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ABSTRACT

High-speed shock-induced flow phenomena occur in a wide range of applications such as pulse

detonation engines, volcanic eruptions, coal dust explosions and plume-surface interactions

during spacecraft landings. These flows are multiphase involving strong interactions between

the gas-phase and the particles. Turbulence transport and compressibility e↵ects constitute

complex physics in these multiphase flow interactions. While there has been significant

e↵ort and progress in modeling single-phase flows in the incompressible and compressible

regimes, as well as multiphase incompressible flows, much less work has been done in model-

ing the microscale physics in multiphase turbulent flows at finite Mach numbers. Modeling

challenges arise due to strong shock–particle–turbulence coupling, along with varying par-

ticle concentrations from dilute to dense, disparate particle diameter size ratios, and local

instabilities.

The objective of this work is to leverage high-fidelity numerical simulations to delin-

eate key physics associated with multiphase turbulence and guide the development of

subgrid-scale models. To isolate shock–particle–turbulence interactions, we perform three-

dimensional, particle-resolved simulations of a planar shock propagating through a suspen-

sion of stationary, monodisperse particles. The passage of the shock gives rise to unsteady

wakes within the suspension (pseudo-turbulence). Numerical simulations are conducted using

a high-order finite di↵erence framework with low-dissipative, energy-preserving and shock-

capturing properties. A ghost-point immersed boundary method is used to enforce no-slip,

adiabatic boundary conditions at the surface of the particles. A budget for the pseudo-

turbulent kinetic energy (PTKE) is derived from first-principles revealing the production

due to drag and viscous dissipation to be the main generation/dissipation mechanisms. In-
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creased compressibility e↵ects due to increased shock Mach numbers are noted to reduce

the overall magnitude of the PTKE budget terms. An energy spectrum analysis of the

streamwise gas-phase fluctuations reveals an inertial subrange that begins at the scale of the

interparticle spacing, follows a �5/3 scaling (similar to single-phase incompressible flow) and

steepens to �3 at higher wave numbers. A Helmholtz decomposition of the velocity field

reveals that the solenoidal component accounts for the majority of the fluctuations, while

the dilatational component is small. A two-equation model for PTKE and its dissipation is

proposed and implemented within a hyperbolic Eulerian-based two-fluid model and shows

excellent agreement with the particle-resolved simulations.

The applications mentioned above typically involve polydisperse particle distributions.

Wide size distributions are challenging to simulate within a particle-resolved framework due

to computational constraints. In this work, we propose a coupled framework that combines

the ghost-point immersed boundary method with the volume-filtered Euler–Lagrange frame-

work, enabling the simulation of bidisperse particles with diameter size ratios on the order

of O(10 � 100). This approach is utilized to investigate shock-induced size segregation in

bidisperse particle suspensions. Hydrodynamic drag is the major contributing factor to size

segregation, while the wakes (pseudo-turbulence) entrain particles, inhibiting segregation.

This thesis advances the understanding of turbulence and particle dispersion in multiphase

compressible flows through highly resolved simulations spanning a wide range of shock Mach

numbers (1.2 � 3), particle volume fractions (0.1 � 0.3) and bidisperse particle size ratios

(20 � 60). The results shed light on the PTKE transport, distribution of energy across

length scales, e↵ects of compressibility on turbulence production, and particle dispersion.

The proposed model serves as closure for general application in coarse-grained simulation

methods for particle-laden compressible flows.
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CHAPTER 1

Introduction

The interaction of a shock wave with a suspension of solid particles is a complex compressible

multiphase flow phenomenon observed in a multitude of natural and industrial applications.

Some examples are found in volcanic eruptions [23, 69] and supernovae explosions [54, 86]. On

the industrial front, applications such as heterogeneous detonations [151], pulsed-detonation

engines [20, 113], and plume-surface interactions [14, 90, 103] during the powered descent of

a lander module in interplanetary environments, exhibit such conditions.

These flows span a wide range of length and time scales. The interplay of compressibility

e↵ects and turbulence, in addition to strong coupling between the gas and the disperse phase,

give rise to complex microscale physics. Furthermore, many applications involve chemical

reactions, leading to heterogeneous burning rates within a particle suspensions. Over the

past few decades, there has been significant e↵ort and progress in modeling both single-phase

and multiphase turbulence in the incompressible limits, as well as compressible (single-phase)

turbulence. Much less work has been done for particle-laden compressible flows.

The objective of this work is to advance the understanding of the underlying physics

governing such flows and to develop new models based on insights gleaned from high-fidelity

simulations of shock–particle interactions. This introduction provides a brief overview of the

above-stated applications, and establishes context for the technical studies detailed in the

upcoming chapters.
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Figure 1.1: High-speed multiphase flows: (Top) Explosive dispersal of a packed bed of sand
particles contained within a glass sphere [151]. (Bottom left) PSI during the landing of
Curiosity rover on the Martian surface. Image Credit: NASA/JPL-Caltech. (Bottom right)
A volcanic eruption comprising of hot gases and ash.

(a)

(b) (c)

1.1 Motivating examples

Amongst several applications that exhibit shock–particle–turbulence flow phenomena, three

examples that motivate the work in this thesis include detonations [43], volcanic erup-

tions [69], and plume-surface interactions (see Fig. 1.1). Each of these scenarios is character-

ized by high-speed flow dynamics in the presence of shock waves, significant compressibility

e↵ects, localized regions of turbulence, mixing, and dispersal of particles. In each, open ques-

tions remain regarding the accurate modeling and prediction of these flows, especially in the

context of turbulence transport and its role on mixing and particle dispersion. This thesis

is dedicated to advancing our understanding of the physics governing turbulence transport

in such complex multiphase environments.

Figure 1.1(a) illustrates explosive dispersal of suspended sand particles [44]. The sand

particles are suspended in a glass sphere and on detonation, a radially propagating shock

wave is generated. When this detonation wave reaches the explosive charge surface, a blast

2



wave is transmitted into the air, with an expansion wave reflecting inwards; the expansion

across solid particles leads to particle dispersion [45]. In this explosive process, the flow

conditions range from close-packed (dense) flow within the charge to moderately-dense flu-

idized particulates within the expanding (dispersing) particles, to dilute flows at distances

further out. Reaction-onset mechanisms are di↵erent for these di↵erent flow conditions and

strongly depend on the concentration of the dispersed (fuel) phase and particle sizes [124].

Chemical reactions within the suspension a↵ect particle ejecta dynamics [124, 151]. Finally,

shock-driven multiphase instabilities (SDMI) can occur during shock impacting a particle

cloud that induce particle dispersion in the form of jetting. [2, 43]. Accurately modeling and

understanding this flow physics is essential for predicting and mitigating the impact of blast

waves on nearby structures and environments [45]. The role of turbulence in modeling det-

onation experiments remains an open question. Developing computational frameworks that

e↵ectively incorporate turbulence e↵ects is thus a critical objective for the computational

study of explosive dispersal in detonation experiments [43].

In the event of landing on Lunar or Martian surfaces, spacecrafts use powered descent

for slowing down. During the descent, exhaust plumes of the spacecraft interacts with the

planetary regolith resulting in erosion of loosely packed surface particles [14, 77, 98, 103].

The phenomenon of this jet plume impinging on the surface regolith is referred to as plume-

surface interactions (PSI) (illustrated in Fig. 1.1(b)). The consequences of PSI–erosion,

ejecta, and cratering of regolith–are generally undesired due to the damage to onboard

electronics in previous missions [89, 90, 103], and restricting visibility for seamless maneuver

of the spacecrafts. PSI spans a wide range of flow regimes, from continuum flow within the

plume to rarefied environments outside the plume. PSI is also characterized by two-phase

flow with interphase coupling, which will be explained in the later sections. Additional

phenomenon of plate shocks, wall shocks and stagnation bubbles characterize this flow [77].

As the plume interacts with the regolith, it generates cratering which leads to a recirculating

turbulent zone [14, 77].
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Another prominent example of multiphase flow is observed in pyroclastic density currents

(PDCs), which arise from volcanic eruptions (Fig.1.1(c)). PDCs are turbulent, fast-moving

mixtures of volcanic ash, rock fragments, and hot gases that travel downslope along a vol-

cano [34, 69]. PDCs are generally categorized into dilute, turbulent upper layer governed by

gas-particle drag, turbulent mixing and entrainment and a granular basal layer dominated

by interparticle collisions, clustering and frictional forces [3, 8, 34, 69]. General numerical

e↵orts for the study of PDCs [11, 12, 34, 35, 91] involve using a multi-fluid approach for the

gas and disperse phase, which implies heavy reliance on subgrid scale closure models. Dufek

& Bergantz implemented a two-equation transport model to capture microscale turbulence

and its dissipation developed by Simonin [122]. However, this model was developed for in-

compressible, dilute conditions and fundamental uncertainties still exist, in how turbulence

is generated, transported and dissipated in PDCs, including the modification of turbulence

due to the influence of polydispersity, and clustering in PDCs [69].

The applications discussed above involve turbulent mixing that is influenced by both

particles and compressibility. There is still a significant gap in our understanding of how

turbulence operates in multiphase compressible flows and a dirth of accurate subgrid models

in these limits. This thesis aims to deepen our understanding of turbulence transport in

particle-laden compressible flows and to propose new models that can be applied to real-

world scenarios.

1.2 Flow physics

1.2.1 Single-phase incompressible flows

Turbulence in single-phase flow is a well-studied phenomenon. An important feature of

turbulent flows is the irregularity or the randomness in a flow field [104]. A velocity field

u can be decomposed into a mean quantity and a fluctuating (turbulent) quantity via a
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Figure 1.2: Illustration of a (a) random velocity field with the average u overlaid. (b) the
energy cascade process of turbulence in single-phase flows.

(a) (b)

Reynolds decomposition [108, 109], given by

ui(x, t) = ūi(x) + u0
i
(x, t), (1.1)

where .̄ indicates the Reynolds- or time-averaged quantity and .0 the corresponding fluctua-

tions. Figure 1.2(a) illustrates the time history of a random velocity u(x, t) on the centerline

of a turbulent jet. The Reynolds-average velocity ū is shown by the straight line and is

invariant with time, while the fluctuations in u are significant.

Based on this Reynolds decomposition, a set of Reynolds Averaged Navier–Stokes (RANS)

equations was proposed [109] to describe turbulent flows. The RANS equation for u in

incompressible flows is given by,

@ui

@t
+ uj

@ui

@xj

= �
1

⇢

@p

@xi

+ ⌫
@2ui

@x2
j

�
@u0

i
u0
j

@xj

, (1.2)

where the p is a Reynolds-averaged pressure, ⌫ is the kinematic viscosity, and u0
i
u0
j
is the

Reynolds stress tensor–a term arising from averaging the non-linear convective term hat

requires a closure model.

Richardson [110] postulated that turbulence is composed of eddies of di↵erent sizes. His

hypothesis is that eddies of the largest sizes are unstable and break up into smaller eddies
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until eventually, they are dissipated at the smallest of scales. The smallest relevant length

scale corresponds to the Kolmogorov length scale ⌘ and is defined as,

⌘ =

 
⌫3

✏

!1/4

, (1.3)

where ✏ is the energy dissipation. The classical theory of Kolmogorov [60, 104] extended this

and suggests that there exists an energy production range, inertial subrange where energy

scales according to �5/3 (shown in Fig. 1.2(b)), and finally, the dissipation range. This

theory holds for homogeneous incompressible flows. In multi-component flows with scalars,

the Batchelor scale ⌘B [5] defined as,

⌘B =
⌘

p
Sc

, (1.4)

where Sc is the Schmidt number (defined in later sections). The Batchelor length scale is an

important scale which describes the fluctuations in scalar concentration and controls mixing

due to mass di↵usivity.

Turbulent kinetic energy (TKE) is the energy associated with the fluctuating velocity and

is defined as k = u0
i
u0
i
/2. This is the trace of the Reynolds stress mentioned in (1.2). The

budget for TKE describes the energy balance in turbulent flows. The budget reveals the

production due to shear in the mean flow, the transport, and TKE dissipation by viscous

forces (dissipation). Classical turbulence theory was originally formulated for incompress-

ible flows, and as a result, it cannot be directly applied to scenarios involving significant

compressibility e↵ects.

1.2.2 Single-phase compressible flows

Compressible turbulence is further complicated by variations in pressure and density fields.

Studies through the 1990s [13, 66, 117, 118, 143] focused on the e↵ects of compressibility on
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turbulence generation and production through configurations of homogeneous isotropic tur-

bulence, turbulent mixing layers, and grid-generated turbulence experiments. The turbulent

Mach number, Mt, is a key quantity for characterizing the e↵ects of compressibility, defined

as

Mt =

p
u0
i
u0
i

c
, (1.5)

where c is the speed of sound. For values of Mt  0.3, a large scale separation exists

between acoustics and turbulence. This results in a nearly incompressible flow called the

quasi-isentropic regime. For higher values of Mt (i.e. 0.3 < Mt  0.6), dilatational e↵ects

are significant, leading to a nonlinear subsonic regime. The flows considered in the present

study predominantly fall within this regime.

Since the 1970s, numerous studies have investigated the role of compressibility in the

development of turbulent mixing layers and the generation of turbulent kinetic energy [10,

13, 118]. Sarkar et al. [118] derived a budget for the Reynolds stress in compressible flows,

given (in Einstein notation) by,

@t(⇢]u00
i
u00
j
) + (⇢euk

]u00
i
u00
j
),k = Pij � Tijk,k + ⇧ij � ⇢✏ij � u00

i
p
,j
� u00

j
p
,i
+ u00

i
�jk,k + u00

j
�ik,k, (1.6)

where

Pij = �⇢(]u00
i
u00
k
euj,k + ]u00

j
u00
k
eui,k), (1.7)

Tijk = ⇢û00
i
u00
j
u00
k
+ (p0u0

i
�jk + p0u0

j
�ik)� (u00

i
�0
jk
+ u0

j
�0
ik
), (1.8)

⇧ij = p0u0
i,j

+ p0u0
j,i
, (1.9)

⇢✏ij = �0
ik
u0
j,k

+ �0
jk
u0
i,k
, (1.10)

where � is the viscous stress. e. = ⇢./⇢ is a Favre-averaged quantity and .00 denotes the

fluctuation associated with this average. Pij represents the production due to mean shear,

Tijk accounts for di↵usive transport, ⇧ij denotes the pressure-dilatation correlation and ⇢✏ij
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is the viscous dissipation term.

Sarkar et al. [118] and Zeman [150] examined the e↵ects of dilatational dissipation, ✏d,

finding that its increase with Mt leads to a reduction in turbulent kinetic energy, thereby de-

creasing turbulent mixing. They suggested that the suppression of the growth rate is linked

to increased ✏d from shocklets. They also developed a mathematical model to incorporate this

e↵ect into Reynolds stress closure models. However, Sarkar [117] later showed, using direct

numerical simulations of turbulent homogeneous shear flow, that the reduction of TKE is

primarily due to decreased turbulence production, rather than directly caused by dilatational

dissipation. Subsequent studies by Vreman et al. [143] and Pantano & Sarkar [97] corrobo-

rated this finding, showing that dilatational dissipation is negligible. Instead, the reduced

growth rate of turbulence is linked to diminished pressure fluctuations and, consequently,

lower turbulence production resulting from a reduction in the pressure-strain term.

Kida & Orszag [59] were among the first to analyze the kinetic energy spectrum in forced

compressible turbulence, observing that its scaling of -5/3 is largely independent of Mach

number. Donzis & Jagannathan [30] also found that the turbulent kinetic energy spectrum

in compressible isotropic turbulence follows a �5/3 power law in the inertial range for 0.1 

Mt  0.6, consistent with the classical Kolmogorov scaling for incompressible flows [60].

Further insights into compressibility scaling emerge from a Helmholtz decomposition of the

velocity field u into its solenoidal component us and dilatational component ud [30, 59, 115,

146, 147]. Compressibility e↵ects are typically attributed to ud, and both [30] and [146]

observed that the majority of turbulent kinetic energy resides in the solenoidal component,

with ud increasing with Mt. However, all of these studies have focused on single-phase

compressible turbulent flows in the absence of particles.

1.2.3 Multiphase incompressible flows

Multiphase flows consist of a gas phase and a dispersed phase. A key parameter defining

the concentration of the dispersed phase within the gas phase is the particle volume fraction
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(�p). It is defined as the ratio of the volume occupied by the solid particles (Vp) to the total

volume (V ) as,

�p =
Vp

V
. (1.11)

As the introduction briefly hinted, the particle volume fraction classifies a multiphase prob-

lem into three regimes: dilute, moderately dense, and granular [4, 37]. In dilute flows

(�p < 0.001), the fluid phase e↵ects the dynamics of the particles, but the reverse is not

true. Particle-particle collisions can also be neglected, thus making the flow one-way coupled.

In moderately dense regimes, the presence of particles substantially influences the gas-

phase mass, momentum, and energy balances. At this stage, two-way coupling—where not

only does the gas a↵ect particle behavior, but particles also exert significant feedback on

the gas—becomes important. Four-way coupling incorporates interparticle collision e↵ects.

As the particle volume fraction approaches unity, frictional forces between particles grow

increasingly significant. In this thesis, the particle suspension has concentrations in the

moderately dense regime with particle volume fractions ranging from 0.1 to 0.3.

The particle Reynolds number is defined using the particle diameter and slip velocity as,

Rep =
|ui � vi|dp

⌫
. (1.12)

where |ui�vi| is the slip velocity between the particle velocity (vi) and the gas (ui). The par-

ticle Reynolds number plays a crucial role in determining the amount of turbulence generated

or dissipated by particles. At moderate Rep, the flow separates to form a recirculating eddy

in the particle wake. For Rep > 280, the wake of an isolated particle becomes time-dependent

and begins to shed vortices, and becomes fully turbulent at Rep > 500.

The particle response time ⌧p represents the time it takes for a particle to respond to

changes in the flow in the Stokes limit, given by

⌧p =
⇢pd2p
18⇢⌫

, (1.13)
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Figure 1.3: Classification map for particle-laden turbulent flows [36, 37, 130]

where ⇢p is the particle density. The ratio of the particle time scale to the fluid scale leads

to the Stokes number,

St =
⌧p
⌧f
, (1.14)

where ⌧f is the characteristic timescale of the fluid. In homogeneous turbulence, ⌧f =
p
⌫/✏.

The Stokes number defines how inertial particles are, with small St ⌧ 1 characterizing tracer

particles and intermediate St giving rise to clustering (preferential concentration) due to the

ability of particles to cross fluid streamlines.

Figure 1.3 summarizes the flow regimes in incompressible flows [36, 37] based on the par-

ticle volume fraction and the Stokes number. Values of �p < 10�6 imply one-way coupling,

where particles have negligible e↵ect on turbulence. For 10�6 < �p < 10�3, particles modify

flow through drag or heat transfer, termed two-way coupling. For volume fractions higher

than 10�3, particle–particle interactions (collisions and wake-wake interactions) necessitate

four-way coupling. The demarcation line between two-way and four-way coupling shifts to

lower �p at St = 0.7.

10



Multiphase turbulence is di↵erent from classic single-phase turbulent flows. Fluid velocity

fluctuations induced by particle wakes are referred to as pseudo-turbulence [63, 75], a term

also applied to bubble-induced turbulence (BIT) in liquid flows [111]. Lance & Batatille [63]

first demonstrated that a homogeneous swarm of bubbles generates pseudo-turbulence with

a spectral subrange exhibiting a �3 power law. They showed that at statistically steady

state, this spectral scaling results from a balance between viscous dissipation and energy

production due to drag forces from rising bubbles. Similar scaling has since been observed

in other bubbly flows [82–84, 111]. Subsequent experimental studies coupling BIT with

shear-induced turbulence have found that the spectra of liquid velocity fluctuations follow a

�3 scaling at small wave numbers, transitioning to a �5/3 scaling at higher wave numbers,

suggesting a single-phase signature is preserved at the smallest scales [111]. Numerical

simulations of gas–particle turbulent channel flow reveal that two-way coupling between the

phases results in reduction in fluid-phase turbulent kinetic energy at the scale of individual

particles, while a broadband reduction over all scales is observed at moderate to high mass

loading [17].

Over the past few decades, turbulence models have evolved to incorporate the e↵ects

of particles [39, 71, 138]. A production term must be included to account for generation

of turbulence through drag. A dissipation time scale is often employed based on the slip

velocity between the phases and particle diameter (dp), given by ⌧ = dp/|vp � u|. The use of

two-equation transport models for gas–solid flows dates back to the work of Elghobashi [38],

who derived a rigorous set of equations for dilute concentrations of particles in incompressible

flow using a two-fluid approach. Since then, models have been proposed for denser regimes in

shear turbulence [70]. Crowe et al. [26] provided a review of numerical models for turbulent

kinetic energy in two-phase flows. However, these models are limited to intrinsic turbulence

whereby the carrier-phase turbulence would exist even in the absence of particles, as opposed

to pseudo-turbulence that is entirely generated by the particle phase. Mehrabadi et al. [75]

more recently developed an algebraic model for pseudo-turbulent kinetic energy (PTKE)
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based on particle-resolved simulation data for incompressible homogeneous gas solid flows in

the range 0.1  ↵p  0.5, and Rep  300 as,

k

E
= 2↵p + 2.5↵p↵

3 exp(�↵pRep
1/2), (1.15)

where ↵p and ↵ are the local particle and gas phase volume fractions respectively. A limita-

tion of this model is that PTKE can only be predicted in regions of finite volume fraction.

