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Summary

Governing equations are developed for the displacemeditstaesses in a solid with a linear constitu-
tive law under the restriction that strains are small. Al&give variational formulations are introduced
which can be used to obtain approximate analytical solstaomd which are also used to establish a
uniqueness theorem. Techniques for solving boundaryevatablems are discussed, including the
Airy stress function and Muskhelishvili's complex-variadormulation in two dimensions and the
Papkovich-Neuber solution in three dimensions. Partrcatgention is paid to singular stress fields
due to concentrated forces and dislocations and to geantisigontinuities such as crack and notch
tips. Techniques for solving two-dimensional problemsgenerally anisotropic materials are briefly
discussed.

1. Introduction

The subject of Elasticity is concerned with the determomabf the stresses and displacements in a
body as a result of applied mechanical or thermal loads Hasé cases in which the body reverts to
its original state on the removal of the loads. If the loadsapplied sufficiently slowly, the particle
accelerations will be small and the body will pass througleguence of equilibrium states. The
deformation is then said to be ‘quasi-static’. In this clespive shall further restrict attention to the
case in which the stresses and displacements are lineahogional to the applied loads and the
strains and rotations are small. These restrictions erthatethe principle of linear superposition
applies — i.e., if several loads are applied simultanequbky resulting stresses and displacements
will be the sum of those obtained when the loads are appligarately to the same body. This enables
us to employ a wide range of series and transform techniqisshvare not available for non-linear
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problems.

1.1. Notation for position, displacement and strain

We shall define the position of a point in three-dimensiorzdce by the Cartesian coordinates
(z1, 9, x3). Latin indicesi, j, k, [, etc will be taken to refer to any one of the values 1,2,3, so th

the symbolz; can refer to any one of,, 25, 3. The Einstein summation convention is adopted for
repeated indices, so that, for example

3
=1
whereR is the distance of the poirit, =5, x3) from the origin. We can also define position using the

position vector
R =e;z; , (2)

wheree; is the unit vector in direction;.

Suppose that a given point is locatedRt= e;z; in the undeformed state and moves to the point
p = e;&; after deformation. We can then define ttisplacement vectar as

u=p—R, 3)

or in terms of components,
up =& — T; . (4)

When the body is deformed, different points will generabyperience different displacements, ®o
is a function of position. We shall always refer displacetsea the undeformed position, so that
is a function ofzy, x5, x3.

1.2. Rigid-body displacement

There exists a class of displacements that can occur eviea Bddy is rigid and hence incapable of
deformation. An obvious case is arigid body translatipe= C;, whereC; are constants (independent
of position). We can also permit a small rotation about edc¢hethree axes (recall that in the linear
theory rotations are required to be small). The most genegal-body displacement field can then
be written

U; = CZ + Djfijkl'k s (5)

wheree;;;, is thealternating tensowhich is defined to be 1 if the indices are in cyclic order (d.&.,3
or 2,3,1), -1 if they are imeversecyclic order (e.g. 2,1,3) and zero if any two indices are tras.

1.3. Strain, rotation and dilatation

In the linear theory, the strain componengscan be defined in terms of displacements as

1 8u2 (9uj
This leads (for example) to the definitions
aul 1 au1 aU/Q
cu 81’1 ) f12 2 <8[L'2 + 81’1) ( )
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for normal and shear strains respectively. We also defineotia¢ion

1 ou;
W = 5 <6'ija—$:> . (8)

It can be verified by substitution that if the displacemerdii@n by (5), there is no strair§ = 0)
and the rotatiow, = Dy.

By considering the deformation of an infinitesimal cube oftenial of initial volumeV, it can be
shown that the proportional change in volume is the sum offtree normal strains — i.e.

v
-

This quantity is known as theilatationand is denoted by the symbal

€ =€ . (9)

1.4. Compatibility of strain

If the strainse;; and rotationsu,, are known functions af,, z,, x3, equations (6, 8) constitute a set of
partial differential equations that can be integrated taomlthe displacements. In a formal sense,

one can write
_ b ou S 10
Up = Uy + " an s ( )
whereA, B are two points in the body and the integration is performedglany line betweeAd and
B that is entirely contained within the body. The displacememust be a single-valued function of
position and hence the integral in equation (10) must be-patbpendent. Using equations (6, 8) to

define the derivatives inside this integral, it can be shdva this requires that the strains satisfy the

compatibility equations
0 8esj 0esi
— =0. 11

Epksﬁxk<8xi 8:1:j> 0 (11)

Alternatively, these equations can be obtained by elinmgahe displacement components between
equations (6). Equation (11) can be expanded to give threatieaqs of the form

82611 4 82622 —9 82612 (12)

8x22 8x12 N 8x18x2

and three of the form

82633 . 0 <a€23+8631 8612> ‘ (13)

8x18x2 N (9x3 8951 (9x2 B (9x3

The compatibility equations are sufficient to ensure thatittiegral in (10) is single-valued if the
body is simply connected, but if it is multiply connectedgyimust be supplemented by the explicit
statement that the corresponding integral around a cloagdgurrounding any hole in the body be
zero. Explicit forms of these additional conditions in terof the strain components were developed
by E.Cesaro and are known @gsaro integrals

2. Traction and stress

We shall use the terrtraction and the symbot to define the limiting value of force per unit area
applied to a prescribed infinitesimal elementary area, sisch region of the boundary of the body.
Since the loaded surface is defined, the traction is a vegtofo define a component aftresso
within the body, we need to identify both the plane on whick #tress component acts and the
direction of the traction on that plane. We define the plangdgutward normal, so that the-plane
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is perpendicular to the directiar. Notice that this plane can also be defined as the locus obaitp
(1,0, x3) Satisfying the equatiom; = C whereC' is any constant. With this notation, we then
define the stress component as the component of traction in thiedirection acting on the;-plane.
The resulting components are illustrated in Figure 1.1.

A922
031
012
o Oy
32 013 >
031 X
O33 2

X
3 X1

Figure 1.1: Notation for stress components.

The equilibrium of moments acting on the block in Figure kduires that;; = o;; and hence that
the matrix of stress components

011 012 013

O = | 021 02 023 (14)

031 032 033
is symmetric. Notice that the diagonal elements of the stmeatrix definenormal stresseand the
convention implies that tensile normal stresses are pesifihe off-diagonal elements defisbear
stresses

2.1. Equilibrium of stresses

The stress components in any continuum are constrainecelgtfuirement that all parts of the body
obey Newton’s law of motion. Applying this condition to ardimtesimally small rectangular element
of material(dx1dz2023), we obtain

8aij 82ui

oy TP oe

(15)

wherep; represents the components of a body force veptper unit volume,p is the density and
t is time. The basic postulate of elastostatics is that thdihgarate is sufficiently small for the
acceleration term®u;/0t” to be neglected, leading to the equilibrium equation

(9027-

=0, 1

3. Transformation of coordinates

If 21, x9, x5 andz!, o}, z7 are two sets of Cartesian coordinates sharing the samapngican define
a matrixl! of direction cosinesuch that;; is the cosine of the angle between the ax;aandx;.. It
then follows that
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and since the three rows and three columnkexdch defines a set of orthogonal unit vectors, we also
have
lz’jlz’k = 5jk ; lijlk:j = Ok - (18)

Vectors, such as the displacementan be transformed to and from the new coordinate system by
the relation

and the strain components transform according to the rules

6;]- = l,»pquepq ; eij = lpilqu;q s (20)
which follow from the definitions (6) and (17, 19). The copesding stress transformation equations
are obtained by considering the equilibrium of an infiniesi tetrahedron whose four surfaces are
perpendicular ta:, o, x5, x; respectively. We obtain

i = lipljqOpq 5 Oij = lpilgjopy (21)
which of course have the same form as (20). Quantities whatsform according to equations of
this form are known a€artesian tensorsf rank 2.

4. Hooke’s law

Linear elasticity is restricted to materials that obey Heskaw in the sense that the stress and strain
tensors are linearly related. The most general such relaan be written

auk
045 = Cijkl€kl = Cz‘jm% ) (22)
l

wherec;;i; is a Cartesian tensor of rank 4 known as éfasticity tensor It can be transformed into
the coordinate systent , z,, =, using the relation

C;jkl = lipqulkrllscpqrs . (23)

Equation (22) can be viewed as a set of linear algebraic smsator e;;, which can be inverted to
give an equation of the form
€ij = SijkiOkl , (24)

wheres;;i; is known as theompliance tensor

Both the elasticity tensor and the compliance tensor mustfggéhe symmetry conditions
Cijkl = Cjikl = Cklij = Cijlk (25)

which follow from (i) the symmetry of the stress and strainders (e.go,; = ;) and (ii) the recip-
rocal theorem, which we shall discussith4 below. Using these conditions, the maximum number of
independent constants df}; is reduced to 21. However, the material may have additionatsiral
symmetries in particular coordinate systems which furtkduces the number of independent elastic
constants. The greatest degree of symmetry arises whenategiah isisotropicso that the elasticity
tensor is invariant under all Cartesian coordinate tramsédions. In this case, only two constants are
independent and they can be defined such that

Cijkl = N0i0kt + 1 (0301 + Ojx01) (26)



where)\, © areLamé’s constantsThe elastic constitutive law (22) then takes the form

Tij = Aeglij + 2pe;; = A(Sija—ﬂck o <a$j ! (9—xz> | "

An alternative statement of the isotropic constitutive law

1+ )0, 5,
oy = LED LoDy (28)

where E, v are Young’s modulusind Poisson’s ratiorespectively. Clearly the two sets of elastic
constants are related, since (28) is the inversion of (2i7fadt

Ev 2y E op(BA+2p) A

AT o) G- FTaneyy T w0

. (29)

4.1. Equilibrium equations in terms of displacements

Hooke’s law (22) and the strain displacement relations &) lse used to write the equilibrium equa-
tions (16) in terms of the displacements, giving

82uk

8xj8wl+p (30)

Cijkl
If the material is isotropic, we obtain

82uj 4 a2ui
0,0z M&Ekaxk

A+ ) +pi=0, (31)

using (27) in place of (22).
5. Loading and boundary conditions

Suppose that an elastic body occupies the reffiamd that its boundary is denoted ByIn a typical
problem, the body forcg; will be prescribed and the stress and displacement compeasnrequired
to satisfy equation (16, 30) respectively throughQutin addition, three boundary conditions must
be specified at each point on the boundary.

If the local outward normal to the surface is denoted by thié wattorn (i.e. n; are the direction
cosines of the normal), the corresponding tractiocan be written

ti = TLjO'jZ‘ . (32)

The boundary condition at any given point may comprise pilesd values of tractiom; or of dis-
placement:;; or of some combination of the two. For example, if an elastidybis in contact with a
plane frictionless rigid body defined by a normal in direntig, the normal displacement must be
zero, and the two shear tractions

l1=031; ta=03 (33)

must be zero. Notice that we cannot prescribe both the tra@nd the displacement in the same
direction at any point, since this would generally lead tallaposed problem.



