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Summary

Governing equations are developed for the displacements and stresses in a solid with a linear constitu-
tive law under the restriction that strains are small. Alternative variational formulations are introduced
which can be used to obtain approximate analytical solutions and which are also used to establish a
uniqueness theorem. Techniques for solving boundary-value problems are discussed, including the
Airy stress function and Muskhelishvili’s complex-variable formulation in two dimensions and the
Papkovich-Neuber solution in three dimensions. Particular attention is paid to singular stress fields
due to concentrated forces and dislocations and to geometric discontinuities such as crack and notch
tips. Techniques for solving two-dimensional problems forgenerally anisotropic materials are briefly
discussed.

1. Introduction

The subject of Elasticity is concerned with the determination of the stresses and displacements in a
body as a result of applied mechanical or thermal loads, for those cases in which the body reverts to
its original state on the removal of the loads. If the loads are applied sufficiently slowly, the particle
accelerations will be small and the body will pass through a sequence of equilibrium states. The
deformation is then said to be ‘quasi-static’. In this chapter, we shall further restrict attention to the
case in which the stresses and displacements are linearly proportional to the applied loads and the
strains and rotations are small. These restrictions ensurethat the principle of linear superposition
applies — i.e., if several loads are applied simultaneously, the resulting stresses and displacements
will be the sum of those obtained when the loads are applied separately to the same body. This enables
us to employ a wide range of series and transform techniques which are not available for non-linear
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problems.

1.1. Notation for position, displacement and strain

We shall define the position of a point in three-dimensional space by the Cartesian coordinates
(x1, x2, x3). Latin indicesi, j, k, l, etc will be taken to refer to any one of the values 1,2,3, so that
the symbolxi can refer to any one ofx1, x2, x3. The Einstein summation convention is adopted for
repeated indices, so that, for example

xixi ≡
3
∑

i=1

xixi = x2
1 + x2

2 + x2
3 = R2 , (1)

whereR is the distance of the point(x1, x2, x3) from the origin. We can also define position using the
position vector

R = eixi , (2)

whereei is the unit vector in directionxi.

Suppose that a given point is located atR = eixi in the undeformed state and moves to the point
ρ = eiξi after deformation. We can then define thedisplacement vectoru as

u = ρ − R , (3)

or in terms of components,
ui = ξi − xi . (4)

When the body is deformed, different points will generally experience different displacements, sou

is a function of position. We shall always refer displacements to the undeformed position, so thatui

is a function ofx1, x2, x3.

1.2. Rigid-body displacement

There exists a class of displacements that can occur even if the body is rigid and hence incapable of
deformation. An obvious case is a rigid body translationui = Ci, whereCi are constants (independent
of position). We can also permit a small rotation about each of the three axes (recall that in the linear
theory rotations are required to be small). The most generalrigid-body displacement field can then
be written

ui = Ci +Djǫijkxk , (5)

whereǫijk is thealternating tensorwhich is defined to be 1 if the indices are in cyclic order (e.g.1,2,3
or 2,3,1), –1 if they are inreversecyclic order (e.g. 2,1,3) and zero if any two indices are the same.

1.3. Strain, rotation and dilatation

In the linear theory, the strain componentseij can be defined in terms of displacements as

eij =
1

2

(

∂ui

∂xj
+
∂uj

∂xi

)

. (6)

This leads (for example) to the definitions

e11 =
∂u1

∂x1
; e12 =

1

2

(

∂u1

∂x2
+
∂u2

∂x1

)

(7)
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for normal and shear strains respectively. We also define therotation

ωk =
1

2

(

ǫijk
∂uj

∂xi

)

. (8)

It can be verified by substitution that if the displacement isgiven by (5), there is no strain (eij = 0)
and the rotationωk = Dk.

By considering the deformation of an infinitesimal cube of material of initial volumeV , it can be
shown that the proportional change in volume is the sum of thethree normal strains — i.e.

δV

V
≡ e = eii . (9)

This quantity is known as thedilatationand is denoted by the symbole.

