
<latexit sha1_base64="ZJDov5JN4oZgkZWrzy8ias+j+S4="></latexit>

in the Space Direction

<latexit sha1_base64="I8rNaNt7UYW5OftJnjIrPEl0nqs="></latexit>

The 15 Puzzle and Homological Stability



<latexit sha1_base64="0osvDmHnZjI4jri3sASMa7azRE4=">AAACJHicbZBLSwMxFIUz9VXrqyqu3ASL4MYyU0RdFrqpuwr2Ae1QMmmmDc1khuSOUIf5MW5c6F9xJy7c+DtcmrazsK0HAofv3MsNx4sE12DbX1ZubX1jcyu/XdjZ3ds/KB4etXQYK8qaNBSh6nhEM8ElawIHwTqRYiTwBGt749o0bz8ypXkoH2ASMTcgQ8l9TgkY1C+e3EkOnAhcC6XPh7HKeMku2zPhVeNkpoQyNfrFn94gpHHAJFBBtO46dgRuQhRwKlha6MWaRYSOyZB1jZUkYNpNZt9P8bkhA+yHyjwJeEb/biQk0HoSeGYyIDDSy9kU/pd1Y/Bv3YTLKAYm6fyQHwsMIZ52gQdcMQpiYgyhyvRAMR0RRSiYxhauAB8/pSvkkg5SU5WzXMyqaVXKznX56r5Sqtaz0vLoFJ2hC+SgG1RFddRATURRgp7RK3qzXqx368P6nI/mrGznGC3I+v4FCMumDA==</latexit>

Initial Configuration
<latexit sha1_base64="dUDev3pMOdOGsU5Mui1eVbg4zFs=">AAACI3icbZC7SgNBFIZnvcZ4i5fOZjAINobdIGoZSJMyQm6QLGF2MpsMmZ1dZs4KybLvYmOhr2InNha+h6WTZAuT+MOBn++cwzn8XiS4Btv+sjY2t7Z3dnN7+f2Dw6PjwslpS4exoqxJQxGqjkc0E1yyJnAQrBMpRgJPsLY3rs767SemNA9lAyYRcwMylNznlIBB/cJ5g6ghA1wNpc+Hscpw0S7Zc+F142SmiDLV+4Wf3iCkccAkUEG07jp2BG5CFHAqWJrvxZpFhI7JkHWNlSRg2k3m36f4ypAB9kNlSgKe078bCQm0ngSemQwIjPRqbwb/63Vj8B/chMsoBibp4pAfCwwhnkWBB1wxCmJiDKGKm18xHRFFKJjAlq4AH0/TNXJDB6mJylkNZt20yiXnrnT7WC5WalloOXSBLtE1ctA9qqAaqqMmomiKntErerNerHfrw/pcjG5Y2c4ZWpL1/Qs256Wf</latexit>

Target Configuration

<latexit sha1_base64="K5jUX3oZyrhveOfuo4iQexk1ik4="></latexit>

Goal: Slide 15 labeled unit squares around a 4 by 4 rectangle to move from an
initial configuration to a target configuration.



<latexit sha1_base64="vePcmqnAyFBmx7sYu7Kvg/TivSs=">AAACKXicbVDJSgNBEO1xjXGLetNLYxC8GGaCG54iXjyOkA2SIfR0apImPT1Dd4+QCQG/xosH/RVv6tWf8GhnOZjEBwWP96qoqufHnClt25/W0vLK6tp6ZiO7ubW9s5vb26+qKJEUKjTikaz7RAFnAiqaaQ71WAIJfQ41v3c38muPIBWLRFn3Y/BC0hEsYJRoI7Vyh00/wOUuYOcCu0macrjBt9iVLIVWLm8X7DHwInGmJI+mcFu5n2Y7okkIQlNOlGo4dqy9AZGaUQ7DbDNREBPaIx1oGCpICMobjH8Y4hOjtHEQSVNC47H6d2JAQqX6oW86Q6K7at4bif95jUQH196AiTjRIOhkUZBwrCM8CgS3mQSqed8QQiUzt2LaJZJQbWKb2aJZLx0uKGe0PTRROfPBLJJqseBcFs4fivlSeRpaBh2hY3SKHHSFSugeuaiCKHpCz+gVvVkv1rv1YX1NWpes6cwBmoH1/QsEZaZi</latexit>

The 15 Puzzle: A Prize





<latexit sha1_base64="YLEVugXaYxJFydAHprH/ZF1vVqw=">AAACLXicbVDLSsNAFJ34rPXRVpdugkWooCUp9bEsuOmygn1AG8pkMm2HTjJh5kaoIT/hVv/Br3EhiFt/w0mbhW09MHA4517umeOGnCmwrE9jY3Nre2c3t5ffPzg8KhRLxx0lIklomwguZM/FinIW0DYw4LQXSop9l9OuO71P/e4TlYqJ4BFmIXV8PA7YiBEMWupV7Prg0r6+GBbLVtWaw1wndkbKKENrWDIKA0+QyKcBEI6V6ttWCE6MJTDCaZIfRIqGmEzxmPY1DbBPlRPPAyfmuVY8cySkfgGYc/XvRox9pWa+qyd9DBO16qXif14/gtGdE7MgjIAGZHFoFHEThJn+3vSYpAT4TBNMJNNZTTLBEhPQHS1dATZ9TtaUK+Iti2kEEIKrRFdorxa2Tjq1qn1TrT/Uyo1mVmYOnaIzVEE2ukUN1EQt1EYEcfSCXtGb8W58GF/G92J0w8h2TtASjJ9f01Cnng==</latexit>