5.1. Saint-Venant's principle

B.de Saint-Venant first enunciated the concept that if twsiesys of loading at a local region on a
boundary are statically equivalent (i.e. they correspanthe same total force and moment) then
their elastic stress fields will approach each other witlheasing distance from the loaded region. An
equivalent statement, appealing to the concept of supkigrggs that a localized region of tractions
that are self-equilibrated (i.e. they correspondecototal force and moment) will cause a stress field
that decays with increasing distance from the loaded regidns statement is generally known as
Saint-Venant's principle. It cannot be proved and in faeréhare some important exceptions, notably
for the loading of thin-walled structures. For example, than-walled cylindrical shell is pinched by
a pair of equal and opposite forces at one end, the effectpenktrate a considerable distance along
the axis of the shell. However, the principle can be extrgraskful in other situations. For example,
if two non-conforming elastic bodies are pressed togetheelatively complex stress field may be
developed near the contact region, but at distances thédrgecompared with the contact area, the
fields are well approximated by the solution for a concepttdorce.

5.1.1. Weak boundary conditions

Saint-Venant's principle also permits us on occasion t@iobapproximate solutions by replacing
the true boundary conditions on a part of the boundaryMeyak boundary conditions, which state
merely that the tractions in this region should have the sfame and moment resultants as those in
the actual problem. For example, suppose we seek to detetimnstresses in the two-dimensional
rectangular body-a < x; < a, —b < x5 < b and that the boundary conditions on= a are

011((17 552) = fl(fl’z) ; Ulz(a,l’z) = fz(fl’z) ) (34)

wheref;, f, are prescribed functions af, in —b < x5 < b. The weak boundary conditions equivalent
to (34) are
b

F, = /bb (0’11(@,1’2) — fl(xg)) drey =0; Fy= /b (012(&, Ty) — fz(iﬂz)) dry =0

M = /bb (0’11(@, To) — fl(xg)) Todry =0, (35)

whereFy, F», M are the force and moment resultants on the boundary impligtiddifference be-
tween a candidate stress field and one that exactly satg#@sSaint-Venant’s principle implies that
any solution satisfying (35) will differ significantly froitihe solution satisfying thstrong(pointwise)
conditions (34) only in a region neai = a of magnitude comparable to the dimensioand hence
if a > b, the solution will be quite accurate in a region distant frims boundary. We shall see in
68.1 below that this device often enables us to obtain clésed-approximations for problems that
would otherwise be extremely complex.

5.2. Body force

It is important to distinguish between loading of a body byfate tractions and by body force. A
body force is an external force that applies in a distribigexse on the internal particles of the body.
Thus, it must necessarily involve a physical mechanismdhaat‘act at a distance’. The commonest
case of this kind involves gravitational forces (self we)gbut other mechanisms are possible, such
as electromagnetic forces.

Another important source of body force arises if the bodyegignces rotation or translational ac-
celeration. It might be argued that this takes us beyond #ié &f elastostatics, but a quasi-static
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solution can still be obtained if the acceleration term3uded are only those corresponding to the
rigid-body motion. For example, if the body is rotating ahstant angular velocit§?, D’Alembert’s
principle can be used to convert the corresponding cen#li@eceleration into a centrifugal body
force pQ?r, wherer is the distance from the axis of rotation.

If the body forces are prescribed, they can be carried toitte hand side as known functions in
equations (16, 30), in which case these become inhomogstieear partial differential equations.
The solution of these equations can then be constructecauth of any particular solution and the
general solution of the corresponding homogeneous equatiowever, the homogeneous equation
is also the equation to be satisfied when there are no bodgdorthus, one strategy for solving
problems with body forces is (i) to seek any particular solubf the equilibrium equation (without
regard to the boundary conditions &) and then ‘correct’ the boundary conditions by superposing
an appropriately general solution of the problem withoudyoforce.

The particular solution is generally easy to obtain and déendoe written down by inspection. For
example, for the case of gravitational loading= —pgd;3, a simple particular solution of (31) is

2
x
up =uy =0; u;»,zﬁ. (36)

For this reason, we shall mostly restrict the following dission to problems without body force.

5.3. Thermal expansion, transformation strains and initid stress

Elastic stresses can also be generated in a body as a resutiéwfal physical processes that tend
to change the parameters of the atomic or molecular streicfline simplest example is a change in
temperaturedT’, which in the absence of stress would cause the body to exggunally in all three
directions, giving the hydrostatic strain components

€ij = O[AT(SZ‘j s (37)

where « is the coefficient of thermal expansiorif the temperature is non-uniform, these strains
may not satisfy the compatibility equation (11), in whiclseatresses will be induced so as to restore
compatibility. Similar effects can be produced by othergibgl processes, such as a change in crystal
structure as a material transforms from one phase to andthdre absence of stress, these processes
(including thermal expansion) would contribute an ‘indlgstrain egj which is additive to the elastic
strain given by Hooke’s law (24), giving

0
€ij = SijkiOkl + €Z-j . (38)

Practical objects are generally manufactured by somestelprocess. For example, a body may be
solidified from an initially liquid state, or it may be plasally deformed into its final configuration.
These processes typically leave the body in a stait@tidl stressor residual stressmeaning the state
of stress that would remain in the body if all external loadsewemoved. Mathematically, there is
no way to determine the residual stress without modelingriblastic manufacturing process from
which it derived. Various experimental techniques can lexlus estimate the residual stresses in a
body once manufactured. For example, X-ray diffraction barused to estimate the mean atomic
spacing and hence the elastic strain at various points osutffi@ce of a body, from which the residual
stresses can be deduced using Hooke’s law.

If a body contains a non-zero residual stress field befordithgg the stresses after loading will simply
be the superposition of the residual stresses and thecdagsses that would be induced in an initially
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stress-free body by the external loads. In the rest of theptdr, we shall therefore consider only the
second of these two components. In other words, we shalhsssoat the unloaded body is free of
stress.

6. Strain energy and variational methods

When a body is deformed, the external forces do work. If tHerdeation is elastic, this work can be
recovered on unloading and is therefore stored in the defdripody astrain energy By considering
the work done in gradually applying the stress component® an infinitesimal rectangular element,
we can show that thetrain energy density- i.e. the strain energy stored per unit volume — is

U 1 1 Oou; Ouy, 1
0 T2 ]klaa:j Ox; 2

5 SijklOijOkl (39)
and the strain energy stored in the entire bodig

U= /Q UpdS2 . (40)

Notice incidentally that/, must be positive for all possible states of stress or deftamand this
places some inequality restrictions on the tensgfs, s,z

The same principle applies to an extended body with a nofoumistress field. If the external loads
are applied sufficiently slowly for accelerations (and heekinetic energy) to be negligible, the work
done during their application must be equal to the totairsteaergy in the body. This leads to the
condition

1 1
- / ity dQ + — / tougdl = / UpdS) . (41)
2 Ja 2 Jr Q

We have argued here from the principle of conservation ofggnédut this principle is implicit in
Hooke’s law, which guarantees that the work done on eachitedimal particle by the body force
and by the forces exerted by the surrounding particles isve@ble on unloading. Thus, equation
(41) can be derived from the governing equations of elagtrzithout explicitly invoking conservation
of energy. To demonstrate this, we first substitute (32) theosecond term and apply the divergence
theorem, obtaining

/tu dl = /njaﬂu dl = 2/ o, aﬂul)dQ ) (42)
Differentiating by parts, we then have
1 1 0 1  Oo; ou;
- t”dr:—/— w)d = = [ a0 / 2 1 43
2/r " 29(%]-(0]“) 29(%]” 5 )y % (43)
Finally, we use the equilibrium equation (16) in the firsmeand Hooke’s law (22) in the second to
obtain s
U UZ
t; dr_——/de / 44
2/ i Pitic 2t 5 i G o, (44)

from which (41) follows after using (39) in the last term.

6.1. Potential energy of the external forces

We can also constructotential energyf the external forces which we denote by For a single
concentrated forc& moving through a displacemeatthis is defined as
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It follows by superposition that the potential energy of tleeindary tractions and body forces is given
by
V= / D — / piud2 (46)
T Q

wherel’; is that part of the boundary over which the tractions aregilesd. We can then define the
total potential energyl as the sum of the stored strain energy and the potential gpéthe external

forces —i.e.
8u2 8uk

M=U+V==z /
- 2 Cjkl@xjﬁxl

Q) — / tudl — / piugdS) (47)
I':

6.2. Theorem of minimum total potential energy

Suppose that the displacement fieldsatisfies the equilibrium equations (30) for a particuldrade
boundary conditions and that we then perturb this state byadl variationéu;. The corresponding
perturbation inl is

0ou; Ouy,
STT — / % e / t,8u;dl — / DidudS) (48)

Notice thatou, = 0 in any regionI’, of I in which the displacement is prescribed and hence the
domain of integration’; in the second term on the right-hand side can be replacéd-by", + I';.

Substituting fort; from (32) and then applying the divergence theorem to thersgt¢erm on the
right-hand side of (48), we have

0
iiF:/i"iF:/— ij0u;) de2
/Ftéud Fajnjéud 5 (0i;0u;) d

do,; d6u;
_ 0 Q. 4
/an]‘s wid +/ oo (49)

Finally, using the equilibrium equation (16) in the firstrteand Hooke’s law (22) in the second, we

obtain 56w 8
U; OU
/ t;u;dT = / DiudS) + / oty a0 (50)

and comparing this with (48), we see that = 0. In other words, the equilibrium equation requires
that the total potential energy must be stationary with r@éga any small variatiodu; in the dis-
placement field;; that iskinematically admissible- i.e. consistent with the displacement boundary
conditions. A more detailed second order analysis showghieaotal potential energy must in fact
be a minimum and this is intuitively reasonable, since if sarariationéu; could be found which
reducedl, the surplus energy would take the form of kinetic energythwedsystem would not remain
at rest.

6.2.1. Rayleigh-Ritz approximations and the finite elementethod
The theorem of minimum total potential energy provides avearent strategy for the development

of approximate solutions to problems where exact solutasesunavailable or overcomplicated. The
first step is to define an approximation for the displacemeid fn the form

u;(xy, T2, 3) ZC FI @y, 0, 5) (51)
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where thefl-(”) are a set of approximating functions afig are arbitrary constants constituting tthe-
grees of freedornm the approximation. The total potential energy is obtdififem (47) as a quadratic
function of theC,, and the theorem then requires that

oIl
aOﬂ—O7 n=1m, (52)

which definesn linear equations for the: unknown degrees of freedoi,. The corresponding
stress components can then be found by substituting (5d Haoke’s law (22).

