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Covering spaces

Definition 1. A covering space of a space B is a space E together with a map
p: E — B satisfying the following condition:

Each point b € B has an open neighborhood U in B such that
p~1(U) is a union of disjoint open sets in E, each of which is mapped
homeomorphically onto U by p.

Such a U is called evenly covered and the disjoint open sets in E that project
homeomorphically to U by p are called sheets of F over U. If U is connected
these sheets are the connected components of p~1(U).

Example 2. Let p: R — S! be given by
p(t) = (cos 2rt, sin 27t).
Any open arc in S! is evenly covered. For example, if U = St \ {p(0)}, then
p N U) = Upez(n,n +1) = Up,ez(0,1) = UyezU.

From the viewpoint of algebraic topology, the distinctive feature of covering
spaces is their behavior with respect to lifting maps.

Definition 3. Let p: E — B be a covering space. A lift of a map f: X — B
is a map f: X — E such that the diagram

commutes.

Proposition 4 ([2, §1.3]). Given a covering space p: E — B, a homotopy
fi: X = B, and a map fo: X — E lifting fo, then there exists a unique homo-
topy fi: X — E of fo that lifts fy.

Taking X to be a point gives the path lifting property for a covering space
p: B — B, which says that for each path f: I — X starting at xo and each
eo € p~1(xo) there is a unique path f: I — E lifting f starting at eo.



Fiber bundles

Definition 5. A fiber bundle structure on a space E, with fiber F', consists of a
projection map p: £ — B such that each point b € B has an open neighborhood
U for which there is a homeomorphism ¢: p~!(U) — U x F making the diagram

p N (U) —2— UxF
\pJ /
pry
U

where pry is projection onto the first factor. Commutativity of the diagram
implies that ¢ carries each fiber p~1(b) homeomorphically onto the copy {b} x F
of F.

Given a fiber bundle p: F — B with fiber F, the space B is called the base
space and the space E is called the total space. We sometimes denote a fiber
bundle by a “short exact sequence of spaces” F — E — B.

Example 6. Let £ = B x F and p = pr;: E — B. Then p is a fiber bundle
over B with fiber F'. Any such fiber bundle is called a trivial bundle.

Example 7. A fiber bundle with fiber a discrete space is a covering space.
On the other hand, a covering space whose fibers all have the same cardinality,
for example a covering space over a connected space B, is a fiber bundle with
discrete fiber.

Although fiber bundles have a lifting property similar to that of Proposition 4
(as we will show later), the lifts are no longer necessarily unique, as the following
example shows.

Example 8. Consider the Mobius band E = I/~ where (0,y) ~ (1,1 — y) for
ally € I. Let B={(z,1) € E} ¥ 5. The map

p:E=B  (z,y)~ (2,3)

is a fiber bundle with fiber I. Now, to see that there are two lifts of the same
map, consider the paths o and £ in F given by

t(t,3) and t (¢, 5+ 3sin(27t)),

respectively. Clearly, poa = po 8 but a # 3, that is to say, lifts are no longer
unique.

Example 9. Let M be a smooth manifold with or without boundary, and let
p be a point in M. A linear map v: C*°(M) — R is called a derivation at p if
it satisfies

v(fg) = f(p)vg + g(p)vf

for all f,g € C°(M). The set of all derivations of C*°(M) at p, denoted by
T,M, is a vector space called the tangent space to M at p. We define the



tangent bundle, denoted by T'M, to be the disjoint union of the tangent spaces
at all points of M, that is,

TM = Uper T, M.

It comes equipped with a projection map 7: TM — M given by w(p,v) = p.
Moreover, if M is n-dimensional, then the fibers of = are homeomorphic to R™.

Hurewicz fibrations

Definition 10. A map p: E — B has the lift extension property for a pair
(Z,A) if every map f: Z — B has a lift f: Z — E extending a given lift fa
defined on a subspace A C Z. The following commutative diagram shows the
situation.

1

*A>E

K

\kh,

A
j P
z 1B
Definition 11. A map p: F — B has the homotopy lifting property for a space
X if it has the lift extension property for the pair (X x I, X x {0}). In this case,

the commutative diagram looks as follows.

X><{0}4>E

ft /’
e p

XxI -ty p

Definition 12. A Hurewicz fibration, or simply a fibration, is a map p: £ — B
having the homotopy lifting property for all spaces X.

First, we show some examples, and then we show a few interesting results.