(14 15)
<latexit sha1_base64="IWaXD3FmPdXfA+xUwJpvH4rd+KA=">AAACKXicbVDLSsNAFJ34rPXRVpduBotQQUtSRF0W3HRZwT6gDWUymbRDJ5kwcyPUkF9wq//g17hTt/6ISZuFbT0wcDjnXu6Z44SCazDNL2Njc2t7Z7ewV9w/ODwqlSvHXS0jRVmHSiFV3yGaCR6wDnAQrB8qRnxHsJ4zvc/83hNTmsvgEWYhs30yDrjHKYFMqg0vL0blqlk358DrxMpJFeVojypGaehKGvksACqI1gPLDMGOiQJOBUuKw0izkNApGbNBSgPiM23H87AJPk8VF3tSpS8APFf/bsTE13rmO+mkT2CiV71M/M8bRODd2TEPwghYQBeHvEhgkDj7OXa5YhTELCWEKp5mxXRCFKGQ9rN0Bfj0OVlTrqi7LGYRQEqhk7RCa7WwddJt1K2b+vVDo9ps5WUW0Ck6QzVkoVvURC3URh1E0QS9oFf0ZrwbH8an8b0Y3TDynRO0BOPnF9U/pqs=</latexit>

( )







<latexit sha1_base64="YLEVugXaYxJFydAHprH/ZF1vVqw=">AAACLXicbVDLSsNAFJ34rPXRVpdugkWooCUp9bEsuOmygn1AG8pkMm2HTjJh5kaoIT/hVv/Br3EhiFt/w0mbhW09MHA4517umeOGnCmwrE9jY3Nre2c3t5ffPzg8KhRLxx0lIklomwguZM/FinIW0DYw4LQXSop9l9OuO71P/e4TlYqJ4BFmIXV8PA7YiBEMWupV7Prg0r6+GBbLVtWaw1wndkbKKENrWDIKA0+QyKcBEI6V6ttWCE6MJTDCaZIfRIqGmEzxmPY1DbBPlRPPAyfmuVY8cySkfgGYc/XvRox9pWa+qyd9DBO16qXif14/gtGdE7MgjIAGZHFoFHEThJn+3vSYpAT4TBNMJNNZTTLBEhPQHS1dATZ9TtaUK+Iti2kEEIKrRFdorxa2Tjq1qn1TrT/Uyo1mVmYOnaIzVEE2ukUN1EQt1EYEcfSCXtGb8W58GF/G92J0w8h2TtASjJ9f01Cnng==</latexit>

(14 15)
<latexit sha1_base64="IWaXD3FmPdXfA+xUwJpvH4rd+KA=">AAACKXicbVDLSsNAFJ34rPXRVpduBotQQUtSRF0W3HRZwT6gDWUymbRDJ5kwcyPUkF9wq//g17hTt/6ISZuFbT0wcDjnXu6Z44SCazDNL2Njc2t7Z7ewV9w/ODwqlSvHXS0jRVmHSiFV3yGaCR6wDnAQrB8qRnxHsJ4zvc/83hNTmsvgEWYhs30yDrjHKYFMqg0vL0blqlk358DrxMpJFeVojypGaehKGvksACqI1gPLDMGOiQJOBUuKw0izkNApGbNBSgPiM23H87AJPk8VF3tSpS8APFf/bsTE13rmO+mkT2CiV71M/M8bRODd2TEPwghYQBeHvEhgkDj7OXa5YhTELCWEKp5mxXRCFKGQ9rN0Bfj0OVlTrqi7LGYRQEqhk7RCa7WwddJt1K2b+vVDo9ps5WUW0Ck6QzVkoVvURC3URh1E0QS9oFf0ZrwbH8an8b0Y3TDynRO0BOPnF9U/pqs=</latexit>

( )





<latexit sha1_base64="0nj7oSZ6N3cs9jDFdiCmlXysEGM="></latexit>

The ordered configuration space of n open unit squares in the w by h rectangle
is

SFn(Rw,h) :=
n
(z1, . . . , zn) 2 Cn

���max{|Re(zi)�Re(zj)|,|Im(zi)�Im(zj)|}�1,
1
2Re(zi)w� 1

2 ,
1
2Im(zi)h� 1

2

o
.