1.4. Compatibility of strain

If the strainseij and rotationsωk are known functions ofx1, x2, x3, equations (6, 8) constitute a set of
partial differential equations that can be integrated to obtain the displacementsui. In a formal sense,
one can write

uB = uA +
∫ B

A

∂u

∂S
dS , (10)

whereA,B are two points in the body and the integration is performed along any line betweenA and
B that is entirely contained within the body. The displacement u must be a single-valued function of
position and hence the integral in equation (10) must be path-independent. Using equations (6, 8) to
define the derivatives inside this integral, it can be shown that this requires that the strains satisfy the
compatibility equations

ǫpks
∂

∂xk

(

∂esj

∂xi

− ∂esi

∂xj

)

= 0 . (11)

Alternatively, these equations can be obtained by eliminating the displacement components between
equations (6). Equation (11) can be expanded to give three equations of the form

∂2e11
∂x2

2
+
∂2e22
∂x1

2
= 2

∂2e12
∂x1∂x2

(12)

and three of the form
∂2e33
∂x1∂x2

=
∂

∂x3

(

∂e23
∂x1

+
∂e31
∂x2

− ∂e12
∂x3

)

. (13)

The compatibility equations are sufficient to ensure that the integral in (10) is single-valued if the
body is simply connected, but if it is multiply connected, they must be supplemented by the explicit
statement that the corresponding integral around a closed path surrounding any hole in the body be
zero. Explicit forms of these additional conditions in terms of the strain components were developed
by E.Cesaro and are known asCesaro integrals.

2. Traction and stress

We shall use the termtraction and the symbolt to define the limiting value of force per unit area
applied to a prescribed infinitesimal elementary area, suchas a region of the boundary of the body.
Since the loaded surface is defined, the traction is a vectorti. To define a component ofstressσ
within the body, we need to identify both the plane on which the stress component acts and the
direction of the traction on that plane. We define the plane byits outward normal, so that thexi-plane
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is perpendicular to the directionxi. Notice that this plane can also be defined as the locus of all points
(x1, x2, x3) satisfying the equationxi = C whereC is any constant. With this notation, we then
define the stress componentσij as the component of traction in thej-direction acting on thexi-plane.
The resulting components are illustrated in Figure 1.1.

1x

2x

3x

11σ

12σ

22σ

21σ

33σ

23σ

13σ32σ

31σ

Figure 1.1: Notation for stress components.

The equilibrium of moments acting on the block in Figure 1.1 requires thatσij = σji and hence that
the matrix of stress components

σ =

∣

∣

∣

∣

∣

∣

∣

σ11 σ12 σ13

σ21 σ22 σ23

σ31 σ32 σ33

∣

∣

∣

∣

∣

∣

∣

(14)

is symmetric. Notice that the diagonal elements of the stress matrix definenormal stressesand the
convention implies that tensile normal stresses are positive. The off-diagonal elements defineshear
stresses.

2.1. Equilibrium of stresses

The stress components in any continuum are constrained by the requirement that all parts of the body
obey Newton’s law of motion. Applying this condition to an infinitesimally small rectangular element
of material(δx1δx2δx3), we obtain

∂σij

∂xj

+ pi = ρ
∂2ui

∂t2
, (15)

wherepi represents the components of a body force vectorp per unit volume,ρ is the density and
t is time. The basic postulate of elastostatics is that the loading rate is sufficiently small for the
acceleration term∂2ui/∂t

2 to be neglected, leading to the equilibrium equation

∂σij

∂xj
+ pi = 0 . (16)

3. Transformation of coordinates

If x1, x2, x3 andx′1, x
′

2, x
′

3 are two sets of Cartesian coordinates sharing the same origin, we can define
a matrixl of direction cosinessuch thatlij is the cosine of the angle between the axesxi andx′j . It
then follows that

x′i = lijxj ; xi = ljix
′

j (17)
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and since the three rows and three columns ofl each defines a set of orthogonal unit vectors, we also
have

lijlik = δjk ; lijlkj = δik . (18)

Vectors, such as the displacementu can be transformed to and from the new coordinate system by
the relation

u′i = lijuj ; ui = ljiu
′

j . (19)

and the strain componentseij transform according to the rules

e′ij = lipljqepq ; eij = lpilqje
′

pq , (20)

which follow from the definitions (6) and (17, 19). The corresponding stress transformation equations
are obtained by considering the equilibrium of an infinitesimal tetrahedron whose four surfaces are
perpendicular tox1, x2, x3, x

′

i respectively. We obtain

σ′

ij = lipljqσpq ; σij = lpilqjσ
′

pq , (21)

which of course have the same form as (20). Quantities which transform according to equations of
this form are known asCartesian tensorsof rank 2.

