January 2026 Math 696: Worksheet #3 Jenny Wilson

1 Review: The Kiinneth formula and the cup product

1.1 The Kiinneth formula for homology

Theorem I. (The homology Kiinneth formula for PIDs). Let R be a PID. Let X and Y be topological spaces. Then for each
p > 0 there exists a short exact sequence, natural in X and Y,

0— @D Hi(X;R)®r H;(Y;R) — Hy(X xY;R) — P Torf(H;(X;R), H;(Y; R)) —
t+j=p i+j=p—1

The sequence splits, so we obtain isomorphisms of R-modules

Hy(X xY;R) = (@HXR)@RH(YR) (@ TorR(H XR)Hj(Y;R))).

i+j=p i+j=p—1
This splitting, however, is not natural in X and Y.

The Kiinneth formula holds in particular for the PID R = Z. When R = F is a field, since the functors Tor vanish
identically, we obtain the following corollary.

Corollary II. (The Kiinneth formula for a field). Let F be a field. Let X and Y be topological spaces. Then for each p there
is a natural isomorphism of functors from Top x Top to F-vector spaces,

P Hi(X:F) @p H;(Y;F) = Hy(X x Y;F).
i+j=p

Exercise 1. (Warm-up). Let 7% = S x S? x S! be the 3-torus. Compute the homology of T%...
(i) directly from a cell structure, and (ii) using the Kiinneth formula.

Exercise 2. (Warm-up). Reconcile the Kiinneth formula with the isomorphism 7 (X XY, (z,y)) = m (X, z) x m1 (Y, y)
and (for X path-connected) the Hurewicz isomorphism H; (X) = 71 (X)2.

Exercise 3. (Warm-up). State the special case of the Kiinneth theorem when R = Z and assuming the homology
groups H,(X) are free abelian.

Exercise 4. (Warm-up). Given a space Z, let 87 := rank (H,(Z)) denote its pth Betti number. Assuming Z has finite
Betti numbers, let pz(t) denote the associated generating function pyz(t) := 8% + BZt + pZt2 + 23 + - -

(a) Prove that, for any spaces X and Y with finite Betti numbers, px xy (t) = px (t)py (¢).
(b) LetF be a field. Can you generalize the above result to the values 37 := dimg (H,(Z;F))?
Exercise 5. Does the Kiinneth formula hold if we replace homology with reduced homology?
Exercise 6. (Bonus). Let X and Y be CW complexes, and consider the induced cell structure on the product X x Y.
(a) Let e’ be ani-cell of X and e/ a j-cell of Y. Verify that the cellular boundary map 9 satisfies
d(e’ x &) = (') x e + (—1)'e; x (De?).
(b) Verify the following is a chain map, and induces a homomorphism HZW (X) @z HEW (V) — HEW (X x Y).

i+7
(X)) x eSW(Y) — CZCJJV(X xY)

(e',ef) — e x el
Exercise 7. (Bonus). For a general commutative ring R, there exists a spectral sequence satisfying
= P Torf(H,(X;R),Hy,(YiR) = Hyye(X xY5R).
q1+q2=q

Deduce Theorem I, the Kiinneth formula for PIDs, from this spectral sequence.

Exercise 8. (Bonus). Compare the Kiinneth formula to a calculation of H*(X x Y') using the Serre spectral sequence
for the fibration given by projection X x ¥ — X onto a factor.
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1.2 The Kiinneth formula for cohomology and the cup product

Let X and Y be spaces, and R a ring. There is a map on cohomology, called the cross product,
HP(X;R)® HY(Y;R) —— HP*Y(X x Y;R).

When one of X or Y is fintie type—that is, the singular chain complex is equivalent to one that is finitely generated
in each degree (say, as with a level-wise finite CW complex)—then from the cross product map we obtain a Kiinneth
theorem for cohomology.

Theorem III. (The cohomology Kiinneth formula). Let X and Y be topological spaces such that Y has finite type. Then
for each p > 0 there exists a short exact sequence, natural in X and Y,

0— P H(X)@zH(Y) == H(X xY) — P Torl(Hi(X), H;j(Y)) — 0.
i+j=p i+j=p+1

The sequence splits, so we obtain isomorphisms of abelian groups

HP(X xY) = ( P H(X) ez HJ‘(Y)) ® ( b Torl(Hi(X)7Hj(Y))) .

i+j=p i+j=p+1
This splitting, however, is not natural in X and Y.