Also, in the limit of large Rep, this model shows that the normalized TKE scales linearly

with ↵p.

1.2.4 Multiphase compressible flows

Very few canonical flow configurations exist that isolate the physics of particle-laden com-

pressible flows. In this work, we focus on a particle-laden shock tube. This canonical

setup provides a means of analyzing the fundamental behavior of multiphase compress-

ible flows and has been investigated both numerically [79, 80, 93, 95, 121] and experimen-

tally [28, 29, 68, 144]. Figure 1.4 presents a schematic of this configuration at initial time

(t = 0) and at later stages (t > 0). In this system, a suspension of solid particles is subjected

to an incident planar shock wave. Upon encountering the suspension, the shock splits: a

transmitted shock travels downstream, generating gas-phase fluctuations via particle wakes,

while the initial interaction at the upstream edge leads to the formation of multiple shock-

lets that eventually coalesce into a reflected shock propagating upstream. Notably, at the

downstream edge of the suspension, localized regions of supersonic flow are observed as a

result of sudden changes in area caused by variations in particle volume fraction, similar to

an expanding nozzle [121, 136].

The shock Mach number Ms is defined as,

Ms =
us

c
, (1.16)
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Figure 1.4: Schematic of a particle-laden shock tube. Yellow circles indicate the dispersed
phase. Particle wakes and subsequent turbulence are shown as white arrows.

where us is the speed of the shock wave. It characterizes the degree of compressibility of the

fluid. The high-speed nature of these flows leads to the formation of compressible structures

after interacting with an impinging surface, such as shocklets within the suspension.

Figure 1.5 shows an updated regime map of Fig. 1.3, accounting for the e↵ects of com-

pressibility [18]. Higher the Ms, greater the influence of the particles on the shock structures.

Figure 1.6 shows the numerical simulation of a shock interacting with bidisperse particles.

Multiple shocklets formed within the interstitial spaces of this moderately-dense particle

suspension. In high-speed flows, the emergence of bow shocks around individual particles

and reflected shocks from neighboring particles complicates this picture.
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Figure 1.5: Di↵erent regimes characterizing fluid-particle interactions in high Reynolds num-
ber flows. The present review is primarily concerned with gas-particle flows (⇢p/⇢ � 1) in
the continuum regime (Ms/Rep ⌧ 1). One-way coupling is applicable to incompressible
and subsonic (shock-free) flows at low volume fractions. At higher Mach numbers but still
low volume fractions, particles are capable of modifying shock structures. At higher volume
fractions and low Mach numbers, momentum exchange between the phases is capable of
enhancing or attenuating gas-phase turbulence. Dense suspensions in high Mach number
flows correspond to explosive dispersal of particles with strong shock-particle-turbulence in-
teractions. This figure has been adapted from [18]
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Figure 1.6: Particle-resolved simulations of a Ms = 1.66 shock interacting with a particle
curtain with an initial volume fraction �p = 0.21. (a) Bidisperse distribution of particles
after the shock traverses the curtain. (b) Numerical schlieren at an early time when the
shock is still within the curtain. (c) Contour of local Mach number shortly after the shock
passes the curtain. Adapted from [18]

Figure 1.7: (a) Schematic and photograph of the Sandia multiphase shock tube [144] (b)
Schlieren imaging of a shock wave interaction with a stainless steel particle curtain. [28]
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1.3 Existing literature on shock–particle interactions

1.3.1 Experimental e↵orts

Numerous experimental investigations of compressible gas-solid flows using shock tube setups

have been reported in the literature. In 1998, Rogue et al. [112] conducted experiments

on shock-induced fluidization of densely packed particle beds and noted the formation of

a reflected shock wave that traveled upstream, which was absent in dilute particle-laden

flows. Their study presented data on pressure histories and the dispersal of the particle

bed following shock impingement. However, the mechanisms governing particle dispersal in

moderately dense suspensions with volume fractions �p < 0.4 remained unclear. To gain

insight into this, Wagner et al. [144] built a multiphase shock tube (MST) facility at Sandia

to provide the unique capabilities necessary to study moderately dense suspensions impacted

by a shock. Figure 1.7(a) shows a schematic of the multiphase shock tube, which consists of

a driver section supplied by a high pressure Nitrogen system, a driven section with ambient

air and a diaphragm that ruptures to produce shock waves. Figure 1.7(b) shows the Schlieren

results of an experimental run for �p = 0.17. The passage of the shock establishes a favorable

pressure gradient across the curtain, causing particles at the downstream edge to move faster

than the upstream, which results in its overall expansion [29, 144].

A multitude of experiments have been performed using the MST [28, 29, 68, 144] for

a range of parameters–�p,Ms, ⇢p, and the initial curtain thickness �0. It was found that

higher the Ms, faster the curtain spread. Experiments by Theofanus et al. [135] suggest

faster spread with increasing �p and lower �0. Daniel et al. [28] recently proposed a scaling

based on the pressure behind the shock wave reflecting o↵ an idealized solid boundary, which

successfully collapsed experimental data [68, 135, 144], expressed as

x

�0
/

 
�0.25

p

p
⇢0uindt
p
⇢p�0

!2

. (1.17)
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Figure 1.8: Comparison of historical particle curtain spread data. (a) Non-dimensional
spread �/�0 versus time, and (b) �/�0 versus t⇤. Glass particle trajectories are shown in blue,
tungsten in green, and steel in red. Adapted from [18].

Figure 1.8 highlights the spreading of the curtain with various parameters in (a) and the

collapsed spread in (b) using the scaling law of Daniel et al. [28]. Despite progress, several

questions still remain for shock-induced particle flows. Polydispersity in the suspension and

its e↵ect on size segregation between particles is currently still unknown. Additionally, such

experiments remain limited in their ability to quantify turbulence within the suspension

and whether that might have an e↵ect on the particle curtain dispersal. While large-scale

quantities such as pressure drop across the curtain and particle curtain spread can be deter-

mined through experiments, the analysis of microscale features such as wakes and turbulence

requires computational approaches.
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1.3.2 Numerical studies

Three distinct approaches exist to perform numerical simulations of multiphase compressible

flows. Euler–Euler [40, 52] and Euler–Lagrange [16, 121] methods have been gaining promise

for simulating these types of flows but rely heavily on unclosed terms that account for physics

at the particle scale. Both of these frameworks utilize averaging or filtering techniques over

a control volume to employ resolutions higher than the particle size, which inevitably results

in unclosed terms that require modeling. The majority of these models have been devel-

oped for incompressible flows, and only very recently have particle-resolved direct numerical

simulations (PR-DNS), which apply grid spacing smaller than the particle diameter so that

drag does not rely on models but is computed from the resolved stresses, of compressible

multiphase come online.

For large-scale system modeling (O(108)), the method of Euler–Euler or two-fluid model

(TFM) is more appropriate. The equations are derived from kinetic theory [9, 39, 41].

Fox [9, 41] and Houim & Oran [52] developed compressible frameworks using TFM for

multiphase flows and validated against data from experiments. They validated the model

against experimental data for shock-induced particle dispersal. In the context of shock–

particle interactions, the model accuracy, however is strongly dependent on the definition

of particle edges. Furthermore, TFM heavily relies on correlations for interphase drag and

heat exchange. More recently, Boniou & Fox [9] presented results of one-dimensional Euler–

Euler simulations for the shock-curtain configuration and cite the need for three-dimensional

results and inclusion of polydispersity.

Euler–Lagrange (EL) methods involve tracking the particles individually as Lagrangian

quantities. The interface between the gas and the dispersed phase is not fully resolved,

and thus relies on correlations developed from PR-DNS or experiments for the interphase

momentum and energy exchange [16, 98, 121]. Ling et al. [68] performed Euler-Lagrange

simulations and validated results against experimental data for particle curtain spreads,

and pressure measurements [144], varying key parameters of Ms, �p, and dp, and achieved
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good results. Shallcross et al.[121] derived a volume-filtered Euler–Lagrange formulation for

compressible multiphase flows and showed that PTKE systematically contributed to reduced

local gas-phase pressure and consequently, increased the local Mach number. They proposed

a transport model for PTKE with an algebraic model for dissipation. They showed good

agreement with PR-DNS results, although the results were found to be sensitive to the

dissipation model.

Particle-resolved direct numerical simulations (PR-DNS), restrict overall number of

particles to O(103) [79, 80, 95, 96]. PR-DNS studies have only recently started to

emerge [79, 80, 93, 95, 96, 105]. Regele et al. [106] were one of the first to perform numerical

studies of a shock passing through cylindrical particles using two-dimensional simulations.

Their results demonstrated that the strength of the fluctuations was of the order of mean

velocity. Subsequently, Hosseinzadeh et al. [50] conducted viscous simulations and found

that this magnitude of fluctuations or pseudo-turbulence contributed to a significant portion

(up to 50%) of the total energy. Mehta et al. [80, 81] successfully performed fully resolved

three-dimensional inviscid simulations of monodispersed spherical particles. They reported

that the random distribution of the particles significantly altered the force history of each

particle compared to that of an isolated particle. Osnes et al. [93, 95, 96] first conducted

extensive particle-resolved three-dimensional studied evaluating viscous e↵ects, and sensi-

tivity of the fluctuations to parameters of interest (mainly Ms, �p, and Rep). Osnes et

al. [95] proposed an algebraic model proportional for the streamwise component of PTKE.

They note that the particle wakes and fluctuations are generated non-instantaneously after

the shock wave passes over a particle and the model does not account for this time-delay.

Finally, the algebraic models developed by Mehrabadi et al. [75](Eq. (1.15)) and Osnes et

al. [95] predict PTKE to be zero, in the absence of particles.

There remains a need for PR-DNS of viscous shock–particle interactions to generate

comprehensive data sets and support the development of robust closure models for use in

Euler–Euler and Euler–Lagrange approaches. This constitutes one of the principal objectives
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of the current study.

1.4 Objectives

Understanding of shock–particle–turbulence interactions remains limited, despite ongoing

experimental and numerical investigations. In this work, we utilize a high-fidelity compu-

tational framework to explore the underlying mechanisms of multiphase turbulence and the

influences of compressibility. The primary objective is to understand the microscale physics

through high-fidelity PR-DNS data, which in turn is used to inform the development of

state-of-the-art models for predicting turbulence in multiphase flows. Furthermore, we as-

sess the e↵ects of polydispersity and introduce a tractable framework capable of e�ciently

capturing the dynamics of size segregation for particles with large size ratios. While this

work centers on the shock tube problem, the methodologies and insights o↵ered herein are

broadly applicable to compressible multiphase flows. The objectives of this thesis are listed

below:

1. Develop a tractable framework to enable the simulation of bidisperse particles with

large size ratios for size segregation, and support particle-resolved simulations to quan-

tify particle-induced turbulence.

2. Quantify the specific mechanisms governing production, transport, and dissipation of

turbulence with a focus on understanding how Ms and �p influence turbulence char-

acteristics. Additionally, we aim to provide insights into turbulence transport across

scales and assess the e↵ects of the multiphase nature of the flow and compressibility.

3. Propose a model for PTKE and perform a-posteriori validation using coarse-grained

Euler-Euler simulations.

4. Conduct a systematic parametric analysis to evaluate the e↵ects of Mach number (Ms),

volume fraction (�p), and the particle size ratio (D/d) on size segregation dynamics.

20



1.5 Organization

The thesis is divided into four chapters. The majority of Chapters 2– 5 has contributions

from manuscripts that have already been published.

1. Chapter 2 details the development and application of a high-fidelity numerical frame-

work for simulating compressible flows containing bidisperse particles with large size

ratios. The volume-filtered Navier-Stokes equations are discretized using a class of high-

order low-dissipative finite di↵erence operators with energy-preserving properties. No-

slip, adiabatic boundary conditions are enforced at the surface of large particles (with

diameters significantly larger than the local grid spacing) using a ghost-point immersed

boundary method. Two-way coupling between the gas phase and small particles (with

diameters proportional to the grid spacing) is accounted for through volumetric source

terms for interphase momentum and energy exchange. A simple and e�cient approach

for collision detection between small and large particles is proposed. A portion of this

work was published in Acta Mechanica Sinica [127].

2. Chapter 3 investigates the fundamental mechanisms underlying wake-induced gas-

phase velocity fluctuations—commonly referred to as pseudo-turbulence—generated

when planar shocks interact with stationary particle suspensions. Leveraging detailed

three-dimensional particle-resolved simulations, this chapter seeks to quantify the evo-

lution and budget of pseudo-turbulent kinetic energy (PTKE), providing insight into its

generation, transport, and dissipation. Additionally, it examines anisotropy of PTKE,

and energy spectra elucidating how turbulent characteristics change across di↵erent

length scales. To advance predictive modeling, a two-equation model for PTKE and

its dissipation is proposed, and is tested a-posteriori within a one-dimensional Euler-

Euler framework. Good agreement with PR-DNS is achieved. The research outcomes

from this chapter under production for publishing in Journal of Fluid Mechanics [128].

3. The developed IBM/EL framework is applied to simulations of planar shocks interact-
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ing with bidisperse distributions of particles with size ratios of approximately thirty

in Chapter 4. Particle dispersion and size segregation are reported, along with one-

dimensional quantities of PTKE and volume fraction profiles, and a simple analytical

model for size segregation is proposed. This work was published in Acta Mechanica

Sinica [127].

4. In Chapter 5, the sensitivity of particle-induced size segregation to parameters of in-

terest are evaluated. New scaling laws are proposed for particle suspension spread and

size segregation ratio. A portion of this chapter is published in the AIAA Journal [126].

5. Chapter 6 summarizes the study’s key findings, conclusions, and outlines directions for

future research. Additionally, this chapter provides an overview of ongoing investiga-

tions into passive scalar transport and discusses current simulation e↵orts that extend

the scope of the research.
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CHAPTER 2

A Hybrid Volume–Filtered

Euler–Lagrange/IBM Framework For

Bidisperse Particle-Laden Compressible Flows

Note: A portion of this chapter is published in Acta Mechanica Sinica [127]. Data and

figures have been used with all co-authors’ consent.

2.1 Abstract

In this chapter, a novel framework for simulating viscous compressible flows in the presence of

bidisperse solid particles with large size ratios is proposed. The volume-filtered Navier–Stokes

equations are discretized using a class of high-order low-dissipative finite di↵erence operators

with energy-preserving properties. No-slip, adiabatic boundary conditions are enforced at

the surface of large particles (with diameters significantly larger than the local grid spacing)

using a ghost-point immersed boundary method. Two-way coupling between the gas phase

and small particles (with diameters proportional to the grid spacing) is accounted for through

volumetric source terms for interphase momentum and energy exchange. A simple and

e�cient approach for collision detection between small and large particles is proposed.
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2.2 Introduction

Particle dispersal in high-speed flows is a complex phenomenon common to various natural

processes, such as volcanic eruptions [69, 140] and supernovae explosions. Engineering appli-

cations include mining safety from coal-dust explosions [51, 116, 152], heterogeneous deto-

nation blasts [151], and plume-surface interactions during planetary and lunar landings [77].

These applications often involve highly compressible flows characterized by shocks, fluid in-

stabilities, turbulence, and chemical reactions. Moreover, strong coupling exists between the

gas phase and solid particles, which exhibit a wide range of sizes, densities, and concen-

trations, ranging from dilute to dense regimes. A deeper understanding of the underlying

physics is necessary to mitigate the detrimental e↵ects of particle dispersal and enhance

safety measures in the stated applications.

Particle-laden flows are often polydisperse, leading to size segregation in fluidized systems.

While certain applications benefit from particle separation, size segregation can impede mix-

ing processes. Hydrodynamic forces acting on particles of di↵erent sizes result in varied slip

velocities. These slip velocity di↵erences generate net momentum disparities between particle

classes, contributing to size segregation [7, 74, 76]. Collisions between particles of di↵erent

sizes cause net momentum transfer, referred to as a particle-particle drag force [32, 76], which

is another crucial factor influencing size segregation. In dense suspensions, frequent collisions

significantly reduce the relative velocity between particle classes, thereby decreasing segrega-

tion. The interplay between hydrodynamically induced slip velocity and the particle-particle

drag force dictates the system’s overall behavior and segregation [76].

Bidisperse systems made up of large particles with diameter D and smaller particles with

diameter d represent the most fundamental polydisperse configuration. Analysis of segrega-

tion and the dominant mechanisms at play provides a basis for understanding and modeling

more complex configurations [7, 32, 76]. Previous studies on bidisperse flows focused on

homogeneous suspensions [76] and fluidized beds [16]. Studies of particle segregation in

compressible flows are rare. Beetstra et al. [7] performed simulations of incompressible flow
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over monodisperse and bidisperse particles using a Lattice Boltzmann method for particle

diameter ratios D/d = 1 to 4. They proposed a nonlinear drag law that is a function of

particle diameter ratio and it was later verified to hold up to a D/d = 10 by Sarkar et

al. [119]. Capecelatro and Wagner [18] presented qualitative results of shock-induced size

segregation with particle size ratio D/d = 2, highlighting localized gas-phase fluctuations

due to the presence of particles (termed pseudo-turbulence). More recently, Sridhar and

Capecelatro [125] investigated the e↵ects of varying particle volume fraction, shock Mach

number, and diameter size ratios D/d 2 [12, 40] on size segregation and proposed scaling

laws for two-dimensional flow configurations. The segregation rate was observed to increase

with particle volume fraction and post-shock velocity and decrease with D/d. This paper

presents the framework in greater detail and extends our previous work to three-dimensional

configurations for the case of shock-induced size segregation and dispersal.

Immersed boundary methods (IBM) are a popular choice for particle-resolved simula-

tions. It was originally proposed by Peskin [101] for biological incompressible flows. Mohd-

Yusof [88] proposed a ghost-point method for the simulations with rigid boundaries that

was later extended to compressible flows by Chaudhuri et al [21], which we adopt in the

present work. Several other techniques exist, such as cut-cell [24, 53, 107] and characteristic-

based volume penalization [78, 120]. Cheng and Wachs [22] used an IBM/Lattice Boltz-

mann method to simulate flow past stationary bidisperse spheres and concluded that the

average force on large particles is much larger than the small ones for the size ratios consid-

ered. Mehta et al. [78] proposed a numerical framework for freely evolving particles using

a characteristic-based volume penalization method with adaptive wavelet collocation for lo-

cal mesh refinement, accounting for collisions using a hard-sphere model. Theofanous et

al. [136] performed particle-resolved simulations to study shock dispersal of dilute particle

clouds. They observed a flow choking phenomenon at the downstream edge of the particle

cloud where the local volume fraction suddenly drops. This choking behavior was followed

by significant supersonic expansion, resulting in high particle acceleration.
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Accurately capturing hydrodynamic forces and collisions in systems with particles of

large size ratios remains a significant challenge for numerical simulations. Particle-resolved

numerical simulations provide the most comprehensive framework, capturing all relevant

scales of motion in multiphase systems [134]. However, the computational cost of resolving

fluid boundary layers on both the largest and smallest particles is prohibitive. Consequently,

existing methods are generally limited to small particle size ratios (with D/d < 5) and a

small number of particles [7, 22, 74, 76].

In this work, we propose a hybrid approach that resolves fluid stresses on the surfaces

of large particles using IBM, while small particles are tracked using an Euler–Lagrange

approach that relies on drag and heat transfer models. Special care is taken to e�ciently

handle collision detection between particles of varying size.

2.3 Numerical framework

This section outlines the mathematical framework and numerical methods to simulate the

interaction of shock waves with suspensions of particles that vary significantly in size. A

ghost-point IBM approach is used to enforce the boundary conditions at the surface of large

particles. Small particles are accounted for using a volume-filtered Euler–Lagrange approach.

The framework is implemented within jCODE [15], a high-order multiphase flow solver.

2.3.1 Gas-phase description

The gas phase is governed by the volume-filtered viscous-compressible Navier–Stokes equa-

tions [121]. Small particles modify the gas-phase equations through a local volume fraction

and interphase exchange source terms. Conservation of mass is expressed as

@↵⇢

@t
+r · (↵⇢u) = 0, (2.1)
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where ↵, ⇢, and u are the gas-phase volume fraction, density and velocity, respectively. The

momentum equation is given by

@↵⇢u

@t
+r · (↵⇢u⌦ u) = ↵r · (⌧ � pI) +F , (2.2)

where I is the identity matrix, p is pressure, and ⌧ is the viscous stress tensor. The total

energy (internal and kinetic) is governed by

@↵⇢E

@t
+r · (↵u{⇢E + p}� ↵u · ⌧ ) = �↵r · q (2.3)

� (pI� ⌧ ) : r(↵pup) + up · F +Q, (2.4)

where up is the local velocity of small particles (in an Eulerian frame), and E is the total

energy. F and Q are sub-filtered interphase exchange terms that will be made explicit in

§ 2.4.1.

The non-dimensional viscous stress tensor is defined as

⌧ =
µ(ru+ruT )

Rec
+
�r · u

Rec
, (2.5)

and the heat flux is q = �µrT/(RecPr) The thermodynamic pressure p and temperature

T are given by the equation of state for an ideal gas in non-dimensional form as

p = (� � 1)(⇢E � ⇢u · u/2); T =
�p

(� � 1)⇢
. (2.6)

We briefly note that the pseudo-turbulent Reynolds stress (i.e., unresolved gas-phase

velocity fluctuations induced by particles) should appear in the volume-filtered equations

(2.2), (2.3) and pressure in (2.6) [121], but is neglected here since the majority of pseudo-

turbulence is generated by wakes of large particles that are resolved in the present framework.
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2.3.2 Discretization

The spatial derivatives are approximated using narrow-stencil finite di↵erence operators Di

that satisfy summation by parts (SBP) property [129], given by

PD + (PD)T = diag[�1, 0, . . . , 0, 1]T, (2.7)

where P is a symmetric positive-definite matrix and D 2 RN⇥N . This leads to 2s�order

centered-di↵erence stencils at interior points and s�order accurate biased stencils near

boundaries, with s + 1 global accuracy. We employ a sixth-order formulation in the do-

main interior, and third-order, one-sided operators at the boundary. To evaluate second and

mixed derivatives, first derivative operators are applied consecutively, necessitating the use

of artificial dissipation to damp the highest wavenumber components supported by the grid.

