29 October 2019 Math 490: Worksheet #11 Jenny Wilson

1 Bases for topological spaces

Definition 1.1. (Basis of a topology.) Let (X,7) be a topological space. We say that a
collection B of subsets of X is a basis for the topology T if

e 3 C T, that is, every basis element is open, and
e every element of 7 can be expressed as a union of elements of B.
We say that the basis B generates the topology 7.

Remark 1.2. By convention, we say that the empty set @ is the union of an empty collection of
open sets. So a basis B does not need to include &.

Example 1.3. Let X be a set.
(a) Find a basis for the discrete topology on X.

(b) Find a basis for the indiscrete topology on X.

In-class Exercises

1. (The basis criterion). Let (X,7) be a topological space. Show that a collection B of open
sets is a basis for T if and only if it satisfies the following property: For every open set U € T,
and every x € U, there exists some element B € B such that x € B and B C U.

(Warning: When you are checking that a collection of subsets of a space X form a basis, in
addition to the above criterion, remember to verify that they are all open subsets.)

2. Let (X, d) be a metric space. Show that the set of open balls
B={DB.(xy) |zoe X,reR,r >0}
is a basis for the topology induced by d.
3. Let (X,dx) and (Y, dy) be metric spaces. Recall that X x Y is then a metric space with metric
dxxy: (X xY)x (X xY)—R
dxxy ((931, Y1), (22, yz)) = Vdx (z1,72)% + dy (y1, y2)?-

(a) Show that the set

B={UxV|UCXisopen, VCY isopen }

forms a basis for the topology induced by dx«y -

(b) Does every open set in X X Y have the form U x V', where U C X is open and V C Y is
open ?

4. An advantage of identifying a basis for a topology is that many topological statements can be
reduced to statements about the basis. As an example, prove the following theorem.

Theorem (Equivalent definition of continuity). Let (X,7x) and (Y, 7y) be topological
spaces, and let By be a basis for 7y. Prove that a map f: X — Y is continuous if and only if
for every open set U € By, the preimage f~1(U) C X is open.
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5. (Optional).

(a) Consider the topology on R™ induced by the Euclidean metric. Prove that the following
set is a basis for R”.

B={Bz)]| €>0,eis rational; z € R", all coordinates x; of x are rational.}

(b) Show that R™ has uncountably many open sets, but that the basis B is countable.

6. (Optional). Let (X,d) be a metric space, and let B be a basis for the topology 74 induced
by d.
(a) Let S C X be a subset, and s € S. Show that s is an interior point of S if and only if
there is some element B € B such that s € B and B C S.
(b) Deduce that Int(S) = U B.
BeB,BCS
7. (Optional).

Definition (Subbases). Let X be a set, and let S be a collection of subsets of
X whose union is equal to X. Then the topology generated by the subbasis S is the
collection of all arbitrary unions of all finite intersections of elements in S.

Remark: Notably, in contrast to a basis, we are permitted to take finite intersections of sets in
a subbasis.

(a) Show that the set T generated by a subbasis S really is a topology, and is moreover the
coarsest topology containing S.

(b) Verify that S = {(a,00) | a € R} U {(—00,a) | a € R} is a subbasis for the standard
topology on R.

(¢) Prove the following proposition.

Proposition. Let f: X — Y be a function of topological spaces, and let S be
a subbasis for Y. Then f is continuous if and only if f~1(U) is open for every
subbasis element U C S.
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