One of the great strengths of cohomology is that (given the cross product) the diagonal map X — X x X induces
a graded ring structure on the cohomology groups with respect to a product called the cup product.

Definition IV. Let X be a space, and R a commutative ring. Let A : z +— (z, z) denote the diagonal map X — X x X.
Then the cup product operation on H*(X) is defined to be the map

HP(X;R) ® H(X; R) —— HP*(X x X;R) —>— HP*9(X;R).
It is defined as follows on the level of singular cochains. Let AP*? = [vg, vy, ..., vp44] be the standard (p + ¢)-simplex.
CP(X;R)® CY(X;R) — CPT9(X;R)
Theorem V. The cup product is graded commutative. For any space X and classes o? € HP(X) and 7 € H(Y') it satisfies
oF — B = (—1)PIBT — o,
Theorem VI. Let R be a ring. Cohomology H*(—; R) defines a functor from topological spaces to graded rings.

Example VII. Let X, o € I be a collection of spaces. Then the following isomorphisms are in fact isomorphisms of
rings, with respect to the usual coordinate-wise multiplication of products of rings.

o ()= I (Vo) =TT o)
Example VIII. The following are ring isomorphisms of cohomology groups.

¢ (The n-torus). Let 7" denote the n-torus 7™ = (S1)". Then H*(T™) is the exterior algebra

H (T = N\(or,... an)  for |og] = 1.
Z

® (The surface ¥,). Let ¥, denote a closed orientable genus-g surface with
Wl(zg) = <a17b1, as, bQ, ... Qg, bg | [al, bl][ag, b2] . [ag, bg} >

Let o, B; denote the cochains in H* (34) associated to the duals of a;, b;, respectively, viewed as cycles. Then

, — B — - , 0, i#Ey
@i —aj = fBi—fj=0forallij, and o ﬂ]_{generatorofHQ(Zg)%Z i=j
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¢ (Real and complex projective spaces).
H*(RP™,Z/27) = Z./2Z[a]/(a™ ') and H*(RP>;Z/27Z) = 7./2Z]c] for |a| =1

H*(CP™,Z) = Z[a]/(a™™!) and H*(CP*>;Z) = Z]a] for |a| =2

Exercise 9. (Warm-Up). Consider a disjoint union [] X, or a wedge sum \/_, X, of spaces. Deduce from Exam-
ple VII that the cup product of a class in H*(X,) and H*(Xp) is zero if o # . Explain how the cup product on
cohomology can be used to detect that a space does not have the homotopy type of a given wedge sum.

Exercise 10. (Warm-Up). Reconcile the cohomology Kiinneth formula with the homology Kiinneth formula and the
universal coefficients theorem.

Exercise 11. Use cohomology to prove that the spaces S V S v 52 and the torus T are not homotopy equivalent.
Exercise 12. (a) Let f : RP™ — RP” be a map such that f, : m; (RP™) — m; (RP") is nonzero. Prove that m < n.

(b) Suppose m > n > 1. Prove that there is no antipodal map §™ — S™, i.e., no map that takes pairs of antipodal
points to pairs of antipodal points. Hint: Covering space theory.

(c) Prove the Borsuk-Ulam Theorem: For any continuous map f : S® — R", there exists + € S™ such that

f@) = f(==).
Exercise 13. Use the Lefschetz fixed-point theorem to show that every map CP?" — CP?" has a fixed point.
Exercise 14. (Bonus). Prove Example VIIL.
Exercise 15. (Bonus).

(a) Let R be a ring. Consider a pair (X, A). Construct a relative cup product operation

H*(X,A;R) ®p H*(X, A; R) — H*(X, A; R).

(b) Let X be a nonempty space. Conclude in particular that there is a ring structure on H*(X) = H*(X, ). Does
H*(X) embed in H*(X) as a subring?

(c) Let A and B be subcomplexes of a CW complex X. Construct a more general operation on cellular homology
HE'W(Xv A; R) ®R Hé‘W(Xv B; R) — HE'W(Xv AU B; R)
(d) Let A and B be open subsets of a space X. Construct a map

H*(X,A;R)®p H*(X, B; R) — H*(X,AU B;R).
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