<latexit sha1_base64="/qIc9BENnnJn3B1FV49JH4IEqbw=">AAACRXicbVDLSgMxFM34rO9Wl4IEi+DGMlNEXQp14bJiX9CWkkkzbWgmGZI7Qh2682vc6j/4DX6EO3GrmXYW1nogcDjnvnL8SHADrvvuLC2vrK6t5zY2t7Z3dvfyhf2GUbGmrE6VULrlE8MEl6wOHARrRZqR0Bes6Y8qqd98YNpwJWswjlg3JAPJA04JWKmXP0o6foBvuBnhipIBH8R66uD7iFA26eWLbsmdAi8SLyNFlKHaKzh7nb6iccgkUEGMaXtuBN2EaOBUsMlmJzbMjh6RAWtbKknITDeZfmSCT6zSx4HS9knAU/V3R0JCY8ahbytDAkPz10vF/7x2DMFVN+EyioFJOlsUxAKDwmkquM81oyDGlhCqub0V0yHRhILNbm4L8NHjZEE5o/15MT0BlBImjdD7G9giaZRL3kXp/K5cvK5lYebQITpGp8hDl+ga3aIqqiOKntAzekGvzpvz4Xw6X7PSJSfrOUBzcL5/AB6Isl4=</latexit>

Disk Configuration Space

<latexit sha1_base64="mmFNtRxyno7nMPzzL7sSuLLgJ7o="></latexit>

Let (X, g) be a metric space. The ordered configuration space of n open unit
disks in X is

DFn(X) :=
n
(x1, . . . , xn) 2 Xn

��� dg(xi,xj)�1
and a “boundary” condition

o
.



<latexit sha1_base64="/qIc9BENnnJn3B1FV49JH4IEqbw=">AAACRXicbVDLSgMxFM34rO9Wl4IEi+DGMlNEXQp14bJiX9CWkkkzbWgmGZI7Qh2682vc6j/4DX6EO3GrmXYW1nogcDjnvnL8SHADrvvuLC2vrK6t5zY2t7Z3dvfyhf2GUbGmrE6VULrlE8MEl6wOHARrRZqR0Bes6Y8qqd98YNpwJWswjlg3JAPJA04JWKmXP0o6foBvuBnhipIBH8R66uD7iFA26eWLbsmdAi8SLyNFlKHaKzh7nb6iccgkUEGMaXtuBN2EaOBUsMlmJzbMjh6RAWtbKknITDeZfmSCT6zSx4HS9knAU/V3R0JCY8ahbytDAkPz10vF/7x2DMFVN+EyioFJOlsUxAKDwmkquM81oyDGlhCqub0V0yHRhILNbm4L8NHjZEE5o/15MT0BlBImjdD7G9giaZRL3kXp/K5cvK5lYebQITpGp8hDl+ga3aIqqiOKntAzekGvzpvz4Xw6X7PSJSfrOUBzcL5/AB6Isl4=</latexit>

Disk Configuration Space

<latexit sha1_base64="mmFNtRxyno7nMPzzL7sSuLLgJ7o="></latexit>

Let (X, g) be a metric space. The ordered configuration space of n open unit
disks in X is

DFn(X) :=
n
(x1, . . . , xn) 2 Xn

��� dg(xi,xj)�1
and a “boundary” condition

o
.

<latexit sha1_base64="YM8dxlj9b770OLnl6DNNkmC9NM4="></latexit>

Chemistry, statistical mechanics, and physics

<latexit sha1_base64="7MRTM/lpVYXdXcix22nNuwFh10Q=">AAACQ3icbZDLSgMxFIYzXmu9tNWlLoJFcGOZKaIuC266rGIv0JaSyaRtaCYZkjNCHbrxadzqO/gQPoM7cSuYabuwrQcCP985h//k9yPBDbjuh7O2vrG5tZ3Zye7u7R/k8oXDhlGxpqxOlVC65RPDBJesDhwEa0WakdAXrOmPbtN+85Fpw5V8gHHEuiEZSN7nlIBFvfzJvfIVcGowkQEOVUpxJIiUXA56+aJbcqeFV4U3F0U0r1qv4OQ6gaJxyCRQQYxpe24E3YRoayHYJNuJDYsIHZEBa1spSchMN5l+Y4LPLAlwX2n7JOAp/buRkNCYcejbyZDA0Cz3Uvhfrx1D/6abcBnFwCSdGfVjgUHhNBMccM0oiLEVhGpub8V0SDShYJNbcAE+epqskAsaLML0BFBKmImN0FsObFU0yiXvqnR5Vy5WqvMwM+gYnaJz5KFrVEFVVEN1RNEzekGv6M15dz6dL+d7NrrmzHeO0EI5P7/USbG4</latexit>

