i ≤ i ≤ (x_1 ,..., x_n ) of n E

i =1Σ n a_i x_i = (1.1) i ≤ i ≤ x_i = 0 (x_1 ,..., x_n ) x_i = 0 arbitrary weights_i ≤ i ≤ and E NP weights_i ≤ i ≤

superincreasing_i ≤ i ≤

i =1Σ j s_i < s_{j+1} ≤ j ≤ n − 1 .

i ≤ i ≤ M multiplier W satisfying 1 ≤ W < M and (W, M) = 1_i ≤ i ≤

Wa_i ≡ s_i M (1.2) with 1 ≤ a_i < M M M >_{i =1}Σ^n s_i , (1.3) W

i =1Σ n s_i x_i = WE − M (1.4)

E_1 E_1 ≡ WE M_1 ) (1.5) and 1 ≤ E_1 < M E_1 = WE − M

i =1Σ n s_i x_i = E_1 ;_i = .

i ≤ i ≤ m i ≤ i ≤ m multiplier-modulus pairs {(W_j , M_j ≤ j ≤ W_1 a_i ≡ s_i M_1 ≤ i ≤ n , with 1 ≤ a_i < M_1 and W_j a_i^{( j)} ≡ a_i^{( j−} M_j ≤ i ≤ n , (1.6) with 0 ≤ a_i^{( j)} < M_j for 2 ≤ j ≤ m

M_1 >_{i =1}Σ^n s_i and M_j >_{i =1}Σ^n a_i^{( j−} ≤ j < m , i (m) ≤ i ≤ .

R R ∼= # # . (1.7)

information rate R_i ≤ i ≤ by R = log_2 (_{i =1}Σ^n a_i ) n ____________ . (1.8)

0 < R ≤ 1_{i =1}Σ^n a_i ≥ 2^n 2^n

distinct.

R n

θ Q p

i ≤ i ≤ i ≤ i ≤

R R

(θ_1 , θ_2 ,..., θ_n ) of n ( Q p_1 , Q p_2 ,..., Q p_n ) of n

vector Q Q =_{1 ≤ i ≤ n p ∈ Zn}min Qθ_i − p_i (3.1)

._s where

s =_{1 ≤ i ≤ n}max θ_i .

in R^n

in R^n

≤ Q^{− n} 1 . 0 in R^n Q to ≤ Q^{− n} 1

in R^n

( A a_1 , A a_2

,..., A a_n ) A ( Q p_1

,..., Q p_n ) denominator Q

A being

Q δ-quality if

=_{1 ≤ i ≤ n pi ∈ Z}min Q A a_i − p_i ) (3.2)

satisfies

≤ A . (3.3) Q δ n 1 n ≥ 2

S_n^* (A) = { ( A a_1 ,..., A a_n

≤ a_i < A with (a_1 ,..., a_n , A) = 1}

2 1 A_n O(A_{n )+1} ) δ-

n 1 A δ

Wa_i ≡ s_i M ≤ i ≤ n , (3.1)

s_i s_1

Wa_i − Mk_i = s_i ≤ i ≤ n (3.2)

i ≤ i ≤

k_i’s

Ma_i

M W − a_i k_i = Ma_i s_i

≤ i ≤ (3.3) i s_i

s_i ≤ 2^{− n +i}M , (3.4)

M >_{i =1}Σ^n s_i . (3.5) W a_i ≥ n^2

1 M ≤ i ≤ (3.6)

M W − a_i k_i

= O^{− n +i}n^2 M^{− 1} ) (3.7) a_i k_i − a_1 k_1

= O^{− n +i}n^2 M^{− 1} (3.8)

k_i ∼ a_i ∼ M

k_1 k_i − a_1 a_i ∼

∼ O^{− n +i}n^2 M^{− 1} ) . (3.9)

d ≥ 2_d = ( k_1 k_2 ,..., k_1 k_{d +1} ) d = ( a_1 a_2 ,..., a_1 a_{d +1} )

d d k_1

O(M^{− 1} )

∼ 2^{− n} when i

R for

a_1 ∼ M ∼ 2^{nR− 1} .

