vectors ( B a_1

,..., B a_n ( x x_1 ,..., x x_n

≤ x < B ( B a_1

,..., B a_n primitive

that B

(a_1 ,..., a_n , B) = 1 . (1.1)

are not

x ≤ x < B.

Δ-good approximation if

B a_i − x x_i ≤ Bx Δ ≤ i ≤ (1.3)

≤ B Δ

where =_{y∈ Zn 1≤i≤n}MAX β_i − y_i) .

N( , Δ Δ x, x_1 ,..., x_n ≤ x < B N( , Δ (x, x_1 ,..., x_n a_i x− Bx_i ≤ i ≤ n 1 ≤ x < B x, x_1 ,..., x_n integers . (1.4c)

y ∈ Z^n

N( , Δ) = N( y, Δ

n in R^n ( B a_1 ,..., B a_n

0 ≤ a_i < B ≤ i ≤ (1.5) S_n (B B n

S_n (B) = { ( B a_1

,..., B a_n ≤ a_i < B and (a_1 ,..., a_n , B) = 1 (1.6)

N( , Δ S_n (B N( , Δ d(B) B.

≥ 2,

S_n (B)Σ

N( , Δ) = 2^n ψ_n (B)BΔ^n + O(n3^{n +1} d(B)^2 BΔ^{n − 1}

where ψ_n (B) ψ_n (B) = pBΠ^{− p− n}

ψ_n (B n ≥ 2 1_n (B) ≥ [ζ(n^{− 1} , where ζ S_n (B ψ_n (B)B^n

≥ 2,

Prob { S_n (B N( , Δ) ≥ 1} ≤ 2^n B^{n − 1}

Δ^n

+ O(n3^{n +1} d(B)^2 ( B Δ )^{n − 1} ) .

(1.9)

B^{1 − n} 1 , N( , Δ) ≥

Prob { S_n (B N( , B^{1 − n} 1 ) ≥ 1} = 1 . (1.10) n Prob { S_n (B N( , Δ) ≥ 1} → B

provided o(B^{1 − n} 1 B S_n (B)

N( , Δ

S_n (B).

≥ 2_n , c_{n n} such

that

S_n (B)Σ

N( , Δ)^2 ≤ c_n B^2 ( B Δ^2 )^n + c_n BΔ^n + R_n (B, Δ

n (B, Δ)

R_n (B, Δ) = c c c_n

(d(B)^3 BΔ^2 )

(d(B)^2 BΔ^3 )

(d(B)^2 BΔ^{n − 1} )

for n = 2 .

for n = for n ≥ (1.13)

For n ≥

S_n (B)Σ

N( , Δ)^2_n<< B^2 ( B Δ^2 )_n + BΔ_n . (1.14)

Here_n<<

n B is

S_n (B)Σ

N( , Δ)^2_n>> B^2 ( B Δ^2 )_n + BΔ_n

BΔ^n

of Δ c_n B^2 ( B Δ^2 )^n N( , Δ with

N( , Δ) ≥ B^2 ( B Δ^2 )^n B^{1 − n} 1 BΔ^n

B^{1 − n} 1 . B ensemble S_n (B B n B congruence λ x_1 ≡ x_2 B

x1 1 x2 2 . (1.17) Let f(λ , B, Δ_1 , Δ_2 that f(λ , B, Δ_1 , Δ_2 ) ≥ x_1 = x_2 = sums Q_n (B, Δ_1 , Δ_2 ) =

(λ , B) = 1Σ

f(λ , B, Δ_1 , Δ_2 )^n

Let T(B, Δ_1 , Δ_2 f(λ , B, Δ_1 , Δ_2 B λ , B) = ϕ (B ϕ-function.

≥ 2 and Δ_{1 2 n n}^*

Q_n (B, Δ_1 , Δ_2 ) − T(B, Δ_1 , Δ_2 ) ≤ c_n^* ϕ (B B Δ_1 Δ_2 )^n + R_n (B, Δ_1 , Δ_2

n * (B, Δ_1 , Δ_2 ) is

R_n^* (B, Δ_1 , Δ_2 ) = c_2 Δ_1 Δ_2 log Δ_1 (

dBΣ^{d− 1 )}

c_n Δ_1^{n − 1} Δ_2 if n = 2 .

if n ≥

Δ_1^{n − 1} Δ_2 for n ≥ Δ_{1 2} B n ≥

Q_n (B, Δ_1 , Δ_2 )− T(B, Δ_1 , Δ_2 )_n>> B( B Δ_1 Δ_2 )^n_1^{n − 1} Δ_2

N( , Δ α N( , Δ) ≥

≥ 4_n ≥ 2 Δsatisfying

c_n d(B)^2 B^{1 − n} 1 ,

Prob { S_n (B) ( , Δ) ≥ k N( ,Δ) ≥ 1} ≤ k^2 c_n

≥ 1 = 2 prime.