Robotics and motion planning

<latexit sha1_base64="8+NkxDctx0R/LTu2AeN7S5fNrWc="></latexit>

Approximations to Fn(X) and interpolating between E1 and E2 algebras

<latexit sha1_base64="3ue6Ef+cO/voHODYFVO4CakCFGI=">AAACN3icbVDLSgMxFM34rPXRVpdugkVwY5kpoi4LbrqsYh/QDiWTSdvQTDIkdwrt0D9xq//gp7hyJ279A9PHwrYeuHA4517u4QSx4AZc98PZ2t7Z3dvPHGQPj45PcvnCacOoRFNWp0oo3QqIYYJLVgcOgrVizUgUCNYMhg8zvzli2nAln2EcMz8ifcl7nBKwUjeff2JE8AmXfRxowkPTzRfdkjsH3iTekhTRErVuwcl1QkWTiEmgghjT9twY/JRo4FSwabaTGBYTOiR91rZUkogZP51Hn+JLq4S4p7QdCXiu/r1ISWTMOArsZkRgYNa9mfif106gd++nXMYJMEkXj3qJwKDwrAcccs0oiLElhGpus2I6IJpQsG2tfAE+nEw3lGsaroqzCKCUMFNbobde2CZplEvebenmsVysVJdlZtA5ukBXyEN3qIKqqIbqiKIRekGv6M15dz6dL+d7sbrlLG/O0Aqcn1+1KKy1</latexit>

Realizing braids













<latexit sha1_base64="EmmgjgCWZLKWhn51HKzAEaMF4bs="></latexit>

What can we say about Hk

�
SFn(Rw,h)

�
for k > 0?



<latexit sha1_base64="EmmgjgCWZLKWhn51HKzAEaMF4bs="></latexit>

What can we say about Hk

�
SFn(Rw,h)

�
for k > 0?



















<latexit sha1_base64="CVA2B0cXgYm/hq1FV7M+xCKeE5A="></latexit>

=) For big w and h, almost all of Rw,h can be filled with squares and there
is still an isomorphism Hk

�
SFn(Rw,h)

� ⇠= Hk

�
Fn(C)

�
.



<latexit sha1_base64="Y9JeTnGt7iwcOa4gAn3jUBEYifU="></latexit>

Why Expect this Range?



<latexit sha1_base64="Y9JeTnGt7iwcOa4gAn3jUBEYifU="></latexit>

Why Expect this Range?



<latexit sha1_base64="Y9JeTnGt7iwcOa4gAn3jUBEYifU="></latexit>

Why Expect this Range?



<latexit sha1_base64="MPD2j5eHsf+FpHXHh0j5tQ7s6eE="></latexit>

2 H3

�
F6(C)

�



<latexit sha1_base64="MPD2j5eHsf+FpHXHh0j5tQ7s6eE="></latexit>

2 H3

�
F6(C)

� <latexit sha1_base64="+xMe7D/VKGVfcF6RfRJQqGYruQw="></latexit>

2 H3

�
SF6(R6,5)

�







<latexit sha1_base64="i6/3Eg2ehXYIJmFL88NQp3IH330="></latexit>

Why this Range is Surprising



<latexit sha1_base64="i6/3Eg2ehXYIJmFL88NQp3IH330="></latexit>

Why this Range is Surprising



<latexit sha1_base64="i6/3Eg2ehXYIJmFL88NQp3IH330="></latexit>

Why this Range is Surprising



<latexit sha1_base64="i6/3Eg2ehXYIJmFL88NQp3IH330="></latexit>

Why this Range is Surprising



<latexit sha1_base64="Cz91EKpJYE/DeM9wMl4zrURUjLg="></latexit>

H1

�
F5(C);Q

� ⇠= Q10

<latexit sha1_base64="i6/3Eg2ehXYIJmFL88NQp3IH330="></latexit>

Why this Range is Surprising



<latexit sha1_base64="db6T8+hycXuFXFm0wcgFwDPBn0I="></latexit>

H1

�
SF5(R3,3);Q

� ⇠= Q68 ⇠= Q60 �Q8
<latexit sha1_base64="Cz91EKpJYE/DeM9wMl4zrURUjLg="></latexit>

H1

�
F5(C);Q

� ⇠= Q10

<latexit sha1_base64="i6/3Eg2ehXYIJmFL88NQp3IH330="></latexit>

Why this Range is Surprising



<latexit sha1_base64="db6T8+hycXuFXFm0wcgFwDPBn0I="></latexit>

H1

�
SF5(R3,3);Q

� ⇠= Q68 ⇠= Q60 �Q8
<latexit sha1_base64="Cz91EKpJYE/DeM9wMl4zrURUjLg="></latexit>

H1

�
F5(C);Q

� ⇠= Q10

<latexit sha1_base64="i6/3Eg2ehXYIJmFL88NQp3IH330="></latexit>

Why this Range is Surprising



<latexit sha1_base64="db6T8+hycXuFXFm0wcgFwDPBn0I="></latexit>

H1

�
SF5(R3,3);Q

� ⇠= Q68 ⇠= Q60 �Q8
<latexit sha1_base64="Cz91EKpJYE/DeM9wMl4zrURUjLg="></latexit>

H1

�
F5(C);Q

� ⇠= Q10

<latexit sha1_base64="i6/3Eg2ehXYIJmFL88NQp3IH330="></latexit>

Why this Range is Surprising







<latexit sha1_base64="OaobfmpdAEtCug8JSJuqBtCDMq0="></latexit>

Fn(C; i) is the subspace of Fn(C) in which
no point is to the right of point i

<latexit sha1_base64="pvA2QcOw3c8UVvdreeVKle3MtIY="></latexit>

Fn(C) =
Sn

i=1 Fn(C; i)