To this end, high-order accurate SBP dissipation operators are used to provide artificial

dissipation [72].

Kinetic energy preservation is achieved through skew-symmetric type splitting of the

inviscid fluxes [102] extended to include the e↵ect of volume fraction from the small particles,

which provides nonlinear stability at low Mach number. The convective fluxes appearing in

Eqs. (2.1)–(2.3) are expressed in split form as

r · (↵⇢u') = 1

2
r · (↵⇢u') + 1

2
'r · (↵⇢u) + 1

2
↵⇢u ·r', (2.8)

where ' is a generic transported scalar, which is unity for the continuity equation, uj for the

momentum equation, and E + p/⇢ for the total energy equation.

2.3.3 Boundary treatment

The SBP scheme is combined with the simultaneous approximation treatment (SAT) at the

domain boundaries to facilitate an energy estimate [19, 92]. This is achieved by enforcing the
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desired boundary conditions weakly by adding a penalty term to the right-hand-side of the

governing equations. Non-reflecting characteristic boundary conditions and no-penetration

free-slip walls are considered in the present work. Following the notation in [132, 133], the

SAT treatment applied to the left boundary in one direction (with analogous treatment

applied to the right boundary and the other two directions), is given by

@Q

@t
= R(Q) + �IP�1E1A

+ (Q�Qb)� �V P�1E1

�
F V

� F V

b

�
, (2.9)

where Q = [↵⇢, ↵⇢u, ↵⇢E]T is the vector of conserved variables, R(Q) is the right-hand

side of the compressible flow equations, �I and �V are inviscid and viscous penalty pa-

rameters, respectively, and F V contain the viscous fluxes appearing in Eqs. (2.1)–(2.3).

E1 = [1, 0, . . . , 0]T ensures the penalty is only applied at the domain boundary, and A+ is

the Roe matrix that selects the incoming characteristics. Setting �I
 �1/2 and �V = �1

ensures numerical stability (with opposite signs for the right boundary) [132, 133].

The boundary data are supplied through a stationary target solution in the vector Qb(x)

and F V

b
(Qb). The specific form used to enforce far-field non-reflecting characteristic bound-

ary conditions and no-penetration free-slip walls are given in [142]. In addition, an absorbing

sponge region [42] is applied at the domain boundary to prevent unphysical acoustic reflec-

tions by adding a damping term of the form  (x) [Q(x, t)�Qb(x)] to the right-hand side

of the conservation equations.

2.3.4 Shock capturing

Localized artificial di↵usivity is used as a means of shock capturing following the ‘LAD-D2-

0’ formulation in Kawai et al. [57]. Here, the bulk viscosity and thermal conductivity are

augmented according to µb = µf + µ⇤ and  = f + ⇤, where f subscripts and asterisks

denote fluid and artificial transport coe�cients, respectively. The artificial dissipation terms

29



take the form

�⇤ = C�⇢fsw|r4✓|�x6, ⇤ = C

⇢c

T
|r4e|�x5, (2.10)

where �x is the (uniform) local grid spacing, ✓ = r · u, e = 1
��1

p

⇢
, C� = 1, and C =

0.01. The overbar denotes a truncated 9-point Gaussian filter [25]. Fourth derivatives are

approximated via a sixth-order compact (Padè) finite-di↵erence operator [65]. To limit

the artificial bulk viscosity to regions of high compression (shocks), we employ the sensor

originally proposed by Ducros et al. [33] and later improved by Hendrickson et al. [49], given

by fsw = min
⇣

4
3H(�✓)⇥ ✓

2

✓2+⌦2+✏
, 1
⌘
, where H is the Heaviside function, ✏ � 10�32 is a

small positive constant to prevent division by zero, and ⌦ = max (|r⇥ u|, 0.05c/�x) is a

frequency scale that ensures the sensor goes to zero where vorticity is negligible.

The equations are advanced in time using a standard fourth-order Runge–Kutta scheme,

resulting in the usual Courant–Friedrichs–Lewy (CFL) restrictions on the simulation time

step �t. The CFL is taken as the maximum between the acoustic CFL, CFLa =

max (|u|+ c)�t/�x and the viscous CFL, CFLv = max (2µ,�,)�t/�x2. Note that in

the presence of strong discontinuities, the artificial di↵usion terms in � and  may induce

a severe time-step restriction. To avoid introducing unphysical discontinuities near the in-

terface of large particles, µ⇤ and ⇤ are defined at every grid point within the domain (fluid

and particle), but values inside the solid phase are not used when computing CFLv.

2.4 Particle-phase equations

2.4.1 Treatment of small particles

We consider n ‘small’ particles with diameter d, mass mp, volume v, and density ⇢p. The

particle equations of motion are given by

dx(i)
p

dt
= v(i)

p
, (2.11)
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and,

mp

dv(i)
p

dt
= vr · (pI� ⌧ ) + F (i)

drag + F (i)
col , (2.12)

where x(i)
p and v(i)

p are the position and translational velocity of particle i, respectively. The

drag force is given by
F (i)

drag

mp

=
Fd

⌧p
↵(u� v(i)

p
), (2.13)

where ⌧p = ⇢pd2/(18µ) is the particle response time and Fd = Fd(↵p, Re(i)
p
, Ma(i)

p
) is the

drag correlation of Osnes et. al. [94] that accounts for the local particle volume fraction

↵p = 1� ↵, particle Reynolds number based on the slip velocity Re(i)p = ⇢|u� v(i)
p |d/µ, and

particle Mach number Ma(i)p = |u � v(i)
p |/c. F (i)

col is the collision force that accounts for the

contact between small and large particles and will be described in §. 2.5.

The rotational motion of small particles is given by

Ip
d!(i)

p

dt
= T (i)

h
+ T (i)

col , (2.14)

where !(i)
p is the angular velocity of particle i and Ip = mpd2/10 is the particle’s moment of

inertia. The hydrodynamic torque is modeled according to T (i)
h

= ⇡µd3(r⇥u/2�!(i)
p ). The

collisional torque is T (i)
col =

P
j 6=i

(d n ⇥ F (j!i)
col )/2. The evolution of particle temperature is

mpCp,p

dT (i)
p

dt
= Q(i), (2.15)

where T (i)
p is the temperature of the i-th particle, Cp,p is the particle heat capacity, and the

interphase heat exchange term is given by

Q(i)

mpCp,p

=
1

3

Cp

Cp,p

Nu

Pr

1

⌧p
(T � T (i)

p
), (2.16)

where Nu is the Nusselt number defined according to the correlation by Gunn [46].

Two-way coupling between the gas phase and small particles appears through the volume
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fraction ↵, momentum exchange F , and heat exchange Q (refer to Eqs. (2.1), (2.2), (2.3)).

The gas-phase volume fraction is computed according to

↵(x) = 1�
nX

i=1

G(|x� x(i)
p
|) v, (2.17)

where G is a filter kernel taken to be an approximation of a Gaussian with characteristic size

�f = 6d. Similarly, interphase exchange due to drag and its corresponding work on the gas

are given by

F = �

nX

i=1

G(|x� x(i)
p
|)F (i)

drag, (2.18)

and

up · F = �

nX

i=1

G(|x� x(i)
p
|)v(i)

p · F (i)
drag. (2.19)

Finally, the heat exchange term is transferred to the grid according to

Q = �

nX

i=1

G(|x� x(i)
p
|)Q(i). (2.20)

Eqs. (2.17)–(2.20) are solved e�ciently following the two-step filtering approach of Capece-

latro and Desjardins [16]. First, particle data is sent to the neighboring grid points via

trilinear extrapolation. The solution is then smoothed using the same truncated 9-point

Gaussian filter employed in shock capturing. Validation of the this current implementation

of the volume-filtered Euler–Lagrange equations can be found in our previous work [98].

2.4.2 Treatment of large particles using IBM

The simulations contain N ‘large’ particles of diameter D, density ⇢p, and mass Mp with

translational and rotational motion governed by

dX(i)
p

dt
= V (i)

p
, (2.21)
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Mp

dV (i)
p

dt
=

ZZ

@V(i)
p

(�pI+ ⌧ ) · n dA+ F (i)
col , (2.22)

and

Ip
d⌦(i)

p

dt
=

ZZ

@V(i)
p

r ⇥ ({�pI+ ⌧} · n) dA+ T (i)
col , (2.23)

where n is the unit normal vector outward from the particle surface, @V (i)
p , and r = x�X(i)

p is

the position vector. Here, X(i)
p , V (i)

p , and ⌦(i)
p are the position, translational, and rotational

velocity corresponding to the i-th large particle, respectively. F (i)
col and T (i)

col represent the

force and torque acting on the particle due to collisions, respectively, which will described

in §. 2.5.

Following Mehta et al. [78], the hydrodynamic force and torque exerted by the gas phase

acting on the i-th particle in Eqs. (2.22) and (2.23) can be calculated using the divergence

theorem to transform the surface integral to a volume integrals as

ZZ

@V(i)
p

(�pI+ ⌧ ) · n dA =

ZZZ

V(i)
p

r · (�pI+ ⌧ ) dV ⇡

X

k2V(i)
p

r · (�pI+ ⌧ ) �Vk, (2.24)

and

ZZ

@V(i)
p

r ⇥ ({�pI+ ⌧} · n) dA =

ZZZ

V(i)
p

r · (r ⇥ {�pI+ ⌧}) dV

⇡

X

k2V(i)
p

r · (r ⇥ {�pI+ ⌧}) �Vk,
(2.25)

where the volume integrals are approximated as summations over all k grid points located

within the particle volume and �Vk = �x3 is the local grid volume. Validation of this

treatment of surface forces for computing shock-induced drag over a sphere can be found in

our previous work [58, 120].

The particle equations of motion are solved simultaneously with the fluid equations via the

same fourth-order Runge–Kutta time integration scheme. To avoid numerical instabilities,

the simulation timestep is restricted such that the IBM interface cannot move more than
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�x per timestep, i.e., �t < �x/max(V (i)
p ).

No-slip, adiabatic boundary conditions are enforced at the surface of each large particle.

The fluid velocity of an infinitesimal segment at the particle surface is

u|
@V(i)

p
= V (i)

p
+⌦(i)

p
⇥ r. (2.26)

The adiabatic boundary condition is defined as

@T

@n

�����
@V(i)

p

= 0. (2.27)

A Neumann boundary condition is applied to pressure by projecting the pressure gradient

onto the surface-normal direction and ignoring the viscous terms [139], given by

@p

@n

�����
@V(i)

p

= �⇢
dV (i)

p

dt
· n. (2.28)

The gas-phase density at the surface of the particle can then be obtained from the ideal gas

law (2.6).

The boundary conditions are implemented on the Cartesian grid via a ghost-point IBM

approach. At the beginning of each Runge–Kutta sub-step, a signed-distance levelset func-

tion is prescribed analytically according to

G(x, t) = min
i

⇣
kx�X(i)

p
k �

D

2

⌘
. (2.29)

A brute-force approach to solving (2.29) requires every grid point to loop through every large

particle, resulting in O (NgN) operations, where Ng is the number of grid points and N is the

number of large particles. To accelerate the computation of the level set function, we leverage

the underlying parallel decomposition. Specifically, we decompose the computational grid

into multiple subdomains (each subdomain owned by a unique processor) using a three-
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dimensional Cartesian topology. Each grid point only loops through particles residing within

its subdomain and adjacent subdomains.

Figure 2.1: Schematic showing the ghost-point immersed boundary method highlighting the
location of ghost points (GP), image points (IP), and boundary points (BP). Location of
interpolation points for (I) IP located within the fluid away from the interface; (II) IP located
within a neighboring particle; and (III) IP located near the particle’s interface [127].

The levelset function is then used to identify grid points corresponding to ghost points

(GP), image points (IP), and boundary points (BP) (see Fig. 2.1). Ghost points are defined

as the grid points that reside within a large particle (G < 0) whose stencil size extends to

the fluid (G > 0). Since we use a 6th-order centered finite di↵erence scheme with a stencil

size nst = 7, grid points within no = dnst/2e = 4 points from the interface are tagged as

ghost points. Thus, for any grid index i, j, k with Gi,j,k < 0, a ghost point is identified when

Gi±no,j±no,k±no > 0. Image points are mirrored across the interface according to

IP = GP + 2ln, (2.30)

where l = |G| is the length between the ghost point and the surface of the immersed bound-
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ary, so that the length between GP and its associated IP is 2l, and n = rG/||rG|| is the

outward-facing normal.

Unlike ghost points that coincide with the fluid grid, image points do not. Here, we

use the interpolation scheme proposed by Chaudhuri et al. [21] to evaluate fluid properties

at image points. If an image point is located near the surface of the immersed boundary,

grid points located within the solid are excluded from the interpolation weights, as depicted

in scenario (III) in Fig. 2.1. If the image point resides with the volume of another large

particle (scenario (II) in Fig. 2.1), the value at the ghost point is taken as an average of its

surrounding grid points.

At the end of each Runge–Kutta sub-step, values at the ghost points are overwritten

to enforce appropriate boundary conditions at the surface of each particle. The no-slip

boundary condition (2.26) is discretized according to,

(uGP + uIP)/2 = V (i)
p

+⌦(i)
p

⇥ r, (2.31)

and thus the velocity at the ghost point is set to uGP = 2(V (i)
p + ⌦(i)

p ⇥ r) � uIP, where

uIP is the gas-phase velocity interpolated to the image point. The adiabatic boundary

condition (2.32) is given by
TGP � TIP

2l
= 0, (2.32)

and thus TGP = TIP. The pressure condition (2.34) is expressed as

pGP � pIP
2l

= �⇢GP
dV (i)

p

dt
· n. (2.33)

Rewriting ⇢GP in terms of temperature and pressure at the ghost point using the ideal gas

law (2.6) and rearranging, yields

pGP = pIP/

 
1�

2l�

(� � 1)TIP

dV (i)
p

dt
· n
!
. (2.34)
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When large particles are stationary, the pressure boundary condition simplifies to pGP = pIP ,

which represents a zero gradient condition.

The conserved variables at the ghost points, [↵⇢,↵⇢u,↵⇢E]GP , are then reconstructed

using the local volume fraction ↵GP along with Eq. (2.6). Since small particles cannot

exist within large particles, ↵GP = 1 at most ghost points. However, ↵GP < 1 near the

immersed boundary surface, where the filter size encroaches upon the large particle from the

small particle’s position, as described by Eq. (2.17). Failure to accurately reconstruct the

conserved variables within the volume of large particles, using the local gas-phase volume

fraction associated with small particles, can lead to spurious oscillations.

2.5 Collisions

Algorithm 1: Pseudocode for collision detection between N large particles
1: for i = 1 to N do
2: for j = i+ 1 to N do
3: Compute overlap, �ij
4: if �ij > 0 then
5: Compute forces on particle i: f col

n,i!j
and f col

t,i!j
via Eqs. (2.35) and (2.37)

6: Compute forces on particle j: f col
n,j!i

= �f col
n,i!j

and f col
t,j!i

= �f col
t,i!j

Algorithm 2: Pseudocode for collision detection between n small particles and N large
particles
1: for j = 1 to N do
2: ID(x) = j if kx�X(j)

p k  D/2 +�x

3: for i = 1 to n do
4: Interpolate G(x) to particle i
5: if |G(x)| < d/2 then
6: Interpolate ID(x) to particle i
7: Compute forces on particle i: f col

n,i!j
and f col

t,i!j
via Eqs. (2.35) and (2.37)

8: Compute forces on particle j: f col
n,j!i

= �f col
n,i!j

and f col
t,j!i

= �f col
t,i!j
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Figure 2.2: Schematic showing the collision detection scheme between a small particle (black)
and other small particles (white) and a large particle (blue) [127]

Particle collisions are handled using a soft-sphere collision model originally proposed by

Cundall and Strack [27]. On contact between two particles i and j, a repulsive force is

created as,

f col
n,j!i

=

8
>><

>>:

�k�ijnij � ⌘uij,n if �ij > 0

0 else,

(2.35)

where k and ⌘ are the spring sti↵ness and damping parameter, respectively, and �ij =

ri + rj � dij is the overlap. Here, dij is the distance between particle centers and ri and

rj are the particle radii (ri = d/2 for small particles and ri = D/2 for large particles).

uij,n = (uij ·nij)nij is the normal relative velocity, where nij is the unit normal vector from

particle i to particle j and uij = ui �uj with ui = v(i)
p for small particles and ui = V (i)

p for

large particles. The damping parameter is a function of a coe�cient of restitution 0 < e < 1

and an e↵ective mass mij = (1/mi + 1/mj)�1, expressed as

⌘ = �2 ln e

p
mijk

⇡2 + (ln e)2
. (2.36)
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The spring sti↵ness is related to the collision time ⌧col according to k = mij/⌧ 2col(⇡
2+ln e2).

Following [16], we choose a value of ⌧col = 20�t to su�ciently resolve collisions. Tangential

collisions are accounted for via Coulomb’s law of friction, given by

f col
t,j!i

= �µf |f
col
n,j!i

|tij, (2.37)

where uij,t = uij � uij,n is the tangential velocity, µf is the coe�cient of friction, and

the tangential unit vector is tij = uij,t/|uij,t|. A coe�cient of friction of µf = 0.1 and a

coe�cient of restitution of e = 0.85 are used in this study. Finally, F (i)
col from Eq. (2.12)

is computed by adding the contribution due to the normal and tangential contact forces as

F (i)
col =

P
j
(f col

n,j!i
+ f col

t,j!i
).

A brute force approach for contact detection involves each particle looping through every

other particle, resulting in O ((N + n)2) operations, which is prohibitively expensive. To

avoid this, collision detection between two small particles is handled using an e�cient nearest-

neighbor detection algorithm that utilizes the underlying gas-phase mesh [16]. An array

containing the number of particles residing within each grid cell and their indices are stored

at the beginning of each time step. Then, small particles check overlap with other small

particles in adjacent cells (see Fig. 2.2). This results in O(n log n) computations. More

details on the algorithm and parallel implementation can be found in [16].

To address collisions between large particles, we cannot employ the same nearest-neighbor

detection method used for small particles since large particles span multiple grid points and

may also span multiple processors. To avoid O(N2) operations, a straightforward approach

is considered where each large particle only iterates through other large particles it hasn’t

yet contacted. This results in O(N logN) operations. Since large particles are few hundreds

in number and all processors have access to IBM information, two simple loops are su�cient

to detect contact (see Algorithm 1).
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Collision detection between large and small particles requires special care. We propose

an e�cient solution that scales like O(n + N) in Algorithm 2. At the beginning of each

time step, large particles transfer a unique ID to the grid points in its vicinity, extending

�x beyond their diameter (see Fig. 2.2). During the collision routine, the signed-distance

levelset, G, is interpolated to the location of each small particle to determine their distance

with large particles. If overlap is detected, the ID is interpolated from the grid to the small

particle. Consequently, the small particle acquires information about which large particle it

is in contact with, and collisions are handled per Eqs. (2.35) and (2.37).

2.6 Conclusion

In this chapter, we presented a numerical framework that couples Lagrangian particle track-

ing with a ghost-point IBM to simulate bidisperse particle-laden compressible flows with

large size ratios. The gas phase is governed by the volume- filtered Navier-Stokes equations,

discretized using a high-order, energy-stable finite di↵erence scheme. No-slip, adiabatic

boundary conditions are enforced at the surfaces of large particles, while an Euler-Lagrange

method is applied to small particles, with interphase coupling handled via drag and heat

transfer. Collisions are accounted for using a soft-sphere model. An e�cient contact detec-

tion algorithm is proposed for collisions between small and large particles that makes use of

the underlying signed-distance levelset function.
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CHAPTER 3

Turbulence Transport During Shock-Particle

Interactions

Note: A version of this chapter is under production for publication in the Journal of Fluid

Mechanics [128]. Data and figures have been used with all co-authors’ consent.

3.1 Abstract

This study employs three-dimensional particle-resolved simulations of planar shocks passing

through a suspension of stationary solid particles to study wake-induced gas-phase veloc-

ity fluctuations, termed pseudo-turbulence. Strong coupling through interphase momentum

and energy exchange generates unsteady wakes and shocklets in the interstitial space be-

tween particles. A Helmholtz decomposition of the velocity field shows that the majority of

pseudo-turbulence is contained in the solenoidal component from particle wakes, whereas the

dilatational component corresponds to the downstream edge of the particle curtain where

the flow chokes. One-dimensional phase-averaged statistics of pseudo-turbulent kinetic en-

ergy (PTKE) are quantified at various stages of flow development. Reduction in PTKE is

observed with increasing shock Mach number due to decreased production, consistent with

single-phase compressible turbulence. The anisotropy in Reynolds stresses is found to be

relatively constant through the curtain and consistent over all the conditions simulated.