k c_n

R n R < R <

2 1 < R <

B B

N( , Δ)

G_n (B, Δ) =

S_n (B)Σ

N( , Δ

i.e. G_n (B, Δ x, ( B a_1 ,..., B a_n

B a_i − x x_i ≤ Bx Δ (2.2)

1 ≤ x ≤ B− 0 ≤ a_i ≤ B− ≤ i ≤ n (a_1 ,..., a_n , B) = 1 . (2.5) G_n (B, Δ).

dB let H_n (B, Δ, d

d(a_1 ,..., a_n , B) . (2.6)

G_n (B, Δ) =

dBΣ^{μ(d)H}n^{(B, Δ, d) . (2.7)}

H_n (B, Δ, d a_i = da_i^* and x_i = dy_i^* ≤ i ≤ n H_n (B, Δ, d

a_i^* x ≡ y_i^* d B

yi^* ≤ d Δ ≤ i ≤ n

1 ≤ x ≤ B− 0 ≤ a_i^* ≤ d B − ≤ i ≤ (2.8d)

H_n (B, Δ, d, k (x, d B ) = k

H_n (B, Δ, d) = k d BΣ^Hn^{(B, Δ, d, k) . (2.9)}

H_n (B, Δ, d, k x = x^* k, y_i^* = y_i k

defining H_n (B, Δ, d, k

a_i^* x^* ≡ y_i kd B

yi ≤ kd Δ

1 ≤ x^* ≤ k B −

0 ≤ a_i^* ≤ d B −

(x^* , kd B ) = 1 . (2.10e)

x^*

dϕ ( kd B kd < B

k B − kd = (2.11b)

x^* + kd Δ y_i

determines a_i^* kd B k a_i^* d B )

H_n (B, Δ, d, k) =

(d − k^n + B Δ_n . dϕ ( kd B ) k^n + kd Δ_n

if kd = if kd < B,

H_n (B, Δ, d, k) + [dϕ ( kd B ) ( kd B k^n + kd Δ_n

ϕ =

δ(n) = 0 1 if n > 1 .

if n = (2.13)

H_n (B, Δ, d, k

G_n (B, Δ) =

dBΣ^{μ(d}_k d BΣ^{[dϕ (}_{kd}^{B ) − d(}_{kd}^{B nk +}_{kd}^{Δ n . (2.14)}

k^n + kd Δ_n = k_n + 2_n ( d Δ )_{n n} (Δ, k, d

where ε_n (Δ, k, d G_n (B, Δ)

T_1 , T_2 , T_3

T_1 =

dBΣ^{μ(d)}_k d BΣ^{[dϕ (}_{kd}^{B ) (}_{kd}^{B kn ,}

T_1 =

kBΣ^{kn {}_d k BΣ^{μ(d) dϕ (}_{kd}^{B ) (}_k^{B ) (2.16)} M ≥ dMΣ^{μ(d) dϕ (}_d^{M ) (M}

T_1 = 0 . (2.18)

ϕ (M) =

dMΣ^{μ(d)}_d^{M (2.19)}

dMΣ^{μ(d) dϕ (}_d^{M ) =}_{dM}Σ_e d MΣ^{μ(d)μ(e)}_e^M = eMΣ^{μ(e)}_e^{M (}_d e MΣ^{μ(d . (2.20)}

e = M μ(B

T_2 =

dBΣ^{μ(d)}_k d BΣ^{[dϕ (}_{kd}^{B ) (}_{kd}^{B n (}_n^{Δ )n ,}

T_2 = 2^n Δ^n

dBΣ^{μ(d)d− n +1 (}_k d BΣ^{ϕ (}_{kd}^B

+ 2^n Δ^n

dBΣ^{μ(d) . (2.21)}

For B >

M = dMΣ^{ϕ (}_d^{M )}

T_2 = 2^n Δ^nB

dBΣ^{μ(d)d− n = 2n ψ} n^{(B)BΔn}

for B > 1.

T_3 =

dBΣ^{μ(d)}_k d BΣ^{[dϕ (}_{kd}^{B ) (}_{kd}^{B ε}n^{(Δ, d, k}

ε_n (Δ, d, k

,

ε_n (Δ, d, k) 2^n ( n Δ )_n . (2.24)

then

εn (Δ, d, k) ≤ nk(k + 2 d Δ )^{n − 1} + 3^n Δ^{n − 1} . (2.25)

Proof. k kd Δ ] =

k^n + dk Δ_n

= k^n

Hence

ε_n (Δ, k, d)^n 2^n ( d Δ )_n .