<latexit sha1_base64="OaobfmpdAEtCug8JSJuqBtCDMq0="></latexit>

Fn(C; i) is the subspace of Fn(C) in which
no point is to the right of point i

<latexit sha1_base64="pvA2QcOw3c8UVvdreeVKle3MtIY="></latexit>

Fn(C) =
Sn

i=1 Fn(C; i)



<latexit sha1_base64="L6jqxUUEbfcpZ9QfEQRw2ZQjlTQ="></latexit>

Fn(C; i) ' Fn�1(C)

<latexit sha1_base64="OaobfmpdAEtCug8JSJuqBtCDMq0="></latexit>

Fn(C; i) is the subspace of Fn(C) in which
no point is to the right of point i

<latexit sha1_base64="pvA2QcOw3c8UVvdreeVKle3MtIY="></latexit>

Fn(C) =
Sn

i=1 Fn(C; i)



<latexit sha1_base64="L6jqxUUEbfcpZ9QfEQRw2ZQjlTQ="></latexit>

Fn(C; i) ' Fn�1(C)

<latexit sha1_base64="OaobfmpdAEtCug8JSJuqBtCDMq0="></latexit>

Fn(C; i) is the subspace of Fn(C) in which
no point is to the right of point i

<latexit sha1_base64="pvA2QcOw3c8UVvdreeVKle3MtIY="></latexit>

Fn(C) =
Sn

i=1 Fn(C; i)

<latexit sha1_base64="MfXkxvRWejZt90pBrFc4CQSpfHo="></latexit>

SFn(Rw,h; i) is the subspace of SFn(Rw,h) in
which no square is to the right of square i

<latexit sha1_base64="HQOl18tAOYGp1kdtyLQLwjN7RAE="></latexit>

SFn(Rw,h; i) 6' SFn�1(Rw,h) in general

<latexit sha1_base64="GpYsjEq7+0ljlz3oHoVaxUm6qoE="></latexit>

SFn(Rw,h) =
Sn

i=1 SFn(Rw,h; i)



<latexit sha1_base64="6HAntW5waPx6sUwtGIQ8Pr0XMB4=">AAACKnicbZBNS8MwGMfT+TbnW9XjLsFN8LLRDlGPAxE8TtgbbHWkWbqFpWlJUmGWHvw0XjzoV/E2vPohPJpuPbjNBwI//v/nyZP83ZBRqSxrZuQ2Nre2d/K7hb39g8Mj8/ikLYNIYNLCAQtE10WSMMpJS1HFSDcUBPkuIx13cpv6nSciJA14U01D4vhoxKlHMVJaGpjFuO96sDkmsJzC3WNsJ+VKA42ITAZmyapa84LrYGdQAlk1BuZPfxjgyCdcYYak7NlWqJwYCUUxI0mhH0kSIjzRt/c0cuQT6cTzTyTwXCtD6AVCH67gXP07ESNfyqnv6k4fqbFc9VLxP68XKe/GiSkPI0U4XizyIgZVANNE4JAKghWbakBYUP1WiMdIIKx0bktbFJ08J2tKBQ/TqOzVYNahXavaV9XLh1qp3sxCy4MiOAMXwAbXoA7uQQO0AAYv4BW8gw/jzfg0ZsbXojVnZDOnYKmM718zY6cE</latexit>

The E1-Pages

<latexit sha1_base64="N+Bt8zxRUf3EGVguaHD8w6aQHQ8="></latexit>

Hk

�
Fn(C)

�
⇤ ⇤ ⇤ ⇤ ⇤ · · · ⇤

... ⇤ ⇤ ⇤ ⇤ ⇤ · · · ⇤

H1

�
Fn(C)

�
⇤ ⇤ ⇤ ⇤ ⇤ · · · ⇤

H0

�
Fn(C)

�
⇤ ⇤ ⇤ ⇤ ⇤ · · · ⇤

0 1 · · · h� 1 h · · · n� 1

<latexit sha1_base64="1Dr6ISIpmg/EOruMhQZ+I+P96tI="></latexit>

E
1
p,q

⇥
Fn(C)

⇤ ⇠=
L

Hq

�
Fn(C; i0, . . . , ip)

� ⇠= Hq

�
Fn�p�1(C)

�



<latexit sha1_base64="6HAntW5waPx6sUwtGIQ8Pr0XMB4=">AAACKnicbZBNS8MwGMfT+TbnW9XjLsFN8LLRDlGPAxE8TtgbbHWkWbqFpWlJUmGWHvw0XjzoV/E2vPohPJpuPbjNBwI//v/nyZP83ZBRqSxrZuQ2Nre2d/K7hb39g8Mj8/ikLYNIYNLCAQtE10WSMMpJS1HFSDcUBPkuIx13cpv6nSciJA14U01D4vhoxKlHMVJaGpjFuO96sDkmsJzC3WNsJ+VKA42ITAZmyapa84LrYGdQAlk1BuZPfxjgyCdcYYak7NlWqJwYCUUxI0mhH0kSIjzRt/c0cuQT6cTzTyTwXCtD6AVCH67gXP07ESNfyqnv6k4fqbFc9VLxP68XKe/GiSkPI0U4XizyIgZVANNE4JAKghWbakBYUP1WiMdIIKx0bktbFJ08J2tKBQ/TqOzVYNahXavaV9XLh1qp3sxCy4MiOAMXwAbXoA7uQQO0AAYv4BW8gw/jzfg0ZsbXojVnZDOnYKmM718zY6cE</latexit>

