Computing π

π(x p ≤ x p ≤ xin O(x x)

x log_2 x ≤ x

O( x x )

π(x) ∼ log x x as x

p ≤ x x x)^{− 1} operations. π(x p ≤ x was π(x) ( x)+1 = [x]−

p≤x^{1/2}Σ [ p x ]+ p <q≤x^{1/2}Σ [ pq x ]−

where p and q 6π^{− 2} − x

π(x π^9

π(x x > 10^9 π(x x ≤ 10^8

π(x π(x π^{10} π^{10}

π^{13} π^{13} π(x

≥ c(ε)x^1 O(x^{2/3} O(x^{1/3} π(x π(x x = 4×10^{16}.

π(x O(x^{3/5} O(x^ε O(x^{1/2} and O(x^{1/4} analytic π(x)- algorithms

π(x O(x^{3/5} O(x^ε b ≤ b ≤ 1/ π(x O(x^{− 2b)/5} O(x^b 0.

π(x O x x^ε

O x π(x

π^∗ (x) = pΣ p^m≤x

m=1Σ ′^∞_m^{1 ,}

where p x = p^m prime p m)^{− 1} m^{− 1}

π^∗ (x) = Li(x)−

ρΣ^{Li(xρ ) − +}_x∫ ∞ t(t^2 − t dt

where Li(u

Li(u) = 0 ∫^u_{log t}^{dt} , ρ ζ(s ρ ) > 0. π(x

identity

π^∗ (x) = pΣ p^m≤x

m=1Σ ′^∞_m^{1 =}_{2πi}^1_{(a)}∫_s^{xs log ζ(s) ds}

a a > s = a +it, t ζ(s s) > 1

log ζ(s) = log

pΠ^{− p− s )− 1 =}_pΣ^{− p− s )− 1 =}_pΣ_{m=1}Σ^∞_m^{1 (pm)− s}

2πi 1 (a) ∫_s^{( )s______} ds = 0 1/2 1 n > n = x, n < x, (2.4)

π(x) (for x /∈ Z p ≤ x O(x^{1/2} ±1/ π(x π(x

within ±1/ s = a +it, x^s = x^a log ζ(s

π(x

pΣ_{m=1}Σ^∞_m^{c(pm) =}_{2πi}^1_{(a)}∫^{F(s ζ(s) ds}

where c(u F(s

c(u) = 2πi 1 (a) ∫ F(s)u^{− s}ds

F(s) = 0 ∫^∞ c(u)u^{s − 1} (2.7)

(Here c(u F(s

c_0 (u c_0 (u) = u < x and c_0 (u) = u > x,

F(s) = s^{− 1} x^s c(u c_0 (u parameter y ∈ x c(u) = ≤ u ≤ x− y, c(u) = u ≥ x 0 ≤ c(u) ≤ x− y ≤ u ≤ x x− y,x), c(u F(s) s) π^∗ (x

π^∗ (x)−

pΣ_{m=1}Σ^∞_m^{c(pm) =}

x− y pΣ <p^m <x

m=1Σ^∞_m^{1− c(pm)}

p^m ∈ (x− y,x y O(yx^ε c(u π^∗ (x π(x y y > x^{1/2} c(u s) ≥ T T >∼ xy^{− 1} s) ≤ T O(Tx^ε F(s ζ(s β, 0 1/ ζ(a +it u ≤ t ≤ u + u^β u^{1/2} u^β T^{3/2} T^β ζ(s

y + T^{3/2} , where yT >∼ x T^β 5 +b T = x^β y choose c(u c(u F(s F(s c(u (x− y,x y ζ(s

choose c(u c(u) = ≤ u ≤ x− y and c(u) = u ≥ x F(s

y^1 x− y,x O(y^1

ζ(s s^{− c} c > O(s^ε O(s^{1/2}

O(x^ε p ∈ (x− y,x O(x^ε

O(x^ε

π(x m m O(x^ε

s) > 1/ s) = 1/ c(u c(u F(s) F(s s)

π^∗ (x π(x π(x

π(x method π(x

M(x) =

n≤xΣ^{μ(n}

where μ(n bius μ π(x;q,a p ≤ x, p ≡ a (mod q).

