—g} & Ay (mod N) . (4.1)

For any A-complementing set B (mod N) with 0 € B, the set (A;,B) (mod g¢) is a comple-
menting pair for Z,. Set

fi=ged(a:a € A).

Then (f1,9) = 1, otherwise we contradict ged (¢ : ¢ € A) = 1. Thus (fl—lAl,B) (mod g) is
also a complementing pair for Z,, hence leAl (mod g) is a complementing set for Z,. Since
d(g) < k, the induction hypothesis gives a prime factor p of |A;|, and hence of |A|, such that
p|B for every A-complementing set B (mod ¢) with 0 € B.

Suppose next that A is not periodic, and that |A| is a prime power. Then the strong
Tijdeman property for A follows from a result of Tijdeman [22, Theorem 3].

Suppose now that A is not periodic, and that |A| has at least two distinct prime factors.
Since Zy is a good group, if B is an A-complementing set (mod N) with 0 € B then B is

periodic. Since |A| [N, N has at least two prime factors. We have the following cases.
Case 1. N = p*q with k > 2, and |A| = p°q with 1 < e < k.

Write B4 ¢ = B (mod N), with g|N and g # N. Then g is a multiple of |A], hence g = p’q
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with e < £ < k. Set g* = p*~!¢q, and then for all B, we have B + g* = B (mod N). As above,
B={0,¢",2¢9",...,.N—g"} & By (mod N)

for some set By C Z with 0 € By, such that (A, B;) is a complementing pair (mod ¢*). Since
d(g*) < k, the induction hypothesis says there exists a prime factor ¢ of |A| independent of By,
that divides By. Now ¢ is either p or ¢, and since pg|g*, we obtain ¢|B. Thus the induction step
holds.

Case 2. N = p*¢* and | A| = pgd with d = 1,p or q.

Write B+ ¢g = B (mod N) with ¢

N and g # N, and note that g is a multiple of |A]. If
d = p or ¢, then g = | A, hence B (mod N) can only be the subgroup of Zy of order ¢ or p,
respectively. So in this case, pg|B.

The hard case is d = 1 where |A| = pg. All complementing sets B have |B| = pg and fall
into three classes, according to whether their minimal period ¢ dividing p?¢? is g = pq, p*q or
pg*. (The periods of B form a subgroup of Zy, so if p’q and pg* are both periods, then so is
pq). If ¢ = pq then B+ pg = B (mod N) implies that B is the subgroup of Zy of order pq,
hence pg|B. In the remainder of the proof we show that for at least one of the classes g = pg?
and g = pg® all B have pq|B, while all B in the other class have t|B for t = p or ¢q. This then
implies that ¢|B for all complementing sets B.

Consider first the case ¢ = p?¢q. Then there exists a set B; C Z with 0 € By such that
B={0,p*¢,...,(¢ = )p’q} & Bi (mod N), (4.2)

and (A, B;) is a complementing pair (mod p?q) with |B;| = p. If A is not periodic (mod p?q)
then the argument of Case 1 applies to (A, By) to show that

By ={0,pq,2pq,...,(p—1)pg} (mod p*q) .

Thus pg|Bi, so that pq|B, for all B having g = p?q. If A is periodic (mod p?q) then, since
d(p*q) < k, we apply the induction hypothesis to conclude there is a prime #;|B;, independent
of the complementing set By (mod p?q) to A, with ¢; = p or q. Now (4.2) gives #1|B in this

case, for all B having ¢ = p?q. If ¢ = pg® an identical argument says that if A is not periodic
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(mod pg?) then pq|B, while if A is periodic (mod pg?) then there exists a t5 = p or ¢ such that
to| B for all B having g = pg¢?.

