
M oriented open manifold

qdimMgeq2
Unordered configuration spaces

CnleftMrightleftleftx1ldotsxnrightxiinMxineqxjrightsn

CnleftMright manifold of dim nq
Symmetric Products

AnleftMrightleftleftx1ldotsxnrightxiinMrightsn so the xi neednot
be distinct

AnleftMright not necessarily a manifold

HaileftAnleftMrightright0 for inq

Stabilitation Map CnleftMrightrightarrowCn1leftMright

z2x

inA6
3y

Goal CnleftMrightrightarrowCn1leftMright is a H equiv for leqleftlfloorfracn2rightrfloor

openEquivalentlymathbbRqtimesCnleftMrightCn1leftMright is a H equivfor leqleftlfloorfracn2rightrfloor
open

f Dual Goal mathbbRqtimesCnleftMrightCn1leftMright is a Hc equiv for
geqleftn1rightqleftlfloorfracn2rightrfloorwill let us use LESfor UoperrightarrowX in Hc



This talk Prove ft assuming the analogous statement

for symmetric products AnleftMright
will state this explicitly in a moment

Rmk CnleftMright is not a homotopy invariant but AnleftMrightMnSn is

leg C2leftmathbbRdrightsimeqSd1
symproducts more

accessible than CnleftMrightAnleftmathbbCrightcongmathbbCn
warning HcleftAnright is NOT htpy invariant

Notation Write leftxxyyyzrightinA6leftMright as 2x3yz
We can write any xiinAnleftMright non uniquely as xi2TU

TinAn2kvinAk

Eg leftxxyyyzright2leftxrightleft3yzright T

U2leftxyrightleftyzrightUT
Define Ankleftright2TUinAnleftTrightgeqk

Eg leftxxyyyzright2leftxrightleft3yzrightinAn1 T U

beginmatrix2leftxyrightleftyzrightinAn2An1Tendmatrix
Note AnAn0An1supsetAn2supsetldotssupsetAnleftlfloorfracn2rightrfloorsupsetAnleftlfloorfracn2rightrfloor1phi

Arnold SegalFiltration

AnkAnk1Aktimescn2k metplatcingnethility
of AL



Stabilization map for An
open

mathbbRqtimesAnrightarrowAn1
2712x Z Z

W

3y3y

This is filtered mathbbRqtimesAnkrightarrowAn1k

LES for Hc AnkAnk1AktimesCn2k

AktimesCn2k
o
subset
pen
Ank

mathbbRqtimesAnkmathbbRqtimesAnk1mathbbRqtimesAktimesCn2k
Get

leftarrowHcileftmathbbRqtimesAnk1rightleftarrowHcileftmathbbRqtimesAnkrightleftarrowHcileftAktimesleftmathbbRqtimesCn2krightrightleftarrowHci1leftmathbbRqtimesAnk1right
vvvv

ldotsleftarrowHaiAn ti1ki 1leftarrowHcileftAn1krightleftarrowHcileftAktimescn2k1rightleftarrowHci1leftAn1k1rightleftarrowldots

Recall our goal
Assuming that

mathbbRqtimesAnrightarrowAn is a Hc equiv for geqleftn1rightqLn rfloor 1
forallngeq1

Prove that

mathbbRqtimesCnrightarrowCnH is a Hc equiv for geqleftn1rightq LE 2

forallngeq1



Note 2 holds for n1

mathbbRqtimesC1leftMrightcongmathbbRqtimesM s dim 29

leftn1rightqleftlfloorfracn2rightrfloor2q02q

So we'll induct on n

Lemma For k0mathbbR2timesAnkrightarrowAn1k is a

Hc equiv for geqleftn1rightqleftlfloorfracn2rightrfloor

Pf True for kleftlfloorfracn12rightrfloor since in that

case AnkphiAn1k
So will downwards induct on k

ldotsleftarrowHcileftmathbbRqtimesAnk1rightHcileftmathbbRqtimesAnkrightleftarrowHcileftAktimesleftmathbbRqtimesCn2krightrightleftarrowHci1mathbbRqtimesA nktI

want
simeq

ldotsleftarrowHaiA ntikti rangleleftarrowHcileftAn1krightleftarrowHcileftAktimescn2k1rightleftarrowHci1leftAn1k1rightleftarrowldots
v
by induction on n since n 2k h

v
by downwards induction on k

leftright
v v vv

in desired range



Caveat We actually used the fact that

AktimesmathbbRqtimesCn2krightarrowAktimesCn2k1
is Hc iso for geqleftn1rightqleftlfloorfracn2rightrfloor

instead of
mathbbRqtimesCn2krightarrowCn2k1

This can be easily shown using the
Kinneth formula

will postpone to

end.Fornow we have

Lemma For k0mathbbR2timesAnkrightarrowAn1k is a

Hc equiv for geqleftn1rightqleftlfloorfracn2rightrfloor

set k0 in LES and recall AnAn0

leftarrowHcileftmathbbRqtimesAn1rightleftarrowHcileftmathbbRqtimesAnrightleftarrowHcileftA0timesleftmathbbRqtimesCnrightrightleftarrowHci1leftmathbbRqtimesAnlrightleftarrowldots
left2right i

vvv v

leftarrowHci Antis leftarrowHcileftAn1rightleftarrowHcileftA0timesCn1rightleftarrowHci1leftAn11rightleftarrowldots
Hc equiv in desired rangeby Lemma

2 HC equiv in desired rangeby assumption

l HC equiv in desired range



Kinneth Claim

suppose 4rightarrowz is a Hc equiv for geqm

and HcleftXright0 for d

Then xtimes4 XtimesZ is a Hc equiv

for geqdm

Pf Kinneth HcileftXtimesYrightcongoplusabiHaaleftXrightotimesHcbleftYright
Can assume aleqd since HcaleftXright0 0 w

If igeqdt in this forces biageqm

Apply to XAk
ymathbbRqtimescn2kzcn2k1

m AktimesmathbbRqtimesCn2krightarrowAktimesCn2h1
is Hc equiv for geqleftkqrightleftleftn2k1rightqleftlfloorfracn2k2rightrfloorright

leftn1rightqkqleftfracn2rightk

leftn1rightqleftlfloorfracn2rightrfloor

Hc equiv for geqleftn1rightqleftlfloorfracn2rightrfloor