εn (Δ, k, d) ≤ k^n + kd

Δ_n

− k^n + 2 kd Δ )^n

+ k^n + 2 kd Δ )_n − k_n − 2_n ( d Δ )_n

. (2.26)

Now

k^n + kd

Δ_n − k_n + 2 kd Δ )_n ≤ k^nn + 2 kd

Δ )_{n − 1} ( kd Δ − [ kd Δ

≤ nk^n + 2 kd Δ )_{n − 1}

x_1 − x_2 x_1^n − x_2^n

≤ nx1^{n − 1} when x1 ≥ x2 ≥ 1 .

k

k^n + 2 kd

Δ )_n − k_n − 2_n ( d Δ )_n = _{i =1}Σ n − 1

(in)k^i ( kd Δ )_{n − 1}

n − 1 i =1Σ n − 1

(in^i ( kd 1 )^{n − 1} ≤ 3^n Δ^{n − 1} . (2.28)

T_3 S_1 k

S_2 k

S_1 =

dBΣ^{μ(d)} k k d BΣ^{[dϕ (}_{kd}^{B ) (}_{kd}^{B − 2n (}_d^{Δ )n ) . (2.24)}

Using ϕ (M) ≤ M

dϕ ( kd B ) ( kd B ) ≤ k B

k B < Δ B since k gives

S1 ≤ 2^n Δ^{n − 1} B_d B Σ^{μ(d)d− n}^{nBΔn − 1 (2.26)}

for n ≥

S2 ≤_d B Σ k k d BΣ ^{d(ϕ (}_{kd}^{B ) (}_{kd}^{B )}^{nk(k+2}_d^{Δ )n − 1}

+ dBΣ k k d BΣ ^{dϕ (}_{kd}^{B ) (}_{kd}^{B )}^{3n Δn − 1}^{(2.29)}

k implies k+2 d Δ ≤ 3Δ

S2 ≤_d B Σ_k d BΣ^{(n + B3n Δn − 1}

S2 ≤ (n +^nBd(B)^2 Δ^{n − 1} (2.28) where d(B B

T3 ≤ n3^{n +1} Bd(B)^2 Δ^{n − 1} . (2.29)

Sn (B) Sn (B

Sn (B) n (B)B^n . (2.30)

qB B a_1

,..., B a_n

q (a_1 ,..., a_n q^{− n}B^n

Sn (B) =_q B Σ^{μ(q)q− nBn} = pBΠ^{− p− n )Bn} n^{(B)Bn .}

Then

Prob { S_n (B N( , Δ) ≥ 1} ≤ Sn (B) S_n (B)Σ

N( , Δ) ,

f(λ ; B, Δ_1 , Δ_2

λ x_1 ≡ x_2 B x1 1 (3.2) x2 2 . λ

B λ

numbers f(λ ; B, Δ_1 , Δ_2 λ B λ , B) =

Q_n (B; Δ_1 , Δ_2 ) =

(λ , B)=1

1 BΣ^{f(λ ; B, Δ}1^{, Δ}2^{)n . (3.3)}

Q_n (B, Δ_1 , Δ_2 B 1Σ^{B f(λ ; B, Δ}1^{, Δ}2^{) ∼ 4 Δ}1^Δ2^,

x_1 , x_2 x_1 x_2 ≠ λ f(λ ; B, Δ_1 , Δ_2 B 4Δ_1 Δ_2

Q_n (B, Δ_1 , Δ_2^n ϕ (B B Δ_1 Δ_2

)^n

λ Δ_{1 2} Δ_1

Δ_2___ we have f(λ ; B, Δ_1 , Δ_2 ) = 1 + Δ_1 λ^n Δ_1^{n − 1} Δ_2 f(λ ; B, Δ_1 , Δ_2 ) ≥ x_1 = x_2 = T(B, Δ_1 , Δ_2 ) λ λ , B) = f(λ ; B, Δ_1 , Δ_2 ) =

Q_n (B; Δ Δ_2 )− T(B; Δ_1 , Δ_2 )_n>> B( B Δ_1 Δ_2 )^n_1^{n − 1} Δ_2 . (3.4)

B, Δ_1 , Δ_2

f(λ ; B, Δ_1 , Δ_2 f(λ f(λ ) = f(B 2.

f(λ B λ

B λ = a_1 , a_2 ,..., a_m

where a_1 ≥ ≤ B λ < 2 1 { q_k p_k ≤ k ≤

B λ q_0 = q_1 ≥ kby

q_{k− 1} < q_{k 1} < q_{k+1} . (3.5)

λ q_j ≡ s_j B − 2 B < s_j ≤ 2 B . (3.6)

j } s_0 >

s_j q_j − Bp_j . (3.7)

(ii) s_0 > s_1 > s_2 > ... > s_m = 0.

sj ≥ 2q_{j+1} B . (3.8)

sj = λ qj − Bpj = qj B B λ − q_j p_j

≥ 2 q_j B q_j p_j − q_{j+1} p_{j+1} = 2q_{j+1} B .