If the approximating functiongg(”) are defined over the entire bodly this typically leads to series
solutions (e.g. power series or Fourier series) and the adaghknown as th®ayleigh-Ritz method

It is particularly useful in structural mechanics applioas, but it is also useful for the challenging
problem of the rectangular plate. However, if high accurscsequired it is often more effective to
define a set of piecewise continuous functions each of whkizktio except over some small region of
the body. The body is divided into a setaémentand the displacement in each element is described
by one or moreshape functionsultiplied by degrees of freedod,. Typically, the shape functions
are defined such that tlig, represent the displacements at specified pointedeswithin the body.
They must also satisfy the condition that the displacemecbimtinuous between one element and the
next for allC,,. Once the approximation is defined, equation (52) once ggawidesm linear equa-
tions for them nodal displacements. This is the basis offihge element metho&ince the theorem

of minimum total potential energy is itself derivable fronoéke’s law and the equilibrium equation,
an alternative derivation of the finite element method caolifeined by applying approximation the-
ory directly to these equations. To develop a setdinear equations for thé’,,, we substitute the
approximate form (51) into the equilibrium equations, npjt by m weight functionsintegrate over
the domair(2 and set the resulting: linear functions of the”,, to zero. The resulting equations will
be identical to (52) if the weight functions are chosen todeantical to the shape functions.

6.3. Castigliano’s second theorem
The strain energy/ can be written as a function of the stress components, usenfirtal expression
in (39). We obtain
1
U = i/ﬂsijklaijakldQ . (53)

If we now perturb the stress field by a small variation;, the corresponding perturbation inwill
be

5U':l/‘smeM50UdQ:: O ) (54)
Q Q I’j
The divergence theorem gives
0 ou; 060;;
Sondl = [ i6i-dQ::/1——25idQ /’ 9 ,d92 55
/Fu 7is"g o Ox; (uid05) o Ox; Ti®E o Oz, " (®5)

and the second term on the right-hand side must be zero, thiastress perturbatioxr;; must satisfy
the equilibrium equation (16) with no body force. Using (58), we then have

Fu

Tu

where the integral is taken only ovE(,, since no perturbation in traction is permittedlinwheret;
is prescribed. It follows that theomplementary energy

C:U—/umﬂ (57)
T'u
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must be stationary with respect to all self-equilibratedatsons of stresgo;;. This isCastigliano’s
second theoremAs with the Rayleigh-Ritz method, Castigliano’s theoream e used to obtain
approximate solutions to otherwise intractable analyficablems. The first step is to define a self-
equilibrated stress field containing an appropriate nunolbelegrees of freedor®;. This can often
be done using an appropriate stress function, such as tlgdukiction of57.2 or the Prandtl function
of §7.4 below. TheC; are then determined by minimizing the complementary enérgyf equation
(57).

6.4. Betti’s reciprocal theorem

When an elastic body is loaded sufficiently slowly, the wooke by the external forces is equal to
the total stored strain energy, which in turn depends on thee ©f stressr;; in the body through
equations (39, 40). The stress depends only on the insteouarioads applied to the body and not
on the history of the loading process, so it follows that trekadone by the applied loads must be
independent of the sequence in which they are applied.

Suppose that the surface tractid;ﬁoé) and body force$§a) produce the elastic displacement fields
u§a>, wherea takes the values 1 and 2 respectively. We consider two sosname in which the
Ioadst(1 ,pfl) are applied first, followed by ,p, ) and the other in which the order of loading is
reversed.

We first applytl ,pZ , durlng which the work done will be

1 1
—/ pgl)ugl)dQ—l— —/tgl)ugl)df.
2 Ja 2Jr

The Ioadst(1 , D; () are then maintained constant whilst Ioaﬁé, p,@) are applied. During this second
phase, the work done is

/p u@d0 + /ﬂQQWF+/@”@dQ+/t w2dr

where the last two terms represent the additional work d(ynélb pgl) in moving through the dis-
placements caused by),pf). The total work done is therefore

wo= o [+ o [0S [ pPuPao s o [P uPar
+ / P uPdo + / M ar (58)
Q r

but this must be independent of the order of loading and henegt remain unchanged if we inter-
change the superscripts), (2). This will be the case if and only if

/p @d9+/t”@dr /p “dQ+/t uNdr (59)

In other words, The work done by the Ioadzél),pgl) moving through the displacememg) due to
2 p? is equal to the work done by the loatl¥, p!* moving through the displacements’ due to
¢+ pM» This is Betti’s reciprocal theorem.

6.4.1. Applications of Betti’s theorem

Betti’'s theorem establishes a relationship between twerifit stress and displacement fields for the
same elastic body. Generally, one of these fields represiaatslasticity problem that we wish to
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solve, whilst the second is auxiliary solutionwhich in combination with the theorem provides us

with information about the problem. Usually the auxiliaphgion is taken as a relatively simple state

such as uniaxial tension or hydrostatic compression andhn@em then establishes some integral
relation for the original problem. For this reason, Bettiigorem is always worth considering when

the desired result is defined by an integral, such as thetaedtibrce over some surface or the average
displacement.

For example, suppose we choose as auxiliary solution tie stainiform hydrostatic tension

with displacements
@ _ _ Cuw 61
whereC' is a constant. This field involves no body forq;éQ( = 0) and the traction on all surfaces is

one of uniform tensiomz(?) = Cn;. Substituting in (59) and cancelling the common constanive
therefore have

1 (1) 1 (1) (1)
[ pVzd0 7/15- idF:/ (1), dT 62
(3>\+2,u)/ﬂpl v +(3>\+2,u) Pt P (62)
and the right-hand side represents the change in volumeeatltistic body under the action of the

tractionst,(»l) and body force$§1). Thus, using this auxiliary solution, Betti’'s theorem pidrs a
general expression for the change in volume of a body in terfrtise applied loads.

6.5. Uniqueness and existence of solution

A typical elasticity problem can be expressed as the seanch tlisplacement field; satisfying
equations (30) such that the stress components definedgthemuations (22) and the displacement
components satisfy appropriate boundary conditions asugé®d in§5. Before embarking upon
this search, it is appropriate to ask whether such a sol@xsts for all legitimate combinations of
boundary conditions and if so, whether it is unique.

Suppose the solution is non-unique, so that there exist tatindt stress fields both satisfying the
field equations and the same boundary conditions. We carcthestruct a new stress field by taking
the difference between these fields, which is a form of lirgrerposition. This new field clearly
involves no external loading, since the same external l@ge included in each of the constituent
solutionsex hyp.It follows from (41) thatU = 0, but sincel/, must be everywhere positive or zero,
it must therefore be zero everywhere, implying that thesstris everywhere zero. Thus, the two
solutions must be identicabntra hyp.and only one solution can exist to a given elasticity problem

The question of existence of solution is much more challeggind will not be pursued here. A
short list of early but seminal contributions to the subjeaiven by I.S.Sokolnikoff who states that
“the matter of existence of solutions has been satisfdgt@solved for domains of great generality.”
More recently, interest in more general continuum theanetiding non-linear elasticity has led to
the development of new methodologies in the context of fonel analysis.

6.5.1. Singularities

In addressing issues of existence and uniqueness, it isatigitimportant to specify the space of
functions in which the solution is to be sought, and in pattc to define the degree of continuity
required or the maximum strength of singularity permittadhe displacement and stress fields. If

14



a concentrated force is applied to the body either at a pairthe boundary or at an interior point,
equilibrium considerations show that the stresses andeecstrain energy density, will increase
without limit as we approach this point. More seriously, welfthat the integral o/, over a domain
including the loaded point is unbounded, which casts in tgeineral theorems that depend on an
energy formulation. E.Sternberg and R.A.Eubanks propasegktension of the uniqueness theorem
to cover this case. Equation (41) also implies that a comatat force will do an infinite amount of
work during its application and hence that the displacemener the load is infinite — a result that
we shall verify in§11 below.

These difficulties can be avoided, at the cost of some inereasomplexity in the boundary-value
problem, by replacing the concentrated load by an equivdileite traction distributed over a small
region A. The concentrated load solution can then be regarded agntiteof this more practical
problem as4 — 0. Saint-Venant’s principl€5.1 implies that only the stresses close4owill be
changed asd is reduced, so the concentrated force solution also rept®s@ approximation to the
stress field distant from the loaded region whéris finite. Similar arguments can be applied to
stronger singularities, such as those due to a concentradetent.

Stress singularities can also be developed as a result pé sliscontinuities in the boundaries of
the body, such as a sharp re-entrant notch or the tip of a cratlese are of critical importance
in the failure of brittle materials and will be addressed inrendetail in§12 below. The resulting
singularity is always weaker than that associated with aceotrated force and the strain energy
density is integrable, provided this integral is interpekin the limiting sense

U = lim UodS2 | (63)
V—0Jo-y

where) is a small region including and surrounding the corner. Tinergy theorems in this section

remain valid under this interpretation.

7. Two-dimensional problems

We shall consider a problem to be two-dimensional if thesstr@nd displacement components are
independent of one of the coordinates, which we take tosbd-or isotropic materials, the problem
can be patrtitioned into plane strainproblem and amntiplaneproblem. This partition can also be
made for orthotropic materials — i.e. those for which theplane is a plane of material symmetry.
For plane strain problems, the out-of-plane displacemeig everywhere zero and the only non-zero
stress components ate;, 012, 022, 033. Also, the condition onuz implies thates; = 0 and hence

033 = V(O'H + 0'22) s (64)
from (28). Using this result in (28), we then have

(]_ — 1/2)0'11 l/(]. -+ V)O'QQ (1 — 1/2)0'22 l/(]. -+ V)O'H (1 + V)O'lg
€11 E E ;o €22 E B ;o €12 E (65)
and the boundary value problem can therefore be expresdedlyin terms of the displacements
u1, uy and stresses, |, 012, 092. By contrast, for antiplane problems, these componentslamero

and the only non-zero components ageandos;, o3s.

7.1. Plane stress

If a body is bounded by the two traction-free parallel planges- +-h/2, so thatos;(xy, x5, £h/2) =
0, and if the distancé between the planes is small compared with the other dimessitthe body;, it
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can be argued that the stress componentwill be sufficiently small to be neglected. If the remaining
stress components are independentfthis defines a state pilane stressAs in the case of plane
strain, the boundary value problem can be expressed gntiredrms of the displacements, u, and
stresses 1, 012, 092, the only difference being that the in-plane strain compdsare now given by

e _ & _ V092 ) e _ @ _ Vo111 ) e _ (1 +l/)0'12

11 B E 3 22 B E 3 12 B )
sinceos; = 0. This equation clearly has the same form as (65), but witfeidiht multiplying
coefficients, so a plane stress problem can be regarded asleqa to a plane stress problem for a
material with modified elastic properties.