Analysis of the budget of PTKE shows that the majority of turbulence is produced through
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drag and balanced by viscous dissipation. The energy spectra of the streamwise gas-phase

velocity fluctuations reveal an inertial subrange that begins at the mean interparticle spac-

ing and decays with a power law of �5/3 and steepens to �3 at scales much smaller than

the particle diameter. A two-equation model is proposed for PTKE and its dissipation.

The model is implemented within a hyperbolic Eulerian-based two-fluid model and shows

excellent agreement with the particle-resolved simulations.

3.2 Introduction

High-speed flows through particulate media occur in diverse applications, such as detonation

blasts [151], volcanic eruptions [23, 69], coal-dust explosions [116, 152], pulsed-detonation

engines [20, 113], and plume-surface interactions during interplanetary landings [14, 90, 103].

In these examples, turbulence plays a crucial role in governing processes like reactant mixing

and particle dispersion. However, the nature of this turbulence is distinct from both single-

phase compressible turbulence and low-speed multiphase turbulence, posing a challenge to

the accuracy of existing models.

Compressibility e↵ects in turbulent flows are often characterized using the turbulent Mach

number [56, 114]. For values of Mt  0.3, large scale separation exists between acoustics and

turbulence. This results in a nearly incompressible flow called the quasi-isentropic regime.

For higher values of Mt (i.e. 0.3 < Mt  0.6), dilatational e↵ects are significant, leading to

a nonlinear subsonic regime. The flows considered in the present study predominantly fall

within this regime.

Since the 1970s, numerous studies have investigated the role of compressibility in the

development of turbulent mixing layers and the generation of turbulent kinetic energy [10, 13,

118]. Early work by Sarkar et al. [118] and Zeman [150] examined the e↵ects of dilatational

dissipation, ✏d, finding that its increase with Mt leads to a reduction in turbulent kinetic

energy, thereby decreasing turbulent mixing. They suggested that the suppression of growth
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rate is linked to increased ✏d due to shocklets. They developed a mathematical model to

incorporate this e↵ect into Reynolds stress closure models. However, Sarkar [117] later

showed, using direct numerical simulations of turbulent homogeneous shear flow, that the

reduction of turbulent kinetic energy is primarily due to decreased turbulence production,

rather than directly caused by dilatational dissipation. Subsequent studies by Vreman [143]

and Pantano & Sarkar [97] corroborated this finding, showing that dilatational dissipation

is negligible. Instead, the reduced growth rate of turbulence is linked to diminished pressure

fluctuations and, consequently, lower turbulence production resulting from a reduction in

the pressure-strain term.

Kida & Orszag[59] were among the first to analyze the kinetic energy spectrum in

forced compressible turbulence, observing that its scaling is largely independent of Mach

number. Donzis & Jagannathan [30] also found that the turbulent kinetic energy spec-

trum in compressible isotropic turbulence follows a �5/3 power law in the inertial range

for 0.1  Mt  0.6, consistent with the classical Kolmogorov scaling for incompressible

flows [60]. Further insights into compressibility scaling emerge from a Helmholtz decompo-

sition of the velocity field u into its solenoidal component us and dilatational component

ud [30, 59, 115, 146, 147]. Compressibility e↵ects are typically attributed to ud, and both

Donzis & Jagannathan [30] and Wang et al. [146] observed that the majority of turbulent

kinetic energy resides in the solenoidal component, with ud increasing with Mt. However,

all of these studies have focused on single-phase compressible turbulent flows in the absence

of particles.

In multiphase flows, interphase coupling introduces additional complexity that signifi-

cantly influences energy transfer and turbulence characteristics. Fluid velocity fluctuations

induced by particle wakes are referred to as pseudo-turbulence [63, 75], a term also applied

to bubble-induced turbulence (BIT) in liquid flows [111]. Lance & Bataille [63] first demon-

strated that a homogeneous swarm of bubbles generates pseudo-turbulence with a spectral

subrange exhibiting a �3 power law. They showed that at statistically steady state, this
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spectral scaling results from a balance between viscous dissipation and energy production

due to drag forces from rising bubbles. Similar scaling has since been observed in other bub-

bly flows [82–84, 111]. Subsequent experimental studies coupling BIT with shear-induced

turbulence have found that the spectra of liquid velocity fluctuations follow a �3 scaling

at small wave numbers, transitioning to a �5/3 scaling at higher wave numbers, suggesting

a single-phase signature is preserved at the smallest scales [111]. Numerical simulations of

gas–particle turbulent channel flow reveal that two-way coupling between the phases results

in reduction in fluid-phase turbulent kinetic energy at the scale of individual particles, while

a broadband reduction over all scales is observed at moderate to high mass loading [17].

Over the past few decades, turbulence models have evolved to incorporate the e↵ects of

particles [39, 71, 138]. A production term must be included to account for generation of

turbulence through drag. A dissipation time scale is often employed based on the relative

velocity between the phases (ur) and particle diameter (dp), given by ⌧ = dp/ur. The use

of two-equation transport models for gas–solid flows dates back to the work of [38], who

derived a rigorous set of equations for dilute concentrations of particles in incompressible

flow using a two-fluid approach. Since then, models have been proposed for denser regimes in

shear turbulence [70]. Crowe et al. [26] provided a review of numerical models for turbulent

kinetic energy in two-phase flows. However, these models are limited to intrinsic turbulence

whereby the carrier-phase turbulence would exist even in the absence of particles, as opposed

to pseudo-turbulence that is entirely generated by the particle phase. Mehrabadi et al. [75]

recently developed an algebraic model for pseudo-turbulent kinetic energy (PTKE) based

on particle-resolved simulation data that depends on the slip Reynolds number and particle

volume fraction. A limitation of algebraic models is that PTKE can only be predicted in

regions of finite volume fraction. In cases where turbulence is generated within a suspension

of particles and advects downstream into the surrounding gas, transport equations for PTKE

are more appropriate [121].

Particle-laden compressible flows challenge numerical models due to the strong coupling
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between shock waves, particles, and turbulence over a wide range of scales. Using particle-

resolved simulations of compressible homogeneous flows past random arrays of particles,

Khalloufi & Capecelatro [58] found that both Mt and PTKE increase with particle vol-

ume fraction for a fixed free-stream Mach number. Experimental and numerical studies

of particle-laden underexpanded jets have demonstrated significant modification of shock

structures due to the two-way coupling between the gas and particles even at low volume

fractions where one-way coupling would be deemed appropriate for single-phase flow [98, 123].

Two-dimensional particle-resolved simulations of shock–particle curtain interactions revealed

PTKE magnitudes comparable to the resolved kinetic energy [50, 105]. In three-dimensional

inviscid simulations, Mehta et al. [79] reported velocity fluctuations reaching up to 50% of

the kinetic energy based on the mean flow, with increasing velocity fluctuations observed at

higher shock Mach numbers, Ms, and particle volume fractions, �p. It should be noted that

shock-driven multiphase flows in radial configurations are prone to instabilities not captured

in the planar geometries considered in the aforementioned studies [73, 85]. However, because

turbulence transport occurs on much shorter time scales than particle dispersal or instability

growth, such e↵ects are not relevant to the present focus on gas-phase turbulence.

Models for PTKE in compressible gas–particle flows have only recently begun to emerge.

Osnes et al. [95] proposed an algebraic model for PTKE based on particle-resolved simula-

tions of shock–particle interactions that depends on the mean flow speed and particle volume

fraction. Shallcross et al. [121] proposed a one-equation model for PTKE containing a pro-

duction term due to drag and an algebraic closure for dissipation. The dissipation model

employs a time scale based on the particle diameter and local slip velocity–consistent with

that used in BIT models [71]–augmented with a blending function to account for regions

devoid of particles. However, the results were found to be highly sensitive to the closure

applied to dissipation, limiting its applicability.

Building on these e↵orts, the present study aims to advance understanding of turbulence

transport in compressible gas–particle flows, particularly at moderate volume fractions and
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Mach numbers. The paper is organized as follows. In § 3.3, the simulation configuration is

presented. Simulation results are provided in § 3.4, starting with a qualitative assessment of

the flow, followed by one-dimensional phase-averaged statistics of the gas-phase velocity. The

budget of PTKE is presented next, revealing key production and dissipation mechanisms.

The energy spectra within the particle curtain is then presented and separate contributions

from solenoidal and dilatational components highlight the sources of PTKE. In § 3.5, a two-

equation turbulence model for PTKE and its dissipation is proposed and implemented within

a hyperbolic two-fluid model. Results from § 3.4 are used to guide closure. An a-posteriori

analysis is performed and first- and second-order statistics are compared.

3.3 Simulation setup and methods

3.3.1 Flow configuration

To isolate shock–particle–turbulence interactions, we perform three-dimensional, particle-

resolved simulations of a planar shock propagating through a suspension of stationary,

monodisperse particles. The assumption of frozen particles is justified, as the acoustic time

scale is several orders of magnitude shorter than the particle response time for the high

density ratios (⇢p/⇢ > 103) typical of gas–solid flows [67]. The simulations are designed to

emulate the multiphase shock-tube experiments of Wagner et al. [144]. Figure 3.1 shows a

volume rendering of the gas-phase velocity magnitude within the simulation domain at a mo-

ment when the shock has advanced significantly beyond the curtain and exited the domain.

The velocity increases across the particle curtain with maximum values at the downstream

curtain edge where the flow chokes due to the sudden change in volume fraction.

Particles with diameter D = 115 µm and density ⇢p = 2520 kg/m3 are randomly dis-

tributed within a curtain of thickness L = 2 mm (L = 17.4D). A minimum of two grid

points is maintained between particle surfaces. A planar shock is initially placed at a

non-dimensional length of x = 5.5D with the flow direction parallel to the x-axis. The
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Figure 3.1: The simulation domain showing particle position and a volume rendering of the
gas-phase velocity magnitude after the shock has passed the curtain (t/⌧L = 2) with �p = 0.2
and Ms = 1.66.

upstream edge of the curtain is placed at x = 7D. Periodic boundary conditions are im-

posed in the two spanwise (y and z) directions. The domain size for all but one case is

[Lx ⇥ Ly ⇥ Lz] = [30⇥ 12⇥ 12]D. Ly and Lz were chosen based on a domain size indepen-

dence study summarized in The domain is discretized with uniform grid spacing �x = D/40,

corresponding to [1201⇥ 480⇥ 480] grid points.

The pre-shock gas-phase density is ⇢1 = 0.987 kg/m3, pressure P1 = 82.7 kPa, sound

speed c1 = 343 m/s and velocity u1 = 0 m/s. Post-shock properties, denoted by the

subscript ps, are obtained via the Rankine–Hugoniot conditions. The shock Mach number

is defined as Ms = us/c1, where us is the shock speed. A reference time-scale based on

the distance (in terms of particle curtain length) that the shock travels is defined as ⌧L =

L/us. The particle Reynolds number based on post-shock properties is defined as Reps =

⇢psupsD/µps, where µps is the gas-phase viscosity at temperature Tps. The number of particles

Np within the curtain is determined from the average volume fraction, �p. A summary of
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the cases considered in this study is given in Table 3.1. Cases 1 � 9 represent di↵erent

combinations of Ms and �p. Case 10 exhibits a longer domain length to study turbulence

transport downstream of the particle curtain.

Case No. Ms �p Reps Np Lx/D Ly/D
1 1.2 0.1 813 467 30 12
2 1.2 0.2 813 935 30 12
3 1.2 0.3 813 1402 30 12
4 1.66 0.1 3251 467 30 12
5 1.66 0.2 3251 935 30 12
6 1.66 0.3 3251 1402 30 12
7 2.1 0.1 5591 467 30 12
8 2.1 0.2 5591 935 30 12
9 2.1 0.3 5591 1402 30 12
10 1.66 0.3 3251 1402 58 12

Table 3.1: Parameters for the various runs used in this study.

3.3.2 Numerics

The simulations are performed using the compressible multiphase flow solver jCODE [15].

The viscous compressible Navier–Stokes equations govern the gas-phase physics, so essen-

tially setting ↵ = 1 in § 2.3.1 and the interphase terms to zero gives the microscale equations.

Chapter 2 also provides more information on the discretization, boundary treatment, and

shock capturing. The particles in this study, are simulated as monodisperse spheres using

the immersed boundary method explained in § 2.4.2. No-slip, adiabatic boundary conditions

are enforced at the particle surface. The only di↵erence here is that the particles are con-

sidered stationary, so equations of motion for IBM particles are neglected. The equations

are advanced in time using a standard fourth-order Runge–Kutta scheme, with a constant

Courant–Friedrichs–Lewy (CFL) number of 0.8. The framework was validated in our previ-

ous study [58], demonstrating that 40 grid points across the particle diameter is su�cient

to capture drag and PTKE. An assessment of the domain size and sensitivity to random

particle placement is reported in the Appendix of this Chapter.
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3.4 Results

3.4.1 Flow visualization

Instantaneous snapshots of the flow field corresponding to Case 5 (Ms = 1.66,�p = 0.2) at

t/⌧L = 0.5, 1, and 2 are presented in Fig. 3.2. A two-dimensional slice in the x�y plane shows

the local gas-phase Mach number and numerical Schlieren in the vicinity of the particles. The

incident shock travels in the positive x direction and impinges the particle curtain located

at x0 at time t = 0. Upon impact, the shock splits into a weaker transmitted shock that

penetrates the curtain, as shown in Fig. 3.2(a). At the upstream edge of the curtain, the

arrival of the shock generates multiple shocklets at the surface of each particle, which coalesce

into a reflected shock wave. Shock–particle interactions are seen to generate significant

fluctuations in the gas-phase velocity. Contour lines of M = 1 (shown in purple) demarcate

local supersonic regions. In Fig. 3.2(b), the shock has nearly reached the downstream curtain

edge, and the local supersonic regions move downstream with the flow. Figure 3.2(c) shows

that the flow has stabilized with both the transmitted and reflected shocks having exited the

domain boundaries. The particles restrict the area of the transmitted shock, causing the gas

phase to choke near the downstream edge of the curtain due to the abrupt change in volume

fraction, followed by a supersonic expansion. Velocity fluctuations induced by the particles

advect downstream from the curtain and dissipate, akin to grid-generated turbulence.

3.4.2 Averaging equations

The flows under consideration are unsteady and statistically homogeneous in the two span-

wise directions. Averaged quantities depend solely on one spatial dimension (x) and time.

Due to the presence of particles and gas-phase density variations, special attention must be

given to the averaging process. To facilitate statistical phase-averaging, an indicator function
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Figure 3.2: Two-dimensional planes showing Schlieren (top half of each plot) and local
Mach number M = kuk/c (bottom half) at (a) t/⌧L = 0.5, (b) t/⌧L = 1 and (c) t/⌧L = 2
for Ms = 1.66 and �p = 0.2. Contour lines of M = 1 shown in purple. Blue circles depict
particle cross sections.

50



is defined as

I(x) =

8
>><

>>:

1 if x 2 gas phase,

0 if x 2 particle.

(3.1)

Spatial averages are taken as integrals over y � z slices. The integration of the indicator

function yields a volume fraction ↵ (or area fraction in this case) that depends solely on x

(time is omitted since the particles being stationary), given by

↵g(x) = hIi ⌘
1

LyLz

Z

Ly

Z

Lz

I dy dz, (3.2)

where angled brackets denote a spatial average. Two other important averaging operations

that will be used throughout this study are phase averages and density-weighted (Favre)

averages. If  (x, t) represents a random field variable, these averages are defined as

Spatial-average: h i(x, t) ⌘
1

LyLz

Z

Ly

Z

Lz

 dy dz,

Phase-average:  (x, t) ⌘
hI i

hIi
⌘

hI i

↵g

,

Favre-average: e (x, t) ⌘ hI⇢ i

hI⇢i
⌘
⇢ 

⇢
.

(3.3)

Spatial averages and phase averages are related via hI i = ↵g and similarly ⇢ = ⇢ e .

A field variable can be decomposed into its phase-average and a fluctuating quantity as

 =  +  0. Similarly, the Favre decomposition is  = e +  00.

3.4.3 Mean velocity, fluctuations and anisotropy

The Favre-averaged gas-phase velocity, eu, as a function of the streamwise direction at three

di↵erent time instances (t/⌧L = 0.5, 1, and 2) is shown in Fig. 3.3. The abrupt drop in

velocity observed at early times (t/⌧L = 0.5 and 1) marks the location of the transmitted

shock. The flow decelerates significantly as it approaches the particle curtain due to drag,

with greater reduction in velocity relative to the post-shock velocity at higher volume frac-
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(g) (h) (i)

Figure 3.3: Mean gas-phase velocity profiles. Darker lines indicate higher volume fractions:
�p = 0.1 (light pink), �p = 0.2 (pink), �p = 0.3 (purple). t/⌧L = 0.5 (left), t/⌧L = 1
(middle) and t/⌧L = 2 (right). (a)–(c) Ms = 1.2, (d)–(f) Ms = 1.66, (g)–(i) Ms = 2.1. The
gray-shaded region indicates the location of the particle curtain.
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tions. The flow then accelerates as it traverses the curtain. At the latest time (t/⌧L = 2), a

sharp increase in eu at the downstream edge of the curtain is seen across all cases, indicating

a region of choked flow transitioning to supersonic velocities. Similar trends in the velocity

field have been reported previously [e.g. 80, 95, 136]. Mehta et al.[80] obtained an analytical

solution of the Riemann problem for a duct with a sudden change in cross-sectional area as

a simpler means of predicting the flow through a particle curtain. The solution was found

to compare well with inviscid simulations of shock–particle interactions, though it is unable

to predict the choking behavior leading to supersonic velocities observed here.

The amplitude and speed of the reflected shocks, indicated by the abrupt increase in

velocity upstream of the particle curtain, increase with �p. The transmitted shock travels

faster through the curtain at lower �p where the flow is less obstructed. For a given volume

fraction, the magnitude of eu decreases with increasing Ms, and the flow-expansion region at

the downstream edge rises sharply with increasing Ms.

The root-mean-square (rms) gas-phase velocity fluctuations in the streamwise direction

is defined as u2
rms = ]u00u00. Due to symmetry, the spanwise fluctuations are taken as v2rms =

(gv00v00 + ]w00w00)/2. Figure 3.4 shows these components at t/⌧L = 1 and 2. All values are

normalized by the post-shock kinetic energy, u2
ps
. Velocity fluctuations originate almost

immediately within the particle curtain. The magnitude of the streamwise fluctuations are

nearly twice the spanwise components. The fluctuations are higher at initial times, shortly

after the shock passes over the particles. The maximum velocity fluctuations occur at the

downstream edge where the flow chokes. Overall, the fluctuations decrease in magnitude with

increasing Ms. This reduction can be attributed to an increase in compressibility e↵ects with

higher Ms. The precise dissipation mechanisms will be quantified in § 3.4.4, where individual

terms of the PTKE budget are reported.

It is interesting to note that the normalized fluctuations are nearly invariant with volume

fraction except for the lowest shock Mach number case at early times (see Fig. 3.4(a)).

Previous studies by Mehta et al. [79] observed an increase in velocity fluctuations with �p.
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(a) (b)

(c) (d)

(e) (f)

Figure 3.4: Velocity fluctuations at t/⌧L = 1 (left) and t/⌧L = 2 (right). (a, b) Ms = 1.2,
(c, d) Ms = 1.66 and (e, f) Ms = 2.1. Streamwise fluctuations u2

rms (pink/purple), spanwise
fluctuations v2rms (shades of green). �p = 0.1 (light shade), �p = 0.1 (intermediate shade),
�p = 0.3 (dark shade).
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However, we only observe significant variation due to �p at the downstream edge of the

curtain. In this region, the streamwise fluctuations increase by approximately a factor of

four, yet the spanwise fluctuations remain una↵ected.

To better quantify the level of anisotropy, we define the gas-phase anisotropy tensor as

bij =
Rij

2kg
�
�ij
3
, (3.4)

where Rij = ]u00
i
u00
j
is the pseudo-turbulent Reynolds stress, kg = ]u00

i
u00
i
/2 (repeated indices

imply summation) is the PTKE and �ij is the Dirac delta function. The streamwise com-

ponent b11 is dominant compared with the components perpendicular to the flow direction

b22 and b33. The cross-correlation of velocity fluctuations, b12, is often negligible in gas–solid

flows [75]. Due to symmetry in the flow, only b11 and b22 are reported.

All nine cases are overlaid in Fig. 3.5 at t/⌧L = 2 with each line style representing a distinct

volume fraction and each shade of color representing a distinct shock Mach number. A strong

degree of anisotropy is observed. Interestingly, the level of anisotropy remains approximately

constant across the curtain, with b11 ⇡ 0.2 and b22 ⇡ �0.1 for all cases, regardless of �p

and Ms. Variations are noted only near the curtain edges, where the streamwise component

becomes even more dominant. Upstream of the curtain, the anisotropy tensor becomes

ill-defined as kg is zero due to lack of a turbulence production mechanism. The level of

anisotropy suggests that approximately 50% of PTKE is partitioned in ]u00u00 and 25% in

gv00v00 and ]w00w00.