4. Hooke’s law

Linear elasticity is restricted to materials that obey Hooke’s law in the sense that the stress and strain
tensors are linearly related. The most general such relation can be written

σij = cijklekl = cijkl
∂uk

∂xl
, (22)

wherecijkl is a Cartesian tensor of rank 4 known as theelasticity tensor. It can be transformed into
the coordinate systemx′1, x

′
2, x

′
3 using the relation

c′ijkl = lipljqlkrllscpqrs . (23)

Equation (22) can be viewed as a set of linear algebraic equations for ekl, which can be inverted to
give an equation of the form

eij = sijklσkl , (24)

wheresijkl is known as thecompliance tensor.

Both the elasticity tensor and the compliance tensor must satisfy the symmetry conditions

cijkl = cjikl = cklij = cijlk , (25)

which follow from (i) the symmetry of the stress and strain tensors (e.g.σij = σji) and (ii) the recip-
rocal theorem, which we shall discuss in§6.4 below. Using these conditions, the maximum number of
independent constants incijkl is reduced to 21. However, the material may have additional structural
symmetries in particular coordinate systems which furtherreduces the number of independent elastic
constants. The greatest degree of symmetry arises when the material isisotropicso that the elasticity
tensor is invariant under all Cartesian coordinate transformations. In this case, only two constants are
independent and they can be defined such that

cijkl = λδijδkl + µ (δikδjl + δjkδil) , (26)
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whereλ, µ areLamé’s constants. The elastic constitutive law (22) then takes the form

σij = λekkδij + 2µeij = λδij
∂uk

∂xk

+ µ

(

∂ui

∂xj

+
∂uj

∂xi

)

. (27)

An alternative statement of the isotropic constitutive lawis

eij =
(1 + ν)σij

E
− νσkkδij

E
, (28)

whereE, ν are Young’s modulusand Poisson’s ratiorespectively. Clearly the two sets of elastic
constants are related, since (28) is the inversion of (27). In fact

λ =
Eν

(1 + ν)(1 − 2ν)
=

2µν

(1 − 2ν)
; µ =

E

2(1 + ν)
; E =

µ(3λ+ 2µ)

(λ+ µ)
; ν =

λ

2(λ+ µ)
. (29)

4.1. Equilibrium equations in terms of displacements

Hooke’s law (22) and the strain displacement relations (6) can be used to write the equilibrium equa-
tions (16) in terms of the displacements, giving

cijkl
∂2uk

∂xj∂xl

+ pi = 0 . (30)

If the material is isotropic, we obtain

(λ+ µ)
∂2uj

∂xi∂xj
+ µ

∂2ui

∂xk∂xk
+ pi = 0 , (31)

using (27) in place of (22).

5. Loading and boundary conditions

Suppose that an elastic body occupies the regionΩ and that its boundary is denoted byΓ. In a typical
problem, the body forcepi will be prescribed and the stress and displacement components are required
to satisfy equation (16, 30) respectively throughoutΩ. In addition, three boundary conditions must
be specified at each point on the boundary.

If the local outward normal to the surface is denoted by the unit vectorn (i.e. ni are the direction
cosines of the normal), the corresponding tractionti can be written

ti = njσji . (32)

The boundary condition at any given point may comprise prescribed values of tractionti or of dis-
placementui or of some combination of the two. For example, if an elastic body is in contact with a
plane frictionless rigid body defined by a normal in direction x3, the normal displacementu3 must be
zero, and the two shear tractions

t1 = σ31 ; t2 = σ32 (33)

must be zero. Notice that we cannot prescribe both the traction and the displacement in the same
direction at any point, since this would generally lead to anill-posed problem.
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5.1. Saint-Venant’s principle