The E1-Pages

<latexit sha1_base64="N+Bt8zxRUf3EGVguaHD8w6aQHQ8="></latexit>

Hk

�
Fn(C)

�
⇤ ⇤ ⇤ ⇤ ⇤ · · · ⇤

... ⇤ ⇤ ⇤ ⇤ ⇤ · · · ⇤

H1

�
Fn(C)

�
⇤ ⇤ ⇤ ⇤ ⇤ · · · ⇤

H0

�
Fn(C)

�
⇤ ⇤ ⇤ ⇤ ⇤ · · · ⇤

0 1 · · · h� 1 h · · · n� 1

<latexit sha1_base64="gdZ2Nrc1zX2MxKdgWP6pIJGDeSw="></latexit>

Hk

�
SFn(Rw,h)

�
⇤ ⇤ ⇤ ⇤ 0 · · · 0

... ⇤ ⇤ ⇤ ⇤ 0 · · · 0

H1

�
SFn(Rw,h)

�
⇤ ⇤ ⇤ ⇤ 0 · · · 0

H0

�
SFn(Rw,h)

�
⇤ ⇤ ⇤ ⇤ 0 · · · 0

0 1 · · · h� 1 h · · · n� 1

<latexit sha1_base64="1Dr6ISIpmg/EOruMhQZ+I+P96tI="></latexit>

E
1
p,q

⇥
Fn(C)

⇤ ⇠=
L

Hq

�
Fn(C; i0, . . . , ip)

� ⇠= Hq

�
Fn�p�1(C)

�

<latexit sha1_base64="eJyK8QNs7GOpfr8dTnVjD857jlc="></latexit>

E
1
p,q

⇥
SFn(Rw,h)

⇤ ⇠=
L

Hq

�
SFn(Rw,h; i0, . . . , ip)

�

<latexit sha1_base64="rPM1z9yEwDr1LvXuvKiEgsGamPU="></latexit>

E1
p,q

⇥
SFn(Rw,h)

⇤ ⇠= 0 if p � h



<latexit sha1_base64="6HAntW5waPx6sUwtGIQ8Pr0XMB4=">AAACKnicbZBNS8MwGMfT+TbnW9XjLsFN8LLRDlGPAxE8TtgbbHWkWbqFpWlJUmGWHvw0XjzoV/E2vPohPJpuPbjNBwI//v/nyZP83ZBRqSxrZuQ2Nre2d/K7hb39g8Mj8/ikLYNIYNLCAQtE10WSMMpJS1HFSDcUBPkuIx13cpv6nSciJA14U01D4vhoxKlHMVJaGpjFuO96sDkmsJzC3WNsJ+VKA42ITAZmyapa84LrYGdQAlk1BuZPfxjgyCdcYYak7NlWqJwYCUUxI0mhH0kSIjzRt/c0cuQT6cTzTyTwXCtD6AVCH67gXP07ESNfyqnv6k4fqbFc9VLxP68XKe/GiSkPI0U4XizyIgZVANNE4JAKghWbakBYUP1WiMdIIKx0bktbFJ08J2tKBQ/TqOzVYNahXavaV9XLh1qp3sxCy4MiOAMXwAbXoA7uQQO0AAYv4BW8gw/jzfg0ZsbXojVnZDOnYKmM718zY6cE</latexit>

The E1-Pages

<latexit sha1_base64="N+Bt8zxRUf3EGVguaHD8w6aQHQ8="></latexit>

Hk

�
Fn(C)

�
⇤ ⇤ ⇤ ⇤ ⇤ · · · ⇤

... ⇤ ⇤ ⇤ ⇤ ⇤ · · · ⇤

H1

�
Fn(C)

�
⇤ ⇤ ⇤ ⇤ ⇤ · · · ⇤

H0

�
Fn(C)

�
⇤ ⇤ ⇤ ⇤ ⇤ · · · ⇤

0 1 · · · h� 1 h · · · n� 1

<latexit sha1_base64="gdZ2Nrc1zX2MxKdgWP6pIJGDeSw="></latexit>

Hk

�
SFn(Rw,h)

�
⇤ ⇤ ⇤ ⇤ 0 · · · 0

... ⇤ ⇤ ⇤ ⇤ 0 · · · 0

H1

�
SFn(Rw,h)

�
⇤ ⇤ ⇤ ⇤ 0 · · · 0

H0

�
SFn(Rw,h)

�
⇤ ⇤ ⇤ ⇤ 0 · · · 0

0 1 · · · h� 1 h · · · n� 1

<latexit sha1_base64="1Dr6ISIpmg/EOruMhQZ+I+P96tI="></latexit>

E
1
p,q

⇥
Fn(C)