λ , B) =

f(λ ) = 1+2H(λ

where H(λ

1 ≤ x_2_2

1 ≤ x_{1 1} λ x_1 ≡ x_2 B)

(3.10)

λ x_1 B ≤ x_{1 1} B sk x2 x2 =

2 , Δ_2

s_k < if s_k > s_k

Let S(λ ) = S(λ ; B, Δ_1 , Δ_2

L(λ ) = L(λ ; B, Δ_1 , Δ_2

x = 0,

1+H(λ ) = S(λ )+L(λ ) . (3.11)

f(λ

H(λ ) ≤ 2 sk 2 . (3.12)

2 , Δ_2 Δ_2 ≥ s_k

L(λ ) ≤ sk− 1 2Δ_2 ______ +

S(λ ) ≤ q_k

Δ_1___ sk− 1 Δ_2 ______ + . (3.14)

1 ≤ x_{1 1}

1 ≤ x_1 ≤ q_k − x_1 B λ = 8/19.

B = Δ_2 = 7 19 8 =

j p_j q_j s_j

Δ_1 = 6.

= 2 S = 1 = 3 L = 4

Δ_1 = 3.

= 3 S = 1 = 5,8 L = 2 length s_k q_k − ≥ s_{k− 1} sk− 1 2Δ_2 ______ +

q_k −

q_k

Δ_1___

Δ_1 s_k s_k s_k s_k,...,_{k k} is_k so k 1

1 ≤ q_1 B λ_{1− 1}

sk ≤ Δ_1 B___ . (3.15)

Q_n (B, Δ_1 , Δ_2 λ ,

Q_n (B, Δ_1 , Δ_2 )− T(B, Δ_1 , Δ_2 ) =

f(λ ) ≥ 2

(λ , B) = 1Σ

f(λ )^n .

B λ has q_k = 1.

q_k = q_0 = q_{1 1} s_0 q_0 B) . (3.16) Since q_1 λ B_1

Δ_1

B___

f(λ ) = 1+2H(λ ) ≤ 1+ s0 Δ_2 ] ≤ 1+ λ Δ_2___ ] . (3.17)

f(λ ) ≤ 1+2Δ_1 ,

Δ_1 ≤ 2 λ Δ_2___ Δ_{1 2}

f(λ )≥2

Σ^{f(λ )n =}_1Σ^{Δ1 f(λ )n}

≤ Δ_1

Δ_2___ +2Δ_2 )^n +

Δ_1

Δ_2Σ

Δ_1 B , Δ_2 ) + λ Δ_2____n

≤ Δ_1

Δ_2___ +2Δ_1 )^n + n − 1 1 +4Δ_1 )^{n − 1}

≤ c_n Δ_1^{n − 1} Δ_2 . (3.18)

B λ_k > 1 and sk− 1 2.

2q_ks_{k− 1} ≥ B

2Δ_1 Δ_2 ≥ 2q_ks_{k− 1} ≥ B

Δ_1 Δ_2 ≥ B

q_k

Δ_1___ sk− 1 Δ_2 ______ ≥

q_k

Δ_1___ ≥ 1 .

f(λ ) =1+2H(λ ) = 1+ S(λ )+L(λ ≤ 3+6 q_ks_{k+1}

Δ_1 Δ_2 ≤ 9 q_ks_{k− 1}

Δ_1 Δ_2 . (3.20)

f(λ ) ≤ 18 B Δ_1 Δ_2 .

Hence

f(λ )≥2

Σ^{f(λ )n ≤}_{(λ , B) = 1}Σ_B^{Δ1 Δ2 )n}

≤ 18^n ϕ (B B Δ_1 Δ_2

)^n . (3.21)

B λ_k > 1 and s_{k− 1}_2.

H(λ ) ≤ sk Δ_2 ] .

sk− 1 2 x2 sk and s_{k− 1} − js_k q_k

Δ_1___

H(λ ) ≤ q_k

Δ_1___ ] .