PTKE advects and decays downstream of the particle curtain. Case 10 extends 3L down-

stream of the particle curtain to examine this behavior in greater detail. Figure 3.6 shows

the rms velocity components at t/⌧L = 5, where the flow reaches a steady state. It can be

seen that the flow remains anisotropic beyond the curtain and eventually the fluctuations

completely decay. This is analogous to grid-generated turbulence [6, 62, 87]. According to

Batchelor [6], the decay of turbulence intensity downstream of a grid (or screen) with mesh
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Figure 3.5: Components of the Reynolds stress anisotropy tensor for cases 1–9 at t/⌧L = 2.
�p = 0.1 ( ), �p = 0.2 ( ), and �p = 0.3 ( ). Parallel component b11 (light pink, pink,
purple) and perpendicular component b22 (light green, green, dark green) for Ms = 1.2, 1.66
and 2.1 (light to dark).

width �M follows a power law, given by

 
urms

u0

!2

= A

 
x� xL

�M

!n

(3.5)

where u0 is the velocity of the gas phase at a point of virtual origin of turbulence x0 and A

is an empirical constant. An analogy can be drawn to our shock-particle configuration by

setting the mesh width to the average interparticle spacing, �, which can be defined as

� = D

✓
⇡

6�p

◆1/3

. (3.6)

Additionally, we set the point of origin of turbulence decay to the location of the downstream

curtain edge, xL = x0+L, and consider the velocity at this point uL = ũ(x=xL; t=5⌧L) when

normalizing the turbulence intensity.

Figure 3.6(a) shows the decay of streamwise and spanwise components of rms velocities

as a function of the downstream distance normalized by �. The inset illustrates this decay
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Figure 3.6: (a) Components of rms velocities u2
rms (pink) and v2rms (green) for Case 10 down-

stream of the particle curtain at t/⌧L = 5. The inset shows the components in log-scale.
(b) Ratio of the spanwise to streamwise rms velocities as a function of streamwise distance
normalized by interparticle spacing �.

(a) (b)

in log scale, from which we conclude that the decay does indeed follow a power-law behavior

with an exponent n = �1.7. This value is slightly higher than the reported values for n

in incompressible, single-phase grid-generated turbulence reported in the literature, which

range from �1.13 to �1.6 [62, 87]. The ratio vrms/urms shown in Fig. 3.6(b) highlights

significant anisotropy of approximately 0.7, while downstream it reduces to ⇡ 0.5 suggesting

that the flow remains anisotropic even at later time periods.

The turbulent Mach number, defined as Mt =
p
2kg/c, is shown at t/⌧L = 2 for cases

1 � 9 in Fig. 3.7. Mt tends to increase rapidly at the upstream edge of the curtain where

turbulence is first generated, then gradually increases throughout the curtain and peaks at

the downstream edge where the flow chokes. The turbulent Mach number increases mono-

tonically with the incident shock speed. Within the curtain, Mt is relatively independent of

�p, but increases with increasing �p at the downstream edge. For the cases with the lowest

shock Mach number (Ms = 1.2), Mt ⇡ 0.2, which falls in the quasi-isentropic regime, as

classified by Sagaut & Cambon [114], where pressure fluctuations are not significant. These

cases are distinct from the higher Ms cases in that the velocity does not rapidly increase

at the downstream edge of the curtain (see Fig. 3.3(c)) and the mean sound speed remains
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Figure 3.7: Turbulent Mach number for cases 1 � 9 at t/⌧L = 2. Same legend as b11 in
figure 3.5.

relatively constant (not shown) and thus the trends in Mt are qualitatively di↵erent from

the two higher Ms cases. For the two higher shock Mach number cases, Mt varies between

0.3 and 0.8, placing them in the nonlinear subsonic regime where dilatational fluctuations

are expected to be important.

3.4.4 Budget of pseudo-turbulent kinetic energy

The presence of particles in the flow generates local gas-phase velocity fluctuations charac-

terized by the pseudo-turbulent kinetic energy (PTKE), defined as kg = (]u00
i
u00
i
)/2. Reynolds-

averaged transport equations for compressible flows have previously been derived by Sarkar

et al.[118] (refer Chapter 1), among others. In this study, the transport equation for PTKE

is derived in a similar manner, but the presence of particles is accounted for by including the

indicator function in the averaging process as defined in § 3.4.2. Multiplying through the

viscous compressible Navier–Stokes equations by the indicator function and averaging over

the homogeneous y- and z-directions yields a one-dimensional, time-dependent transport
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equation for PTKE (a similar derivation is given by Vartdal and Osnes [141]), given by

@

@t
(↵g ⇢ kg) +

@

@x
(↵g ⇢ eu kg) = PS + T + ⇧+ ↵g⇢✏+M+ PD. (3.7)

The terms on the right-hand side represent various mechanisms for producing, dissipating,

and transporting PTKE. Ps is production due to mean shear, T is a term akin to di↵usive

transport, ⇧ is the pressure-dilatation correlation term and ✏ is the viscous dissipation tensor.

The trailing terms arising from the averaging procedure are lumped into M. PD = P
P

D
+P

V

D

is production due to drag that contains contributions from pressure and viscous stresses,

respectively. These terms are each defined as
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, (3.8)
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Figure 3.8 shows the budget of PTKE at t/⌧L = 0.5 and 2 for di↵erent Ms and �p. The

terms are normalized by post-shock quantities: ⇢psu3
ps
/D. The statistics from the particle-

resolved simulations are noisy due to the indicator function and to provide reliable data, a

low-pass (Gaussian) filter is applied in the streamwise direction with a standard deviation

3D after averaging in the periodic directions. It should be noted that most coarse-grain

simulations of particle-laden flows use grid spacing larger than D. Also, the resulting profiles

were found to be insensitive to a wide range of filter sizes. Note in Fig. 3.8(c), (e), (h), small

oscillations upstream of the curtain indicate the location of the reflected shock.
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(e) (h)
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Figure 3.8: Budgets of PTKE at t/⌧L = 0.5 (left) and t/⌧L = 2 (right). (a, b) Ms = 1.2,
(c, d) Ms = 1.66 and (e, f) Ms = 2.1. �p = 0.1 ( ), �p = 0.2 ( ) and �p = 0.3 ( ).

.
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The majority of PTKE is generated via drag production, which is balanced by viscous

dissipation. The remaining terms are negligible except for shear production, Ps, and the

pressure-dilatation correlation term ⇧ near the shock and at the edge of the curtain where

the volume fraction gradient is large. Ms is omitted from the plots since it was found to

be negligible. At later times after the shock has passed through the curtain, mean-shear

production and the pressure-strain correlation act as the dominant production terms at

the downstream edge of the curtain. Downstream of the curtain, there are no production

mechanisms and viscous dissipation dominates.

The magnitude of the terms in the budget are observed to increase with increasing �p

and decrease with increasing shock Mach number. This reduction at higher Mach number

is not due to enhanced dilatational dissipation, but rather a reduction of all terms, similar

to what has been observed in single-phase compressible shear layers [97, 117].

3.4.5 Energy spectra

Two-dimensional energy spectra of the phase-averaged streamwise velocity fluctuations are

computed at di↵erent locations along the curtain. Special care is taken to account for the

presence of particles. At each location along the x-axis, the instantaneous energy spectrum

is defined as

Euu(x, t) =
\p
I⇢u00 \pI⇢u00

⇤
, (3.14)

where the c(·) notation denotes the two-dimensional Fourier transform and ⇤ indicates its

complex conjugate. The integration of Euu at each streamwise location is taken over a

circular shell in the [y ⇥ z] space, where  represents the wave number. This definition of

the Fourier coe�cient is consistent with classic compressible turbulence literature [59, 65],

extended to include the indicator function to account for particles.

Figure 3.9 shows the energy spectra for Case 5 (Ms = 1.66, �p = 0.2) at various x

locations within the particle curtain at t/⌧L = 2. The spectra for the initial 40 grid points
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Figure 3.9: One-dimensional spectra of streamwise velocity fluctuations for Ms = 1.66 and
�p = 0.2 at t/⌧L = 2. The color bar corresponds to di↵erent locations in the particle
curtain. Ensemble average of all the spectra within the curtain (thick cyan line). Vertical
lines indicate relevant length scales in the flow. Solid and dashed lines correspond to slopes
of �5/3 and �3, respectively.
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(x � x0 < D) are excluded because the turbulence is not fully developed in this region.

It is evident that the spectra remain relatively consistent across the streamwise positions,

exhibiting minimal variation from the ensemble average of all spectra. Thus, although the

flow is inhomogeneous in x, the turbulence is relatively homogeneous in the majority of the

curtain. Consequently, subsequent figures will only display the ensemble average.

The inclusion of the discontinuous indicator function in (3.14) introduces oscillations

throughout the spectrum, known as a ‘ringing’ artifact. While the ringing can be mitigated

by applying a Butterworth filter or similar methods, such filtering was not employed to avoid

the introduction of ad-hoc user-defined parameters.

Most of the energy resides at length scales that coincide with the mean interparticle spac-

ing, �. The interparticle spacing is found to di↵erentiate the energy-containing range from

the inertial subrange, indicating that wakes in the interstitial spaces between particles are

responsible for the generation of PTKE. An inertial subrange is evident at scales smaller than

�, characterized by an energy spectrum that follows a �5/3 power law before transitioning

to a steeper �3 power law at higher wavenumbers. The energy diminishes rapidly at scales

below 2�x, which is attributed to numerical dissipation. Interestingly, part of the inertial

subrange aligns with characteristics of homogeneous single-phase turbulence, displaying a

�5/3 power law, while the smaller scales align with bubble-induced turbulence, evidenced

by a �3 power law. However, the presence of noise in the spectra makes it challenging to

draw definitive conclusions.

In Fig. 3.10, the ensemble-averaged spectra are compared across di↵erent cases at t/⌧L =

2. A broadband reduction in Euu is observed with increasing Ms, which is consistent with

the observations made in the PTKE budget. As before, the turbulence levels are largely

invariant with �p. For each case, the mean interparticle spacing is found to delineate the

inertial subrange. Compensated spectra are also shown to better identify the power-law

scaling, which appears consistent in each case. The spectrum decays with a �5/3 law at

wave numbers O(D), while at higher wave numbers there is a steeper �3 decay. It remains
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(a) (b)

(c) (d)

(e) (f)

Figure 3.10: Mean (left) and compensated (right) energy spectra of streamwise velocity
fluctuations within the particle curtain at t/⌧L = 2 for (a, b) �p = 0.1, (c, d) �p = 0.2 and
(e, f) �p = 0.3. Ms = 1.2 (light blue, square), Ms = 1.66 (lavender, circle), and Ms = 2.1
(purple, triangle).
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unclear whether this steepening is due to gas-phase compressibility, interphase exchange

with particles, or both. The following section decomposes the turbulent velocity field into

solenoidal and dilatational components to gain further insight.

3.4.5.1 Helmholtz decomposition

A Helmholtz decomposition of the velocity field is performed to analyze the solenoidal

(divergence-free) and dilatational (curl-free) components separately, according to [59, 149]

u = usol + udil, (3.15)

where usol = r⇥A and udil = r'. Here A is the vector potential satisfying r
2A = �!,

where ! = r⇥ u is the local vorticity. The velocity potential ' satisfies r2' = r · u.

Figure 3.11 shows two-dimensional slices of the instantaneous streamwise velocity com-

ponents. The solenoidal component exhibits significant fluctuations throughout the curtain,

capturing particle wakes. In contrast, the dilatational velocity field remains relatively small

within the curtain and increases sharply at the downstream edge, where the flow chokes.

This indicates that the majority of PTKE is concentrated in the solenoidal portion, with

compressibility playing a minor role except near large volume fraction gradients.

Figure 3.12 shows energy spectra of the streamwise solenoidal and dilatational velocity

components at t/⌧L = 2. The solenoidal energy spectrum is approximately two orders of

magnitude larger than the dilatational component across all wavenumbers and tends to

decrease with increasing Ms, while the dilatational component increases with increasing

Mach number. These findings align with observations from direct numerical simulations

of compressible homogeneous isotropic turbulence [30]. Interestingly, only the solenoidal

spectrum demonstrates a �3 power law decay, while the dilatational component maintains

an approximate �5/3 scaling throughout the inertial subrange. Consequently, the �3 power

law decay may be attributed to incompressible wakes rather than compressible e↵ects.
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Figure 3.11: A two-dimensional slice of the (a) solenoidal and (b) dilatational streamwise
velocity fields at t/⌧L = 2 for Case 5.

(a)

(b)
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ups

�1.0

0.5

0
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A similar decomposition of the dissipation rate was performed following Sarkar et al. [118]

and Donzis & John [31], yielding solenoidal (⇢̄✏s = µ!00
i
!00
i
; !00 = r⇥ u00) and dilatational

(⇢̄✏d = 4/3µ(@u00
i
/@xi)2) components. It was found that ✏s dominates the total dissipation of

PTKE, exceeding ✏d by approximately two orders of magnitude.

3.5 Two-fluid turbulence model

In this section, we propose a two-equation model for PTKE and its dissipation. This turbu-

lence model is integrated into a one-dimensional Eulerian-based two-fluid framework. The

hyperbolic equations for particle-laden compressible flows include added mass and internal

energy contributions, derived from kinetic theory based on the recent work of Fox [40, 41].
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(a) (b)

(c) (d)

(e) (f)

Figure 3.12: Mean (left) and compensated (right) spectra of the streamwise velocity fluctu-
ations computed using solenoidal ( ) and dilatational ( ) velocity fields at t/⌧L = 2 for
(a, b) �p = 0.1, (c, d) �p = 0.2 and (e, f) �p = 0.3. Color scheme same as figure 3.10.
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The section ends with an a-posteriori analysis of the turbulence model and comparisons are

made against the particle-resolved simulations.

3.5.1 A kinetic-based hyperbolic two-fluid model

Particle-resolved simulations require grid spacing significantly smaller than the particle di-

ameter to adequately resolve boundary layers and capture relevant aerodynamic interactions.

Eulerian-based two-fluid models are a widely used coarse-grained modeling approach that

assume the properties of both solid and fluid phases can be expressed as interpenetrating

continua interacting through interphase drag terms. Unlike particle-resolved simulations,

the computational cost of modeling the particle phase scales with the number of grid cells

rather than the number of particles, making it a more e�cient option for simulating systems

with a large number of particles.

The added mass is included in the mass, momentum, and energy balances, augmented to

account for particle wakes. These equations are fully hyperbolic and avoid the ill-posedness

common in conventional compressible two-fluid models with two-way coupling [41]. To match

the conditions used in the particle-resolved simulations, stationary monodisperse particles

are considered (i.e. the particle velocity up = 0, granular temperature ⇥p = 0 and ↵p⇢p

is constant in the curtain, where ↵p = 1 � ↵g is the particle volume fraction and ⇢p is the

particle density). Heat transfer between the phases is neglected. For brevity, brackets and

tildes are omitted and it is implied that the equations are written in terms of Favre- and

phase-averaged quantities.

The governing equation for mass balance (added mass, gas phase) in one spatial dimension

are given by
@

@t
(↵a⇢a) = Sa,

@

@t
(↵?

g
⇢) +

@

@x
(↵?

g
⇢u) = �Sa.

(3.16)
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The gas-phase momentum balance is
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and the gas-phase total energy balance is

@

@t
(↵?

g
⇢E) +

@

@x
(↵?

g
⇢uE + ↵?

g
up̂) = �SE. (3.18)

The added-mass internal energy balance is

@

@t
(↵a⇢aea) = SE. (3.19)

Here, ↵a is the volume fraction of the added-mass phase and ⇢a is its density. The gas-phase

volume fraction is replaced by ↵?

g
= ↵g �↵a, ↵?

p
= ↵p+↵a, ↵?

g
= 1�↵?

p
and ea is the specific

internal energy of the added mass. The gas- and added-mass phases have the same pressure

p, but di↵erent temperatures T and Ta, found from e and ea, respectively. Sa represents

mass exchange between the two phases through added mass, leading to momentum Sgp and

energy SE exchange. The particle response timescale ⌧p = 4⇢pD2/(3µCDRep) depends on the

drag coe�cient CD modeled using the drag law from Osnes et al.[94]. This model takes into

account the e↵ects of local volume fraction, the particle Reynolds number Rep = ⇢|u|D/µ

and particle Mach number Mp = |u|/c based on slip velocity |u| (|u| = |u � up|, up = 0).

The remaining parameters are provided in the Appendix. Note that PTKE contributes to

the modified pressure p̂.

The equations are solved using a standard finite-volume method implemented in MATLAB.

A HLLC scheme [137] is employed to solve the hyperbolic part of the system. Further

details on the implementation and discretization of the one-dimensional two-fluid model can

be found in Boniou & Fox [9].

69



3.5.2 Two-equation model for PTKE

To capture PTKE in the Eulerian framework, a two-equation kg–✏ model is proposed that

retains only the significant source terms from the budget:

@

@t
(↵?

g
⇢kg) +

@

@x
(↵?

g
⇢kgu ) = Ps + PD � (1 +M2

t
)↵?

g
⇢✏, (3.20)
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where C✏,1 = 1.44 and C✏,2 = 1.92 are constants from single-phase turbulence modeling

[104]. The mean-shear production term is Ps = �↵?

g
⇢]u00u00(@u/@x). Drag production is

PD = ↵?

p
⇢u2/⌧p. ⌧D = D/|u| is the rate of drag dissipation. ✏ represents the solenoidal

component of dissipation, while the dilatational component is captured by the compressibility

correction (1 +M2
t
) [118].

The mean-shear production term, Ps, includes the streamwise component of the Reynolds

stress, ]u00u00. Based on the findings from § 3.4.3, the anisotropy was found to be relatively

constant across the curtain and independent of volume fraction and shock Mach number (see

Fig. 3.5). The streamwise component of Reynolds stress is therefore given by

]u00u00 = 2

✓
b11 +

1

3

◆
kg,

gv00v00 = ]w00w00 = 2

✓
b22 +

1

3

◆
kg,

(3.22)

with b11 = 0.2 and b22 = �0.1.

In the two-equation model, the only remaining term requiring closure is C✏,D, a model

coe�cient that controls the portion of PTKE produced through drag that ultimately gets

dissipated. In the limits of homogeneity and steady state with Mt = 0, the unsteady,

convective, and mean shear production terms go to zero, thus reducing (3.20) and (3.21) to

PD = ↵?

g
⇢✏ =) ✏ =

↵?

p
⇢p

↵?
g
⇢

u2
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(3.23)
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respectively. Substituting (3.23) into (3.24) yields
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We now calibrate the algebraic model for PTKE proposed by Mehrabadi et al.[75] for ho-

mogeneous particle suspensions valid for ↵gRep < 300, Mp = 0 and ↵p � 0.1 as

kg
u2

= 2↵p

⇣
1 + 1.25↵3

g
exp(�↵p

p
↵gRep)

⌘
. (3.26)

Plugging (3.26) into (3.25) provides closure for C✏,D and ensures the model returns the

correct level of PTKE in the limit of incompressible, homogeneous, steady flow. Because

↵?

p
! ↵p when ↵p ! 0, C✏,D remains finite outside the particle curtain. With the expression

for C✏,D, the two-equation transport model for PTKE and dissipation is now fully closed and

is implemented in the two-fluid model from § 3.5.1.

3.5.3 A-posteriori analysis

One-dimensional shock–particle interactions are simulated using the two-fluid model detailed

above with the parameters used in the particle-resolved simulations. It should be noted

that the results will depend significantly on the volume fraction profile. To ensure a fair

comparison, one-dimensional volume fraction profiles are extracted from the particle-resolved

simulations and used in the model (see Fig. 4.4).

Figure 3.14 shows comparisons of the mean streamwise velocity between the two-equation

model and particle-resolved simulations. Overall excellent agreement is observed. The loca-

tion of the transmitted and reflected shocks are predicted correctly. The model can be seen

to predict choked flow at the downstream edge resulting in supersonic expansion, closely
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Figure 3.13: One-dimensional particle volume fraction profiles obtained from the particle-
resolved simulations for �p = 0.1 (light pink), �p = 0.2 (pink) and �p = 0.3 (purple).

matching the particle-resolved simulations.

Figure 3.15 shows comparisons of PTKE between the two-equation model and particle-

resolved simulations at two time instances. Results show good agreement for all cases con-

sidered except for the cases with Ms = 1.2 at higher volume fractions. The model predicts

an increase in PTKE with �p, which is not observed in the particle-resolved simulations.

Despite this, the model results show overall good agreement both within the curtain and

downstream.

The terms in the PTKE budget computed from the two-equation model are compared

with particle-resolved simulation data to identify and explain the observed discrepancies

in PTKE. Specifically, the dominant terms–drag production PD, viscous dissipation ↵g⇢✏,

and mean-shear production Ps–are examined. Figure 3.16 presents the comparison for one

case, with similar results observed across all cases. Overall, excellent agreement is found

over the three time instances shown. The largest discrepancies occur at the upstream and

downstream edges of the curtain, where the particle-resolved simulations predict a sharper

increase in drag production at the upstream edge and greater dissipation at the downstream

edge. These di↵erences may be attributed to numerical di↵usion in the coarse-grained model.
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(a) (b) (c)

(d) (e) (f)

Figure 3.14: Comparison of mean streamwise velocity from particle-resolved simulations
( ) with results from the two-equation model ( ). (a, d) Ms = 1.2, (b, e) Ms = 1.66,
(c, f) Ms = 2.1. t/⌧L = 1 (top) and t/⌧L = 2 (bottom). The color scheme for di↵erent
volume fraction cases is the same as in figure 4.4.
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(a) (b) (c)

(d) (e) (f)

Figure 3.15: Comparison of pseudo-turbulent kinetic energy between particle-resolved sim-
ulations ( ) with the two-equation model ( ). (a, d) Ms = 1.2, (b, e) Ms = 1.66, (c, f)
Ms = 2.1. t/⌧L = 1 (top) and t/⌧L = 2 (bottom). The color scheme for di↵erent volume
fraction cases is the same as in figure 4.4.