B.de Saint-Venant first enunciated the concept that if two systems of loading at a local region on a
boundary are statically equivalent (i.e. they correspond to the same total force and moment) then
their elastic stress fields will approach each other with increasing distance from the loaded region. An
equivalent statement, appealing to the concept of superposition, is that a localized region of tractions
that are self-equilibrated (i.e. they correspond tozerototal force and moment) will cause a stress field
that decays with increasing distance from the loaded region. This statement is generally known as
Saint-Venant’s principle. It cannot be proved and in fact there are some important exceptions, notably
for the loading of thin-walled structures. For example, if athin-walled cylindrical shell is pinched by
a pair of equal and opposite forces at one end, the effects will penetrate a considerable distance along
the axis of the shell. However, the principle can be extremely useful in other situations. For example,
if two non-conforming elastic bodies are pressed together,a relatively complex stress field may be
developed near the contact region, but at distances that arelarge compared with the contact area, the
fields are well approximated by the solution for a concentrated force.

5.1.1. Weak boundary conditions

Saint-Venant’s principle also permits us on occasion to obtain approximate solutions by replacing
the true boundary conditions on a part of the boundary byweakboundary conditions, which state
merely that the tractions in this region should have the sameforce and moment resultants as those in
the actual problem. For example, suppose we seek to determine the stresses in the two-dimensional
rectangular body−a < x1 < a,−b < x2 < b and that the boundary conditions onx1 = a are

σ11(a, x2) = f1(x2) ; σ12(a, x2) = f2(x2) , (34)

wheref1, f2 are prescribed functions ofx2 in −b < x2 < b. The weak boundary conditions equivalent
to (34) are

F1 ≡
∫ b

−b

(

σ11(a, x2) − f1(x2)
)

dx2 = 0 ; F2 ≡
∫ b

−b

(

σ12(a, x2) − f2(x2)
)

dx2 = 0

M ≡
∫ b

−b

(

σ11(a, x2) − f1(x2)
)

x2dx2 = 0 , (35)

whereF1, F2,M are the force and moment resultants on the boundary implied by the difference be-
tween a candidate stress field and one that exactly satsifies (34). Saint-Venant’s principle implies that
any solution satisfying (35) will differ significantly fromthe solution satisfying thestrong(pointwise)
conditions (34) only in a region nearx1 = a of magnitude comparable to the dimensionb and hence
if a ≫ b, the solution will be quite accurate in a region distant fromthis boundary. We shall see in
§8.1 below that this device often enables us to obtain closed-form approximations for problems that
would otherwise be extremely complex.

5.2. Body force

It is important to distinguish between loading of a body by surface tractions and by body force. A
body force is an external force that applies in a distributedsense on the internal particles of the body.
Thus, it must necessarily involve a physical mechanism thatcan ‘act at a distance’. The commonest
case of this kind involves gravitational forces (self weight), but other mechanisms are possible, such
as electromagnetic forces.

Another important source of body force arises if the body experiences rotation or translational ac-
celeration. It might be argued that this takes us beyond the field of elastostatics, but a quasi-static
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solution can still be obtained if the acceleration terms included are only those corresponding to the
rigid-body motion. For example, if the body is rotating at constant angular velocityΩ, D’Alembert’s
principle can be used to convert the corresponding centripetal acceleration into a centrifugal body
forceρΩ2r, wherer is the distance from the axis of rotation.

If the body forces are prescribed, they can be carried to the right hand side as known functions in
equations (16, 30), in which case these become inhomogeneous linear partial differential equations.
The solution of these equations can then be constructed as the sum of any particular solution and the
general solution of the corresponding homogeneous equation. However, the homogeneous equation
is also the equation to be satisfied when there are no body forces. Thus, one strategy for solving
problems with body forces is (i) to seek any particular solution of the equilibrium equation (without
regard to the boundary conditions onΓ) and then ‘correct’ the boundary conditions by superposing
an appropriately general solution of the problem without body force.

The particular solution is generally easy to obtain and can often be written down by inspection. For
example, for the case of gravitational loadingpi = −ρgδi3, a simple particular solution of (31) is

u1 = u2 = 0 ; u3 =
ρgx2

3

2(λ+ 2µ)
. (36)

For this reason, we shall mostly restrict the following discussion to problems without body force.