(66)

It should be emphasised that the plane stress assumptinrajgoaoximation and the true stress field
in such cases is usually three-dimensional. An alternatpgroach is to define a two-dimensional
problem in terms of the mean stresses and mean displacements
Y L d " d 67
i1 (L1, X9) = — ii(T1, X9, T a:;uw,x a:,x,x T3 ,
03(1 2) h/h/QUg(123)3 1, L2 h/h/z 123)3 ()

wherei = 1,2. These quantities can be shown to satisfy the plane stresgieqs exactly. This
formulation is known agleneralized plane stress

7.2. Airy stress function

For the plane strain problem, if there are no body forges<0), one equilibrium equation is identi-
cally satisfied and the remaining two reduce to

Jo1y 0012 ) 0o (opY

83:1 (%g ) 8x1 8952

~0. (68)

These equations imply the existence of a scalar funetion, =), such that

%6 ¢ 9%¢

a5 O12 = — 022 =
&7&22 ’ 8:1:281’1 ’ 8:1612

011 = (69)
This is known as th&iry stress functionSubstituting (69) into (65) and the resulting strain compo
nents into (12) shows thatmust satisfy théiharmonic equation

' o' 9%

4, _ _
Vo= i 25000t — O (70)

In index notation, we can write
9%
895,895,8%895]
where the indices, j are summed only over (1,2) singds independent afs.

=0, (71)

A typical plane strain boundary value problem is thus reduocdhe search for a functiomsatisfying
(70), such that the stress components defined by (69) redulke tequired tractions on the boundary.
This method has been applied to a wide range of problems, wfanizich permit solution in closed
form. Itis particularly effective when the boundaries oé thody are defining surfaces in a convenient
coordinate system such as Cartesian or polar coordinates.

Notice that the stress definitions (69) and the governingegu (70) do not contain the elastic prop-
ertiesE, v. It follows that the stresses in a body of a given shape wids@ibed tractions on the
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boundaries are independent of these properties and icplartihat the in-plane stresses, 012, 022
under the plane stress and plane strain assumptions araiee $his argument fails if there are body
forces or if non-zero displacements are prescribed at atlysoboundaries.

The Airy function formulation can be extended to problemslring body force provided that the
latter areconservative— i.e. thatp, can be written as the gradient of a scalar body force potentia
V(Il, ZEQ) as

ov
o . 72
Pi= o (72)
In-plane stress components satisfying the equilibriumaéigas (16) can then be defined as
¢ FoR0) D¢
_ : - . =" , 73
o Dy? +Vi o Da0z; 022 02,2 +V (73)

In effect, the expressions (69) are modified by the additfantavo-dimensional hydrostatic stress of
magnitudel/. Using these new definitions in (65, 12), we find thanhust now satisfy the modified
equation

1—-2v

1—v

Vi = — ( ) e (74)

7.2.1. Airy function in polar coordinates

Many two-dimensional problems of practical importanceoime bodies defined by surfaces in the
polar coordinate systertr, §). Examples include stress concentrations due to circulkeshtend in-
clusions, curved bars and wedge-shaped regions. It isftrergonvenient to give here the expressions
for the stress components (in the absence of body forceghwdre

109 19% 199 10% %o

=Cor o’ U T 290 roro 0T g2

Notice that the suffices, § here refer to the directions in which these coordinatesea®e. The
corresponding form of the biharmonic equation (70) is

2 2\ 2
(8 +1a+1a>¢:0. (76)

O—’I“’I“

(75)

a2 T o T oe
J.H.Michell obtained a fairly general Fourier series soluto equation (76) in the form

qb = A017‘2 + A027‘2 111(7‘) + A03 111(7‘) + A04¢9
+(Apr® + Aprin(r) + Ayyr= ") cos§ + Ayzrfsin @
+(B1ur® + BiarIn(r) + Bur 1) sin 6 + Bisrf cos 6
+ D (A" 4 Apor T 4 Agr™ 4 Anar ™) cos(nb)

n=2

+ Y (Bur™ 4 Buar ™" + Byar™ + Bar ") sin(nf) | (77)
n=2

where the coefficientsl;;, B;; are arbitrary constants. The solutions to many problemsbeaab-
tained by substituting this expression into (75), evahgthe tractions on the boundaries and choos-
ing the coefficients to satisfy the boundary conditions. itdthat some of the terms in (77) are
unbounded as — 0 and hence lead to correspondingly singular stress fieldsiost cases these are
inappropriate to problems in which the origin is a point ie thody, though there are some exceptions,
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as discussed i§611.3, 11.4, 12. The remaining bounded terms can also bessquas polynomials
in Cartesian coordinates. For example, the functioes § = 23 + x13.

Example: Circular hole in a body in uniaxial tension

As a simple example, consider the problem of a large body tate sf uniaxial tension perturbed by
the presence of a small traction-free hole of radiugaking the origin of both Cartesian and polar
coordinates at the centre of the hole, the boundary comdifior this problem can be defined as

on — S; o013, 099 —0; r—o00 (78)

o = 0,9=0; r=a. (79)
At large values of-, equations (78, 69) show that the stress function must tekétrm

_ Sxj  Sr* Sr?cos(20)

where we have used the relation = r sin 6 to convert the expression into polar coordinates. Com-
parison with (77) shows that this stress function can beibtefrom Michell’s solution by choosing
App = S/4, Asz = —S/4 as the only two non-zero coefficients. To describe the peation in this
stress field due to the hole, we need to superpose approfiate from (7) that lead to stresses that
decay as — oo. The corresponding stress fields will be singular at theioyigut this is acceptable
because the origin is not a point of the body. Clearly onlgaximetric terms and terms varying with
cos(20) are required. Selecting these terms, substituting thdtiegstress function into (69, 79) and
solving the resulting equations for the unknown coeffigente find that the complete solution of the
problem is defined by the stress function

Sr? Sa*In(r) r* a®  a
b — - 5 +S<_Z+E_@ cos(20) . (81)
The corresponding stress components are
S a? S (3a* 4a®
o= (155 (B 1) et )
S (3a*  2a* :
o = 5 <7 ——F - 1) sin(20) (83)
S a’ S (3at
ow = 5 <1 + 7"_2> -3 <7 + 1) cos(20) . (84)

In particular, we note that the maximum tensile stressyiga, 7/2) = 35 showing that the hole
increases the far-field stress bgtaess concentration factaf 3.

7.3. Complex variable formulation

Two drawbacks to the Airy stress function method are (i) thathods of solution of the resulting
boundary value problem fas are somewhadd hocand (ii) it is less convenient for problems where
displacement boundary conditions are specified, sincedhesponding displacement components
cannot be written in terms of simple derivativesgof A powerful alternative method for the plane
strain problem is to combine the coordinatgsz, into the complex variablé and its conjugateé,
defined as

(=x+wry; =z — 122, (85)
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where: = y/—1. The inversion of (85) is

_|_ —
xlch; x22—2(<2 S ) (86)
If fis some function of position, it then follows that
of _1(of _ of\ of _1(of  Of
8( N 2 <8x1 Zéha) ’ 85 N 2 <8I1 +18x2> ’ (87)

The components of vector quantities are combined as thearehlimaginary parts of a complex
function — for example the in-plane displacement veetos iu; + jus Will be written

U = U + 1y . (88)
One consequence of this relation and (87) is that the gradprator

of ,.of _of _of _,of

Vf = Z@xl +‘78x2 B 8x1 +Z@x2 N 85 ’ (89)
from (87). We also have
0 0 0 0 0%
20 _ = =
vies= <8x1 “6:52) (8:51 Zax2> o =45¢¢ (90)
It follows that the general solution of the Laplace equation
D%
2p=4—— = 91
Vi = dge =0 (o1)
IS B
¢ = f1(¢) + f2(C) , (92)

where f,, f, are arbitrary holomorphic functions @fand¢ only respectively. In the same way, a
general biharmonic function (solution of (70)) can be eritt) = f1(¢) + f2(C) + Cf3(C) + Cf1(C).

In this notation, the equilibrium equation (31) takes therfo

0 (Ou Ou 0*u
2()\+/L)8—C— <a—<+a—<—>+4uaca§+]ﬁzo (93)

and in the absence of body forces=€ p,; + 1p; = 0), a general solution for the displacement can be
written

2pu = —(3 —dv)x + (X' + 0, (94)

wherey, @ are arbitrary holomorphic functions @f ¢ only respectively, the overbar represents the
complex conjugate function and the prime differentiatiothwespect to the argument. The stress
components can then be obtained by substitution into (27ijgy

)
o

o1+ 02 ==2(x"+X) (95)
011 + 2@0’12 — 099 — Q(C)_(” + 0_/) . (96)

These expressions can also be written in terms of the siogiglex function
(G Q) =x+CX +0. (97)
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We then have

_ 0 _ W
0=-25:; ®=25c. (98)

The complex functiong, ¢ can be related to the Airy stress function of equation (69)e kst

integrate the functiof to obtain a holomorphic functiomn such thaty’ = 6. The corresponding Airy
function can then be written down as

6=—3 (9+3+0x+x) (99)

and it can be expressed as a (real) functiorrQfr, using (85). We can also perform the inverse
procedure of determining the complex potentigl¢' equivalent to a given Airy functiop. We first
expressy as a function ot ¢, using (86). Differentiating (99) with respectfand(, we then obtain

&9
acac
which is easily solved fox. Oncey is known, it can be substituted into (99) and the resultings¢ign

solved forg and hencé. This is a convenient way of determining the displacemesdgs@ated with
a given Airy stress function.

X +x = (100)

7.3.1. Boundary tractions

The boundary tractions on an arbitrary boundary can beewritt the complex form
T(s) =T, +Ty, (101)

wheres is a curvilinear coordinate along the boundary. Equilibriof a small triangular element
then shows that
TldS = Jlldxg — ledxl ) T2d8 = Jlgdxg — Jggdxl (102)

and hence
1
Tds = (0’11 + ZJlg)dl’Q — (0’12 + ZO’QQ)d.Il = 5(@ + q))dl’g — %(@ — cb)dl’l s (103)

using the notation of equation (95).

Substituting foro, ® from (98) and rearranging the terms, we then have

Tds =1 {g—? (dxy —dxy) + g—? (dzy + deg)} { ?d( + ? C} vdy (104)

or

dy
T=0o. (105)

Thus, the boundary values gfcan be obtained directly from the tractions and in particulawill
be constant along any region of boundary that is tractiee-fr

7.3.2. Laurant series and conformal mapping

A general solution for the problem of the annulus< |{| < b can be obtained by writing the
holomorphic functiong, ¢ in the form ofLaurent series

x=> A" 0=) B,(", (106)
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where A,,, B,, are a set of complex constants. This is essentially the camariable equivalent of
the Michell solution (77). Alternatively, the complex furans can be obtained directly from the
boundary conditions making use of the properties of Cauntegrals. The solutions for bodies of a
wide range of other shapes can then be obtained using theigeehofconformal mapping These
methods require results from the theory of functions of tplex variable that are beyond the scope
of this chapter.