Example 13. A trivial bundle pr;: BxF — B is a fibration. Given a homotopy
fe: X x I — B and amap fo = (fo,9): X x {0} = B x F lifting fy, we can
choose a lift f;: X x I — B x F of the form

fil@) = (fi(x), g()).

Example 14. According to Proposition 4, covering spaces have a property
stronger than the homotopy lifting property for all spaces X. It follows that
covering spaces are fibrations.

As in the previous example, we would like fiber bundles to be fibrations.
Unless we add some assumptions, this is not always true.

Proposition 15 ([5, §2.7]). Fiber bundles over paracompact Hausdorff spaces
are fibrations.



By definition, the fibers p~1(b) of a fiber bundle F — E — B are all home-
omorphic to F. We have a weaker result for fibrations.

Proposition 16 ([2, §4.3]). For a fibration p: E — B, the fibers p~1(b) over
each path component of B are all homotopy equivalent.

We can build new examples from the old ones using the following proposition.

Proposition 17. Let p: E — B be a map having the homotopy lifting property
for a space X, and g: Y — B be any other map. Then the map Y xp E — Y
given by projection onto the first factor has the homotopy lifting property for X
where

Y xpE={(y,e) €Y x E:ple) =g(y)}
This map is called the pullback of p along g.

Proof. Consider the following diagram

X x {0y LMy g E- E

[ |

XfothB

Since p: E — B has the homotopy lifting property for X, there is a homo-
topy fi: X x I — F making the corresponding triangles commute. Then, the
universal property of the pullback gives us the desired homotopy f;. O

In particular, if we apply Proposition 17 for all spaces X, then we get that
the pullback of p along ¢ is a fibration whenever p is a fibration.

Example 18 ([1, §5.5]). The map (evg,evy): B! — B x B given by
v+ (1(0),7(1))
is a fibration.

Proposition 19. Any map f: A — B can be factored as a homotopy equiva-
lence followed by a fibration.

Proof. Let E; = {(a,7) € A x BL: 4(0) = f(a)} be the mapping space of f.
Since the pullback of (evg,evy) along f X idp is a fibration, the map

r,: (AxB)xp B! - AxB (a,b,7) = (a,b) = (a,~(1))

is a fibration. Moreover, since F; = (Ax B) x g B! and the map pry: AxB — B
is a fibration, we have that the composite

Ef—+AxB—B (a,v) — (1)

is a fibration. Therefore, f can be factored as

~

A ~ Ef fibration, B

where the first inclusion given by a + (a,7¢(q)) is a homotopy equivalence. [



Proposition 20 ([2, §4.3]). If p: E — B is a fibration, then the inclusion
E — E, is a fiber homotopy equivalence. In particular, the fibers of the fibrant
replacement of p are homotopy equivalent to the actual fibers.

Example 21. Let f: {*} — X be given by f(x) = zy. We have that

Ey = {(x17) € {#} x XT3 1(0) = £(+) = 0}
%{’yGXI: 7(0) = zo} = PX,

the based path space of the pointed space (X,zo). In this case, the map
evy: PX — X is a fibration, and its fiber over zq is the loop space Q.X.

Before we move to the next section, let us show one more interesting example:
a fibration that is not a fiber bundle.

Example 22. Let
A={(z,y) eR*:y—1<z<1—yandy >0}

We claim that the map pr;: A — [—1,1] is a fibration but not a fiber bundle.
Suppose the square

X x {0} (fo,9) A

Lk

XxI Iy [—1,1]

commutes. Define f: X x I — A by fi(z) = (fi(2),(fi(2),g(z))) where
a: [-1,1] x I — I is given by

r+1 if —1<zx<y—1
a(z,y) =qy fy—1<z<1l-y
l—z fl—-y<zx<l1.

Clearly, fo = pry o (fo,9). On the other hand,

priofo=fo and (pryo fo)(x) = a(fo(z),g(x)) = g(x)

because (fo(z),g(x)) € A, showing that fo = (fo,g). The map is not a fiber
bundle because the fibers are not homeomorphic.

Serre fibrations

There is value in a map having the homotopy lifting property for a smaller set
of spaces, for example, the disks D™. Although it is a weaker notion, we can
prove several results about it.

Definition 23. A Serre fibration is a map p: E — B having the homotopy
lifting property for all disks D™.



Example 24. Fibrations are Serre fibrations.