There remains an exceptional case, in which A is periodic both (mod p?q) and (mod pg?).
We show that this case never occurs. We argue by contradiction. Suppose A were periodic
(mod p2?q). Then A+ ¢’ = A (mod p?q), with ¢'|p?q and | A| = pq divides ¢, so ¢’ = pq. Then
(4.1) gives

A={0,pq, ..., (0= V)pg} & A" (mod pq) .
It follows that the number of elements @ € A with ¢« = 0 (mod pq) is a multiple of p. If A
were also periodic (mod pg?) a similar argument shows that the number of elements of A with
a = 0 (mod pgq) is a multiple of ¢. This number is thus a multiple of pg, and since 0 € A and
|A| = pq, we conclude all elements of A have a = 0 (mod pg). This forces

A={0,pq,2pq, ..., (pg — 1)pg} (mod p*¢*)
hence A+ pg = A (mod N), contradicting the hypothesis that A is not periodic (mod N).

Case 3. N = pqr,p*qr or pqrs.

The arguments are similar to case 2. As one example: N = p*qr and |A| = ¢r. If B4+g =B
(mod N) with g = gr then B is necessarily the subgroup of N of order p?, hence ¢r|B; if g = pqr
then

B={0,pqr,...,(p—1)pgr} & B1 (mod N)
hence any prime ¢|B; has ¢|B, and the induction hypothesis gives ¢|By for all By, for some t = ¢

or r.

These cases are exhaustive, and the induction step follows. O

For finite abelian groups G of rank n, with n large, there are many “exotic” factorizations.
In particular, a natural analogue of the Tijdeman property is not valid for rank n > 3. For
example, consider the factorization A ® B = (Z4)® with A = {0,1}®> = {(0,0,0),...,(1,1,1)}
and

B =4{(0,0,0), (2,0,1), (1,2,0), (0,1,2), (2,0,3), (3,2,0), (0,3,2), 2,2,2)},

which appears in Table I of [13]. In this example both A and B generate (Z4)>, so neither A

nor B are contained in a proper subgroup H of (Z4)>.
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5. One-Dimensional Case

We establish the existence of universal spectra for certain one-dimensional tile sets § =

Z + %A with A C Z, by establishing the strong Tijdeman property.

Proof of Theorem 1.2. Since translating A C Z does not affect the result, we assume without
loss of generality that 0 € A. Set A :=.A (mod N), and by hypothesis |A| = | A].

Theorem 1.1 says that A = NZ + " with |['| = af' is a universal spectrum for § = Z + %A
if and only if A is a spectrum for all sets Q = [0, %] + %B with B € 0,1,2,..., N — 1, such
that 0 € B and A&® B = Zy, where B := B (mod N). In particular a necessary and sufficient
condition for the existence of a set €2 that tiles R with tile set § is that B be a complementing

set for Zn. Now Corollary 2.3 states that A is a spectrum for a particular Q if and only if

=T ¢ Z(fs) {0}, (5.1)
where Z(fg) is the real zero set of
s =" NeR. (5.2)
beB

We prove the theorem by induction on d(N), the number of divisors of N (counting 1 and
N as divisors). The base case is d(N) = 2, where N = p is prime, and the only possibilities
are A = {0}, B=1Z,, in which case ' = {0,1,...,p—1}and A=Z, and A=1Z,, B= {0}, in
which case I' = {0} and A = pZ.

Now suppose that the theorem is true for all N with d(N) < k that have the strong Tijdeman

property. We treat two cases, depending on the value of f:=gecd (a:a € A).

Case 1. f and N are relatively prime.

In this case, let A’ := {% ta € A}, If (A, B) is a complementing pair (mod N), then so is
(A, B), by [21, Theorem 1]. Thus without loss of generality we may suppose that f = 1. Thus
A is eligible, so the strong Tijdeman property applies to give a prime p| |A| such that p|B for
every A-complementing set B (mod N) with 0 € B. Set C = {a € A:a =0 (mod p)} and
C'={{ : ¢ € C}. Then for each A-complementing set B (mod N) with 0 € B, let B’ = %B
and observe that (C’, B') is a complementing pair ( mod %) Now let N/ = %, and observe that

Zn+ has the strong Tijdeman property by Lemma 4.1. Since d(%) < k, there exists a universal
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spectrum A’ = %Z—I—F’ for the tile set Z+ 5C’, which has || = % and (I"=T1")N %Z = {0}.