Figure 3.16: Comparison of terms in the PTKE budget between the two-equation model
( ) and particle-resolved simulations ( ) for (a) Ms = 1.2 and �p = 0.2, (b) Ms = 1.66
and �p = 0.2 and (c) Ms = 2.1 and �p = 0.3 at t/⌧L = 2. PP

D
(red), Ps (purple) and ↵g⇢g✏g

(blue).

(a) (b) (c)
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The streamwise and spanwise fluctuations are reconstructed using (3.22) and compared

with particle-resolved simulations in Fig. 3.17. Overall, the results show good agreement,

with cases 2 and 3 exhibiting the most discrepancies. These discrepancies may arise from the

drag model, the choice of C✏,D, or the omission of the viscous term in the two-fluid model. At

the downstream edge, streamwise fluctuations are slightly underpredicted, likely due to an

overprediction of viscous dissipation, as observed in the previous figure. This overprediction

is ultimately linked to the choice of C✏,D or the drag model. Despite these issues, the two-

equation model predicts the overall behaviour well, including the PTKE downstream of the

curtain, in the pure gas.

The gas-phase turbulence downstream of the curtain lacks any production terms and,

according to the budget, should only advect and di↵use. The cases considered so far extend

only 6D from the downstream curtain edge to the right domain boundary. Here, we examine

Case 10 from table 3.1, with Ms = 1.66, �p = 0.3, and a domain extending 34D (2L)

downstream. Figure 3.18 shows PTKE comparisons after the flow reaches a statistically

stationary state. The PTKE decay resembles grid-generated turbulence, and the model

captures the turbulence transport and decay well.

3.6 Conclusion

When a shock wave interacts with a suspension of solid particles, momentum and energy

exchanges between the phases give rise to complex flow. Particle wakes induced by the

transmitted shock generate velocity fluctuations referred to as ‘pseudo-turbulence.’ Phase-

averaging the viscous compressible Navier–Stokes equations reveals a route for turbulence

generation through drag production within the particle curtain and localized mean-shear

production at the edge of the curtain. This turbulence generation is balanced by viscous

and dilatational dissipation.

Three-dimensional particle-resolved simulations of planar shocks interacting with sta-
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(a) (b)

(c) (d)

(e) (f)

Figure 3.17: Comparison of pseudo-turbulent Reynolds stresses between the particle-resolved
simulations ( ) and the model ( ). (a, d) Ms = 1.2, (b, e) Ms = 1.66, (c, f) Ms = 2.1.
Color scheme defined in Fig. 3.4.
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(a) (b) (c)

Figure 3.18: Comparison of pseudo-turbulent kinetic energy of the longer domain (case 10)
between particle-resolved simulations ( ) and the two-equation model ( ) at (a) t/⌧L = 3,
(b) t/⌧L = 4 and (c) t/⌧L = 5.

tionary spherical particles were used to analyze the characteristics of pseudo-turbulence

for a range of shock Mach numbers and particle volume fractions. In each case, pseudo-

turbulent kinetic energy (PTKE) is generated through interphase drag coupling, contribut-

ing to 20� 50% of the post-shock kinetic energy. The abrupt change in volume fraction at

the downstream edge of the curtain chokes the flow, resulting in supersonic expansion where

PTKE is maximum. The pseudo-turbulent Reynolds stress is highly anisotropic but approxi-

mately constant throughout for the range of volume fractions and Mach numbers considered.

The energy spectra of the streamwise gas-phase velocity fluctuations reveal an inertial sub-

range that begins at the mean interparticle spacing and decays with a �5/3 power law then

steepens to �3 at smaller scales. This �3 scaling only exists in the solenoidal component of

the velocity field and is attributed to particle wakes.

A one-dimensional two-equation turbulence model was formulated for PTKE and its dissi-

pation and implemented within a hyperbolic two-fluid framework. Drag production is closed

using a drag coe�cient that takes into account local volume fraction, Reynolds number and

Mach number. A new closure is proposed for drag dissipation that ensures the proper amount

of PTKE is obtained in the limit of statistically stationary and homogeneous flow. An a-

posteriori analysis demonstrated the ability of the model to predict PTKE accurately during

shock-particle interactions and capture flow-choking behavior. Such a turbulence model can
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be adopted into Eulerian two-fluid models or Eulerian–Lagrangian frameworks.
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3.8 Appendix

3.8.1 Convergence studies

This section quantifies the e↵ects of varying domain size and particle configurations within

the curtain in particle-resolved simulations. A grid refinement study of the numerical solver

for periodic compressible flow over a homogeneous suspension is detailed in our previous

work [58].

3.8.1.1 E↵ect of domain size

In this section, we examine the e↵ects of varying the domain size in the periodic spanwise (y

and z) directions. A series of three-dimensional simulations were performed with Ms = 1.66

and �p = 0.2 to evaluate the impact of domain size on the individual terms in the PTKE

budget. Table 3.2 summarizes the cases considered. The streamwise domain length Lx is

kept constant, while the spanwise dimensions Ly and Lz are varied. Uniform grid spacing is

maintained at � = D/40.
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Figure 3.19: E↵ect of domain size on the PTKE budget for Ms = 1.66 and �p = 0.2 at
t/⌧L = 1.5. Case A ( ), Case B ( ), Case C ( ). Colours correspond to figure 3.8.

Fig. 3.19 presents comparisons of the individual PTKE budget terms. The results indicate

that variations in the periodic domain lengths have minimal influence on the budget terms,

suggesting that volume-averaging over two-dimensional y � z slices can be performed with-

out significantly a↵ecting the one-dimensional statistics. Consequently, for the case studies

presented in the main paper, we adopt Ly = Lz = 12D.

Case Lx/D Ly/D Lz/D Nx ⇥Ny ⇥Nz Np

A 30 8.5 8.5 1200⇥ 340⇥ 340 470
B 30 12 12 1200⇥ 480⇥ 480 936
C 30 24 24 1200⇥ 960⇥ 960 3740

Table 3.2: Parameters used for the domain size study. For each case,Ms = 1.66 and �p = 0.2.

3.8.1.2 E↵ect of varying random particle distributions

Particles are randomly distributed within the curtain while avoiding overlap. The drag force

on individual particles is known to depend on the arrangement of their neighbours [1, 64, 94].

This section investigates the impact of di↵erent random particle configurations within the

curtain on PTKE for Ms = 1.2 and �p = 0.3. Three distinct realizations are considered,

keeping all parameters constant except for the random arrangement of particles.

79



Figure 3.20: E↵ect of random particle placement on the PTKE budget for Ms = 1.2 and
�p = 0.3 at t/⌧L = 1. Realization 1 ( ), realization 2 ( ), realization 3 ( ). Colours
correspond to figure 3.8.

Figure 3.20 shows the PTKE budget terms for each realization at t/⌧L = 1, when the

shock has just passed the downstream edge of the curtain. All realizations exhibit similar

trends with negligible discrepancies. Therefore, we conclude that the random distribution of

particles does not significantly a↵ect the statistics.

3.8.2 One-dimensional two-fluid model parameters

Starting from the conserved variables X1 = ↵a⇢a and X2 = ↵?

g
⇢ with known ↵p, the primitive

variables are found using the following formulae:

̂ =
X1

X2
;  =

T

Ta

; T =
�e

Cp

; Ta =
�ea
Cp

; e = E �
1

2
u2

� kg; (3.27)

↵g = 1� ↵p; ↵a =
̂

̂+ 
↵g; ↵

?

p
= ↵p + ↵a; ↵

?

g
= ↵g � ↵a; ⇢ =

X2

↵?
g

; (3.28)

p = (� � 1)⇢e; p̂ = p+ 2/3⇢kg. (3.29)
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The remaining model parameters are defined as follows:

Ppfp = ⇢(↵?

p
u)2; Fpg = u2@x⇢+ 2/3⇢(@↵?

g
u/@x)u (3.30)

Sa =
⇢

⌧a
(c?

m
↵p↵g � ↵a); Sgp = max(Sa, 0)u; SE = max(Sa, 0)E +min(Sa, 0)ea (3.31)

Rep =
⇢Du

µ
; Pr =

Cpµ

k
; (3.32)

c?
m
=

1

2
min(1 + 2↵p, 2); ⌧a = 0.001⌧p; ⌧p =

4⇢pD2

3µCDRep
. (3.33)

The drag coe�cient CD is given by Osnes et al. [94].
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CHAPTER 4

An Analysis of Shock-Induced Size

Segregation

Note: A version of this chapter is published in Acta Mechanica Sinica [127]. Data and figures

have been used with all co-authors’ consent.

4.1 Abstract

The framework developed in Chapter 2 is applied to a high-fidelity simulation of a planar

shock interacting with bidisperse distributions of particles with size ratios of approximately

thirty. Particle dispersion and size segregation are reported. A simple model is proposed for

size segregation as a function of the particle diameter size ratio.

4.2 Simulation setup

To investigate particle size segregation and curtain displacement, we consider a three-

dimensional domain with a planar shock interacting with a curtain of bidisperse particles

(see Fig. 4.1). The particle curtain has a length of Lc = 2.5 mm and contains a mixture of

large and small particles with diameters D = 300 µm and d = 10 µm, respectively. The total

volume fraction within the curtain is �p = 9.5%, with a 75% make-up of large particles and

25% of small particles by volume. The particle density is ⇢p = 2520 kg/m3, corresponding
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to soda lime. A summary of particle parameters is given in Table 5.1.

Table 4.1: Particle parameters used in the simulations.

Particle Diameter Volume fraction No. of particles Resolution Res
class (µm) % – – –
Large D = 300 7.125 N = 162 D/�x = 33 12624
Small d = 10 2.375 n = 2007898 d/�x = 1 420.8

Figure 4.1: Schematic of the simulation setup with the inset showing the particle size dif-
ference (not to scale). The white line indicates the initial position of the shock. The black
circles represent large particles and red circles represent small particles.

A shock Mach number of Ms = 1.7 is considered, defined as Ms = us/c, where us is the

shock speed and c is the local speed of sound. The pre-shock conditions are taken to be air

at standard temperature and pressure with [P1, ⇢1, u1] = [82.7 kPa, 1.2 kg/m3, 0 m/s].

The reference viscosity and heat capacity at constant pressure for air are µ1 = 1.8 ⇥ 10�5

Pa·s and Cp,1 = 1005 m2/s2/K, respectively. The reference sound speed is c1 = 310 m/s.

The post-shock conditions are computed via the Rankine–Hugoniot jump conditions. A

Reynolds number based on post-shock conditions is Res = ⇢psupsL/µps, where [⇢ps, ups, µps]

corresponding to [2.64 kg/m3, 287.215 m/s, 2.31 ⇥ 10�5 Pa·s] are the post-shock density,

velocity and viscosity, respectively. L is a characteristic length scale taken to be D for large

particles and d for small particles (see Table 5.1).
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Figure 4.2: Contour of local gas-phase Mach number at t/⌧L = 10.13 showing large (cyan
circles) and small particles (dark blue).

The computational domain spans [Lx ⇥ Ly ⇥ Lz] = [57⇥ 12⇥ 12]D with grid resolution

of D/�x = 33. This corresponds to grid spacing of �x = d. This grid spacing is chosen

based on the grid resolution study [125] and a validation study for the IBM method [58]

in our previous work. The number of grid points in each direction is [Nx ⇥ Ny ⇥ Nz] =

[1881 ⇥ 366 ⇥ 366]. The curtain length is set to Lc = 8.3D, with a downstream length

extending to 5Lc. Periodic boundary conditions are enforced in y and z. Since the grid

resolution is su�ciently high, this high-fidelity simulation was run on UCSD’s Expanse

clusters through an ACCESS allocation using 1920 cores requiring roughly 100k CPU-h.

4.3 Results

4.3.1 Flow visualization

A three-dimensional visualization of the local gas-phase Mach number (Ma) and particle

position at (t� t0)/⌧L = 10.13 is shown in Fig. 4.2. Here, time is normalized by ⌧L = Lc/ups,

based on the curtain length and post-shock velocity, where t0 is the instant the shock impinges
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the upstream edge of the curtain. For a shock Mach number Ms = 1.7 and a curtain

length of Lc = 2.5 mm, ⌧L = 8.7 µs. At the instant shown, the shock has reached the

downstream boundary and particles have segregated significantly. The small particles are

scaled up for better visibility. Wakes can be seen downstream of large particles, inducing

gas-phase velocity fluctuations that travel downstream. Most of the small particles have

traveled downstream of the curtain, forming local high-concentration clusters, while a dilute

suspension of small particles remain in the wakes of larger particles.

Figure 4.3 shows a time series of two-dimensional slices of the two-phase flow. Upon

impingement of the particle curtain, the incident shock splits into a transmitted shock trav-

eling downstream and multiple shocklets upstream that coalesce into a reflected shock wave

traveling upstream as seen in Fig. 4.3(a). Small particles are seen to accelerate rapidly

in comparison with the highly inertial large particles. This can be observed in Fig. 4.3(b)

where small particles have accumulated towards the downstream curtain edge leading to

a concentrated region. Interactions between the small and large particles can be observed

more distinctly in the inset provided. The majority of particle collisions are between small

particles and the upstream side of large particles. Moreover, some small particles become

trapped in the wake of large particles. Both of these e↵ects hinder the segregation rate.

Small particles moving through interstitial spaces between large particles follow the wake

and eventually coalesce several large particle lengths downstream. Because the particle

response time (and thus the Stokes number) scales with the square of the diameter, the

larger particles are far more inertial and respond much slower to the impinging shock. Small

particles move through the interstitial spaces in the curtain, and eventually exit the curtain

and spread out over much larger lengths as can be seen in Fig. 4.3(e). In contrast, the

large particles have not yet moved one curtain length in distance downstream of their initial

position over the simulated time.
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(d)

(e)

(c)

(b)

(a)

Figure 4.3: Local gas-phase Mach number and particle position in the x�y plane at z = 6D
when (a) (t� t0)/⌧L = 1.16, (b) 4.43, (c) 6.32, (d) 8.1, and (e) 11.89. Red and green circles
depict large and small particles, respectively.
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Figure 4.4: Profiles of particle volume fraction associated with large particles (dashed lines)
and small particles (solid lines) at di↵erent time instances.

Figure 4.5: Pseudo-turbulent kinetic energy as a function of streamwise length.
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4.3.2 One-dimensional statistics

One-dimensional volume fraction profiles of each size particle are shown in Fig. 4.4. Aver-

aging is performed over the two homogeneous (y and z) directions. The volume fraction of

large and small particles is given by

�p,large(x, t) =
1

LyLz

Z

Lz

Z

Ly

I(x, t)dy dz, (4.1)

�p,small(x, t) =
1

LyLz

Z

Lz

Z

Ly

(1� ↵(x, t)) dy dz. (4.2)

Here, I is an indicator function associated with the large particles that is determined from

the levelset function defined by Eq. (2.29). I = 0 within the volume of large particles (where

G  0) and I = 1 in the fluid (where G > 0).

The volume fraction profiles associated with the large particles is seen to move approxi-

mately half the curtain length downstream at the final time. The small particles, on the other

hand, are seen to translate four times the curtain length over the same time frame, with some

particles traveling as far as six curtain lengths downstream. Shortly after the shock passes

through the particles, the small particles compress and the local volume fraction increases.

The curtain then spreads as it moves downstream, with the average volume fraction decreas-

ing in time. The passage of a shock through the curtain establishes a pressure gradient across

it and the gas velocity decreases/increases behind the reflected/transmitted shock, causing

a positive velocity gradient inside the particle curtain [68, 145]. As a result, the relative

velocity and the resulting quasi-steady drag force for the particle located at the downstream

front of the curtain is larger than at the upstream front, contributing to the expansion of

the particle curtain. After the passage of the transmitted shock, the pressure downstream

continues to grow slowly due to the compression waves generated from the downstream front

of the particle curtain. The upstream pressure however gradually decreases with time, due

to expansion waves generated at the upstream curtain edge propagating upstream [68]. This

results in a gradual reduction of the initially established pressure gradient reducing over time
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(a) (b)

Figure 4.6: Temporal evolution of (a) particle curtain displacement and (b) segregation rate.
Dashed lines represent the curtain edges while the shaded regions between them represent
the extent of the curtain.

(a) (b) (c)

Figure 4.7: Time history of (a) mean streamwise drag force normalized by 0.5Nk⇢psu2
ps
Ak,

(b) total streamwise force normalized by 0.5⇢psu2
ps
AD, and (c) force contributions acting on

the small particles normalized by 0.5⇢psu2
ps
Ad.

which subsequently causes a di↵used volume fraction profile in Fig. 4.4.

Figure 4.5 reports the temporal evolution of the gas-phase velocity fluctuations (pseudo-

turbulence). The phase/Favre-averaged velocity is defined as eu(x, t) = I⇢u/(I⇢), where

the overbar denotes an average in y and z. Using this, local fluctuations are computed

as u00(x, t) = u(x, t) � eu(x, t). The pseudo-turbulent kinetic energy (PTKE) is defined

as kg(x, t) = û00 · u00/2. As shown in Fig. 4.5, the PTKE normalized by the post-shock

kinetic energy is initially zero and increases with time after the shock passes through the

curtain. The majority of this PTKE is generated from the large particles via drag, while

the small particles contribute only a minor fraction. As the small particles leave the curtain

((t � t0)/⌧L > 4.43), PTKE is transported with them, coinciding with the peak volume

fraction of the small particles.
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4.3.3 Time-dependent statistics

The temporal evolution of the particle curtain displacement and segregation rate are shown

in Fig. 5.6. The upstream/downstream edges of the curtain are determined based on the 1%

and 99% particle position, respectively. We use hxi to denote the average displacement of

the entire curtain computed by taking the mean over all particle positions of a given size.

Figure 5.6(a) shows this displacement with respect to time. The thick lines in blue and cyan

represent the average displacement of the small and large particles, respectively.

The variation in the curtain spread of the large particles is observed to be minimal, while

the small particles exhibit a large spread over the times reported.

The relative motion between the di↵erently sized particles can be more aptly quantified

using the segregation rate, defined as

s =
hxismall

hxilarge
� 1. (4.3)

As shown in Fig. 5.6(b), the segregation rate increases monotonically, exceeding a value of 2

over the time considered.

4.3.4 Forces

Particle forces are given in Fig. 4.7. The mean streamwise drag force acting on particle class

k is given by

hFk,totali =
Fk,total

0.5Nk⇢psu2
ps
Ak

, (4.4)

where Fk,total is the total streamwise force acting on particle class k, Ak is the frontal area, and

Nk the number of particles (Nk = N for large particles and Nk = n for small particles). The

average non-dimensional force exerted on the large particles is around 0.5, more than twice

the force experienced by the small particles. This di↵erence is primarily due to variations

in slip velocities. Since drag scales linearly with slip velocity, the larger particles, with
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their significantly greater inertia, have velocities that are nearly zero. As a result, their slip

velocity is closely proportional to ups. On the other hand, the small particles quickly adjust

to the local flow conditions, which results in much lower slip velocities and, consequently,

reduced drag. An interesting observation is that the average force acting on small particles

decreases with time, while the average force on large particles increases after (t� t0)/⌧L > 6.

At this time, small particles have dispersed downstream away from the large particles, giving

rise to large local gas-phase volume fraction and increasing interstitial space in the vicinity

of the large particles. The gas phase thus experiences less overall drag and large particles

are subjected to higher slip velocity.

Figure 4.7(b) shows the combined total forces acting on the particles. Because n >> N ,

small particles contribute to overall drag forces significantly. The total force exerted on large

particles reaches a peak at (t � t0)/⌧L < 1 and remains relatively constant while the force

on small particles reaches a peak at (t � t0)/⌧L ⇡ 1 and steadily decays as time progresses

because of drag force reduction due to decreasing slip velocity.

The small particles exhibit an interesting trend between 2 < (t� t0)/⌧L < 6. To explore

this further, we look at the individual small particle force contributions. Figure 4.7(c) dis-

plays the individual force contributions acting on the small particles, as defined in Eq. (2.12).

It is evident that nearly the entire force acting on the small particles is due to ‘quasi-steady’

drag. While the forces attributable to the resolved pressure and viscous stress are minimal,

the collision term reduces the overall particle momentum during intermediate times before

the particles pass through the large particles. This aligns with the findings in Fig. 4.3(b),

where most of the small particles were seen colliding with the upstream side of the large

particles.

91



Figure 4.8: (a) Segregation rate for di↵erent particle size ratios D/d 2 [2, 100] using the
model given in Eq. (4.8). An enlarged plot of the early time instances highlighted by the
green rectangle is presented in (b). The thick dashed black line indicates the result obtained
from the numerical simulation.

(b)(a)

4.4 A simple model for size segregation

From the previous section, it can be seen that the ‘quasi-steady’ drag force, Fdrag, is the

dominant force. If we neglect non-linearities in drag due to Reynolds number, Mach number,

and volume fraction e↵ects, a simple model for the average streamwise displacement can be

derived. Neglecting two-way coupling, the streamwise fluid velocity is constant with u = ups.

Starting with Eq. (2.12), applying these assumptions and averaging yields

dhupi

dt
=

ups � hupi

⌧p
. (4.5)

Integrating the above equation and assuming the particles begin at rest (hupi(t = 0) = 0),

yields an analytic expression for the average particle velocity:

hup(t)i = ups(1� e�t/⌧p). (4.6)

Integrating once more yields an analytic expression for the average particle displacement:

hx(t)i = hx0i+ upst� ⌧pups(1� e�t/⌧p), (4.7)
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where hx0i is the initial position of the particle curtain, taken to be Lc/2. The impact of

particle size is incorporated through ⌧p.