Proposition 25. Suppose p: E — B is a Serre fibration. Let b € B and e €
p~L(b) C E. Then the map p.: m,(E,p~1(b),e) — m,(B,b) is an isomorphism
for allm > 1.

In contrast to the earlier result that fiber bundles are fibrations, no assump-
tions are required to show they are Serre fibrations.

Proposition 26. Fiber bundles are Serre fibrations.

Quasi-fibrations

Definition 27. Given a map f: A — B, the homotopy fiber of f over b € B,
denoted by F'(f,b), is the fiber of the fibrant replacement. In other words,
F(f,b) = evi'(b) where

evi: Ef -+ B (a,7v) — (1)
is the fibrant replacement (see Proposition 19). It follows that

F(f,0) = {(a,7) € Ax B': %(0) = f(a) and (1) = b}.

If two points of B are in the same path-connected component, then their homo-
topy fibers are homotopy equivalent (see Proposition 16).

Definition 28. A surjective map p: E — B is a quasi-fibration if the inclusions
p~1(b) = F(p,b) e (e, )
are weak equivalences for all b € B.
Example 29. Surjective fibrations are quasi-fibrations (see Proposition 20).
Alternatively, quasi-fibrations may be defined as follows.

Definition 30. A surjective map p: F — B is a quasi-fibration if it induces
isomorphisms
Dx: Wn(Eapil(b)v 6) - ﬂ'n(B7 b)

forallb € B, e € p~1(b) and n > 0 (bijections when n = 0, 1) where mo(E,p~1(b), e)
is the quotient set mo(E, €)/i«(mo(p~1(b),e)).

Example 31. Serre fibrations satisfy the quasi-fibration condition for all n > 1
(see Proposition 25). Assuming in addition that B is path-connected, we can
show that

7o (E, €) /ix(mo(p~" (), €)) — mo(B, b)

=0



is a bijection. Equivalently, the map i.: mo(p~1(b),e) — mo(FE,e) is surjective.
Let « € F be an arbitrary point and a: I — B be a path from p(x) to b. The
homotopy lifting property for the diagram

{0} = E
[k
I —=+ B

implies that there is a lift @: I — E, that is, & is a path from x to an element
in ¢ € p~1(b). It follows that i.([¢']) = [z], as desired. Thus, surjective Serre
fibrations over path-connected spaces are quasi-fibrations.

Proposition 32. Quasi-fibrations have associated long eract sequences of ho-
motopy groups.

Proof. Let p: E — B be a quasi-fibration. Fix e € p~!(b) C E. We know that
the relative groups 7, (E,p~1(b),e) fit into a long exact sequence

o= T (pT (D), e) = T (Eye) = ma(E,p t(b),e) = - — mo(E,pt(b),e) = 0
It follows that we have a long exact sequence as follows
o= Ta(pHb), €) = ma(E,e) = mp(B,b) — -+ — mo(B,b) — 0. O

Remark. If B is path-connected then any covering space, fiber bundle, fibration
or Serre fibration is a quasi-fibration. It follows that all these types of maps
have associated long exact sequences of homotopy groups.

Next, we present an example of a quasi-fibration that is not a Serre fibration.

Example 33. Consider the L shaped space

L={(z,0)cR*: x € I}U{(0,y) € R*: y € I}.
A B

We claim that the map pr;: L — [ is a quasi-fibration that is not a Serre
fibration. Clearly, we have a commuting square

{0y 2> L

e

I ——

where o = idy and p is choosing the point (0,1) in L. Suposse, by contraction,
that there is a lift &: I — L. We have that &(0) = (0,1). On the other hand,
pry 0@ = a = id; implies that &(t) = (¢,0) for all t > 0 because pry*(t) =
{(t,0)} for t > 0. It follows that lim; o &(t) = (0,0), a contradiction because
a(0) = (0,1). Thus, pr; is not a Serre fibration.



Now, let us show that pr; is a quasi-fibration. Let b € I and e € pry*(b).
We want to show that

(pry)s: T (L, pry (b), €) = (1, b)
=0

is an isomorphism for all n > 0. Since L, pr; }(0) = B and pry*(b) = {(b,0)}
(for all b > 0) are contractible spaces, the long exact sequence for the pair
(L,pry H(b)) implies that

7L pri (b),€) = 0

for all n > 0, showing that (pry). is an isomorphism for all n > 0 and choices
of basepoints. Therefore, pr; is a quasi-fibration.