Setting D = R^{− 1}

k_1 k_i − a_1 a_i ∼ ∼ O^{− n +D)} ) = O(a_1^{− +R)} ) . (3.10)

result.

i ≤ i < R,

i ≤ i <

(W, M) M W

d ≥ 2 d = a^1 a_2

,..., a_1 a_{d +1} (3.11) δ d = k^1 k_2

,..., k_1 k_{d +1} (3.12)

(with k_i R− Rn d +log n ________ . (3.13) n R d_d ∼ R-

d uniquely d necessary_d d d

R n_d approximation_d provided d > R^{− 1}. d R with 1/2 < R ≤ 1 0 < R ≤ 1 d k_1

ki a 1 − k1 a i ≤ 2^{− n +d}n^2 M ≤ i ≤ d , (3.14)

(k_1 ,..., k_d ) fixed d = [R^{− 1} ] + 1 R n

R R decreases.

i ≤ i ≤ (W, M) i ≤ i ≤

Wa_i ≡ s_i M ≤ i ≤ n ,

with 0 ≤ a_i < M (W^* , M^* ) with M^*

W^* close

M W W^* W, M^* M where ε λ

W^* a_i − M^* k_i (Wa_i − Mk_i ) k_i

s_i k_i . (3.15)

λ s_i εk_i ε k_1

M W − a_1 k_1

= O^{− n}m^2 M^{− 1}

a_1 k_1 M W

a_1 k_1

M^*

W^*

(W^* , M^* )

Let_i ≤ i ≤

W_2 a_i − M_2 k_i = a_i ≤ i ≤ n , (4.1)

W_1 a_i − M_1 k_i = s_i ≤ i ≤ n , (4.2) where (i)_i ≤ i ≤ 0 ≤ a_i < M_2 and 0 ≤ s_i < M_1 for 1 ≤ i ≤ n.

M_2 and M_1

M_2 >_{i =1}Σ^n a_i , and M_1 >_{i =1}Σ^n s_i .

a_i W_2 W_1 a_i − M_2 W_1 k_i − M_1 k_i = s_i ≤ i ≤ (4.3) M_2 W_1 a_i gives

M_2

W_2 − a_i 1 k_i + k_i M_2 W_1

M_1 = M_2 W_1 a_i s_i __________ . (4.4)

i_i } is R weights_i } D = R^{− 1}

s_i ∼ O^{(D − n +i} ) (4.5)

W_1 ∼ M_1 ∼ W_2 ∼ M_2 ∼ k_i ∼ k_i ∼ a_i ∼ a_i ∼ 2^{Dn} (4.6)

(W M_1 ) and (W_2 , M_2 )

M_2

W_2 − a_i

1 (k_i + k_i

M_2 W_1

M_1

) = O^{− D + n} ) (4.7) i r_2 r_1 to M_2 W_1

M_1

M_2 W_1

M_1 − r_2 r_1 ≤ 2^{− D + n} (4.8)

where

1 ≤ r_2 ≤ 2^{− ( 2}

2D +1 )n . (4.9)

Substituting r_2 r_1 for M_2 W_1

M_1

M_2

W_2 − a_i r_2

1 (k_i r_2 + k_i r_1 ) = O_{− D + n} (4.10)

i = 1 and i = j

gives

a_1 r_2

1 (k r_2 + k r_1 ) −

a_j r_2

1 (k_j r_2 + k_j r_1 ) = O_{− D + n} ) . (4.11)

k r_2 +k r_1 a_j r_2

gives

a_1 a_j − k r_2 +k r_1 k_j r_2 +k_j r_1 ∼ ∼ O^{− D + n} (4.12)

Q = k r_2 + k r_1 = O^{D + 2} 1 )n d d = (

a_1 a_2 ,..., a_1 a_d ) Q = k r_2 + k r_1 Q Q

than a_1 k̂_1 ≡ k r_2 + k r_1 a_1 ) (4.13)

with 0 ≤ k̂_1 < a_1 t by

k̂_1 = k r_2 + k r_1 − ta_1 . (4.14)

define k̂_i for 2 ≤ i ≤ d +1 by

k̂_i = k_i r_2 + k_i r_1 − ta_i , (4.15)

where t provided k̂_1 ≠ 0,

a_1 a_j − k̂_1 k̂_j

∼ O^{− (D + 2} 1 )n ≤ j ≤ d +1 . (4.16)

d d = ( a_1 a_2

,..., a_1 a_{d +1} ) d = (

k̂_1 k̂_2

,...,

k̂_1 k̂_{d +1} )

k_1 ≠ 0.

Proof. k̂_1 = 0

k r_2 + k r_1 ≡ a_1 ) .