7.4. Antiplane problems
We shall describe a deformation field as antiplane if the oly-zero displacement and stress com-
ponents are:s, o3y, 032 and these are all independent@f In this case, the stress components are

ou ou
031 = Mﬁ—x? ;032 = Ma—xz ) (107)

from (27) and the only non-trivial equilibrium equation exts to

80'31 (90'32

83:1 (9x2
Substituting (107) into (108) we find that must satisfy the two-dimensional Poisson equation

+p3=0. (108)

82U3 82’&3 Ps
=B 1
0x12  0xy2 i (109)

If there are no body forcep{ = 0), the stresses can be represented in termBrahdtl’s stress
functiony through

031 = 5 5 0O32=— .
81'2 8:1:1
If we define a coordinate system local to a point on the boynslaeh that:, ¢ are respectively normal
and tangential to the boundary, the boundary traction \eittf, and this will be zero if théangential
gradient

Op % (110)

dp

ot
It follows that lines of constanp represent traction-free surfaces and this is very conwmiethe
solution of boundary-value problems.

0. (111)

Equating corresponding stress components from (107, Espectively, we obtain

’ugug dp  Oug _ Op (112)
T1

which are recognizable as examples of the Cauchy-Riemamatieqs, showing thatus, ¢ can be
combined to form the real and imaginary parts of a holomargimction of the complex variable
It also follows thaty is harmonic

82 2
b0
8I12 ax22

0, (113)
when there are no body forces.

8. Solution of boundary-value problems

The stress functions introducedji effectively reduce the typical two-dimensional elasyiproblem
to a boundary-value problem for one or more potentials. Kan®le, the Airy function represen-

tation of §7.2 reduces the problem to the determination of a real spaintialy that satisfies the
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biharmonic equation (70) and for which appropriate denest take specified values on the bound-
aries.

Classical techniques for the solution of such problems éat stress functions generally start with
the search for separated-variable solutions of the gowgreguation. For example, in Cartesian
coordinates, it is easily verified that the function

$(11,72,\) = [(A + Buy) cosh(Aza) + (C + D) sinh(Az)| cos(Az1) (114)

satisfies (70) for all values ofi, B, C, D and \. More general biharmonic functions can then be
written down as an integral such as

d(x1,29) = /OOO [(A()\) + B(A)x2) cosh(Aza) + (C(A) + D(N)xg) sinh()\xg)} cos(Axy)d\ , (115)

which can be regarded as the superposition of terms suciidsyith different values of\, B, C, D,

A. The form (115) is of course equivalent to taking the Foursine transform of the problem and it
has sufficient degrees of freedom to satisfy the boundarglitons on the two edges{ = +0b) of the
rectangular body: < =, < a,—b < x5 < b exactly if the boundary conditions are symmetric about
x9 = 0, since there are four function§ B, C, D to satisfy four boundary conditions (two tractions on
each edge). Antisymmetric problems would require the @®irreplaced by a sine and unsymmetric
problems can be decomposed into the sum of a symmetric anadsgmunetric problem.

The boundary conditions on the other edges= +a then remain to be satisfied. In some special
cases, this can be done by restrictingp specific values leading to a series solution. For example,
the function defined by the Fourier series

[e.e]

G(1,72) = Y {(An + Bpx2) cosh (

n=0 a

)

) + (Cy, + Dypx5) sinh (me)

a

cOS (m;xl ) (116)

is symmetrical about each of the plangs= +a and will therefore identically satisfy the symmetry
boundary conditions
o1p0=0; uy=0; z1==a. (117)

8.1. The corrective problem

To complete the solution, we usually need to solve a boundalye problem with traction-free con-
ditions on the edges, = +b and prescribed non-zero tractions.on= +a. The classical approach
is to solve this ‘corrective’ problem in two steps. We firspsgpose the stress function

¢1 = Cll'g + Cgl’% + 03(1'1.1'2 — 3b2;1:1x2) R (118)
for which the stress components are
011 = 20 + 6Coxy + 6C32179 ; 019 = 3C5(b* — 23) ; 092 =0, (119)

from (69). It is easily verified thap, satisfies the biharmonic equation (70) and it is clear frof®j1
that it leaves the surfaces = =+b traction-free. After this superposition, the three fre@siants
(1, Cy, C3 can then be used to satisfy the weak (force-resultant) benyrcbnditions (35) o, =
+a. Notice that if the weak boundary conditions are satisfiedra endr; = a, they will then
automatically be satisfied at the other end= —a. This arises because the Airy stress function
ensures that every particle of the body satisfies the equilibequations (16) and hence the whole
body must also be in equilibrium. Thus, if weak or strong laany conditions are satisfied over any
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regionI'; of I', weak boundary conditions must necessarily be satisfied tbeeremainder of the
boundaryl” — I';.

8.2. The Saint-Venant problem

Saint-Venant's principle (se€g.1) suggests that the error incurred by satisfying equnat{85) instead

of the strong(pointwise) boundary conditions (34) will decay with dista fromz, = a and will be
small at a distance that is comparable withTo investigate the nature of these decaying fields, we
consider the problem of the semi-infinite strip > 0, —b < z5 < b subject only to a set of self-
equilibrated tractions on the end = 0. We anticipate that the stresses will decay with increasing
and hence we start by seeking a stress function of the segaratiable form

¢ = f(x2) exp(—Az1) , (120)

where) is an unknown parameter representing the decay rate. 8ithgjiinto the biharmonic equa-
tion (70), cancelling the common exponential factor, anldisg the resulting ordinary differential
equation forf(z5), we obtain

f(xe) = Aj cos(Axg) + Agsin(Aza) + Asxg cos(Axa) + Ayze sin(Axg) (121)

Notice that the first and last terms are even functions,ofwhereas the second and third terms are
odd functions. The symmetry of the geometry about= 0 naturally partitions the problem into a
symmetric and an antisymmetric problem. We require theltiegLstress field to satisfy the traction-
free condition onzy, = +b and after substituting (121) into (69), this provides foontogeneous
linear algebraic equations (two tractions to be zero on eddivo surfaces) for the four constants
Ay, Ay, Az, A4. These equations have a non-trivial solution if and onlyéd tharacteristic determi-
nantal equation

(sin(2AD) + 2Ab)(sin(2A\b) — 2Ab) =0 (122)

is satisfied. This equation has a denumerably infinite seigeihwalues\;, for each of which there
exists a non-trivial eigenfunction

¢i(21, 22) = Ci fi(w2) exp(—Aiz1) , (123)

whereC; is the one remaining free constant (since the degeneraogiatsd with the determinant
being zero generally reduces the system of four algebraiatemns to three). We can then construct
a more general stress function as an eigenfunction series

¢(.CIZ'1, .1'2) = i_o: lel(xz) eXp(—)\ixl) . (124)

R.D.Gregory has shown that this function provides a gersaattion to the problem where the semi-
infinite strip is loaded by arbitrary self-equilibrateddt@ns on the end; = 0.

The eigenvalues; of (122) are all complex and hence the fields correspondirgth term in (124)
exhibit oscillatory decaying behaviour with, the decay rate corresponding to the real past;oflhe
eigenvalue with the smallest (negative) real part definesrtbst slowly decaying term and hence the
region over which the use of the weak boundary conditionslggnificant influence on the solution.
The lowest eigenvalues correspondio\)b = 2.1 for the symmetric problem and 8(\)b = 3.7

for the antisymmetric problem.
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9. The prismatic bar under shear and torsion

Consider a prismatic bar with axis in thg-direction, whose cross-sectiéhis defined by a closed
curvel' in thex;z,-plane. If the surfacg is traction-free, the most general state of stress correfpo
to the transmission of arbitrary force resultants (threeds and three moments) along the bar. If these
resultants are applied at the engd= 0 (say), Saint-Venant's principle assures us that the sfielsls
will depend on the exact traction distribution (the strormyibdary conditions) only in a region near
the end. In this section, we shall discuss the stress ststi@ndlifrom the ends, which therefore has
only six degrees of freedom corresponding to the six restdta

Three of these resultants — the axial forl€gand the two bending momentd;, M, cause only the
simple state of stress
o33 = C1 + Cowy + C39 (125)

where the remaining stress components are everywhere zed,aC,, C'; are constants determined
from equilibrium considerations. This stress field cleadyisfies the traction-free boundary condition
onI" and the strains derived from Hooke’s law (24) are linear fioms of the coordinates which
therefore satisfy the compatibility equations (11).

9.1. Torsion

If the bar transmits only a torqui;, every segment (except near the ends) is loaded in the sayme wa
so the stress field will be independentgf However, the bar will twist under the action of the torque,
so adjacent transverse planes will experience a relatye body rotation, leading to displacements
of the form

uy = —fBr3wy; Uy = Prsr, (126)

where is the angle of twist per unit length. If these were the ongpthcements (i.e. ifi; = 0)
the resulting stress components would not generally yatisf traction-free boundary condition on
['. Saint-Venant recognized that cross-sectional planesdaadlwarp to the same shape, so that

uz = f(r1,22) . (127)
Substitution of these results into Hooke’s law (27) yields
0 0
031 = |4 9f _ Pry) ; o3 =p of + Bx1 (128)
81'1 81'2

as the only non-zero stress components. Substitution &@dquilibrium equations then shows that
the warping functiory’ must satisfy the two-dimensional Laplace equation

O°f LTIy (129)

8I12 ax22

Solution of the resulting boundary-value problem is greédctilitated by the use of Prandtl’'s stress
function of equation (110). Equating the correspondingsstrcomponents between equations (128)
and (110) and eliminating the unknown functignwe find that the Prandtl functiop must satisfy
the equation

Pp D
002 T omE —2u03 . (130)

Also, in view of (111) the traction-free boundafymust be a line of constagt and for a simply-
connected bar this constant can be taken as zero withouvigenerality, giving

p=0; onl. (131)
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The torquels is given by

0 0
M3 = ‘/Q(I10'32 — ZEQO'gl)dZEldI'Q = _/Q <I’1a—;i + Iga—;’;> dIldIQ s (132)
using (110). Integrating by parts and using (131), we obtain
My =2 / odryds . (133)
Q

The torsion problem is thus reduced to the search for a fancti satisfying (130) in the two-
dimensional domaif that satisfies the boundary condition (131). This is a stahldaundary-value
problem in potential theory. One technique is to choose amyqular solution of (130) (for example
a second degree polynomialin, x;) and superpose a general two-dimensional harmonic fumatio
the form of the real or imaginary part of a holomorphic funatiof the complex variablé — e.g.

¢ = —pfri+ R (g(C)) - (134)

The functiong(¢) can then be chosen so as to satisfy the boundary conditier) onT'.