π(x G(x) =

n≤xΣ^{g(n}

where g(n G(x

n =1Σ ∞ n^s g(n)

s M(x ζ(s)^{− 1} π(x;q,a L-functions L(s,χ

g(n x− y < n < x G(x g(n x− y < n < x.

b∈ / δ π(x), A(b,δ π(x O(x^{− 2b)/5} O x O(x^b x δ

A(b,δ) A(b π(x O(x^{− 2b)/5} O(x^b x 0.

Algorithm A(b,δ b and δ x produces π(x δ k = δ^{− 1} ] + functions F_{x,y}(s g(w h_{a,x,y}(t parameter k. F(s f(v) = f_k(v) = c_k v^k − v)^k where c_k

∫_0^1 fk(v) dv = 1 . (3.2)

c_k F_{x,y}(s F_{x,y}(s) = s^{− 1} ∫_0^1 (x− vy)^sf_k(v) (3.3)

F_{x,y}(s s for s) > ≤ y ≤ x. F_{x,y}(s parameter y y = x^{− 2b)/ − 2b)} F_{x,y}(s).

F_{x,y}(s) = [y^ks(s + s +k^{− 1} r =1Σ k+1 y^r (s +k+ s +k+r) a_r x^{s +k+r} − b_r (x− y)^{s +k+r} ________________________

r = f_k^{(k+r −} b_r = f_k^{(k+r −} = (−^{k+r − 1} a_r .

(2) For s) > s ≥ 1, F x,y(s) ≤ k)^kx^ky^{− k}s^{− k− 1} . (3.5) > 0 > 0

2πi 1 ∫_{a − i∞}^{a +i∞} F x,y(s)u^{− s}ds = gk_y^{x− u}

where

g_k(w) = 1 ∫_0^wfk(v)dv 0 w ≥ 1 .

0 < w < w ≤ (3.7)

π(x

P(x,y) = 2πi 1 ∫_{a − i∞}^{a +i∞} F x,y(s ζ(s) ds (3.8) ± 10 1

a = 2 3 .

P(x,y π(x

P(x,y) (x) +

m=2Σ^∞_m^1_{pm ≤ xp}Σ^{1 −}_{m=1}Σ^∞_m^1_{x− y<pm <xp}Σ

1 − g y x− p^m . (3.9)

P(x,y π(x

lemma.

(x^ε )

m=2Σ^∞_m^1_{pm≤xp}Σ

±10^{− 3} (x^{1/2 /10} ) ≥ x_0 (ε)

m=1Σ^∞_m^1_{x− y<pm <xp}Σ

1 − g y x− p^m (3.11)

±10^{− 3} (yx^{ε/10} ) ≥ x_0 (ε).

P(x,y ±10^{− 1} T ≥

2πi 1 3/2+iT

∫^{3/2+i∞} F x,y(s ζ(s) ds

= O(x^{3/2+k}y^{− k}T^{− k}

T = y^{− 1} x^{1 /10} O(x^{− 8} k ≥ 200 δ^{− 1} T

P(x,y) − 2πi 1 3/2− iT

∫^{3/2+iT} F x,y(s ζ(s) ds = O(x^{− 8} ) . (3.14)

P(x,y F_{x,y} = F_{x,y}(s _ ζ(s) (s _

2πi 1 3/2− iT

∫^{3/2+iT}F x,y(s ζ(s) ds =_π^1_0∫^T h3/2 (t)dt

where h_a (t) = h_{a,x,y}(t) = Re_{x,y}(a +it ζ(a +it) (3.16)

(t) 2

∫_0^Tg(t)dt =_n^T_{j=0}Σ^n g(_n ) −_2^{g + g(T)} − i =1Σ m− 1 i B_{2i} ( n T )^{2i − 1} [g^{i −} (T) − g^{i −} + R_{2m}

2i 2m

R2m ≤ n m B2m ( n T )^{2m+1}_{0≤t≤T}max g^{m)} (t) . (3.18)

g(t) = h_a (t a = 3/

h_{a,x,y}(t) ε C^∞ ( ,∞

≥ 1,

dt^m d^m h_{a,x,y}(t) = O m 2 a − 1 )_{− m} x_{(a + /2 + k}

a = 3/

n = δ^{/10} = y^{− 1} x^{1 /5}

(3.20)

m = 2k^2

R2k^2 = O(x^{− 5}

k = δ^{− 1} ] + 1.

