









































































































Recall In talk 7 we assumed that hatcleftMrightrightarrowhatcleftNright are quasifibrations

for maps in the left

diagram.Goal
justifythis assumption

NX X00 r NXX X00Xxx X
M

hatCleftMrightfracrhatCleftNright is well defined if 2MAN subseteq

2N.automatic

ifN is aclosed
submanifoldof
thesamedimension

N N
1 XX

XXOM OMAN
simeq fracr

N N
XX

X
OM2

MANObservations
N NN X XrXX X

OM partialM

preimage X
X

hatCleftMrightfracrhatCleftNright feels like a fiberbundle

for leftSrightinwidetildeCleftNright
r1leftleftSrightright all relativeconfigurationsof M thatrestrict to leftSright on N

congCleftNoverlinepartialNBright












































































































widetildeCleftMrightrightarrowwidetildeCleftNright is not a fibration

Suppose we have a path gammat in widetildeCleftNright givenby a point

sliding in from B

12M.NNgammat gammat
X X X

Attime 0 weusetheemptyconfiguration

representative.thisis a validpathin hatcleftNright

Claim nexistswidetildegamma in widetildeCleftMright with widetildegammaleft0right emptyconfiguration in M
proofbypicture

N
NOT a path in widetildeCleftMrightN

xleftarrow

points cannot appear disappear collide in Int M

OMNow
we show that although hatCleftMrightrightarrowhatCleftNright is not really

a fibration it is still a quasifibration it NsubseteqM satisfies

some conditions












































































































We impose someconditionson NsubseteqM

N leftNpartialNright leftNpartialNright embedded closed submanifolds
B ofsame dimension as M

MNuN NcapNpartialNcappartialNB

If BsubseteqpartialN BsubseteqpartialN are submanifolds

then wesay NsubseteqM isnice.e
N

M

B
NN

no crazy

glueingAdditionalcondition

each connected component of B hasnonempty intersection with 2M
we have to cut through 2M

B
N

eB
eN

M N'NM

A X

B
NN

A A X

A is naturally satisfied when we do a

handle body decomposition of compactmanifoldwith boundary






Thm If NsubseteqM is a niceinclusion satisfying
prop3.1inMcDuff then rwidetildeCleftMrightrightarrowwidetildeCleftNright is a quasifibration withfiber FCleftNoverlinepartialNbetaright

Def Amap rYrightarrowX iscalledaquasifibrationif r1leftxright notbleftxright
homotopyfiberinducesanisoofhomotopygroupsforall xweakhomotopy

equivalenceThemain strategyof provingProp3.1 is to use thefollowing Lemma

Lem3.3 XcupXk Xk closed and x1x2ldots

Let rYrightarrowX be amap
Suppose thatforeach k
i rr1leftXkXk1rightrightarrowXkXk1
is a fibration with fiber F

ii opensubset Uk of Xk which contains Xk1
and there are homotopies htUkrightarrowUk
and Htr1leftUkrightrightarrowr1leftUkright such that

a h0id htleftXk1rightsubseteqXk1h1leftukrightsubseteqXk1
b H0id rcircHthtcircr
c H1r1leftXrightrightarrowr1lefth1leftXrightright is a homotopy equivalence forallxinUk

Then rYrightarrowX is a quasifibration withfiber F

r1lefthleftxrightrightsimeqr1leftxrightcongF
F

h1leftxright leftxrightXk1 Uk

Xk



Intuition Foreach level XkXk1 we have a fiberation
We stitch togetherthesefibrations in a coherent way

using homotopy ht and He

Then we get a

quasifibration.Now
we use Lemma3.3 to prove prop 3.1

proofofProp3.1

widetildeCkleftNright contof leqk points in N

widetildeCkleftNrighthatCk1leftNright contof k pts in N 2N3
Vk V1

i r1leftwidetildeCkleftNrightwidetildeCk1leftNrightrightrightarrowwidetildeCkleftNrightwidetildeCk1leftNright is a

fibrationconfigurationson M sit when restricted
to N 2N wehaveexactly K

points.wehave homeo

VktimesFrightarrowr1leftVkright i

leftleftsrightlefttrightrightleftrightarrow SUE

B
N NNNtimes Xxx X



ii Now we build the homotopies

Pick Σ sufficiently small

NvarepsilonNNbhdvarepsilonleftpartialNright

There is a homotopy ftleftMpartialMrightrightarrowleftMpartialMright sit

f0idf1leftNvarepsilonrightN and ftft1leftMpartialMright is always injective
BB NN N Ncrushedto
1Nvarepsilon stretch Nvarepsilon f1leftN2right

UsqueezedtoN
partialM partialM

t0 t1

This spacelevel homotopy induces homotopies on configurationspaces

BB NN N Ncrushedto
Nvarepsilon stretch NvarepsilonXX X f1leftN2right XX

UsqueezedtoNx partialM partialM
t0 t1

Let ukleftleftsrightinwidetildeCkleftNrightleftScapNvarepsilonrightleqk1rightsupseteqwidetildeCk1leftNright
ft induces homotopy htUkrightarrowUk S.t

h0idhtleftwidetildeCk1rightsubseteqwidetildeCk1h1leftukrightsubseteqXk1

and homotopy Htr1leftUkrightrightarrowr1leftUkright such that

H0idrcircHthtcdotr

a

b



Now wejustneed to show
cH1V1leftleftsrightrightrightarrowr1lefth1leftsrightrightN forallleftsrightinUk

Lem3.4 If 1 1 is satisfied then

H1V1leftleftsrightrightrightarrowr1lefth1leftsrightrightN forallleftsrightinUk

B B
N NNX NH1X X X X

X

proofofLear3.4
r1leftleftSrightright and r1lefth1leftsrightright are both canonically identified with CleftNoverlinepartialNBright

H1CleftNoverlinepartialNBrightrightarrowCleftNoverlinepartialNBright
leftomegarightleftf1leftsrightcapNright

particlessqueezed to N
lefttrighttrightarrowleftf1lefttrightrightcupleftomegaright

N
X XfracxN

A TW canbe connected to the empty configuration through
configurations in W

we can push points in W to theboundary 2M

NN
XX X

H1 is homotopic to lefttrightleftrightarrowleftf1lefttrightright

H1 is homotopic to id

H1 is an homotopy equivalence



Note If x is not satisfied then these points in W are

trapped.Lemma3.4 wouldn't hold