Plugging this expression into Eq. (4.3), an analytic expression for the segregation rate is

s =
hx0i+ upst� ⌧p,smallups(1� e�t/⌧p,small)

hx0i+ upst� ⌧p,largeups(1� e�t/⌧p,large)
� 1, (4.8)

where ⌧p,small = ⇢pd2/(18µ) and ⌧p,large = ⇢pD2/(18µ). The reference gas-phase viscosity

(µ1) is used to compute ⌧p.

The algebraic model can predict size segregation trends for various particle diameter ratios

D/d by adjusting ⌧p. Figure 4.8(a) shows the segregation rate for size ratios D/d 2 [2, 100].

As expected, the segregation rate is more pronounced at higher size ratios. The process

can be divided into distinct stages. Initially, size segregation occurs rapidly, especially when

(t�t0)/⌧L < 200. A peak in segregation rate is observed, with its amplitude scaling according

to D/d and occurring earlier as the size ratio increases. After the large particles begin to

move, they ultimately catch up with the smaller particles, leading to a steady state where

s = 0. Figure 4.8(b) shows the segregation rate during the initial transient. The simple model

is compared to the numerical simulation (with D/d = 33). The overall trend is accurately

predicted by the model, although any arising discrepancy can be attributed to the neglected

nonlinearities in drag and volume fraction e↵ects.

4.5 Conclusion

The hybrid framework proposed in Chapter 2 was applied to a simulation of a planar shock

wave interacting with a bidisperse distribution of particles to evaluate size segregation and

particle curtain displacement. One-dimensional statistics of particle volume fraction field

reported revealed a pronounced spread of small particles over large distances as compared

to the large ones. Moreover, majority of the PTKE was found to be produced by the large-

particle wakes, and small particles only contributed to a minor portion away from the large
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particles. A simple model for the segregation report is reported and compares well with the

numerical simulation.
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CHAPTER 5

Parametric Study of Shock-Induced Size

Segregation of Bidisperse Particles

Note: This chapter has been published in the journal of American Institute of Aeronautics

and Astronautics [126]. It has also been presented as “Paper 2025-1878” at the 2025 AIAA

SciTech Forum, Orlando, FL, January 6–10, 2025. Data and figures have been used with all

co-authors’ consent.

5.1 Abstract

The interaction of a planar shock wave with a suspension of bidisperse particles is examined

using high-fidelity simulations over a range of shock Mach numbers (Ms), particle volume

fractions (�p), and particle diameter size ratios (D/d) between large (D) and small (d)

particles. The study aims to quantify the e↵ects of these parameters on size segregation and

particle curtain spread. Results indicate that size segregation increases with increasing Ms

and decreasing �p. Additionally, segregation exhibits a weak proportionality to the size ratio

D/d across the range of conditions and time horizons considered. Streamwise profiles of the

mean particle volume fraction reveal a pronounced downstream spread of smaller particles

compared to larger ones.
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5.2 Introduction

Shock-induced particle dispersal is a phenomenon observed in a wide range of environmental

and engineering applications, from volcanic eruptions [69] to mining safety [116, 152], pulsed

detonation engines [20, 113], heterogeneous detonation [151], and rocket propulsion [14,

77]. Understanding the underlying mechanisms is crucial for predicting and mitigating the

e↵ects of explosive events, optimizing propulsion system performances, and enhancing safety

standards in the aforementioned contexts. These applications involve strong shocks, local

regions of flow instabilities [106], a wide range of particle concentrations, particle sizes, and

four-way coupling involving gas-particle and particle-particle interactions.

The applications mentioned above typically involve particles with a wide size distribution.

Aerodynamic drag forces and particle-particle interactions through collisions and wakes scale

with particle diameter [18], contributing to spatial size segregation in various ways. Finite

slip velocity between the phases generates net mean aerodynamic forces on each particle,

which give rise to relative mean motion between particles of di↵erent sizes, thereby promot-

ing size segregation [76]. However, aerodynamic forces acting on each particle can also induce

inter-particle velocity fluctuations (wakes) that generate random particle motion (granular

temperature), enhancing collisions and potentially hindering size segregation [74]. Most

studies on particle segregation focus on incompressible flow regimes, but high-speed, com-

pressible flows with shocks are expected to amplify these e↵ects. This paper focuses on the

dynamics of bidisperse systems in the presence of shocks.

Common approaches for modeling dispersed two-phase flows include particle-resolved di-

rect numerical simulation (PR-DNS) [76, 128], Euler–Euler (EE) [9] and Euler–Lagrange

(EL) [16] methods. Both EE and EL are coarse-grained modeling techniques that rely on

accurate models for interphase exchange and inter-particle interactions. PR-DNS, whereby

su�cient resolution is applied to capture all of the relevant scales of motion, specifically,

gas-phase fluctuations induced by the presence of particles (termed pseudo-turbulent kinetic

energy or PTKE) is a comprehensive approach to analyze flow-induced size segregation, but
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the associated computational cost can be prohibitive. These limitations confine studies to

particles with low size ratios of O(1) [22, 74], as su�cient resolution is necessary to capture

boundary layers for all size particles.

This chapter employs a framework that balances cost with accuracy, enabling the simula-

tion of shocks through bidisperse suspensions of particles with size ratios ranging between 12

and 40. An EL method is employed to handle small particles, where the particle diameter is

comparable to the grid spacing, and drag models are incorporated in the particle equations

of motion. PR-DNS is used for large particles, providing su�cient resolution to resolve fluid

stresses at the particle surface. Momentum transfer between particles is managed using a

soft-sphere collision model combined with a novel neighbor detection algorithm. This hybrid

scheme is used to quantify the e↵ects of shock Mach number, particle volume fraction, and

particle diameter size ratio on particle curtain spread and size segregation.

5.3 Simulation Setup

To investigate shock-induced particle size segregation, we consider a two-dimensional domain

with a planar shock interacting with a curtain of bidisperse particles as shown in Fig. 5.1.

The gas-phase conditions and particle parameters were chosen to match the experimental

setup at Sandia [144]. The length of the particle curtain is Lc = 2.5 mm and contains a

mixture of large and small particles with a large particle diameter D = 300 µm and small

particle diameter d that will be varied based on the desired size ratio defined as the ratio

of the diameter of the large particle to the small particle (D/d). Particles are randomly

distributed within the curtain while avoiding overlap. The total volume fraction within the

curtain is varied from �p = 0.05 to 0.2, with a 75% make-up of large particles and 25% of

small particles by volume. The particle density is ⇢p = 2520 kg/m3, corresponding to soda

lime. The shock Mach number is defined as Ms = us/c, where us is the shock speed and c is

the speed of sound. The pre-shock conditions are taken to be air at standard temperature
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and pressure with [P1, ⇢1, u1] = [82.7 kPa, 1.2 kg/m3, 0 m/s]. The post-shock conditions

are obtained from the Rankine–Hugoniot jump conditions and the associated variables are

represented using the subscript ‘ps’. The post-shock Mach number is defined using the

post-shock velocity and speed of sound as Mps = ups/cps. A summary of the simulation

parameters is given in Table 5.1.

Figure 5.1: Schematic of the simulation configuration.

The computational domain spans [Lx ⇥ Ly] = [99 ⇥ 12]D discretized using a Cartesian

grid with grid spacing �x ⇠ d. This restriction is mainly the artifact of using a Lagrangian

particle tracking approach. Closure models for drag and other interphase exchange terms are

often formulated based on volume averages significantly larger than the particle diameter. A

general rule of thumb is that the characteristic averaging volume must be at least an order of

magnitude larger than the volume of a particle, resulting in grid spacing �x > 1.74d [100].

However, explicitly filtering the interphase exchange terms, as described in § 2.4.1, enables

�x ⇠ d. The number of grid points in the streamwise and spanwise directions, i.e. [Nx⇥Ny]

is determined based on the grid refinement study in § 5.4.1. The curtain length is set

to Lc = 8.3D, with a downstream length extending to 10Lc to allow su�cient space for

the particles to segregate. Periodic boundary conditions are enforced in the spanwise (y)

direction.
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Table 5.1: Parameters considered in the simulations where N corresponds to the number of
large particles of diameter D and n corresponds to the number of small particles of diameter
d.

Case no. Ms �p D/d Mps N n Nx ⇥Ny

0 1.7 0.1 33 0.77 9 3346 3268⇥ 396
1 1.2 0.1 33 0.29 9 3522 3268⇥ 396
2 2.1 0.1 33 1.02 9 3522 3268⇥ 396
3 3.0 0.1 33 1.36 9 3522 3268⇥ 396
4 2.1 0.1 20 1.02 9 1268 1981⇥ 240
5 2.1 0.1 40 1.02 9 5072 3961⇥ 480
6 2.1 0.05 33 1.02 4 1761 3268⇥ 396
7 2.1 0.2 33 1.02 19 7045 3268⇥ 396

Table 5.2: Simulation parameters used in the grid refinement study.

Case D/�x Grid size
A0 12 697⇥ 144
B0 20 1161⇥ 240
C0 30 1741⇥ 360
D0 40 2321⇥ 396

5.4 Numerics

The numerics for these simulations are summarized in Chapter 2. A ghost-point immersed

boundary method (IBM) is used to enforce no-slip, adiabatic boundary conditions at the

surface of the large particles. Small particles are handled using a volume-filtered Euler–

Lagrange (VFEL) approach. The framework is implemented within jCODE, a high-order,

energy-stable multiphase flow solver [15].

5.4.1 Grid resolution

Because the numerical framework combines a ghost-point IBM approach with a volume-

filtered Euler–Lagrange method, the diameter ratio needs to be carefully chosen as the

smaller particle is required to be smaller than the grid spacing while the larger particles

need a su�cient number of grid points to resolve fluid boundary layers. In this section, a

grid refinement study is performed for a curtain of monodisperse particles with D/�x 2
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[12, 20, 30, 40] using the IBM approach described above to determine the minimum number

of grid points needed to resolve the large particles.

Figure 5.2 shows the temporal evolution of the curtain edge displacement and gas-phase

velocity fluctuations for the grid resolutions listed in Table 5.2. In each case, a shock Mach

number of Ms = 1.7 was chosen with a total particle volume fraction of �p = 0.2, which

results in 25 particles of size D within the curtain. Time is normalized by ⌧L = Lc/ups,

where ups is the post-shock velocity. The initial time t0 is taken as the instant the shock

impinges on the curtain and x0 is the initial position of the curtain’s upstream edge.

The streamwise displacement of the upstream and downstream edges of the curtain is

shown in Fig. 5.2a. The evolution of the upstream edge remains consistent across all grid

sizes considered. While some discrepancies are noted in the downstream edge across di↵erent

cases, the overall agreement is satisfactory.

To evaluate the sensitivity of the grid to local gas-phase velocity fluctuations, we analyze

the time evolution of pseudo-turbulent kinetic energy (PTKE), defined as kg(t) = ]u00
i
u00
i
/2,

where u00
i
(t) = u(x, t) � eu(t) in Fig. 5.2b. The tilde represents a spatial Favre average, i.e.,

eu(t) = hI⇢ui/hI⇢i. The indicator function I is 1 within the fluid and 0 in the large particles.

Angled brackets represent a volume average across the streamwise and spanwise directions.

PTKE is normalized by the post-shock kinetic energy. The trends in PTKE evolution are

consistent for each grid size considered. There is initially no PTKE. When the shock first

interacts with the curtain, the local volume fraction is maximum, and PTKE is generated

through drag in the form of wakes. PTKE rapidly increases as the flow establishes within the

curtain. Due to the finite inertia of the particles, curtain spreading is delayed. As the curtain

spreads, the local volume fraction drops, and so does the PTKE. While the initial transient

trends are similar (t/⌧L <= 7) across all cases, the intermediate times (7 < t/⌧L ⇠ 16) show

some discrepancy. The lowest resolution case underpredicts PTKE by ⇠ 10%. Thus, we

conclude that a value of D/�x > 10 is satisfactory.
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(a) Particle curtain edge displacement. (b) Average PTKE.

Figure 5.2: Evolution of curtain edge displacement and ptke for large/IBM particles. Filled
markers: Upstream edge, Unfilled: Downstream edge.

5.5 Results

5.5.1 Case 0 analysis

A visualization of shock-induced size segregation for Case 0 (Ms = 1.7, �p = 0.1, D/d = 33)

is given in Fig. 5.3, which shows contours of the local gas-phase Mach (Ma) and the position

of large/small particles at four di↵erent instances of time. The small particles are scaled up

for better visibility. At the instant the incident shock impinges the curtain, a transmitted

shock passes through the particles in the positive streamwise direction. Multiple shocklets

form at the surface of each particle near the upstream edge of the curtain and coalesce into

a reflected shock that travels upstream. At t/⌧L = 0.84, the transmitted shock has passed

the downstream curtain edge, inducing wakes that generate gas-phase velocity fluctuations.

Small particles accelerate downstream significantly faster than the large particles. A fraction

of the small particles become trapped in the wakes of large particles which hinder size

segregation. At t/⌧L = 3.04, visible segregation between the two particle classes is observed.

Small particles at the downstream edge compress, while upstream, the volume fraction is

significantly lower. The downstream edge appears to remain intact while a distinct upstream

edge is almost non-existent for the smaller particles. Because the particle response time (and
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Figure 5.3: Contours of local gas-phase Mach number for Case 0 at di↵erent time instances.
Large particles (purple circles), small particles (red circles; not to scale).

thus the Stokes number) scales with the square of the diameter, the larger particles are far

more inertial and respond much slower to the impinging shock. Small particles move through

the interstitial spaces in the curtain, accumulating towards the midstream region. At a later

time (t/⌧L ⇠ 8.71), the small particles have traveled far downstream and are more spread

out. The small particles reach the downstream boundary of the domain at the final time

instant (t/⌧L = 13.91). In contrast, the large particles have not yet moved one curtain length

distance downstream of their initial position.
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Figure 5.4: Numerical Schlieren (black/white) for Case 0 at di↵erent time instances. Large
particles (purple circles), small particles (red circles; not to scale).

Figure 5.4 shows instantaneous snapshots of numerical Schlieren, highlighting the re-

flected/transmitted shocks, shocklets, and downstream wakes. The numerical schlieren rep-

resents the magnitude of the density gradient kr⇢kD/⇢1. Regions of black are indicative

of high compressibility. The transmitted and reflected shocks can be seen in the first frame.

Small particles initially follow streamlines with high density gradients (black curves) gener-

ated by the large particles (t/⌧L = 0.84, 3.04).

The average displacement of the upstream and downstream curtain edges for each particle
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class is reported as a function of time. The upstream/downstream edges of the curtain are

determined based on the 1% and 99% particle position, respectively. We use hxi to denote

the average displacement of the entire curtain. The evolution of the displacement of curtain

edges gives a general idea of the curtain spread. The curtain edge averages are computed

in the same manner as § 5.4.1. Figure 5.5a shows this displacement with respect to time.

The thick lines in red and purple represent the average displacement of the small and large

particles, respectively. The shaded regions represent the spread between the edges with the

lower bound indicating the upstream edge and the upper bound indicating the downstream

edge. The variation in the curtain spread of the large particles is observed to be minimal,

while the small particles exhibit a large spread over the times reported.

The relative motion between the di↵erently sized particles can be more aptly quantified

using the segregation rate, defined in Eq. (4.3). As shown in Fig. 5.5b, the segregation rate

increases monotonically, exceeding a value of 2 over the time considered.

(a) Particle curtain spread. (b) Segregation rate.

Figure 5.5: Temporal evolution of the curtain spread and segregation rate for Case 0. Red
and purple shaded regions indicate the extent of small and large particle spread respectively.
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5.5.2 Parametric study

The e↵ects of varying the shock Mach number, particle volume fraction, and particle diameter

ratio on segregation ratio are reported in this section. All the figures adhere to the color

scheme and case notation described in Table 5.1. Cases 1-3 indicate the trends with increasing

Ms, while cases 4, 2, and 5 represent increasing diameter ratios, D/d. The diameter of the

large particles is held constant, implying that d is decreased to increase D/d, and vice versa.

Cases 6, 2, and 7 represent the trends with increasing �p.

Figure 5.6: Segregation rate (4.3) as a function of dimensional time for the cases listed in
Table 5.1.

Figure 5.6 shows the segregation of particles for all the cases simulated. An increase

in Ms from 1.2 to 3.0 resulted in the most pronounced enhancement in size segregation

among particles. This suggests that the drag forces, influenced by the induced velocity

acting on smaller particles, substantially contributed to the overall segregation dynamics.

The di↵erences in segregation rate are pronounced. With Ms = 1.2 (Case 1), a final value

of s = 1 is achieved, while for Ms = 2.1 (Case 2), s exceeds values of 2.5. The fastest case

with Ms = 3 exhibits maximum segregation until (t � t0) ⇠ 670 µs, at this point small

particles begin to leave the domain and the large particles are moving downstream. The

e↵ect of the diameter ratios D/d considered is noted to be minimal for the range considered.

105



Larger diameter ratios imply smaller d. The smaller particles have greater acceleration and,

consequently, increased segregation is observed. Varying the particle concentration has a

converse e↵ect. Increased particle concentrations reduce the interstitial spaces for the small

particles to navigate through, which consequently increases inter-particle collisions, which

acts to reduce segregation.

Figure 5.7: Segregation rate (4.3) as a function of time normalized by (5.1). Color scheme
same as Fig. 5.6.

The simulations reveal large spread in segregation rates across the range of parameters.

Beyond the initial transient, s is approximately linear in time. Based on the simulation

results, the segregation rate is found to scale like:

s /
ups

Lc

(1� d/D)

(�pMs)
0.4 t =

t

⌧s
. (5.1)

As shown in Fig. 5.7, this yields a reasonable collapse of the segregation rates. The scaling

ensures that s = 0 in the limit d/D = 1 (monodisperse).

Figure 5.8 shows the variation of particle curtain spread defined as �(t) = xdownstream �

xupstream. The spread normalized by initial curtain length, for large particles, varies between

0.6  �/Lc  2, while for small particles, ranges from 0.6  �/Lc  5. It is interesting to
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Figure 5.8: Curtain spread rates for large particles (top row) and small particles (bottom
row) as a function of dimensional time (left) and normalized time (right).

note that at early times, (t � t0)  150 µs, the curtain spread of small particles decreases

with time. This can be attributed to the relatively high acceleration of the particles near

the upstream edge due to drag forces in comparison with those near the downstream edge.

These fast particles travel downstream and accumulate in the center of the curtain, while the

downstream edge particles are slow to respond, resulting in a temporarily narrowing curtain.

There are no clear monotonic trends observed with D/d. With increasing Ms, the spread

for small particles exhibits a significant jump from 1.2 to 2.1 but behaves similarly between

2.1 and 3.0. Time for the �i (i 2 [small, large]) plots is normalized using a scaling factor

⌧� = Lc(�p,iMs)
0.4/ups, (5.2)
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Figure 5.9: Average curtain edge displacement with time as a function of Ms. The line types
are the same as Fig. 5.6.

where �p,i is either the small or the large particle volume fraction. This scaling results in an

e↵ective collapse of the spread rate for small particles.

Figure 5.10: Average curtain edge displacement with time as trends of D/d. The line types
are the same as Fig. 5.6.

Figs. 5.9–5.11 show individual trajectories of the upstream and downstream curtain edges

for large (left column) and small (right column) particles as functions of Ms, D/d, and �p,

respectively. Overall, there is an expansion in the curtain size. As seen in Fig. 5.9, the

upstream edges have a steeper slope at early times which explains the decrease in curtain

spread in the earlier figure. After (t � t0)/⌧L ⇠ 5, the downstream edge moves faster. This
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Figure 5.11: Average curtain edge displacement with time as trends of �p. The line types
are the same as Fig. 5.6.

is in alignment with previous experimental observations [136]. The passage of a shock wave

through the curtain causes the flow to expand and pressure and density to drop while the

gas-phase velocity rises, hence increasing the drag at the downstream edge relative to the

upstream edge. The higher drag at the downstream edge accelerates the particles in this

region faster than those at the upstream edge. Thus, the edge displacements increase with

increasing Ms. The edge displacements remain relatively constant with particle size ratios

D/d for both the particle classes (see Fig. 5.10). Any slight variation could be the e↵ect of

di↵erences in random configurations of the particles. Additionally, a strong sensitivity to �p

can be observed in Fig. 5.11. With an increase in �p, edge displacements appear to decrease,

which is contrary to the observations from experimental studies with monodisperse particle

configurations [68]. Cases 2 and 7 have a higher overall volume fraction, which reduces the

available interstitial space. This reduction leads to more frequent collisions and increases the

likelihood of small particles becoming trapped in the wakes of larger ones, thereby inhibiting

segregation. In conclusion, Ms and �p are observed to impact segregation and curtain spread

dynamics significantly.

One-dimensional particle volume fields are computed by taking the spatial average over
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the spanwise direction via

↵p,large(x, t) =
1

Ly

Z

y

I(x, t)dy; ↵p,small(x, t) =
1

Ly

Z

y

(1� ↵(x, t)) dy. (5.3)

(a) Varying Ms

(b) Varying D/d

(c) Varying �p

Figure 5.12: Volume fraction of small (thick) and large (thin) particles at (t� t0)/⌧L ⇠ 7.59
(left) and (t� t0)/⌧L ⇠ 12.26 (right). Inset shows ↵p,small. Refer to Fig. 5.6 for colors.