F /2+it O(x^{− 10}

O(x^{δ/10} O(x^{3/2}

log ζ(s s = 3/2+it O(x^{− 10} b^{− 1} ≤ ζ /2+it) ≤ b b > ζ /2+it ζ(s

0 1 < a < 2 compute

∂t^j

∂^j ζ(a +it)

0 ≤ t ≤ 0 ≤ j ≤ 2 (x^{− 10} ) (tx^{ε/10} ) (x^ε ) ≥ x_0 (ε) ε,

ζ(s t for t ≥ x^{1/10}.

1/10 ≤ t ≤ 1 ≤ a ≤ 2

compute ζ(a +it) (x^{− 10} ) (t^{1/2} x^{ε/10} ) (x^ε ) x ≥ x_0 (ε). A(b,δ b = b < b ≤ 4 1 ζ(s),

0 1/2, 1 ≤ a ≤ 2 0 ≥ 1 ≥ x^{1/10} ≤ cT^{1/2} ≤ cT ζ(a +it), T ≤ t ≤ T + T^β ± x^{− 10} in ≤ cT^ε h_{3/2} ( n n ≤ x^{1/10} h^{( j)} h^{( j)} (T ≤ j ≤ 2k^2 b = h( n x^{1/10} ≤ ≤ T

0 ∫^T h3/2 (t)dt O(x^{− 8} O(T

O(x^{1/5 /10} +T^{3/2 /10} ) π(x within ±10^{− 1} in O(^{1/2} +y+x^{1/5} +T^{3/2 δ/10} ) O(T A(b,δ O(x^{− 2β)/ − 2β) + 2δ/} O(x^{2β/ − 2β)} y = x^{− 2β)/ − 2β)} δ 5 +b A(b) π(x O(x^{− 2b)/5} O(x^b x A(b (x x A(b,δ). δ(x x A(b A(b as f_k(r A(b,δ δ A(b,δ δ(x) = x)^{− 1} A(b).

F_{x,y}(s) = y^ks(s + s +k) 1 0 ∫^1 (x− vy)^{s +k}fk^{(k)} (v)dv

since f_k^{(r)} = f_k^{(r)} = ≤ r ≤ k− fk^{(k)} (r) ≤ k)^k ≤ r ≤ 1 . k

for a >

2πi 1 a − i∞ ∫^{a +i∞} F x,y(s) u^{− s} ds = ∫_0^1

2 π i 1 a − i∞ ∫^{a +i∞}_s^1 (_u^{x− vy} )^sds

f_k(v)

n O n)^{c n} ) c >

p^m p ≤ x S = n ≤ x O(x^{ε/100} n n + n n,n^2 n^M, where M n^M > x M ≤ 1+log_2 x S M− ±x^{− 1}

O x S O(x^{− 1/2} S O(x^{1/2} x^{− 1} n ∈ [x− y,x m n = p^m p ∈ Z^+ m m ≤ log_2 x n m t = n^1 using O x)- t −^m t]^m t +^m equals n.

O(x^{ε/100} p

n + p

m 1 1− g y x− p^m

±x^{− 2} using O x g(w) k+ O(x^{ε/100} ≤ y+ lemma.

a > h_{a,x,y}(t) = Re (t)} , where H(t) = H_{a,x,y}(t) = F_{x,y}(a +it ζ(a +it) t for t) < a − t

dt^m d^m H(t) = 2πi m! z− t= 2 a − 1

∫_{(z− t)m+1}

H(z)dz .

Hence

dt^m d^m H(t) ≤ m! 2 a − 1 − m s − (a +it)=_2^{a − 1} max F_{x,y}(s) s − (a +it)=_2^{a − 1} max log ζ(s)

.(4.2)

Now log ζ(s) = O s) ≥ a − (a − /2 = (a + /

s − (a +it)≤ 2 a − 1

max F_{x,y}(s) ≤ k)^kx^{(a + /2 + k} y^{− k} 2 a +1 − k− 1 .