5.3. Thermal expansion, transformation strains and initial stress

Elastic stresses can also be generated in a body as a result ofinternal physical processes that tend
to change the parameters of the atomic or molecular structure. The simplest example is a change in
temperature∆T , which in the absence of stress would cause the body to expandequally in all three
directions, giving the hydrostatic strain components

eij = α∆Tδij , (37)

whereα is the coefficient of thermal expansion.If the temperature is non-uniform, these strains
may not satisfy the compatibility equation (11), in which case stresses will be induced so as to restore
compatibility. Similar effects can be produced by other physical processes, such as a change in crystal
structure as a material transforms from one phase to another. In the absence of stress, these processes
(including thermal expansion) would contribute an ‘inelastic’ straine0ij which is additive to the elastic
strain given by Hooke’s law (24), giving

eij = sijklσkl + e0ij . (38)

Practical objects are generally manufactured by some inelastic process. For example, a body may be
solidified from an initially liquid state, or it may be plastically deformed into its final configuration.
These processes typically leave the body in a state ofinitial stressor residual stress, meaning the state
of stress that would remain in the body if all external loads were removed. Mathematically, there is
no way to determine the residual stress without modeling theinelastic manufacturing process from
which it derived. Various experimental techniques can be used to estimate the residual stresses in a
body once manufactured. For example, X-ray diffraction canbe used to estimate the mean atomic
spacing and hence the elastic strain at various points on thesurface of a body, from which the residual
stresses can be deduced using Hooke’s law.

If a body contains a non-zero residual stress field before loading, the stresses after loading will simply
be the superposition of the residual stresses and the elastic stresses that would be induced in an initially
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stress-free body by the external loads. In the rest of this chapter, we shall therefore consider only the
second of these two components. In other words, we shall assume that the unloaded body is free of
stress.

6. Strain energy and variational methods

When a body is deformed, the external forces do work. If the deformation is elastic, this work can be
recovered on unloading and is therefore stored in the deformed body asstrain energy. By considering
the work done in gradually applying the stress componentsσij to an infinitesimal rectangular element,
we can show that thestrain energy density— i.e. the strain energy stored per unit volume — is

U0 =
1

2
σijeij =

1

2
cijkl

∂ui

∂xj

∂uk

∂xl
=

1

2
sijklσijσkl (39)

and the strain energy stored in the entire bodyΩ is

U =
∫

Ω
U0dΩ . (40)

Notice incidentally thatU0 must be positive for all possible states of stress or deformation and this
places some inequality restrictions on the tensorscijkl, sijkl.

The same principle applies to an extended body with a non-uniform stress field. If the external loads
are applied sufficiently slowly for accelerations (and hence kinetic energy) to be negligible, the work
done during their application must be equal to the total strain energy in the body. This leads to the
condition

1

2

∫

Ω
piuidΩ +

1

2

∫

Γ
tiuidΓ =

∫

Ω
U0dΩ . (41)

We have argued here from the principle of conservation of energy, but this principle is implicit in
Hooke’s law, which guarantees that the work done on each infinitesimal particle by the body force
and by the forces exerted by the surrounding particles is recoverable on unloading. Thus, equation
(41) can be derived from the governing equations of elasticity without explicitly invoking conservation
of energy. To demonstrate this, we first substitute (32) intothe second term and apply the divergence
theorem, obtaining

1

2

∫

Γ
tiuidΓ =

1

2

∫

Γ
njσjiuidΓ =

1

2

∫

Ω

∂

∂xj
(σjiui)dΩ . (42)

Differentiating by parts, we then have

1

2

∫

Γ
tiuidΓ =

1

2

∫

Ω

∂

∂xj
(σjiui)dΩ =

1

2

∫

Ω

∂σji

∂xj
uidΩ +

1

2

∫

Ω
σji

∂ui

∂xj
dΩ . (43)

Finally, we use the equilibrium equation (16) in the first term and Hooke’s law (22) in the second to
obtain

1

2

∫

Γ
tiuidΓ = −1

2

∫

Ω
piuidΩ +

1

2

∫

Ω
cijkl

∂uk

∂xl

∂ui

∂xj
dΩ , (44)

from which (41) follows after using (39) in the last term.

6.1. Potential energy of the external forces

We can also construct apotential energyof the external forces which we denote byV . For a single
concentrated forceF moving through a displacementu this is defined as

V = −F · u = −Fiui . (45)

10



It follows by superposition that the potential energy of theboundary tractions and body forces is given
by

V = −
∫

Γt

tiuidΓ −
∫

Ω
piuidΩ , (46)

whereΓt is that part of the boundary over which the tractions are prescribed. We can then define the
total potential energyΠ as the sum of the stored strain energy and the potential energy of the external
forces — i.e.