M_1

W_1 − r_2 μ_2

= O^{− D + n} (4.17)

where

μ_2 =

a_1

1 (k r_2 + k r_1 ) (4.18)

M_2

W_2 ≠ r_2 μ_2

then

M^2

W_2 − r_2 μ_2 ≥ M_2 r_2 1 ∼ ∼ 2^{− D + 2} 1 )n . (4.19)

M_2

W_2 = r_2 μ_2

Since (W_2 , M_2 ) = 1 r_2 = M_2 k

μ_2 = W_2 k

where k = O^2 1 n )

M^2 W^1

M_1 − M_2 k r_1 < 2^{− D + n} ,

M_2 gives

W^1

M_1 − k r_1

< 2^{− (D + n} . (4.20)

W_1

M_1 ≠ k r_1

then

W^1

M_1 − k r_1 ≥ W_1 k 1 ∼ ∼ 2^{− (D + 2}

1 )n

. (4.21)

W_1

M_1 = k r_1 . (M_1 , W_1 ) = 1

W_1 ∼ 2^{Dn} k = O^2 1 n ) W_1 since

D ≥ 1.

M

M_m

W_m − a_i 1 k_{m, i} + k_{m− i} M_mW_{m− 1}

M_{m− 1} _________ + k_{m− i} M_mW_{m− 1} W_{m− 2}

M_{m− 2} + ... +

k_i M_mW_{m− 1} W_{m− 2 1}

M_1 = O^{− (mD+ n} ) (4.22)

( r_m r_{m− 1} ,...,

r_m r_1 ) ( M_mW_{m− 1}

M_{m− 1} _________, M_mW_{m− 1} W_{m− 2}

M_{m− 2}

,..., M_mW_{m− 1 1}

M_1 )

M^mW^{m− 1 j}

M_{m− 1} − r_m r_j

≤ 2^{− (mD+ n} ≤ j ≤ m , (4.23)

with

1 ≤ r_m ≤ 2^{(mD+ n − m} 1 ) . (4.24)

d = ( k̂_1 k̂_2 ,...,

k̂_1 k̂_d ) to_d

k̂_1 = k_m r_m + k_{m−} r_{m− 1} + ... + k r_1 − ta_1 (4.25)

with 0 ≤ k̂_1 < a_1 k̂_1 ≠ 0.

i ≤ i ≤ R,

i ≤ i ≤ M

(W_m, M_m ... W_1 , M_1 )

d ≥ 2 d = a^1 a_2

,...,

a_1 a_{d +1}

δ

d = k̂_1 k̂_2

,...,

k̂_1 k̂_{d +1} (4.26)

(with k̂_1 (4.14) m 1 R − m Rn d +log n ________ . (4.27)

d

m rate R n_d approximation_d provided d > mR^{− 1}.

k̂i a 1 − k̂1 a i ≤ 2 − m n M̃ ≤ i ≤ d +

section.

d d r_2 r_1

R R

developed L^3

L Q that δ_d = ( Q p_1 ,..., Q p_d ) to

d = ( a_1 a_2 ,..., a_1 a_{d +1}

) L ⊆ Z^{d +1}

b_1 = (λ a_1 ...

b_2 = λ a_1 ,... . . b_d = ..., λ a_1

b_{d +1} = ( a_2 , a_3 ,..., a_{d +1} . where λ λ ∼ (a_1 )^δ . (5.2) If of δ w = p_1 b_1 + ... + p_d b_d + Qb_{d +1}

= (λ (p_1 a_1 − Qa_2 λ (p_2 a_1 − Qa_3 ..., λ (p_n a_1 − Qa_{d +1} Q) (5.3) L w ∼< n^{1/2} a_1 , (5.4)

(a_1 )^1 L^3 w

denominator Q of w

x = ... a_1 ) = a_2 b_1 + a_3 b_2 + ... + a_{d +1} b_d + a_1 b_{d +1} , (5.5)

in L x w L given L(a_1 ,..., a_{d +1} ; δ).

L(a_1 ,..., a_{d +1} ; δ) m-times R δ ∼ m 1 R , (5.6)

d mR^{− 1} , (5.7)

with 1 L^3 m+1 ‘‘short’’ a_1 x m d D d − m

(a_1 )^{1 − R}

1− R ) . d β m+1 d − m

L(a_1 ,..., a_d , δ) m m+1 L(a_1 ,..., a_{d +1} , δ) x and m different_d O(a_1 )

d = ( k̂_1 k̂_2

,...,

k̂_1 k̂_{d +1}

) to

d = (

a_1 a_2

,...,

a_1 a_{d +1} ) m found (k̂_1 ,..., k̂_{d +1} ) where k̂_i = k_{m, i} r_m + ... + k_i r_1 − ta_i ≤ i ≤ d + (6.1) k̂_i and a_i

j, i ≤ i ≤ d + ≤ j ≤ and i ≤ i ≤ and t

k_{j, i} r_j

d

k̂_i = k_i r_2 + k_i r_1 − ta_i ≤ i ≤ d +1 . (6.2) R D = R^{− 1} (i) r_1 and r_2 r_1 ∼ 2^2 1 n ,

r_2 ∼ 2^{(D + 2}

1 )n . k_i and k_i k_i ∼ 2^{Dn}

k_i ∼ 2^{Dn} .

r_1 and r_2 d ≥ R^{− 1} + .