⇤ ⇠=
L

Hq

�
Fn(C; i0, . . . , ip)

� ⇠= Hq

�
Fn�p�1(C)

�

<latexit sha1_base64="eJyK8QNs7GOpfr8dTnVjD857jlc="></latexit>

E
1
p,q

⇥
SFn(Rw,h)

⇤ ⇠=
L

Hq

�
SFn(Rw,h; i0, . . . , ip)

�

<latexit sha1_base64="rPM1z9yEwDr1LvXuvKiEgsGamPU="></latexit>

E1
p,q

⇥
SFn(Rw,h)

⇤ ⇠= 0 if p � h



<latexit sha1_base64="WQTOD5Zk7rD/2D1bm4EDc06H+UA=">AAACPnicbVA9SwNBEN3zM8avqIWFzWEQbAx3ImoppEkZwZhAEsLcZi4u2bs9dueEGO7X2Op/8G/4B+zE1tK9mMIkPlh4vDezM/OCRApDnvfuLC2vrK6tFzaKm1vbO7ulvf17o1LNscGVVLoVgEEpYmyQIImtRCNEgcRmMKzmfvMRtREqvqNRgt0IBrEIBQeyUq90WAXJUwmEbl+EIWqMSYA0vVLZq3gTuIvEn5Iym6Le23N2O33F08h+wCUY0/a9hLpj0CS4xKzYSQ0mwIcwwLalMURouuPJBZl7YpW+GyptX0zuRP3bMYbImFEU2MoI6MHMe7n4n9dOKbzujkWcpIQx/x0UptIl5eZx2KM1cpIjS4BrYXd1+QNo4GRDm5lCYviULShnvD8r5iuQUtJkNkJ/PrBFcn9e8S8rF7fn5ZvaNMwCO2LH7JT57IrdsBqrswbjLGPP7IW9Om/Oh/PpfP2WLjnTngM2A+f7B+ZIr88=</latexit>

Calculate di↵erentials



<latexit sha1_base64="WQTOD5Zk7rD/2D1bm4EDc06H+UA=">AAACPnicbVA9SwNBEN3zM8avqIWFzWEQbAx3ImoppEkZwZhAEsLcZi4u2bs9dueEGO7X2Op/8G/4B+zE1tK9mMIkPlh4vDezM/OCRApDnvfuLC2vrK6tFzaKm1vbO7ulvf17o1LNscGVVLoVgEEpYmyQIImtRCNEgcRmMKzmfvMRtREqvqNRgt0IBrEIBQeyUq90WAXJUwmEbl+EIWqMSYA0vVLZq3gTuIvEn5Iym6Le23N2O33F08h+wCUY0/a9hLpj0CS4xKzYSQ0mwIcwwLalMURouuPJBZl7YpW+GyptX0zuRP3bMYbImFEU2MoI6MHMe7n4n9dOKbzujkWcpIQx/x0UptIl5eZx2KM1cpIjS4BrYXd1+QNo4GRDm5lCYviULShnvD8r5iuQUtJkNkJ/PrBFcn9e8S8rF7fn5ZvaNMwCO2LH7JT57IrdsBqrswbjLGPP7IW9Om/Oh/PpfP2WLjnTngM2A+f7B+ZIr88=</latexit>

Calculate di↵erentials

<latexit sha1_base64="eppIJKW9MDwq2yYjNaHQp3lkT+U="></latexit>

Prove Hq

�
SFn(Rw,h; i0, . . . , ip)

� ⇠= Hq

�
Fn(C; i0, . . . , ip)

�
in a range



<latexit sha1_base64="WQTOD5Zk7rD/2D1bm4EDc06H+UA=">AAACPnicbVA9SwNBEN3zM8avqIWFzWEQbAx3ImoppEkZwZhAEsLcZi4u2bs9dueEGO7X2Op/8G/4B+zE1tK9mMIkPlh4vDezM/OCRApDnvfuLC2vrK6tFzaKm1vbO7ulvf17o1LNscGVVLoVgEEpYmyQIImtRCNEgcRmMKzmfvMRtREqvqNRgt0IBrEIBQeyUq90WAXJUwmEbl+EIWqMSYA0vVLZq3gTuIvEn5Iym6Le23N2O33F08h+wCUY0/a9hLpj0CS4xKzYSQ0mwIcwwLalMURouuPJBZl7YpW+GyptX0zuRP3bMYbImFEU2MoI6MHMe7n4n9dOKbzujkWcpIQx/x0UptIl5eZx2KM1cpIjS4BrYXd1+QNo4GRDm5lCYviULShnvD8r5iuQUtJkNkJ/PrBFcn9e8S8rF7fn5ZvaNMwCO2LH7JT57IrdsBqrswbjLGPP7IW9Om/Oh/PpfP2WLjnTngM2A+f7B+ZIr88=</latexit>

Calculate di↵erentials

<latexit sha1_base64="eppIJKW9MDwq2yYjNaHQp3lkT+U="></latexit>

Prove Hq

�
SFn(Rw,h; i0, . . . , ip)

� ⇠= Hq

�
Fn(C; i0, . . . , ip)