ζ(a +it ζ(s q and n s it with

ζ(s) = n =1Σ q − 1

n^{− s} + 2 1 q^{− s} +

s − 1 q^{1− s} + r =1Σ n r B_{2r} q^{1− s − 2r}

j=0Π^{2r − 2 (s +j) + R}2n^{* (q,s}

where

R_{2n}^* (q,s) n + s(s + s +2n) ∫ q ∞ B_{2n +1} (t)t^{− s − 2n}dt

and B_{2n} (t

2n ≤ t ≤

R2n^* (q,s) = O n + B2n +2 q^{− 1 2n} 2n +1 s +2n +1 j=0Π^{2n} ^{s +j}^, n

B2r = π)^{2r} r ζ r

the O 2,

O q^{2+2n} s +2n +2^{2n +2} .

n = ε^{− 1} ] + q ∼ tx^{ε/20}

O^{2n +2} n +^{2n +2} x^{− 10}

q O(x^{− 11}

O(x^{ε/20} a is s − 1 q^{1− s} s very

∂s^j

∂^j ζ(s j ≤ j ≤ m.

s it 2, m = π)^{− 1/2} t^{1/2} , N ∈ Z^+ t ≥ c >

ζ(s) = n =1Σ m n^{− s} (x) n =1Σ m n^{s − 1} (4.5)

+ (−^{m− 1} πt)^{(s − /2} − 2− iπ/8− iπ(s − / Γ − s)_N +O(e ′^t ) + O c′Nt^{− 1} )^6 )} ,

where δ′, c′>

χ(s) = 2^s π^{s − 1} 2 πs )Γ − s

and

S_N = S_N(s) = n =0Σ N− 1

r≤ 2Σ r n − 2r n n!i^{r − n} ( π 2 )^{2− r} a_n (s)Ψ^{(n − 2r) 1/2} π)^{− 1/2} } with

Ψ(u) = cos πu cosπ( 2 1 u^2 − u − 8 1 )

a_n (s

a_n (s) = a_1 (s) = t 1 , a_2 (s) = 2t ( , (n +_{n +1} (s) = ( n − a_n (s) +_{n − 2} (s n ≥

a n (s) = O(t^{− 6} ) .

S_N, u.) N =

y π)^{− 1/2}Γ(x+iy)e^{1/2πy} y^{1/2− x} = 1

πt)^{(s − /2} − 2− iπ/8− iπ(s − / Γ − s) = πt)^{( /2} e^{π 2}Γ − s)

∼ π)^{σ /2} t^{/2} as t

t ≥ x^{1/10}

ζ(s) = n =1Σ m n^{− s} (x) n =1Σ m n^{s − 1} (4.8)

+ (−^{m− 1} πt)^{(s − /2} exp − 2 it − 8 iπ − 2 iπ(s − Γ − s)S_N (s) + O(x^{− 10} ) .

N and x^{1/10} ≤ t ≤ x S_N (s

O(x^{− 10} O(x^ε log Γ − s) = /2− s − s) − − s) + 2 1 π)

+ h =1Σ M 2h h −

B_{2h}

− s)^{1− 2h} + O(t^{− 1− 2M}

M = O σ and δ Γ − s O(x^{− 20} O(x^ε

w iπ(s − /2 − 2 − iπ/8 O(x^{− 20} O(x^ε Γ − s) = O(t^{1/2} e^2 )

πt)^{(s − /2} e^w Γ − s) = O(t^{/2} O(x^{− 20} O(x^ε S_N (s N = Ψ(u u = 1/ Ψ(u first N u = 1/ u 1/2), u 1/ N O(x^ε O(x^{− 20} ).

a_n (s O(x^{− 20} O(x^ε )

S_N (s O(x^{− 20} O(x^ε O(x^ε χ(s O(x^{− 12} x^{1/10} ≤ t ≤ x O(x^{− 10} O(mx^ε ) = O(t^{1/2}

REFERENCES

168

[8]

Ramanujan π(x method, ., 44 π(x

..

Notebooks

..

Computing π

ABSTRACT π(x ≤ x each b ≤ b ≤ 1/ A(b,ε π(x) using O(x^{3/5 − 2 5} O(x^b compute π(x O(x^{3/5} O(x^ε O(x^{1/2} O(x^{1/4} ζ π(x; k, primes p ≡ (mod k p ≤ x M(x bius function μ(n n ≤ x.