Example 34. Let A: X — X x X be the diagonal map, that is, A(z) = (z, x).
Let p: EaA — X x X given by (x,v) — (1) be a fibrant replacement where

Ea={(z,7) € X x (X x X)T: 4(0) = A(z) = (z,z)}

(recall that X < E is a homotopy equivalence). Fix (zg,z¢) € X x X. We
have that

F(A,20) = {(2,7) € X x (X x X)": 7(0) = (,2) and 7(1) = (x0,20)}.

In other words, an element in the homotopy fiber is a point € X and a pair
of paths o, 8: I — X from z to xg. We claim that the map

F(A,xo) = QX (x,7) — alxp

is a homeomorphism where X is the space of loops based on zy3. We have a
long exact sequence of homotopy groups of the form

e T (Ba) 25 (X % X) D a1 (QX) = -
2 (X) 2, (X)

Since the map A, : m,(X) — 7, (X xX) is injective, we get short exact sequences
of the form N 5
0= (X)) S m (X x X) > m(X) =0

that is split exact. Thus, m,(X X X) 2 7, (X) & 7, (X) for n > 1.

Homology fibrations

Definition 35 ([3, §5]). A map p: E — B is a homology fibration if the
inclusions
p~H(b) = F(p,b)

induce isomorphisms on homology for all b € B, that is to say,
it Hy(p~' (0)) = Hy(F(p,b))

is an isomorphism for all n > 0 and all b € B.



Example 36. Quasi-fibrations are homology fibrations because weak equiva-
lences induce homology equivalences.

Example 37. Let A be an acyclic space. Let C'A be the pushout

Ax {0} —— {x}

[ |

AxI —— CA

that is, CA = (A x I)/~ where (a,0) ~ (a’,0) for all a,a’ € A. We claim that
the map p: CA — I defined by (a,b) — b is a homology fibration. We have
that p=1(0) = {*} and p~1(b) = A, an acyclic space, for all b > 0. Therefore,

H,(p~'(0) = Ha({*})
for all n > 0. On the other hand,
F(p,0) = {(a,b,7) € CA x I': 4(0) = b and (1) = 0}.

Let D = {(a,0,c0)} € F(p,0) where ¢ is the constant path at 0 (recall that
(a,0) ~ (d/,0) for all a,a’ € A). On one hand, D = {x}. On the other hand,
consider the homotopy

ft: F(pv O) — F(pa 0) (avb7 ’Y) = (av’YZ(O)?’YZ)

where ,: I — I is given by v4(t) = v(£ + (1 — £)t). We have that 7o = v and
v1 = ¢p. It follows that

fola,b,7) = (a,7%(0),7%) = (a,7(0),7) = (a,b,7),
that is, fo = idp(,,0). Additionally,
fia,b,7) = a,71(0),71) = (a,¢0(0),c0) = (a,0,¢0) € D.
We conclude that f; is a deformation retraction of F(g,b) onto D. Thus,
Hn(F(g,b)) = Hy (D) = Hy({+}),

showing that p is a homology fibration. Now, suppose that 7 (A) is nonzero for
some k. We have that

me(p~" (b)) =2 mi(A) 2 mi({+}) = m(F(p, b)),

showing that f is not a quasi-fibration.



Serre spectral sequence

Theorem 38 ([4, §8]). Let f: E — B be a Serre fibration. Then, there is a
first quadrant spectral sequence {E",d"},>2, called the Serre spectral sequence,
with second page Ef,yq = H,(B; Hy(F)), the singular homology with coefficients
in the local system induced by the fibers of f. The spectral sequence converges
to the singular homology of the space E. This is denoted by

E} = Hy(B; Hy(F)) = Hpy4(E).

Remark. If B is simply connected, then any local system on B is isomorphic
to a constant local system on B. In this case, E2, = H,(B;Hy(F)) where
F = f~1(b) for any b € B.

Remark. If f: E — B is a Serre fibration, then the map b+ H,(f~'(b)) defines
a local system of abelian groups. Now suppose f is only a homology fibration.
In this case, the homology of the actual fiber at b agrees with the homology
of the homotopy fiber at b, showing that the map b — H,(f~1(b)) still gives a
local system of abelian groups. Therefore, we can take a fibrant replacement of
f, form its Serre spectral sequence, and call that the Serre spectral sequence of
the homology fibration. Note that the E? page is still expressed in terms of the
actual fibers.
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