H(λ ) ≤ q_k

Δ_1___ , sk Δ_2

) . (3.22)

q_k, s_k q_k, s_k)

q_k, B λ λ unless

(q_k, B) = (s_k, B

f(λ )≥2

Σ^{f(λ )n ≤}_{dB}Σ^d

(q_k, B) = (s_k, B) = d sk 2 q_{k 1}Σ + q_k

Δ_1___ , sk Δ_2 ]^n (3.23)

(I) q_k

Δ_1___ < sk Δ_2 ,

(II)

q_k

Δ_1___ ≥ sk Δ_2 .

sk < qk Δ_1 Δ_2___ skin

q_k = dq_k^*, s_k = ds_k^* s_k^* < q_k^* Δ_1

Δ^2___

(I)Σ^≤_{dB}Σ^d_{qk* = 1}Σ^d

Δ_1

(q_k^*

Δ_1

Δ_2___ + 4 dq_k^*

Δ_1

]^n

≤ dBΣ^d_{qk* = 1}Σ^d

Δ_1

5^nd^{− n}q_k^* Δ_1^{n − 1} Δ_2 (3.24)

If n ≥

(I)Σ^{≤ (}_{dB}Σ^{d− (n − )ζ(n − n Δ}1^{n − 1 Δ}2

≤ c_n Δ_1^{n − 1} Δ_2

where c_n (n −^25^n n =

(I)Σ^{≤ (}

d_1

dBΣ^{d− 1}_d^{Δ1___ 2 Δ}1^Δ2^,

≤ 5^2 Δ_1 Δ_2 Δ_1

dBΣ^{d− 1}

sk ≥ qk Δ_1 Δ_2___ .

Setting q_k = q_k^* d, s_k = s_k^* d

(II)Σ ≤ dBΣ^d_{qk* = 1}Σ^d

Δ_1 { sk^* = qk^* Δ_2

Δ_1

Σ^d

Δ_2 +4 ds_k^*

Δ_2

]^n (3.27)

sk^* = qk^* Δ_2

Δ_1

Σ^d

Δ_2 +4 ds_k^*

Δ_2

]^n ≤

sk^* = qk^* Δ_2

Δ_1

Σ^{∞ 5n Δ}2^{nd− n (}^sk^*^{)− n}

≤ 2 .

n − 1

5^n d^{− n} (q_k^* )^{− n} Δ_1^{n − 1} Δ_2 .

(II)Σ ≤ ( dBΣ^{d− (n − )ζ(n .}_{n − 1}^{5n Δ}1^{n − 1 Δ}2^{(3.28)} n ≥

(II)Σ

≤ c_n Δ_1^{n − 1} Δ_2 (3.29)

with c_n = 2ζ(n)ζ(n − n − 1

5^n n =

(II)Σ

≤ c_n^* Δ_1^{n − 1} Δ_2 B

where c_n * = 2ζ(n) n − 1

5^n .

c_n = 5^{n +1} and c_n^* =^n

c_n is c_n ∼ 2^n c_n^* ≥ 4^n.

Δ_1 and Δ_2 Δ_{1 2}

Δ_1 and Δ_2 ≥ B.

N( , Δ). Let

D_n (B, Δ) = 2 1 S_n (B)Σ

[N( , Δ)^2 − N( , Δ

Now D_n (B, Δ B a_1 , ..., B a_n , x_1 , x_2

B a_i − x_1 b_i

≤ Bx_1 Δ

B a_i − y_2 b_i

≤ Bx_2 Δ

1 ≤ x_1 < x_2 < B

0 ≤ a_i ≤ B−

(a_1 ,..., a_n , B) = 1 . (4.3) n ≥

D_n (B,Δ) ≤ c_n^* B^2 ( B Δ^2

)^n + c_n^* BΔ^n

for n =

D_3 (B, Δ) ≤ c^* B^2 ( B Δ^2

)^3 + c^* BΔ^3 (

dBΣ^{d− 2} 1

n =

D_2 (B, Δ) ≤ c^* B^2 ( B Δ^2

)^2 + c^* BΔ^2 d(B)^3 . (4.4c) that

S_n (B)Σ

N( , Δ)^2 = D_n (B, Δ) +

S_n (B)Σ

N( , Δ)

a_i x_1 ≡ k_i B) a_i x_2 ≡ k_i B

k i k i (4.5b) ≤ i ≤ h (a_1 ,..., a_n , B) = k_i k_i x_1 and x_2 H(x_1 , x_2 ; B, Δ a, k_1 , k_2 ax_1 ≡ k_1 B) ax_2 ≡ k_2 B

k1 , k . (4.6b) Let (x_1 , x_2 , B) = d d k_1 = k_2 = the n variables a_i k_1 = k_2 =

D_n (B, Δ) =

d = (x_1 , x B)