Π = U + V =
1

2

∫

Ω
cijkl

∂ui

∂xj

∂uk

∂xl
dΩ −

∫

Γt

tiuidΓ −
∫

Ω
piuidΩ . (47)

6.2. Theorem of minimum total potential energy

Suppose that the displacement fieldui satisfies the equilibrium equations (30) for a particular set of
boundary conditions and that we then perturb this state by a small variationδui. The corresponding
perturbation inΠ is

δΠ =
∫

Ω
cijkl

∂δui

∂xj

∂uk

∂xl

dΩ −
∫

Γ
tiδuidΓ −

∫

Ω
piδuidΩ . (48)

Notice thatδui = 0 in any regionΓu of Γ in which the displacement is prescribed and hence the
domain of integrationΓt in the second term on the right-hand side can be replaced byΓ = Γu + Γt.

Substituting forti from (32) and then applying the divergence theorem to the second term on the
right-hand side of (48), we have

∫

Γ
tiδuidΓ =

∫

Γ
σijnjδuidΓ =

∫

Ω

∂

∂xj
(σijδui) dΩ

=
∫

Ω

∂σij

∂xj
δuidΩ +

∫

Ω

∂δui

∂xj
σijdΩ . (49)

Finally, using the equilibrium equation (16) in the first term and Hooke’s law (22) in the second, we
obtain

∫

Γ
tiδuidΓ = −

∫

Ω
piδuidΩ +

∫

Ω
cijkl

∂δui

∂xj

∂uk

∂xl
dΩ , (50)

and comparing this with (48), we see thatδΠ = 0. In other words, the equilibrium equation requires
that the total potential energy must be stationary with regard to any small variationδui in the dis-
placement fieldui that iskinematically admissible— i.e. consistent with the displacement boundary
conditions. A more detailed second order analysis shows that the total potential energy must in fact
be a minimum and this is intuitively reasonable, since if some variationδui could be found which
reducedΠ, the surplus energy would take the form of kinetic energy andthe system would not remain
at rest.

6.2.1. Rayleigh-Ritz approximations and the finite elementmethod

The theorem of minimum total potential energy provides a convenient strategy for the development
of approximate solutions to problems where exact solutionsare unavailable or overcomplicated. The
first step is to define an approximation for the displacement field in the form

ui(x1, x2, x3) =
m
∑

n=1

Cnf
(n)
i (x1, x2, x3) , (51)
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where thef (n)
i are a set of approximating functions andCn are arbitrary constants constituting thede-

grees of freedomin the approximation. The total potential energy is obtained from (47) as a quadratic
function of theCn and the theorem then requires that

∂Π

∂Cn
= 0 ; n = 1, m , (52)

which definesm linear equations for them unknown degrees of freedomCn. The corresponding
stress components can then be found by substituting (51) into Hooke’s law (22).

If the approximating functionsf (n)
i are defined over the entire bodyΩ, this typically leads to series

solutions (e.g. power series or Fourier series) and the method is known as theRayleigh-Ritz method.
It is particularly useful in structural mechanics applications, but it is also useful for the challenging
problem of the rectangular plate. However, if high accuracyis required it is often more effective to
define a set of piecewise continuous functions each of which is zero except over some small region of
the body. The body is divided into a set ofelementsand the displacement in each element is described
by one or moreshape functionsmultiplied by degrees of freedomCn. Typically, the shape functions
are defined such that theCn represent the displacements at specified points ornodeswithin the body.
They must also satisfy the condition that the displacement be continuous between one element and the
next for allCn. Once the approximation is defined, equation (52) once againprovidesm linear equa-
tions for them nodal displacements. This is the basis of thefinite element method. Since the theorem
of minimum total potential energy is itself derivable from Hooke’s law and the equilibrium equation,
an alternative derivation of the finite element method can beobtained by applying approximation the-
ory directly to these equations. To develop a set ofm linear equations for theCn, we substitute the
approximate form (51) into the equilibrium equations, multiply by m weight functions, integrate over
the domainