ABSTRACT

f { into { ∪ where # M( f

function f M( f) = MIN log^2 C( f) log_2 C(g) : g f where C( f f M( f

M_d ( f ≤ d

permutations σ_n on {^n } σ_n (k) ≡ 3k (mod 2^n d ≥ constant c_d M_d (σ_n ) > c_d log n as n .

appear

f M( f M_d ( f f: I_m → I_m ∪ I_m = { ..., # # f f i ( f)}(‘‘ f g f g M( f M_d ( f

B : { }^n → { } C(B C_k(B n inputs_1 , ..., x_n }and {¬ x_1 , ..., ¬ x_n }, i 2i + n n − (B B n B depth d (B B n d B. C(B G

G^2 C_d (B

C( f f : I_m → I_m ∪ f #^{n − 1} < m ≤ 2^n f^* : I_2^n → I_2^n ∪ by

f^* (k) = # f(k) for m + 1 ≤ k ≤ 2^n .

≤ k ≤ m , (1.1)

f^* as n + B_i = B_i ( f^* ≤ i ≤ n k f(k) = k = x_n 2^{n − 1} + ... + x_1 x_i ∈ { } ≤ i ≤ n −

B_0 (x_1 , ..., x_n ) = 0 1 if f(k) = #, (1.2)

and

B_i (x_1 , ..., x_n ) = 0 y_i

if f(k) = # , if f(k) =_{i =1}Σ^n y_i 2^{i − 1} with y_i ∈ { }, (1.3)

≤ i ≤ n C( f fby

C( f) = C( f^* ) = n +_{i =0}Σ^n C(B_i ( f^* . (1.4)

d measure C_d ( f

C_d ( f) = C_d ( f^* ) = n +_{i =0}Σ^n C_d (B_i ( f^* . (1.5)

f : I_m → I_m ∪ g : I_m → I_m ∪ is of f

g(x) = # y if x /∈ f) .

if x ∈ f f(y) = x,

f # by:

f^# (x) = # MIN : f(y) = if x /∈ f).

if x ∈ f (1.6)

− 1 ( f^* ) C^{− 1} ( f^* ) = MIN (G G f^* } (1.7) d # ( f) by C_d^{− 1} ( f^* ) = MIN_d (g g f^* } (1.6)

( f fby

M( f) =

log_2 C( f^* ) log_2 C^{− 1} ( f^* ) (1.8)

d ( f

M_d ( f) =

log_2 C_d ( f^* ) log_2 C_d^{− 1} ( f^* ) (1.9)

M( f M( f) ≥ k C^{− 1} ( f^* ) ≥ C( f^* )^k M( f

G of f^* f^*. n C(B M( f C( f^* i ≤ i } ( f_i )}

0 ( f) ≤ c_0

Σ_2^{p =} Π_2^p

σ_n : I_2^n → I_2^n σ_n (k) ≡ 3k^n ) .

≥ 4_d M_d (σ_n ) ≥ c_d log σ_n σ_n k ≡

M_d (σ_n ) ≥ c_d log n

the length B x_n log_2 n BF_{n,m} m x_1 x_n ρ : BF → N (1) ρ ρ^{− 1} (3) ρ (BF_{n,m}) ⊆^{3m}].

ρ^{− 1} (k) = # F if k /∈ ρ ) if k ∈ ρ ρ (F) = k

= 2^{3m} SAT_{n,m}^* : I → I ∪ by

SAT_{n,m}^* (k) = # 0 1 if k / (BF_{n,m}).

if k (F F ∈ BF_{n,m} and F .

if k (F F ∈ BF_{n,m} and F

j C(SAT_{n,m}^* ) ≤ (n + m)^j + m ≥ 1.

M( f c_0 f

TEST = (B, x B n x ∈ { }^n , n ≥ 1

Ψ → N honest B, x) ≥ length Ψ B, x ≥ B, x B, x). Ψ Define

TEST_{n,m} =

(B, x B ∈ BF_{n,m} and x ∈ { }^n .

Ψ_{n,m}) ⊆^{n +m)} ] . (2.2)

≤ f(n) Ω_n ≤ 6sf(n) with ≤ 20 s^2 [ f(n^2 ≤ Ω_n has 2 00 = 0, 11 = 1 and 01 = 2 f(n) similarly.

{ρ_{n,m}^{− 1} } ρ_{n,m}^{− 1} (k) = #

B otherwise if k (B B ∈ BF_{n,m}

k^{3m} functions ρ_{n,m}^{− 1} p_2 (n,m f_{n,m}^{m+n)}

f_{n,m}(k) = #

Ψ B, B(x)^n if k isn′t in Ψ_{n,m}).

if k (B, x Ψ_{n,m}

Here B n B(x x n,m}

n,m} p_3 (n, m x_1 M( f_{n,m}) ≤ c_0 g_{n,m}(. f_{n,m} (. p_4 (n, m p_4 (x_1 , x_2 ) = [p_3 (x_1 , x_2^{c0} g_{n,m} F ∈ BF_{n,m} and F /∈ SAT F ∈ BF_{n,m} and g_{n,m}(Ψ(F^n = Consequently g_{n,m} SAT_{n,m} g_{n,m}(.

p_5 (n,m) = p_3 n +m)c_0 n +m)^{c0} ) + p_3 (n,m) + p_2 (n,m) + n +m n,m.

(2) f f : I_2^n → I_2^n ∪ f C( f ≤ i ≤ n + Σ_f^{(i)} B_0 ( f B_{n +1} ( f G_i C( f G_i ≤ C( f ≤ i ≤ n +1 . (2.3)

Σ_f #^{computing}

f^# C( f^{c0} + c_0 c_0 f

M( f) ≤ log_2 C( f) log_2 C( f^# )

≤ log C( f) c_0 log_2 C( f) + c_0

≤ 2c_0 ,

Σ_f # Σ_f^{(i)}

f^#

Σ_f^{(i)}

: { }^n → { g (x_1 , , x_n , y_1 , , y_G ) in n + (x_1 , , x_n ) ∈ { }^n g(x_1 x_n ) = 1 y_1 ∃y_2 ∃y_H B_g (x_1 x_n , y_1 y_G ) = 1 .

g (x_1 , , x_n , y_1 , , y_G ) 2G^2 + 2nG + 2G 12G(n +G_2 (n +G).

Proof y_1 y_G y_i

B_i ( f B_i (x_1 x_n , y_1 y_{Gi} ≤ i ≤ n, B_i ( f x_1 x_n ) = 1 y_1 ∃y_2 ∃y_{Gi} B_i (x_1 x_n , y_1 y_{Gi} ) = 1 . (2.4) L_i B_i L_i ≤ 24C( f n +C( f_2 C( f) ≤ 48C( f)^3 (2.5)

Σ_f #^{f #} Σ_f #^{i ≤ i ≤ n} i

i x_{i +1} x_n f(x̃_1 x̃_i , x_{i +1} x_n ) = k k =_{i =1}Σ^n z_i 2^{i − 1}.

n, G, i n + formulae B_i (x_1 x_n , y_1 y_G ≤ i ≤ n i x̃_1 x̃_i n values (z_1 z_n k =_{i =1}Σ^n z_i 2^{i − 1} ρ (F_i

F_i (x_{i +1} x_n , y_1 y_G ) =_{j=1}∧^n_j (x̃_1 x̃_i , x_{i +1} x_n , y_1 y_G ) = z_i ′(2.6)

where B_j (x̃_1 x̃_i , x_{i +1} x_n , y_1 y_G B_j x̃_1 x̃_i x_1 x_i ‘B_j = z B_j ∧ z) ∨ (¬ B_j z

in C( f). ρ (F_i F_i n +C( f C( f)^4 n ≤ C( f). Consequently F_i ∈ BF_{2C( f C( f)}^4 ρ (F_i SAT_{2C( f C( f)}^{4*} -circuit.

SAT^* (ρ (F_i = 1 x_{i +1} ∃x_n ∃y_1 ∃y_G B̃_i (x̃_1 x̃_i , x_{i +1} x_n , y_1 y_G ) = x_{i +1} ∃x_n f(x̃_1 x̃_i , x_{i +1} x_n ) = k ,

Σ_f #

C( f ≤ (C( f^{c0} + c_0 c_0.

f^#.

Let σ_n : I_2^n → I_2^n σ_n (k) ≡ 3k^n C_d (σ_n n n ≥ Σ_n σ_n using O(n^2 k

k =_{i =0}Σ^{n − 1} x_i 2^i

z_i by

3k =_{i =0}Σ^{n +1} z_i 2^i .

i < i ≤ n − 1}_i ≤ i ≤ n + 1}and z_n and z_{n +1} k = k + 2k i^{th} i + i^{th} w_i 1 =_{i =0}Σ^n x_i 2^i to _2 =_{i =0}Σ^h y_i 2^i Then

w_i = 1 either x_i ∧ y_i = 1 or x_{i − 1} ∨ y_{i − m} = ≤ m ≤ j and x_{i − j} ∧ y_{i − j} = j ≤ j ≤ x_j ∧ y_j x_j ∨ y_j i + A_i = x_i ∧ y_i and

A_{i,j} =_{i =m}∧^{j− 1} (x_{i − m} ∨ y_{i − m} ∧ (x_{i − j} ∧ y_{i − j} ≤ j ≤ i

w_i = A_0 ∨ A_1 ∨ ... ∨ A_i (3.1) ≤ i ≤ n _1 + _2 O(n^2 w_i w_i j^{th} _1 + _2 x_j ⊕ y_j ⊕ w_{j− 1} = (x_j ∧ y_j ∧ w_{j− 1} ) ∨ (x_j ∧ y

__j ∧ w_{j− 1} ) ∨(x __j ∧ y_j ∧ w_{j− 1} ) ∨ (x

__j ∧ y __j ∧ w_{j− 1} ≤ j ≤ n +

w_0 = x_{n +1} = y_{n +1} =

Σ_n computing σ_n using O(n^2

Σ_n^* computing σ_n

higher

Σ_n Σ_n^*

C_d^# (σ_n σ_n

σ_n^{− 1}

σ_n^{− 1} (k) ≡ 3 1 k_n ) .

C_d^{− 1} (σ_n ) = C_d (σ_n^{− 1} ) .

Let Π_n d σ_n^{− 1} with G_n Π_n Δ_n of

depth d G_n + O(n^2 ≡ 2 n +1

P_3 (y_1 , ..., y_{[ 2}^1_{n]} ) ≡ 0 1 otherwise .

if y_1 + ... + y_{[ 2}^1_{n]} ≡

k ≡ ≤ k < 2^n k = 3 σ_n^{− 1} (k N . (3.2)

k ≡ 3 σ_n^{− 1} (k^n z_n and z_{n +1} σ_n^{− 1} (k ≤ k < 2^n and k

i =0Σ n − 1

x_i 2^i then

k ≡ x_0 + 2x_1 + x_2 + 2x_3 + ... + 2 3 + (−^n x_{n − 1} ≡ . (3.3)

i ≤ i ≤ [ 2 n +1 ]}

y_1 + ... + y_{[ 2}^{n +1}_] ≡ ⇔ k =_{i =0}Σ [ 2 n ] y_i 2^{2i − 1} has k = 3σ_n^{− 1} (k) . (3.4)

d circuit Δ_n 2 n +1

circuit Δ_n has G_n + O(n^2

≡ Δ_n ≡ I_2^n

n as n c_0 Ω(n^{c0 log n} n .

Hence

G_n + O(n^2 ) >> 2 n c_0 log 2 n

G_n >> n^{c1 log n} (3.5)

with c_1 = 2 c_0 n d ≥ 4,

M_d (σ_n ) ≥ log C_d (σ_n ) log C_d^{− 1} (σ_n )

≥ log n log G_n

>> log n

A x_1 x_n

1 , ..., x_n and ¬ x_1 , ..., ¬ x_n i i − i + i i + B ∧ B B ∨ B

2G^2 gates.

2G^2 + Proof. depth i i i − x_1 , ..., x_n, x

__1 ( x_1 x

__n G

most G G^2 − G

G^2 gates. G G k k −

G^2 n x __1 , __n .

Let BF ∧,

,¬ and_j length

x_{n 2} n BF_{n,m} denote

BF x_1 , ..., x_n m

map ρ : BF → N F → 100 ) → 101 ∧ → 110 ∨ → 111 ¬ → 011 x_n n

0 → 000 1 → 001 / → 010 . ρ is honest B

B) ≥ ρ (B ≥ B) .

ρ : BF → N

ρ^{− 1}

(4) ρ (BF_{n,m}) ⊆^{3m}].

Proof

T having s ≤ n f(n Ω_n simulating T ≤ n the Ω_n has f(n i i 2n + 4f(n) + s f(n f(n n and s

s^2 f(n s +

Ω ≥ 3_j j Ω^* − 1 + n_d ( f_{d − 1} )^{fd} gates.

Proof d^{th}

i =1 ∧ f_d

(C_1^{(i)} ∨ ... ∨ C_{fd − 1}^{(i)} ) =

1 ≤ m_i ≤ f_{d − 1} m_1 , ..., m_{fd − 1}

∨ (_{j=1}∧

f_d

C_{mi}^{( j)}

C_j^{(k)} d − C_j^{(a)} = f_{d − 1} d and d − d f_{d − 1} )^{fd} f_{d − 1} )^{fd} d − f_d d − d − Ω^*.

d^{th} C_j^{(k)} = 1. f_i^* = f_i ≤ i ≤ d − 3, f_{d − 2}^* ≤ f_{d − 2} + f_d and f_{d − 1}^* ≤ ( f_{d − 1} )^{fd} . i and i + n_{i +1} ( f_i )^{fi +1} .

Proof B g y_2 g g_1, g_2, ..., g_m C_g =_g = y_{g1} ∧ y_{g2} ) ∧ ...) ∧ y_{gm} ) using 1 = B_2 B_1 ) ∨ (¬ B_2 ∧ (¬ B_1 ) ∨ B_2

B(x_1 , ..., x_n , y_1 , ..., y_g ) = g all ∧ C_g

x_1 , ..., x_n , x

__1 , ..., x

__n B 2E + 2G E Ω E ≤ G^2 + nG Bfollows.

References

Σ 24

17