�
in a range

<latexit sha1_base64="8dHZT+K/GEbIM30EivyJHGDIXAw="></latexit>

Do this via another Mayer–Vietoris spectral sequence



<latexit sha1_base64="WQTOD5Zk7rD/2D1bm4EDc06H+UA=">AAACPnicbVA9SwNBEN3zM8avqIWFzWEQbAx3ImoppEkZwZhAEsLcZi4u2bs9dueEGO7X2Op/8G/4B+zE1tK9mMIkPlh4vDezM/OCRApDnvfuLC2vrK6tFzaKm1vbO7ulvf17o1LNscGVVLoVgEEpYmyQIImtRCNEgcRmMKzmfvMRtREqvqNRgt0IBrEIBQeyUq90WAXJUwmEbl+EIWqMSYA0vVLZq3gTuIvEn5Iym6Le23N2O33F08h+wCUY0/a9hLpj0CS4xKzYSQ0mwIcwwLalMURouuPJBZl7YpW+GyptX0zuRP3bMYbImFEU2MoI6MHMe7n4n9dOKbzujkWcpIQx/x0UptIl5eZx2KM1cpIjS4BrYXd1+QNo4GRDm5lCYviULShnvD8r5iuQUtJkNkJ/PrBFcn9e8S8rF7fn5ZvaNMwCO2LH7JT57IrdsBqrswbjLGPP7IW9Om/Oh/PpfP2WLjnTngM2A+f7B+ZIr88=</latexit>

Calculate di↵erentials

<latexit sha1_base64="eppIJKW9MDwq2yYjNaHQp3lkT+U="></latexit>

Prove Hq

�
SFn(Rw,h; i0, . . . , ip)

� ⇠= Hq

�
Fn(C; i0, . . . , ip)

�
in a range

<latexit sha1_base64="8dHZT+K/GEbIM30EivyJHGDIXAw="></latexit>

Do this via another Mayer–Vietoris spectral sequence

<latexit sha1_base64="W7ICCOesosAGt57yqtG/e2Fkb7o=">AAACR3icbVDLTgJBEJzFF+ID0KOXicTEi2TXGPVI4oUjJvJIgJDZ2QYmzO5sZnohSLj6NV71H/wEv8Kb8ejwOAhYySSVqu7p7vJjKQy67qeT2tre2d1L72cODo+Os7n8Sc2oRHOociWVbvjMgBQRVFGghEasgYW+hLo/eJj59SFoI1T0hOMY2iHrRaIrOEMrdXK0omEIEVJMtG02lElJsQ90xMY0UCNbUnCL7hx0k3hLUiBLVDp5J9sKFE9C+yuXzJim58bYnjCNgkuYZlqJgZjxAetB09KIhWDak/kpU3phlYB2lbbPbjVX/3ZMWGjMOPRtZciwb9a9mfif10ywe9+eiChOECK+GNRN7K2KznKhgdDAUdqjBeNa2F0p7zPNONr0VqagGDxPN5QrHqyKsxVQKWmmNkJvPbBNUrsuerfFm8frQqm8DDNNzsg5uSQeuSMlUiYVUiWcvJBX8kbenQ/ny/l2fhalKWfZc0pWkHJ+Ae96sjY=</latexit>

Prevent turtles all the way down



<latexit sha1_base64="Dc3HkkIOBDwaKklDSLFl9EGKHe8=">AAACNnicbVDLSgMxFM34rPXRVpdugkVwY5kpoi4LblxW7AvaoWQymTY0kwzJHaEO/RK3+g/+iht34tZPMH0sbOuBC4dz7uUeTpAIbsB1P5yNza3tnd3cXn7/4PCoUCwdt4xKNWVNqoTSnYAYJrhkTeAgWCfRjMSBYO1gdDf1209MG65kA8YJ82MykDzilICV+sVC1gsi/DgkOpHMmEm/WHYr7gx4nXgLUkYL1Pslp9ALFU1jJoEKYkzXcxPwM6KBU8Em+V5qWELoiAxY11JJYmb8bJZ8gs+tEuJIaTsS8Ez9e5GR2JhxHNjNmMDQrHpT8T+vm0J062dcJikwSeePolRgUHhaAw65ZhTE2BJCNbdZMbUlEAq2rKUvwEfPkzXlkobL4jQCKCVmFXqrha2TVrXiXVeuHqrlWmNRZg6dojN0gTx0g2roHtVRE1GUohf0it6cd+fT+XK+56sbzuLmBC3B+fkFD9KscA==</latexit>

Sharpness

<latexit sha1_base64="ckfpR99Oy6HYTzlt1Ae5C8TlNRY="></latexit>

If w � h � k + 2 and wh� n � max
�
(k + 1)(k + 2), hk + 2

 
, then

Hk

�
SFn(Rw,h)

� ⇠= Hk

�
Fn(C)

�
.

<latexit sha1_base64="DoIX60ofai8v/jgihaFbcOmzB6g="></latexit>

If wh� n <
k(k+3)

2 , then

Hk

�
SFn(Rw,h)

�
6⇠= Hk

�
Fn(C)

�
.