1≤x_1 <x_2 <BΣ

H(x_1 , x_2 ; B, Δ)^{n − 1} [H(x_1 , x_2 , B, Δ)− d

a

(x_1 , B) = (x_2 , B) =

x_1^{− 1} x_2 B) . (4.9)

λ k_1 ≡ k_2 B k1 , k2 . (4.10) x_1 , x_2

a_i ≡ k_i x_1^{− 1} B) . x_1 ≠ x_2 B H(x_1 , x_2 ; B, Δ) = f(λ ; B, Δ, Δ λ ϕ (B x_1 , x_2 x_1 , B) = (x_2 , B) =

S (n) =

(x_1 x_2 , B) = 1

1≤x_1 <x_2 ≤BΣ

H(x x_2 ; B, Δ)^n = 2 1 ϕ (B)

(λ , B) = 1

2Σ^{B f(λ ; B, Δ, Δ)n} (B 2 1 Q_n (B; Δ, Δ) − f B, Δ, Δ)^n ) . (4.12)

D_n (B, Δ

S_{d1 , d2} (n) =

(x_2 , B) = d_2

(x_1 , B) = d_1

1≤x_1 <x_2 <BΣ

H(x_1 , x_2 ; B, Δ)^n . (4.13)

Let (d_1 , d_2 ) = d

[d_1 , d_2 ] = d d_1 d_2

. (4.14)

S_{d1 , d2} (n) ≤ 2 1 ϕ (

[d_1 , d_2 ]

B )d_{1*} d_{2*} d_nQ_n (

[d_1 , d_2 ] B , d_1 Δ , d_2 Δ

if d_1 ≠ d_2

S_{d1 , d1} (n) ≤ 2 1 ϕ ( d_1 B )d_1^nQ_n ( d_1 B , Δ_{d1} ,

d_1 Δ )

( d_1 B )d_1^nf

d_1 B , d_1 Δ , d_1 Δ )^n (4.16)

x_1^* and x_2^* x_2 = x_2^* d_2 , x_1 = x_1^* d_1 ,

(x_2^* ,

d_2 B ) = 1 .

(x_1^* ,

d_1

B ) =

(4.17)

k_1 = k_1^* d_1 ,

k_2 = k_2^* d_2 .

d_1^* and, d_2^* by

d_1 = dd_1^*

d_2 = dd_2^* (4.12)

where d = (d_1 , d_2 d_1^* , d_2^* ) =

ax_1^* ≡ k_1^* d_1 B )

ax_2^* ≡ k_2^* d_2 B

and

k1^* < d_1 Δ , k_2^* < d_2 Δ (4.19b)

ax_1^* ≡ k_1^* [d_1 , d_2 ] B )

ax_2^* ≡ k_2^* [d_1 , d_2 ] B

x_1^* x_2^* , [d_1 , d_2 ] B ) = λ k_1^* ≡ k_2^* [d_1 , d_2 ] B

k1^* ≤ d_1 Δ , k_2^* ≤ d_2 Δ (4.21b)

where

(x_1^* )^{− 1} (x_2^* [d_1 , d_2 ]

B ) . (4.22)

λ , [d_1 , d_2 ]

B ) =

k_1^* and k_2^* d_1 Δ , d_2 Δ

≥ [d_1 , d_2 ] B a (d_1 , d_2 ) B

d a.

f(λ ; B, d_1

Δ_1___ , d_2

Δ_2___

H(x_1 , x_2 ; B, Δ) ≤ df(λ ; [d_1 , d_2 ] B , d_1

Δ_1___ , d_2

Δ_2___ ) . (4.23)

x_1 , x_2 x_1 , B) = d_1 x_2 B) = d_2 λ

ϕ ( [d_1 , d_2 ] B ) d_1^* d_2^* . (4.24)

S_{d1 , d2} (n) ≤ 2 1 ϕ ( [d_1 , d_2 ] B )d_1^* d_2^* d^nQ_n ( [d_1 , d_2 ] B , d_1

Δ_1___ , d_2

Δ_2___ ) . (4.25)

d_1 = d_2 = d

cases x_1 = x_2

D_n (B, Δ) ≤

d =(d_1 , d_2 ) d_2B d_1BΣ

[S_{d1 , d2} (n) − dS_{d1 , d2} (n − . (4.26)

D_n (B, Δ) ≤

d =(d_1 , d_2 ) d_2B d_1BΣ 2

1 ϕ [

[d_1 , d_2 ]

B )d_{1*} d_{2*} d_n [Q_n (

[d_1 , d_2 ] B , d_1 Δ , d_2

Δ ) − Q_{n − 1} (

[d_1 , d_2 ]

B , Δ_{d1} ,

d_2 Δ .