Figure 5.12 shows the volume fraction profiles at two di↵erent time instances. The inset

shows the small particle volume fraction fields for clarity. Figure 5.12a illustrates the strong

e↵ect of Ms on dispersion of small particles. More importantly, the small particle curtains for

Ms = 2.1, 3 exhibit a stretching-like behavior with time, in the sense that particles accumu-

late around the edges and thin out in the central region leading to a bimodal distribution. We
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posit that when the shock wave traverses the particle curtain, the smaller particles located

at the upstream edge initially undergo acceleration and begin to move downward through

the curtain. The passage of the shock generates wakes due to the presence of larger parti-

cles within the curtain and chokes the flow at the downstream edge. This region imparts

significant acceleration to the small particles. Furthermore, as these small particles travel

through the suspension, they are subjected to increased collisions with the larger particles

and wake entrainment, which result in the formation of concentrated peaks in the volume

fraction profiles at the curtain edges, while in the central region, the particles tend to di↵use

out. Figure 5.12b further shows that for the range of diameter ratios considered, statistics

remain largely invariant. Figure 5.12c demonstrates the dilute particle cloud for small par-

ticles travels further due to fewer collisions. The more heavily concentrated Case 7 evolves

much slower in comparison as small particles take longer to overcome collisions and the wake

entrainment to commence segregation.

5.6 Conclusion

This work investigates the interaction of a planar shock wave with a bidisperse mixture

of solid, rigid particles. We presented a numerical framework that combines an immersed

boundary method for large particles with Lagrangian particle tracking for small particles. A

soft-sphere collision model with e�cient neighbor detection is employed to handle momentum

transfer between all particles. The evolution of particle curtain spread and segregation rate

with time were presented for a wide range of shock Mach numbers, diameter ratios, and

volume fractions. While the curtain spreads for large particles across all cases were noted

to be minimal (�/Lc ⇡ 1 � 1.5), small particles were found to have significant spreads of

�/Lc ⇡ 4. It was observed that Ms and �p have the most significant e↵ect on shock-induced

size segregation. A scaling with volume fraction correction was proposed to collapse the

segregation and particle curtain spread rates with time. Further e↵orts are needed to extend
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this scaling across wider particle diameter size ratios for comparison with experiments. All

simulations reported herein were conducted in two dimensions. Three-dimensional results

are expected to result in reduced segregation but the overall trends that were concluded in

this paper should remain the same. Finally, it should be noted that this framework is ideally

suited to handle heterogeneous reactions whereby finer particulates undergo combustion in

the Euler–Lagrange framework while scalar fluxes induced by wakes of large particles are

resolved.
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CHAPTER 6

Conclusion and Future Work

Shock-particle interactions are observed in a variety of natural phenomenon and industrial

applications. Some examples of these complex physics interactions are found in detonation

blasts [43, 151], volcanic eruptions [12, 69], plume-surface interactions [14, 77, 98] and pulse-

detonation engines. In some of these applications, these interactions have detrimental e↵ects.

Over the past few decades, significant progress has been made towards developing numerical

models for disperse multiphase flows in incompressible flow regimes. Significantly less work

has been done for compressible gas-particle flows that add an additional layer of complexity

to pre-existing modeling challenges due to the wide range of length and time scales involved

in these interactions.

Some of the challenges involved in simulating and modeling these flows deal with the

presence of shock-waves, subsonic to supersonic velocities, compressibility, dilute to dense

particle concentrations, shock-wake interactions at the microscale, local regions of turbu-

lence and/instabilities within the flow field. Turbulence in multiphase flows is an important

phenomenon at the microscale generated due to the presence of particles, as opposed to

single-phase turbulence, where turbulence is generated at the large scales and cascades down

to smaller Kolmogorov length scales.

This thesis is divided into two main parts. The first part introduces a comprehensive

simulation framework for modeling the dynamics of moving bidisperse particles that have

large di↵erences in diameter. The second part investigates the phenomenon of pseudo-
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turbulence—and elucidates the mechanisms responsible for its generation and dissipation.

Although the primary focus is on a shock tube configuration, the findings related to pseudo-

turbulence and particle size segregation can be extended to other multiphase compressible

flows.

6.1 Summary of key findings and concluding remarks

A detailed summary of the key findings in each chapter follows:

1. Chapter II

The numerical framework was detailed in this chapter. Key contributions include the

following:

(a) We proposed a coupled framework using volume-filtered Euler–Lagrange method

and immersed boundary method to simulate bidisperse particle size-segregation

with high size ratios.

(b) Small particles were treated as Lagrangian particles and the large particle presence

was enforced through immersed boundary methods.

(c) An e�cient algorithm was developed for detection of collision between small and

large particles.

2. Chapter III

To isolate the physics of shock–particle–turbulence interactions, three-dimensional

high-fidelity simulations of a planar shock wave interacting with a suspension of particle

were performed.

(a) Local fluctuations within the gas-phase (pseudo-turbulence) were noted to be

significant–about 25� 50% of the post-shock energy during these interactions.
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(b) The e↵ects of compressibility, i.e. increasing Ms, were observed to decrease the

overall magnitude of streamwise and spanwise fluctuations, while the particle

volume fraction had negligible e↵ect except at the downstream curtain edge.

(c) A strong degree of anisotropy was observed across all cases, but the value for

the anisotropy tensor was nearly constant through the curtain–b11 = 0.2 and

b22 = �0.1 for all cases evaluated.

(d) A case with longer domain length downstream revealed that the translation of

pseudo-turbulence downstream was analogous to the grid-generated turbulence

decay with an exponent of �1.7.

(e) From the first-principles, a statistically one-dimensional transport equation for

the pseudo-turbulent kinetic energy (PTKE) was derived. Key mechanisms of

production were the mean shear and drag production terms, while viscous dissi-

pation was noted to be the primary sink mechanism. Magnitude of all terms were

noted to decrease with Ms due to compressibility e↵ects, which was in alignment

with single–phase turbulence literature.

(f) An energy spectrum analysis revealed an inertial-subrange with a scaling of �5/3

for the most part, while at higher wave numbers, it steepened to �3 due to

particles. We also performed a Helmholtz decomposition and noted that the

solenoidal component was modified by the dispersed phase while the dilatational

component remained una↵ected.

(g) A two-fluid turbulence model was proposed which showed very good agreement

with the high-fidelity results.

3. Chapter IV

The framework developed in Chapter II is implemented on a shock-induced particle

dispersal problem. The diameter size ratio between the large and the small particles

is approximately 30.
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(a) A three-dimensional simulation of bidisperse particles impacted by a shock was

performed and revealed significant size segregation due to two mechanisms–

hydrodynamic forces which enhanced segregation and interparticle colli-

sions/wakes which inhibit segregation.

(b) One-dimensional statistics of particle volume fraction and PTKE revealed a pro-

nounced and di↵used spread of the small particles with time due to established

drag across the curtain. The small particles undergo increased collisions with

large particles at early instances of time, thereby reducing segregation, and this

peak di↵uses out with time.

(c) Mean forces of large particles were found to be higher than small. A closer look

at the individual small particle forces reveal that force due to drag was the major

contributor to acceleration while collisions at intermediate times were negative,

reducing acceleration.

(d) A simple reduced order model was proposed for size segregation, dependent on

particle diameter size ratios.

4. Chapter V:

A parametric study was performed for bidisperse particles by varying Ms, �p, and

D/d.

(a) The curtain spreads for large particles across all cases were noted to be minimal,

small particles were found to have significant spreads.

(b) It was observed that Ms and �p have the most significant e↵ect on shock-induced

size segregation.

(c) A scaling with volume fraction correction was proposed to collapse the segregation

and particle curtain spread rates with time.
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6.2 Future research directions

6.2.1 Reacting particles

The simulations of particle-dispersal due to interactions with shock waves revealed interesting

insights into the e↵ects of hydrodynamic forces of drag and turbulence (wakes) on particle

segregation. One of the motivations to study bidisperse size segregation was to delineate the

underlying physics of particle dispersal during detonation blasts. The natural next step is

to incorporate reacting particles in our compressible multiphase flow solver, which is natural

to do within the volume-filtered Euler–Lagrange framework.

The following review provides a path forward to simulate reacting flows relevant to the

applications motivating this work. Dispersed aluminum in the gas is given as the sum of

the mass of a single solid aluminum particle and the layer of alumina (Al2O3) formed on

the particle surface [47, 48]. Aluminum undergoes oxidation through two di↵erent processes:

oxidation at the particle surface (heterogeneous surface reaction) and a homogeneous reaction

where Al and O2 are in vapor form. Within our high-speed solver, jCODE, dispersed particles

can be modeled within a Lagrangian framework (presented in Chapter 2) and interact with

the gas-phase through source terms for mass, momentum and energy, according to

@↵⇢

@t
+r · (↵⇢u) = Sm (6.1)

@↵⇢u

@t
+r · (↵⇢u⌦ u) = ↵r · (⌧ � pI) + F + Smomentum (6.2)

@↵⇢E

@t
+r · (↵u(⇢E + p)� ↵u⌧) = ↵r · q + (⌧ � pI) : r (↵u) +u ·F +Q+ Senergy (6.3)

@↵⇢Yl

@t
+r · (↵⇢Ylu) = !̇l � ↵r · (⇢DrYl) + Sspecies, (6.4)

where ↵ specifies the voidage formed due to the Aluminum particles. ⇢, u, E are the

density, velocity and energy of the gas-phase respectively. The equation of state is given by

⇢ = PW̄/ (RuT ). p is the thermodynamic pressure, Ru = 8.314J/mol/K and the mixture
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molecular weight is 1/W̄ =
P

N

k=1 Yk/Wk. F and Q are the interphase drag exchange

and heat exchange terms. up is the particle velocity. Sm, Smomentum,Senergy are the source

terms due to reactions. Yl represents the species under consideration. D is the di↵usivity

determined by maintaining a constant Schmidt number Sc = �/D = 0.7 and !̇ is the reaction

rate for species Y.

The aluminum particles are tracked according to

dxp

dt
= up, (6.5)

mp

dup

dt
= Vpr · (�pI+ ⌧ ) + fdrag + fcol (6.6)

where xp and up are the position and velocity of a particle. fdrag and fcol are the drag and

collision forces. The evolution of particle temperature is governed by convection between

the particle surface and surrounding gas and heat released due to the heterogeneous surface

reaction:

mpCp

dTp

dt
= q̇conv + q̇HSR. (6.7)

qHSR is modeled using an Arrhenius equation. Two distinct stages are defined: pre-ignition

and combustion phases. In the pre-ignition stage, the relevant species for mass exchange

from the dispersed phase back to the gas is due to formed alumina, and oxygen and solid

Al being consumed. Post-ignition, heat exchange occurs due to convection and combustion.

Empirical relations for the combustion model based on [47] will be used.

For the homogeneous reactions, the gas phase reaction of evaporated Al and oxygen is

simulated by solving for the reaction kinetics. The reaction mechanism will consist of five

reaction steps with seven species Al,O2, Al2O3, Al2O2, AlO,O,Al2O. The reaction rate is

calculated as k = A⇥ exp (�E/RT ). An assumption is made that gaseous Al2O3 does not

exist because of the instant condensation. Liquid phase Al2O3 can be treated in a Eulerian

solver, as it exists as a very fine smoke.

Work remains to extend the current framework to account for these reaction physics. Ad-
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ditionally, the PTKE model developed in Chapter 3 can be implemented to the EL framework

to account for reaction enhancement due to pseudo-turbulence.

6.2.2 Scalar flux modeling

Before studying turbulence in reacting flows, it is recommended to first consider passive

scalars to isolate the e↵ect of turbulence on scalar mixing. The first step to understanding

these reacting flows, is to understand the transport of a passive scalar. A passive scalar is

a scalar quantity such as temperature or the concentration of a chemical reagent that has

negligible e↵ect on the flow [148]. Equation 6.4 shows the phase-averaged transport of a

scalar accounting for particle presence.

An ongoing task is to quantify the e↵ects of passive scalar transport and leverage high-

fidelity data to assess the importance of the scalar flux, which is an unclosed term that

appears on phase-averaging the transport equation for a scalar quantity. Eq. 6.4 with no

source term and interphase term is written as

@

@t
(↵g⇢̄eY ) +r · (↵g⇢̄eueY ) +r · (↵g⇢̄]u00Y 00) = r · (↵gD

grY ), (6.8)

D is the mass di↵usivity for the scalar Y . The scalar flux or ]u00Y 00 that arises out of the

averaging procedure requires modeling.

jCODE has been extended to account for general scalar transport of N species in the

presence of immersed boundaries and Lagrangian particles. A modified version of the SBP

dissipation detailed in Chapter 2 is used that reduces the local order of accuracy in grid

points where the scalar field is unbounded such that the operator is di↵usive and minimizes

over/undershoots [61]. Figure 6.1 shows the simulation setup for evaluating the scalar flux.

A planar shock impinging on a suspension of monodisperse stationary particles in a three-

dimensional particle bed box is considered. Y = 1 in the post-shock conditions and Y = 0

in the pre-shock region. The shock wave has a Mach number of Ms = 1.66. A domain size
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Figure 6.1: Schematic of the three-dimensional simulation setup showing the scalar field.

of [25 ⇥ 12 ⇥ 12] D with a grid of [1001 ⇥ 480 ⇥ 480] with particle sizes of D = 115µm in

a suspension of length L = 2 mm is considered. Pre-shock conditions are taken to emulate

Sandia’s experimental setup, i.e. [Po, ⇢o] = [82.7 kPa, 0.98 kg/m3]. A Prandtl number of

0.7 is used.

Figure 6.2 shows the scalar flow field of a simulation conducted. This contour is presented

at a late instant of time where the shock has passed the particle suspension and reached the

downstream domain edge. The scalar field is initially 1 post-shock but as the flow progresses,

significant scalar mixing occurs which leads to non-zero values throughout the suspension.

Figures 6.3(a) and (b) present mean scalar eY and scalar variance Ŷ 00Y 00 as a function of

streamwise distance at di↵erent time instances. Scalar variance is initially high (t/⌧L = 0.5)

suggesting that it is mainly due to the mixing generated by the presence of particles but

becomes di↵usion controlled at later times. It is also non-zero outside of the suspension due

to the transport of the wakes generated by particles.
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Figure 6.2: Contour of the scalar field at t � 0.

Figure 6.3: One-dimensional statistics of (a) Mean scalar quantity and (b) Mean scalar
variance at times t/⌧L = 0.5, 1, 1.5, and 2 (from light to dark) for Ms = 1.66, and �p = 0.1.
Light gray vertical lines represent edges of the particle suspension.
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(a) t/⌧L = 0.5 (b) t/⌧L = 1

(c) t/⌧L = 1.5 (d) t/⌧L = 2

Figure 6.4: A comparison of the scalar flux component obtained from Model 1 (dashed) and
Model 2 (dotted) against PR-DNS data (solid lines) at four di↵erent times.
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6.2.2.1 Model 1: Boussinesq model from single-phase theory

A common modeling approach is to make a gradient di↵usion approximation, i.e., ]u00Y 00
k
=

�DtrYk, where the turbulent di↵usivity is given by Dt = µt/(⇢Sct) where the turbulent

Schmidt number Sct ⇡ 1 and the turbulent viscosity can be deduced from the multiphase

k � ✏ model we recently developed, via µt = ⇢Cµk2/✏, where Cµ = 0.09. This is what is

typically done for singe phase flow and it is not obvious if such an approach will hold for

gas-solid turbulent flows.

At this time of reporting, we have considered the value of k and ✏ to be the true values

from the particle-resolved direct numerical simulations (PR-DNS) to evaluate the model’s

accuracy. Figure 6.4 shows the one-dimensional stats of the scalar flux from this model

in dashed curves compared against the results from PR-DNS (solid lines). Although this

model underpredicts scalar flux significantly, the overall trend is well captured and works

well downstream of the suspension where particle volume fraction ↵p ! 0.

6.2.2.2 Model 2: Pseudo-turbulent di↵usivity tensor

We employ a similar approach as Peng et al. [99] for the scalar flux ]u00Y 00
k
= �DPT ·r Yk

where unlike a constant for di↵usivity (like model 1), DPT is a pseudo-turbulent di↵usivity

tensor DPT = diag(Dk,k,D?,?,D?,?) which essentially aligns with the slip velocity direction.

The parallel component is computed as,

Dk,k

↵
=

1.4Rep(Rep + 1.4)Pr[↵(�5.11↵p + 10.1↵2
p
) + 1� exp (�10.96↵p)] exp (�0.002089Rep)

3⇡↵2
p
Nu(1.17↵p � 0.2021↵1/2

p + 0.08568↵1/4
p )[1� 1.6↵p↵� 3↵p↵4 exp (�Re0.4

p
↵p)]

,

(6.9)

and the perpendicular component is,

D?,? =

 
3b?,? + 1

3bk,k + 1

!
Dk,k. (6.10)

The correlations for Nusselt number and DPT are the same as [131]. We obtained the
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values for local ↵g, Rep and  using the PR-DNS statistics. The results for this model are

presented in Fig. 6.4 in dotted lines. At initial times (Fig. 6.4a and 6.4a), we note good

agreement with the PR-DNS statistics. However, the di↵usion of the scalar flux with time

( 6.4c, 6.4c) is not well captured by this model. It appears that the model nearly overpredicts

the scalar flux by at least twice the PR-DNS amount. Also, this model essentially fails to

capture the scalar flux downstream of the curtain where ↵p is non-zero. These two models

could potentially be combined using a blending function to capture the scalar flux within

and outside of the particle suspension.

We have ongoing work that evaluates the e↵ects of di↵erent parameters of Ms, �p, and

Sc on the scalar flux. The logical next step would be to propose scaling laws for the mean

scalar quantity to collapse the spread shown in Fig. 6.3a that are valid across the parameter

range considered. An analytical solution to a step function is of the form,

eY = (1 + erf(x/
p

4Dt)/2. (6.11)

If the mean scalar at t = 0 is considered to be a step function (with Y = 1(x < xs) and

Y = 0(x > xs)), it can be hypothesized that it advects at post-shock velocities and di↵uses

according to the di↵usion coe�cient, and a similarity variable ⇠̄ can be proposed to achieve

a collapse as,

⇠ =
x� upst
p
Dtt

or
x� upst
p
DPT t

(6.12)

This collapse needs to be evaluated with an accurate model for D. A particle volume

fraction correction based on [95] can also be included to account for volume fraction correc-

tion.

Additionally, developing a precise scalar transport model for species would allow for more

accurate simulation of reactant transport and potential reignition within the particle cloud.

This advancement would make it possible to model reacting conditions in future detonation

simulations with Aluminium particles.
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6.3 Concluding remarks

This work was motivated by the need to understand and expand on the limited existing work

on the microscale physics in multiphase compressible flows, relevant to the applications of

detonation blasts, volcanic eruptions, PSIs, etc. Turbulence is a key phenomenon in this

context which had previously received less attention as compared to single-phase incom-

pressible and compressible and multiphase incompressible flows. To reiterate, interactions

between shocks, turbulence and particles present challenges in understanding and modeling

these complex flows.

This thesis intended to bridge this gap by leveraging large-scale, high-fidelity simulations

of particle-laden shock tubes. New insights into the e↵ects of compressibility on turbulence

and the distribution of energy across scales were obtained. Further experimental e↵orts us-

ing shock tube facilities at Sandia National Laboratories can be used in conjunction with

our numerical studies to validate the scalings in energy spectrum we note in our results. A

supplementary study varying Ms and �p conducted with longer domain lengths downstream

of the particle suspension (similar to Case 10 from Chapter 3), revealed that at very late

times, instead of an expected PTKE decay, the interstitial spaces between particles at the

downstream curtain edge behaved like underexpanded nozzles. This resulted in the forma-

tion of a series of Mach diamonds (see Fig. 6.5) which coalesced into a secondary shock

wave traveling downstream (seen in the figure). This is an extremely interesting physical

phenomenon, which has not previously been noted or observed in shock-particle studies and

warrants further investigation. Recent advances in computing power and resources facilitate

these simulations as they require longer run times. Investigating magnitudes of PTKE, pres-

sure and energy exchange mechanisms in these conditions presents an exciting path forward

for this work.

This work also proposes a novel two-equation transport model for turbulence and dissi-

pation with the potential for application in coarse-grained Euler–Euler and Euler–Lagrange

frameworks for multiphase compressible flow problems in general. The model has currently
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(a)

(b)

Figure 6.5: 2D Contour of (a) Numerical schlieren and (b) Local Mach number for Ms = 2.1
and �p = 0.3.

been evaluated for a range of Ms and �p, which can potentially be expanded and tested for

a wider range of parameters. Although we have evaluated the e↵ect of �p on turbulence

and anisotropy within the curtain, the e↵ects of volume fraction gradients at curtain edges

remains to be quantified. A functional form for anisotropy, including these gradient e↵ects

can be part of future work.

Detonation conditions involve polydisperse particles with disparate sizes. A new frame-

work that captures shock-induced size segregation of bidisperse flows (a fundamental poly-

disperse configuration) involving high size ratios was developed. Although the simulation

results using this framework provide a high-fidelity baseline for validation of coarse-grained

models, there is ground for validation with experimental e↵orts at Sandia. Additionally, the

PTKE model developed in Chapter 3 remains to be implemented in this bidisperse framework

for capturing PTKE of small particles.

Finally, shock-tube studies [55, 85] also note shock-driven multiphase instabilities (SDMIs)

when certain conditions are satisfied, such as shock impinginement on radially (non-planar)

distributed particle configurations or using a perturbed shock wave. The e↵ect of subgrid-

scale turbulence on particle dispersion and instabilities could be an interesting follow-up

study.
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