Example: Equilateral triangular cross-section

Solutions for several simple geometries can be obtainedosed form. For example, it is easily
verified that the polynomial stress function

_ B
v 2\/§a

satisfies (130) and it clearly goes to zero on the three $trdiigesz, = /3., ©1 = —v/32, and
r1 = v/3a/2, defining the boundary of an equilateral triangle of sid&ubstituting (135) into (133)
and evaluating the integral, we find that the torque trartswhit related to the twist per unit length

through
_ V3ppa
80

(22 — 322)(V3a — 221) (135)

M

(136)

9.1.1. Multiply-connected bodies

If the cross-sectional domain is multiply-connected — i.e. if the bar has one or more ax@kEb

— the boundany™ will comprise two or more closed curvds, I'y, .... The traction-free boundary
condition requires thap be constant around each of these curves, but the values mepaeate
curves are not necessarily equal, so only one of them cantl® gero. We therefore have one
additional unknown constant for each hole in the body. Theg&gns for determining these constants
are obtained from the Cesaro integralsf4.

9.2. Shear and bending

If a transverse shear force with componehisF; is transmitted along the bar, the global equilibrium

equations require that
M M.
M _ . A g (137)
dl‘g

dl‘g
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and hence the bending moments, M, must be linear functions of;. It can be shown that the
resulting axial stresses; are still linear functions of, 2, so that (125) is generalized to

033 = Cl + Cgl'l + 031'2 + (04.1'1 + Cg,l’z)l’g s (138)

where the constants,, ...C; can be determined from equilibrium considerations. Thplane stress
components i, 012, 092 remain zero and the Prandtl stress function of equation)(dilGt be mod-
ified to satisfy the differential equations of equilibriud6( (with no body force) by writing

dp  Cua? dp  Csal
— — : =T _ ) 1
031 o 5 032 O, 9 ( 39)
Substitution in the compatibility equations then show thatust satisfy the governing equation
0 0
Ld -+ Ld = i (C4$2 — 051'1) -+ 06 s (140)

0r12  0r2  (1+v)

where(y is an arbitrary constant which will be zero if no torque issaitted. IfCy, C; are set to
zero, butC is retained, the formulation reduces to the Saint-Venastda problem 0£9.1. Since the
terms involvingC), C's are known functions, the resulting boundary-value probiesimilar to that
encountered i§9.1 except that a different particular integral is requif@dthe inhomogeneous equa-
tion (140) andp will now be a known function rather than zero on the boundang.P.Timoshenko
developed a modified form of this representation so as tstaie the homogeneous boundary condi-
tion onT'.

10. Three-dimensional problems

For three-dimensional problems, it is more conventionakek a potential function representation of
the displacement vectar;, in which case the governing equation for the correspongwoigntial is
obtained by substitution into (31). For example, if the thspment is defined such that

O*F; O*F;
2uu; = 2(1 — - 7 141
p ( l/) 8:1:j8:1:j axlﬁa}] ( )
substitution into (31) using (29) shows that the vector ptéd /; must satisfy the equation
4 . .
vip=_ 2% bi (142)

8xj8xjaxk8xk - _(1 — V)
and in particular thaf; is biharmonic if there is no body force. Expressions for tiness components
in terms of F; can be obtained by substituting (141) into the constituave(27), giving
OB 1 0*  (0F, OF)\  O’F

" 8xk8xl(9xl 8xk8xk a:L’j aIZ a$za$J8Ik )

045 = 20

(143)

The potentialF; is sometimes known as tli&alerkin vector For the special case where the stress and
displacement fields are symmetric aboutthexis, F; can be reduced to a single biharmonic axisym-
metric potentialF;. This formulation of axisymmetric problems was first intemed by A.E.H.Love.

10.1. The Papkovich-Neuber solution

If a function f(x1, 22, x3) is harmonic, then

e of &2 f of
 (w:f) = 2 ; =2
8$jaxj (x f> &m e axjﬁxj &m

(144)
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and it follows that the functiom; f is biharmonic. This relation enables us to write a fairly gexh
biharmonic function in the form; f + g wheref, g are two harmonic functions and it can be used to
replace the biharmonic functions in the Galerkin solutibfl)) by harmonic functions, leading to the
representation
0

2pu; = —4(L = V)i + 5 (2595 + 9) (145)
generally known as the Papkovich-Neuber solution. Suligdit in (31) using (29) shows that the
vector potential); and the scalar potentialmust satisfy the equation

Yy O, o (1—2v)p;

—(1—-4 = — 146
Tk 0x;0x,;0x; ( ) 0x,0x) + 0z,;0x,;0x; (1-v) (146)

and a particular solution can be obtained by choosing
a wl — pl 7 a ¢ — _ w]p] . (147)

Or;0x; 2(1—v) Ozx;0x, 2(1—-v)

If the body forcep; is conservative, so that we can write

Di = _8V ) (148)
8[&

whereV is a scalar body force potential, a simpler representatombe obtained by choosing

i ; ¢ _(1-2)V ' (149)
0z ,;0x, 0z ,;0x, (1—-v)

If there are no body forces, the Papkovich-Neuber potentialy are both harmonic and this is

convenient because it enables one to call on the extensileematical literature concerning the

theory of harmonic potentials in the solution of boundagjue problems. The expressions for the
stress components can then be obtained from (145, 27) as

My, P o 0%\, 0%
" (%k +xkax28xj (1 2V) <8Ij + (9@ + 895,8% )

(150)

aij = —2V5

10.2. Redundancy and completeness

The perceptive reader will notice that if (148) is subsetlinto (147), the resulting equations do
not reduce to (149). This occurs because the representdt#s) is redundant. In other words,
more than one set of potentials can be found for a given disptent field and this redundancy can
sometimes be used to simplify the resulting expressiomsil&iconsiderations apply to the Galerkin
formulation (141). In problems governed by a single scakmmonic potential (for example, in
steady-state heat conduction), a boundary-value protdeneil-posed if and only if one boundary
condition is specified at every point on the boundary. Ingkieanensional elasticity, we have three
boundary conditions at each point on the boundary (for exantipe three traction components, the
three displacement components, or some combination of) .efids natural therefore to expect that
a complete representation of the displacement field shoellddssible using only three harmonic
potential functions, rather than the four functions comipig the three components and¢. Many
authors have attempted to develop such a representatiddeulder originally proposed a method
for eliminating any one of the four components, but |.S.Sokoff showed that this procedure fails
unless the shape of the body meets certain conditions. One component/pf(say ;) can be
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eliminated only if any straight line segment parallel to theaxis which connects two points 6f

must lie wholly within€). The scalar potentiab can be eliminated only if (iy # 1/4 and (ii) the
body () is ‘star shaped’, meaning that there exists at least ond pothe interior of(2 such that a
straight line drawn from this point to any other pointirlies entirely within(2.

10.3. Solutions for the thick plate and the prismatic bar

Two special geometries meeting the condition for the elation of the component; in equation
(145) are the thick plate bounded by the parallel plangs= +h/2 and the prismatic bar whose
axis is aligned with the:;-direction. The remaining boundary of the plate or the cudgéning the
cross-section of the bar can be of quite general form, inotydases of multiply-connected bodies.

For problems of this class, it is convenient to make use obx@nsion of the complex variable for-
malism introduced i37.3. We combine the non-zero componepsy, into the complex harmonic
function

Y =11+, (151)
after which the displacement and stress components frofy (BD) can be written
9 Op 00 99 o O
2uu-2a—c—(3 4v )¢+C8—C+C8—C 2pus = pe 3+ ( (9x3+ (‘3—x3> , (152)
P oY 0y Oy 0%
0 = —ax32—2< <+ C) 2<C8 2+Cax32> (153)
8¢ o Oy O
® = 4—5 —4(1-2v)= +2 154
oz >a<+<a<+cc (154)
9% o oY S0% P
033 — 81‘32 — 2V < C + C) + = <Ca$32 + Ca$32> (155)
B 0% oY 0% R
= 2500m VT Man T acan T Sacan (156)
where
@:Ull+022; (1)2011+220'12—0'22; ‘112031+2032 . (157)

10.4. Solutions in spherical harmonics

The Papkovich-Neuber solution (145, 150) reduces theieilgsproblem to the determination of
several harmonic potential functions with prescribeddsives on the boundaries. For axisymmetric
bodies such as cylinders, spheres, spherical holes and ¢meéuding the half space), appropriate
potentials can be expressed in terms ofgpkerical harmonics

R"P(cos(3)) exp(emf) 5 R"Qy'(cos(f)) exp(smb)

R P (cos(B)) exp(imé) i R™"'Q (cos(3)) exp(imd) |

where R, 0, 3 are spherical polar coordinates,, n are positive integers anf”, Q" are the two
solutions ofLegendre’s equation

(1- )%_zx%+<n(n+1)_%;)>f:o. (158)
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The same functions can also be expressed in cylindrical polardinategr, 6, z) or Cartesian coor-
dinates, using the relations

Y/ S R . p— AN _ (2 N

R=+Vr?2+2?=/z;x;; 6= arctan (x_1> ;[0 = arccos <E> = arccos < $z$z> )
The potentials?” P (cos([3) ) exp(vm#) are bounded functions that can be expanded as polynomials
in 1, 29, x3, Whilst R7""1 P™(cos(3)) exp(sm#) are singular at the origi®t = 0. If each of the
Papkovich-Neuber potentials is expressed as a seriegdinglthese terms for all integer values of
m, n, the resulting field provides a general solution for the peoabfor the hollow sphere with arbi-
trary loading on the boundaries. If the loading is also axisyetric, a sufficiently general solution
can be obtained by restricting the series to the terms wite 0 and using only the potentiats 5
from Papkovich-Neuber’s solution. For the solid sphere, $imgular potentials must be excluded.
This solution can be used in much the same way as Michelligisol (77) in two dimensions.

The spherical harmonics involving the functio@g' are singular at all points on the-axis. These
and other functions derived from them can be used to solvelg@mas involving hollow cylinders and
cones.

11. Concentrated forces and dislocations

11.1. The Kelvin problem

ConsiderKelvin's problemin which a concentrated forcg' acts at an interior point of an infinite
elastic body. There is no length scale in this problem and aveconclude that the stress field is
self-similar. In other words, contours defining the stresses at somendesta, from the point of
application of the force will have the same shape as thosena¢ ®ther radiug,. It follows that the
stress components in spherical polar coordinates can leewin the separated variable form

oij = f(R)gi;(0,5) - (159)

If we then consider the equilibrium of the sphéte< a, we have
Fi+ [ mjoydl =0 (160)
I

where the elemental surface arla= a? sin 3d0d3. Substituting this result and (159) into (160), we
obtain

Fi+ [ n3f(a)gis(0, )a? sin 505 = 0 (161)

and this will be satisfied for alk if and only if f(R) is proportional toR~2 and we can wrap the
constant of proportionality intg;; without loss of generality, leaving(R) = R2. Thus the stresses
are singular ag? — 0. It follows from Hooke’s law that the strain components veilso vary with
R~2 and since strains are defined in terms of displacement grdikrough (6), the displacement
components must be proportionalfo!.