Observe that %B’ = LB, hence Corollary 2.3 applied to €' = [0, %] + %B’ gives
-1 C Z(f%zs/) U0} = Z(f15) U{0}, (5.3)
and this holds for all .A-complementing sets B (mod N) with 0 € B. We claim that
A:=NZ+1'

is a spectrum for all B above. This follows immediately from (5.3), by Corollary 2.3 applied
to Q = [0, %] + %B. Thus A is a universal spectrum for the tile set Z + %A, completing the

induction step.

Case 2. f and N are not relatively prime.

In this case, let p be a prime dividing both f and N. Suppose that B is an .A-complementing
set (mod N). Then B (mod p) contains the same number of elements in each residue class

(mod p). For 0 < j <p—1set
. b—j
B;i={beB:b=j (mod p), Cj:{T;bGBj}_

Then (}%A,Cj) is a complementing pair (mod N') where N’ = % for 0 < 7 < p—1. In particular
%A is a complementing set (mod N'), and d(N’) < k. The induction hypothesis applies to give

a universal spectrum for the tile set Z + %(%A) =Z7Z+ ﬁfl of the form A = N'Z + I’ with

I" C Z, having |I’| = % and (I’ = 1") N 8 Z = {0}. But A=ZZ+ 1" = NZ 4 I where

17\7 17\7 A]V
D=T'g {0,222 ... (p— 1)~} .
p p p

This proves the hypothesis for d(N) = k, completing the induction step. O

Proof of Theorem 1.3. We treat the cases where | A| and af' are prime powers separately. By
Theorem 1.1 and Corollary 2.3 it suffices to show that there exists A = NZ+1" with |['| = N/|A|
and (I' = I') N NZ = {0} such that

LT C2(fy5) U {0) (5.4
for all A-complementing sets B (mod N) with 0 € B.
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(i). Suppose |A| = ¢°, where ¢ is prime. We proceed by induction on the number of divisors
d(N) of N. If d(N) = 2 then N is a prime, and the result is true since Zy is a good group
(Theorems 1.2 and 4.1).

For the induction step, suppose that a universal spectrum as above exists whenever we have
d(N) < k, and let d(N) = k. We use an argument similar to that of Theorem 1.2, treating two

cases according to the value of f =ged (a:a € A).

Case 1. f and N are relatively prime.

We reduce to the case f =1 by noting that (A, B) is a complementing set (mod N) if and
only if (%A, B) is a complementing set (mod N), according to Tijdeman [22, Theorem 1]. Now
[22, Theorem 3] states that if |A| = ¢° and then ¢|B for all A-complementing sets B (mod N)
with 0 € B, which is the strong Tijdeman property. This case is now handled exactly as in
Case 1 of the proof of Theorem 1.2. There is a complementing pair (C’, %B) (mod %) with
C' = {% ta € Awith a =0 (mod ¢)}, and any universal spectrum A’ = %Z + I for the tile set
Z + %C lifts to a universal spectrum I' = NZ + I for A.

Case 2. f and N are not relatively prime.

Let p be a prime factor of both f and N. Then any .A-complementing set B (mod p) contains
equal numbers of elements in each residue class (mod p). Set B; = {b € B: b= j (mod p)}
and C; = {b%] :b € B;}. Then (%A,C}) is a complementing pair (mod %) for0<j<p-—1,
and |%A| =4, and d(%) < k, so the induction hypothesis now applies to %A. This case is now
completed identically to Case 2 in the proof of Theorem 1.2.

These cases are exhaustive, so the induction is complete.