n ≥ d_1 ≤ d_2 that

Q_n ( [d_1 , d_2 ] B , d_1 Δ , d_2

Δ ) − Q_{n − 1} (

[d_1 , d_2 ] B , d_1 Δ , d_2 Δ )

≤ c_n^* ϕ (

[d_1 , d_2 ] B Bd_1 d_2

Δ^2 )_n + c_n (

d_2

Δ )_{n − 1}

d_1

Δ . (4.28)

D_n (B, Δ) ≤

d_1 ≤ d_2 d_1Bd_2BΣ

c_n^* ϕ ( [d_1 , d_2 ] B )^2 d_1^* d_2^* d^n ( Bd_1 d_2

Δ^2

)^n

+ d_1 ≤d_2 d_1B, d_2BΣ

c_n ϕ ( [d_1 , d_2 ] B )d_1^* d_2^* d_2^{− (n −} d_1^{− 1} d^n Δ^n (4.29)

T_1 (n T_2 (n

ϕ ( [d_1 , d_2 ]

B ) ≤

[d_1 , d_2 ] B

T_1 (n) = c_n^* B

d_1 ≤d_2Σ ϕ ( [d_1 , d_2 ]

B )d_{n − 1} (

Bd_1 d_2

Δ^2 )_n

≤ c^{n*} B^2 ( B Δ^2

)^n

d_2B d_1B d_1 ≤d_2Σ

d^{− 1} [d_1 , d_2 ]^{− n − 1} . (4.31)

d_2B d_1B d_1 ≤d_2Σ

d^{− 1} [d_1 , d_2 ]^{− n − 1} ≤

dBΣ^{d− (n +}_{d1* , d2*}Σ^{(d}1^{* d}2^{* )− (n +}

(n +^2 ζ(n + . (4.32)

T_1 (n) ≤ c_n^* ζ(n +^2 ζ(n + B^2 ( B Δ^2 )^n . (4.33)

n = for n ≥ 3

T_2 (n) ≤ c_n Δ^n

d_1 ≤d_2 d_2B d_1BΣ ϕ ( [d_1 , d_2 ]

B d_{2*} )_{− (n −} (4.34)

where d_2^* = (d_1 , d_2 ) d_2 d^* = [d_1 , d_2 ]

d_1 ≤d_2 d_2B d_1BΣ ϕ ( [d_1 , d_2 ]

B d_{2*} )_{− (n −} =

d^*BΣ ϕ ( d^*

B )Ω_{n − 2*} (d_*

where

Ω_n^* (d^* ) =

d_1 ≤d_2

[d_1 , d_2 ] = d^* d_1 , d_2Σ ( (d_1 , d_2 ) d_2

)^{− n} (4.36)

n ≥ 4

T_2 (n) ≤ c_n^* BΔ^n (4.37) n = 3

T_2 ≤ c_3^* BΔ^n (

dBΣ_d^{1 ) . (4.38)}

n ≥ C_0 Ω_n^* (d^* ) ≤ C_0 (4.29) d^*

T_2 (n) ≤ Cc_n Δ^n

d^*BΣ ϕ ( d B ) = Cc_n BΔ^n

Ω_n^* (d_1^* n ≥ n = Ω_2 (d^* )_n (d^* n ≥ d^* = [d_1 , d_2 ] = e^2 d_1^* d_2^*, d_1 = ed_1^*, d_2 = de_2^*

Ω_n^* (d^* ) =

e^2d^*Σ

d_1 ≤ d_2

[d_1 , d_2 ] = d^*

(d_1 , d_2 ) = e d_1 , d_2Σ ( e d_2

)^{− n} (4.40)

d_1^* ≤ d_2^*

d^* = e^2 d_1^* d_2^* ≤ e^2 (d_2^* )^2

e d_2

= d_2^* ≥ e √d^∗_.

Ω_n^* (d^* ) ≤

e^2d^*Σ d( e^2 d^* ) d^∗ e^2 1/2 (4.41)

n =

Ω_2^* (d^* ) ≤

e^2d^*Σ d( e^2 d^*

d^* e^2

d(m_1 m_2 ) ≤ d(m_1 )d(m_2

for_1 , m_2 d^* = f^2 d where d

e^2d^*Σ d( e^2 d^* )

d^* e^2 ≤ d d(d )

hfΣ^d_h^{f )2}_h^{f )− 2} ≤ m=1Σ^{∞ d(m2 )m− 2 (4.44)}

using m d(m) ≤ m ≥

Ω_2^* (d^* ) ≤

m=1Σ^{∞ d(m2 )m− 2 =}_pΠ^+_p2^{3 +}_p4^{5 +...) = C}0^.