Consider (r_1 , r_2 ) r_1^2 1 n ] and r_2^{(D + 2}

1 )n

] 2^{(D + n} 2^{2Dn}

= x_1 r_1 +x_2 r_2 ; x x_2 ∈^{Dn} ] (6.3) D + 2 1 )n +1 ] * ∈^{D + 2} 1 )n +1

] 2^{− 2} 1 n

S(r_1 , r_2 ) =_1 r_1 +x_2 r_2 : x_1 , x_2 ∈^{Dn} ]} (6.4) (r_1 , r_2 ), D + (r_1 , r_2 ) 2^{(D + n} such (r_1 , r_2 )

2^{− 2} 1 n . t t ∼ 2^{( 2}

D +1 )n

k̂_i + ta_i = _i ; _i ∈ S(r_1 , r_2 ) . 2 D +1 ) _i

t d ≥ D + 2^{(D + n} sets

T(u) = ^_i + ua_i ≤ i ≤ ≤ u ≤ 2^{(D + 2}

1 )n , any S(r_1 , r_2 ) T(t) S(r_1 , r_2 ), t. t k̂_i a_1 − k̂_1 a_i = (k_{m, i} a_1 − k_m a_i )r_m + ... + (k_i a_1 − k a_i )r_1 ≤ i ≤ d + (6.5)

k̂_i^* = _{m, i} r_m + ... + _m r_1 ≤ i ≤

T = ^_i ≤ i ≤ (r_1 ,..., r_m) with r_i ∈^{α n} ] T ⊆ S(r_1 ,..., r_m) where S(r_1 ,..., r_m) =_1 r_1 + ... + x_mr_m x_i ∈ [− 2^{βn βn} ]} , provided (m− β d ≥ (m− β , (6.6)

d (r_1 ,..., r_m) T. m = 1 T = ^_i ≤ i ≤ where k̂_{i i} r_1

r_1 = (k̂_1 ,..., k̂_d ) . (6.7) n m ≥ 2.

m = 1 R D = R^{− 1} d = 2βR^{− 1} (7.1) fixed 1.

L^3 d +1 L(a_1 ,..., a_{d +1} ; 2 1 R) (k̂_1 ,..., k̂_{d +1} ) k̂_i = k_i r_2 + k_i r_1 − ta_i ≤ i ≤ d +1 . (7.2) d L^3 n +1 L(a_1 ,..., a_n ; n log n ) to recover (k ,..., k_n ). k̂_i, k_i and a_i r_2 and t r_2 k̂_i k − k̂_1 k_i = (k_i k − k k_i )r_1 − t(k a_i − k_i a_1 ≤ i ≤ d +1 .(7.3)

^_i = m_i r_1 + tn̂_i ≤ i ≤ d + (7.4) where ^_i and n̂_i t ^_i n̂_2 − ^_2 n̂_i = (m_i n̂_2 − m_2 n̂_i )r_1 ≤ i ≤ d +1 . (7.5) r_1 t r_2 r_1 r_1 r_1.

r_1 L^3 d +4 L^* b_1 = (r_1 ...

b_2 = r_1 , ... ... b_{d +1} = ..., r_1

b_{d +2} = (k̂_1 ,..., k̂_{d +1}

b_{d +3} = (k ,..., k_{d +1}^{− (D + 2} 1 )n

b_{d +4} = (a_1 ,..., a_{d +1}^{− (D + 2}

1 )n ) . w w =_{i =1}Σ

d +1

k_i b_i − b_{d +2} + r_2 b_{d +3} − tb_{d +4}

= ... − r_2 2^{− (D + 2}

1 )n

, − t2^{− (D + 2}

1 )n ) .

L^* 2^{(D + 2}

1 )n

r_2, t k_i.

M_2

W_2 − a_1 r_1

1 (k r_2 + k r_1 ) = O_{− D + n} ) . (7.7)

Then

M_2

W_2 a_1 r_1 k r_2 +k r_1

W_2 and M_2 uniquely.

Use (W_2 , M_2 )

W^1

M_1 − r_2 r_1 M_2 < 2^{− (D + n} .

Hence (r_2 , r_1 M_2 ) (W_1^* , M_1^* ) r_1 i ≤ i ≤ permuted version n(dn) d +1 a_{1 2} , a_3 ,..., a_{d +1} } d n as n with R fixed.

References

37

1-10. 261

21