(ii). Suppose that af' = ¢° for a prime ¢. We prove the result by induction on the number
of divisors d(N), with the base case d(/N) = 2 being immediate.
Assume the universal spectrum exists when d(N) < k, and suppose that d(N) = k. We

again treat two cases.

Case 1. A is periodic (mod N ).

There exists a proper divisor g of N such that A+ g =4 (mod N), therefore there exists
Ay C Z such that
‘AE {0797297---747\7—9}@/41 (mod N) .
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Let B be any A-complementing set (mod N). Then B is also an .A;-complementing set ( mod g).
Since %|A1| = |A|, we have |¢i]—1| = af' = ¢°, and d(g) < k, so the induction hypothesis applies

e

to give a universal spectrum A’ = gZ + I" for the tile set Z + éAl with |IV| = |¢i]—1| = ¢° and

I —T' C Z(fi,) U{0} .

We take A = NZ+T with I' = I, and observe that (5.4) holds, hence A is a universal spectrum
for the tile set Z + %A.

Case 2. A is not periodic (mod N ).

If B is any A-complementing set (mod N) then Sands [18, Theorem 2] proved that B must
be periodic. Thus there exists a proper factor g of N such that B+ g = B (mod N). Now any
multiple ¢* of ¢ is a period, and there exists g* = % for some prime p. The elements of B are
then grouped into cycles {b,b+g* b+2¢*,...,b+(p—1)g*} of length p, hence p| |B| = af' = ¢°.
Thus p = ¢, hence g* = % is a period for all A-complementing sets B (mod N). Therefore for

any such B there exists By C Z such that
B={0,9%2¢%...,(¢q—1)g"} & B1 (mod N), (5.5)

hence (A, By) is a complementing pair (mod g*).

= ¢*! and

We now know that A is a complementing set (mod ¢*). Furthermore |~‘j:|
d(g*) < k, so the induction hypothesis applies to give a universal spectrum A’ = ¢*Z + 1" for
the tile set Z + Q%A, where [ C Z is such that [T'| = ¢! and (I" — ') N ¢g*Z = {0}. Thus

T C (] 1s,) U0} (5.6)
for all A-complementing sets By (mod ¢*) containing 0. We claim that A = NZ 4+ ', where
F:qu+{0717"'7q_ 1} )

is a universal spectrum for Z + %A.
Clearly |I'| = ¢|l'| = ¢° = af', and (I'=T)YNNZ = {0}. It remains to show that (5.4) holds

for all A-complementing sets B. Given vy, € I, write
=2 =q(n = 72) + (ma — ma)
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with v/ € I and m; € {0,1,...,¢—1}, so that —¢ < my —mgy < ¢. Now (5.5) and ¢* = % yield

FsO = () £y 00+ (27 = 1900

for some exponential polynomial g()). For A = 41 — 72 € Z the last term vanishes, and using
f15,(¢7) = Fg5,(A), we have

g—1

Frsln =)= (D021 fo s (v - 7).,

=0
because fq 5, is periodic with period %Z. If v # 74, then fas, (v1 — %) =0, while if v{ =~}

and my # mg, then

g—1 g—1
E e2mim—2)/a — E e2rii(mi—ma)/a _ o
j=0 j=0

Thus (5.4) holds, and the induction step is complete. O

Theorem 5.1. If the strong Tijdeman conjecture is true, then all compact sets 2 that tile R

by translation are spectral sets.

Proof. Every such set Q has a rational periodic tiling of R by [15, Theorem 2]. The result

now follows from Theorem 1.2 and the strong Tijdeman conjecture. O
All bounded measurable sets €2 that tile R have a periodic tiling by [12, Theorem 6.1].

Acknowledgment. We are indebted to P. Jorgensen for introducing us to spectral sets and
to the work of Fuglede [3], and to P. Jorgensen and S. Pedersen for discussion concerning this
work. Although we gave an independent proof of Theorem 2.2, we did so only after S. Pedersen
informed us that he had a proof of the result after we posed the question to him. His proof is

given in [18].
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