Ω_1^* (d^* ) ≤ C_1 (

dd^*Σ

d^{− 1/2} ) . (4.45)

n = T_2 ≤ C_1 c_n BΔ^3 (

dBΣ^d1^{− 1/2}

n =

Ω_1^* (d^* ) ≤

e^2d^*Σ d( e^2 d^*

d^∗ e^2 )_{1/2}

≤ dd^*Σ ( d^* d )_{1/2} =

dd^*Σ

d^{− 1/2} .

n = n =

D_2 (B, Δ) ≤

d_1 ≤2 d_2B d_1BΣ

c_2^* ϕ (

[d_1 , d_2 ] B )^2 d_1^* d_2^* d^2 ( Bd_1 d_2

Δ^2 )^2

+ d_1 ≤d_2 d_2B d_1BΣ

c_2 ϕ (

[d_1 , d_2 ] B )d_1^* d_2^* d_2^{− 1} d_1^{− 1} d^2 Δ^2 (

fBΣ_f^1

where d = (d_1 , d_2 d^* = [d_1 , d_2 ],

T_2 ≤ c_2 Δ^2 (

fBΣ_f^{1 )}_{d*B}Σ^{{ϕ (}_d*^B

d_1 ≤d_2

[d_1 , d_2 ] = d^* d_1 , d_2Σ

} (4.47)

d^*BΣ

{ϕ ( d^* B

d_1 ≤d_2

[d_1 , d_2 ] = d^* d_1 , d_2Σ } ≤ d^*BΣ ϕ ( d^*

B )_2

≤ Bd(B)^2

T_2 ≤ c_2 Bd(B)^3 Δ^2 . (4.49)

B

S_n (B)Σ

N(α , Δ)^2_n>> B^2 ( B Δ^2 )_n + BΔ_n . (4.50)

S_n (B)Σ

N(α , Δ)^2 ≥ D_n (B, Δ)

≥ S (n)− S (n −

x_1 , x_2 , B) = B

When B

S (n)− S (n − ≥ 2 1 (B− Q_n (B; Δ, Δ)− f B, Δ, Δ)_n ]

+ O(BQ_{n − 1} (B; Δ, Δ . (4.52)

B, Q_n (B; Δ, Δ)− f B, Δ, Δ)^n ≥ f B, Δ, Δ)^n

≥ 2^{− n} Δ^n (4.53) B

Q_n (B; Δ, Δ)_n>> B( B Δ^2 )^n . (4.54)

Since f B, Δ, Δ) ≤ 2Δ

Q_n (B; Δ, Δ)− f B, Δ, Δ)^n_n>> Δ^n , B( B Δ^2 )_n

n n + B( B Δ^2 )_n . (4.55)

p_k(B, Δ, n) = Prob { S_n (B N( , Δ) ≥ k N( , Δ) ≥ 1

η α

E[η^2 ] E[η] . (5.1) Then η ≥ k] ≤ ( k α )_2 . (5.2)

Proof. Now αE[η] ≥ E[η^2 ] ≥ (E[η^2 E[η] k^2 η ≥ k] ≤ E[η^2 ] E[η]^2 . N( ,Δ subset S_n^* (B) = { S_n (B N( , Δ) ≥ 1} of S_n (B S_n^* (B^*

p_k(B, Δ, n) = Prob^* { (5.3)

E[η] = S_n^* (A)^{− 1} (

S_n (B)Σ

N( , Δ E[η^2 ] = S_n^* (A)^{− 1} (

S_n (B)Σ

N( , Δ)^2 ) .

E[η] E[η^2 ] ≤ S_n (B)Σ

N( , Δ)

S_n (B)Σ

N( , Δ)^2

________________ . (5.4)

n ≥ c_n d(B)^2 c_n

gives

S_n (B)Σ

N( , Δ) ≥ c_n BΔ^n (5.5)

c_n n ≥ c_n d(B)^2 B^{1 − n} 1

S_n (B)Σ

N( , Δ)^2 ≤ c_n BΔ^n . (5.6)

c_n n = B

c_n d(B)^2 B^{1 − n} 1

E[η]

E[η^2 ] ≤ c_n c_n .

c_n c_n and c_n = c_n , α^2 ).

References

ξ} (n = ... 61

102

Automata, nθ 63

ABSTRACT

Let ( B a_1 ,..., B a_n

condition (a_1 ,..., a_n , B) = N( , Δ x < B Δ N( , Δ ( x x_1 ,..., x x_n ≤ x < B B a_i − x x_i ≤ Bx Δ ≤ i ≤ n N( , Δ S_n (B) n B n ≥ S_n (B

λ x_1 ≡ x_2 B x_1_1, x2 2 λ λ , B) = cryptosystems.