If we then use equations (39, 40) to calculate the strainggniarthe sphere of radius, the resulting
integral

T 27 ra T 27 pra
U= / / / sumoyouR2dR sin 5d0d8 = / / / sogugel dRsin fd0d5 (162)
0o Jo 0 o Jo 0

is unbounded. This causes the concentrated force problemitbposed in the context of variational
methods, as explained #.5.1. However, in the spirit of Saint-Venant’s princip$é (1), the resulting
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stress fields can be regarded as a limiting form of the effeatiocalized distribution of body force at
a distance that is large compared with the extent of the lbaeon. Also, concentrated forces can be
used as Green'’s functions to describe distributions ofraatdorces, in which case the unacceptable
singularity is removed by the corresponding convoluticegnal.

The solution of Kelvin’s problem is very easily obtainedngithe Papkovich-Neuber solution of
equations (145, 150). We first note that the stresses areelthy one differentiation of the vector
potentiak);, so in order to obtain stress components varying \&tf, we need to start with a potential
of the form R~ f(6, 3). The potential is also required to be harmonic and this caadbéeved by
settingm = n = 0 in the singularP-series spherical harmonic §10.4, giving

LS SRS B (163)
R 1/‘Ijl’j

whereC; are arbitrary constants which can be determined by (i) figtlre stress components by sub-
stituting (163) into (150), (ii) substituting these inteetbquilibrium equation (161), and (iii) solving
the resulting system of equations. We obtain

F
= —— 164
¢ 8r(1 —v) (164)
and the corresponding stress components in Cartesianinated are
1 (1 —=2v)(Fxj+ Fjx; — Fyrgdi;)  3Fxxja)
= — 165
i 8n(1 —v) < (wy27)3/2 (wy27)5/2 (165)

This solution can be used as a Green'’s function to obtaintecpkar solution — i.e. a solution that
satisfies the governing equations in the the bQdigut not necessarily the boundary conditions on the
surfacel’ — for the case where there exists a general distribution diydorce p;(z1, x2, z3). The
external force applied in some small regi@m dx,dx3 IS p;dxi10x20x3 and by superposition, we can
sum the effect of the entire body force distribution to obtai

o = — 1 / <(1—2V)(pi(%' — &) +pi(wi — &) — pe(we — &)6ij)
” (1 —v) Ja (21 — &) (21 — &§)]3/

3pi (i — &) () — &) (e — &)
(21— &) (21 — &P ) LSESTSE (166)

Once this integral has been evaluated, the correspondiotidns on the boundaiyfrom (32) can be
compared with the required values and a corrective problambe defined which when superposed
on (166) gives the solution of the original problem. The eotive problem involves no body force,
so this technique essentially reduces a body force prolderné without body force.

+

11.2. The problems of Boussinesq and Cerrutti

A related problem of considerable interest is that in whictoacentrated forcé’; is applied at a
point P on the boundary of the body. We can choose the inward normtledody atP to be
the z3-direction without loss of generality. If we focus attemtion a region very close t®, the
remaining boundaries of the body are relatively distantiaitite local region of the boundary has a
smoothly turning tangent, we can to a first approximatiomesent the body as thealf spacer; > 0.

If the boundary has some curvature, this approximation ni#lyrs/olve errors that are singular as
the point of application of the force is approached, but thgdarity is weaker than that in the half-
space approximation. If the force is normal to the planessf; = 0 (and hence the only non-zero
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component isF3), the resulting stress field is axisymmetric. The solutiorthis problem was first
given by J.Boussinesq. The companion problem in which theefes tangential to the surface (for
example applied in the,-direction) was solved by V.Cerrutti.

Asin§ll.1, considerations of self-similarity show that the s¢rigeld for both Boussinesq and Cerrutti
problems must have the form (159) wiftiR) = R~2. However, the solution is not represented by
equation (165), since this does not leave the unloaded phtte boundaryr; = 0 traction-free.
Solutions can be obtained by starting from the stress figd&) and superposing additional singular
potentials to satisfy this boundary condition. An alteivatapproach is to establish relationships
between the Papkovich-Neuber potentials that guarané@fgpropriate traction components on the
surface are zero, after which a single potential with theexmpower law dependence éhprovides
the solution. Yet another approach due to H.M.Westergaartsdrom the observation that equation
(165) doesgive zero tractions on the surfaecg = 0 (except at the origin) in the special case where
Poisson’s ratiav = 0.5. Westergaard then uses a transformation known as the ‘esdhgmadient
method’ to generalize the resulting stress field to othewesbf Poisson’s ratio.

As with the Kelvin solution, the solutions due to Boussinasg Cerrutti can be used as Green’s
functions to write integral expressions for the half spad@iected to general distributions of surface
traction. The same solutions can also be used to develograhtequation formulations for problems
involving bodies of more general shape and form the basis@Boundary Element Methddr the
numerical analysis of elastic bodies.

11.3. Two-dimensional point force solutions

Corresponding solutions can be developed for two-dimeradibodies in plane strain, using the Airy
stress function of7.2. Similarity and equilibrium considerations show tha stress components
must vary withr—! and if the force acts in the directigh= 0, symmetry requires that be an even
function of 4. Solutions satisfying these conditions can be obtaineah fitichell’s solution (77) by
selecting the terms

¢ = Apprin(r)cos + Ajsrfsing . (167)

We first consider the special case wherg = 0 and the only non-zero constantdss. The corre-
sponding stress components are then
2A 5 0)
Opp = 213 €087 i 09 =099 =0 (168)
T
and we observe that all surfacgs= « are traction-free. In particular, if we apply this solutitmthe
half plane—7/2 < 6 < 7/2, the surface will be traction-free except for a concenttdtece at the
origin. By considering the equilibrium of a semi-circula&gion, we find that the magnitude of this
force ism A3 and that it acts in the directioh = —7. More generally, we find that if a forcgé' of
arbitrary direction is applied to the half plane at the arighe resulting stress field is

2F cosf
Opp = — cos ; Org = 099 = 0 s (169)
mwr

where the anglé is measured from the line of action of the force. This is knasgntheFlamant
solution

The same stress function can be used to determine the strdgeego a point force acting at the
apex of a wedge of arbitrary angle and it might be thought Weatcan proceed to the solution for
a force applied to an interior point of an infinite body (theotdimensional Kelvin problem) by
selecting a wedge of subtended angjte However, in this case, we find that the Flamant stress field
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corresponds to elastic displacements that are disconigacross the two faces of the wedge, which
IS unacceptable in a continuous body.

We therefore return to the more general stress function)(@6d find the corresponding displacements
by expressing the Airy function in terms of complex potelstiasing (99, 100) and then substituting
these potentials into (94). We obtain

2uu, = [2(1 —v)A1p+ (1 —2v) A3 0sinf + [(1 — 2v)A1p + 2(1 — v) Ays] In(r) cos 6
QMUQ = [2(1 — V)Alg + (1 — 2V)A13] 6 cos 6 — (Alz + Alg) sin 6
—[(1 =2v)A12 + 2(1 — v)Ays) In(r) sin b | (170)

where an arbitrary rigid-body displacement has been odhitléhe terms) sin 6, 6 cos  in these ex-
pressions are multivalued, sinée- 2n defines the same physical point for all integer valuesor
the wedge, this difficulty can be overcome by defining a unjopirgcipal value ford, but this cannot
be done for the infinite space without introducing a line glarich at least one of the displacements
is discontinuous. For the two-dimensional Kelvin probleve, must therefore eliminate the multival-
ued terms by setting(1 —v) A2 + (1 —2v) A3 = 0. The remaining constant is then determined from
equilibrium considerations and we obtain

F [(1—=2v)rin(r)cosf

_F B 171
0] o 21— 1) rfsind| | (171)
with stress components
(3 —2v)F cosf (1 —2v)Fsinf (1 —2v)F cosf
= — S : = : 172
7 A (1 —v)r ore A (1 —v)r 000 A (1 —v)r (172)

where the anglé is measured from the line of action of the forke

11.4. Dislocations

The terms involving multi-valued displacements in equaf{b/0) can be used to develop the solution
for adislocationat the origin. We consider the situation in which a cut is maldag the semi-infinite
line # = 0, thus converting the infinite plane into a wedge of subtermlegle2r. The two plane
faces of the wedge are then forced apart by tractions chasas ® ensure that a gap is opened up of
uniform magnitudé. This condition is satisfied by demanding that

ug(r,0) — up(r,2m) =0 . (173)

We then insert a thin strip of the same material of thicknesgo the gap and join up the surfaces,
leaving a state of stress in the body. This is analogous tddfext in a crystal caused by the insertion
of an additional row of atoms up to some interior point andriswn as aredge dislocationIf we
also impose the condition that no external force be appligteaorigin, we find thatd,; = 0 and
equations (173, 170) then giv, = —ud /2w (1 — v) and

1o 10
Qb = —mrln(r) cosf = —mxl 111(1'% + Ig) . (174)
The corresponding stresses are
o = oy = — 116 cos 0 f40 sin 6 (175)



or in Cartesian coordinates

poz, (3 — ) poea(a - a3)

B e T R i E

011

poxy (z3 + 323)
21(1 — v) (2} + 23)?
In this solution, the choice of principal value and henceltization of the discontinuity in displace-
ment is arbitrary. For example, the same stress functiofddoel applied using a principal value for
6 in the ranger/2 < 6 < 57/2. We would then find a discontinuity of magnitudén the tangential
displacement,. atd = = /2, thus describing glide dislocationof magnitude) along this line.

(176)

022 =

Apart from giving a continuum approximation to the stres¢dfidue to a crystal dislocation, this
solution can be used as a Green'’s function for the solutidwofdimensional crack problems. The
technique is to place an as yet unknown distribution of cland glide dislocations along the line of
the crack and write the resulting stress field as a convoluntegral. For example, if the crack is
defined by the set of poin{g;, &;) € S ands is a curvilinear coordinate defining position alofg
we can write

P(z1,72) = do(T1,72)
"‘/S [(551 —&1)Bi(s) + (22 — 52)32(5)} In {(1’1 —&)% + (22 — 52)2} ds (177)

where By, B, are two unknown functions and ¢o(z1, z2) iS a stress function characterizing the
stresses due to the external loads in the absence of the dfablke crack is open, the surfaces will
be traction-free. This provides two conditions for eacleading to a well-posed integral equation
for B;(s), B2(s). More general crack face conditions, such as a crack-brglgraction or frictional
contact conditions can also be incorporated.

A similar technique can be used to treat two-dimensionadbleras in which a regiof» of an other-
wise elastic body? experiences plastic deformation. In this case, dislonatare distributed over the
domain{2p and their distribution is determined from the yield critariand the corresponding flow
rule. This has significant advantages in numerical impleatems, since only the plastic zone needs
to be discretized. Similar techniques have been appligdg@mnalysis of crystal plasticity, where the
evolution of the distribution is described by an approgriatte law.

12. Asymptotic fields at singular points

One of the success stories of linear elastostatics in thectagury has been its role as the basis
of Linear Elastic Fracture Mechanics (LEFM) which is now elglused in design against brittle
fracture. The method depends on the fact that the stressesracked body increase without limit
as we approach the crack tip. M.L.Williams developed a nefbo expanding the stress field in the
vicinity of a crack tip or a sharp notch as an asymptotic semewhich each term has power-law
dependence on distangdrom the tip. It then follows that at sufficiently small vakief r, only the
first (i.e. most singular) term in this series makes a sigarficcontribution to the stress field. The
form of the local field is therefore the same for all problemwoiving sharp cracks and the multiplier
on the most singular term, known as thigess intensity factoK is a measure of the severity of
stress state. Berittle failure is predicted wh&rreaches some critical valu€.., known as thdracture
toughnessvhich can be determined from an appropriate laboratory iexy@at.
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12.1. The eigenvalue problem

To explain the mathematics of the method, we first considers#mi-infinite wedge of Figure 2,
bounded by the line$ = +« in polar coordinatesr, 9).

Traction-free

Figure 2: The semi-infinite wedge.

We seek a stress field of the separated variable form

o=r"1f0), (178)

which in view of (75) implies that the Airy stress functigrtakes the form

¢ =1r""1g(0), (179)

whereg is a scalar function of only. In the Michell solution (77), the Fourier terms werstrected
to integer values of to guarantee that the stress components are single-valoetidns of9, but this

is not necessary for the wedge since we can define a princbad wf a multivalued function in the
range—a < 0 < a.

The most general function of the form (179) is
¢ = r A cos(A + 1)0 + Ay cos(A — 1)0 + Azsin(\ + 1)0 + Aysin(\ — 1)6} (180)
and the corresponding stress components from (75) are

O = T H=AAA+ 1) cos(A+ 1)0 — A\ — 3) cos(A — 1)8
—AsA(A + 1) sin(A 4+ 1)0 — Ay (A — 3) sin(A — 1)0}
org = AN+ D) sin(A+ 1)0 + A (X — 1) sin(A — 1)
—AsA(A+ 1) cos(A + 1)8 — AyA(A — 1) cos(A — 1)6}
opg = T HAAN+ 1) cos(A+ 1)0 + A\ + 1) cos(A — 1)0
+A3A A+ 1) sin(A+ 1)8 + Ay (N + 1) sin(A — 1)0} (181)
whereA,, As, A3, A, are arbitrary constants. X < 1, the stress field will be singular as— 0 and

the admissible strength of this singularity is limited by tiequirement that the strain energy (40) in

a finite region including the corner should be bounded. Thigl@ion can be shown by integration to
require that\ > 0.
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Substituting (181) into the traction-free boundary coidis
o9 = 099 = 0 0 = +a, all r , (182)

we obtain four homogeneous linear algebraic equationsifod,, A3, A, which have a non-trivial
solution if and only if

{A(sin 2a) 4 sin(2Aa) } { A sin(2a) — sin(2Aa)} =0 . (183)

This procedure and the resulting characteristic equasoridarly very similar to that used for the
semi-infinite strip problem i§8.2. As in that case, we construct a more general solutiorsas@s

o(r,0) = f: Ciritlgi(0) | (184)

where)\; are the eigenvalues of (183) apdare the corresponding eigenfunctions. R.D.Gregory has
shown that this defines the general solution to the probleraravthe wedge of Figure 2 is finite
with prescribed tractions on a distant circular boundaey «. It follows rigorously that sufficiently
near the corner (i.e. for sufficiently small, the stress field is well-approximated by the single term
corresponding to the eigenvalue with smallest real part and the severity of the stress fieldi¢iv

will therefore characterize the conditions for failuredistermined by the single coefficiefit.

The wedge of Figure 2 represents a crack tip if wenset 7, in which case the admissible eigenvalues

of equation (183) are

1
A= ) 17 §727 §7 EERE)
2 2 2

each of which is repeated, so that there are two eigenfure{mne symmetric and one antisymmetric
with respect t@ = 0) corresponding to each value df The dominant stress field is that associated
with A = 1/2. The symmetric eigenfunction involves purely normal ti@as$ o9 on the plang = 0
and the antisymmetric involves purely shear tractiofs The corresponding stress intensity factors
are conventionally defined such that

(185)

K; = hII(l) oeg(r,0)V2mr; K= liII(l] oer(r,0)V 2mr . (186)

12.2. Other geometries

Similar techniques can be applied to other geometric featproducing singular or discontinuous
stress fields, such as sharp re-entrant notches, termimaispan an interface between dissimilar
materials, or the transition between contact and separattia contact interface. When the local
stress field is singular, generalized stress intensitpfaatan be defined as the multiplier on the first
(dominant) term and can then be used in combination withgppate experimental measurements
to predict the conditions for local failure. Knowledge oétform of the local fields is also extremely

useful for numerical (e.g. finite element) solution of sucbljpems, since this is a good guide to the
degree of mesh refinement required for convergence of solaind can also be used to develop an
appropriate ‘singular element’ to patch into the corner.

13. Anisotropic materials

So far we have restricted attention to isotropic materialg,with increasing interest in elasticity at
very small scales where crystal structure plays a rolesetliee increasing emphasis on anisotropy.
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Other important applications of anisotropic elasticitglude engineered materials such as fiber-
reinforced composites.

Two distinct strategies have been developed for the sautiawo-dimensional problems involving
anisotropic materials. S.G.Lekhnitskii defines the stfedd in terms of the Airy and Prandtl stress
functions, thereby satisfying the equilibrium equatioiite then uses the generalized Hooke’s law
(22) to find the strains and substitutes the resulting eswas into the compatibility equations (11),
obtaining coupled partial differential equations that tencombined to define a sixth order partial
differential equation which is then solved by factorizatio

By contrast, A.N.Stroh seeks a representation of displaceras a function of a modified form of
the complex variable, chosen so as to ensure that the reguitiess fields satisfy the equilibrium
equations.

13.1. The Stroh formalism

We consider the two-dimensional case in which the displargsu, and the stress components
are functions ofry, x, only and independent af;. Following J.D.Eshelby, Stroh investigated the
conditions under which equation (30) admits a two-dimemaligolution of the form

ue = R{arf(2)} | (187)
where f is any holomorphic function of the modified complex variable
z =T + pTo (188)
andp is a complex scalar parameter. Substituting into (30) wdhbady force f; = 0), we obtain
(Cilkl + p(Ciar1 + Citrz) + p20i2k2) apf'(z) =0 (189)
and this equation is satisfied for any functipand allz,, =, provided
(Cilkl + p(Ciok1 + Cciag2) + pQC,»gkg) ap =0. (190)

This constitutes three homogeneous algebraic equatiortbdahree constants, which will have
only the trivial solutionz;, = 0 unless the determinant

cik1 + p(Ciok1 + Citka) +p20i2k52‘ =0. (191)

In this special case, the three equations are not lineadlggandent and a non-trivial solution exists.
The determinantal equation (191) expands to a sixth degvga@mial in p which for physically
realistic material properties always has three pairs of glemconjugate roots, those with positive
imaginary part being denoted?), p®, p® respectively. If these roots (eigenvalues) are distinct, a
general solution of the two-dimensional problem can thercdestructed by superposition in the
form

up = %{23: al® @ (z<a>)} , (192)
a=1

wherez(® = z; + p(®z, anda'® is the eigenvector of (190) corresponding to the eigenvalite
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13.2. The Lekhnitskii formalism

Lekhnitskii chooses to satisfy the equilibrium equationthaut body force by representing the stress
components in terms of the Airy and Prandtl stress functignsof equations (69, 110) respectively
—i.e.

8¢ 8¢ 0%¢ Dy e

011 = 73 55 0O12=— ; 02 = 7—F; 031= 7, 032=— .
3:1022 ’ 03:231’1 ’ 3:1012 ’ 81’2 ’ 81’1

(193)

The remaining stress componeng can be eliminated by noting thag is independent ok3, so
es3 = 0. To achieve this elimination, it is convenient to use a coiseéd form of Hooke’s law that
recognizes the symmetry of the stress and strain compan&vesdefine the matrix: through the
equation

11 A2 Q13 A4 Q15 Aie 011
Q21 Q22 Q23 d24 Q25 A 022
{e11, €22, €33, 2€93, 2€31, 2e12} = ds1 Gaz Aoz 4 Gss A3 733 ; (194)
Qg1 Qg2 A43 Q44 Q45 Q46 023
51 ds2 G353 Asq4 G55 Ase 031
Gg1 de2 g3 dea Qg5 Adep 012

where the coefficients;; can be defined in terms &f;;; by comparison with (24). The condition
es3 = 0 then permits us to eliminatg;s, obtaining

bin bz by bis big 011
bar Doz bay o5 bog 022
{e11, 22,293, 2€31, 2612} = | ba1 bao bas bas bag 023 (195)
bsi bsy bssa bss  bsg 031
ber bez bes bes bes 012

where theb x 5 matrix b is obtained froma by the relations

bij = Q35 — Qi3s3 (196)

ass3
with 1,7 =1,2,4,5,6.

Since no displacement components vary withthe six compatibility conditions (11) reduce to

62611 62622 ) 62612 : % _ % ‘ (197)
8.(522 8.(512 8.(5161’2 33:1 83:2
Substituting for the strains, using (193, 194, 196), we iobta
Lo+ Lsp=0; L3p+ Lop=0, (198)
where the differential operator are defined as
o o o o o
Lo = b”a—le  2bx Ox30xy 2z + b%)@x%@x% ~ 2bi Ox,073 b o3
ok ok ok o’
= —by——=+( b — (b bsg) =— = + bis ==
L3 24 053 + (bas + 46)ax%a$2 (bia + 56)a$18$% + 015 073
0? 0? o
Lo = by—5—2b bss— - 199
2 44 022 5 50 0y + 055 022 (199)
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Eliminating eithery or ¢ between (198), we conclude that both functions must satehgixth order
equation
(LaLy = L3)f=0. (200)

Particular solutions of this equation can be obtained bysuling f = f(x; + pxs) and canceling
the common factorfV!(x; + px-), leaving a sixth order algebraic equation for As in the Stroh
formalism, it can be shown that the roots of this equatioragsvoccur in three complex conjugate
pairs. If the roots are distinct, the general solution canthe obtained by writing

b= %{i @ (z<a>)} | (201)

wherez(® = z; + p(® 2, andp(® are the three roots with positive real part. Orcis written in this
way, ¢ can be recovered by backsubstitution into (198).
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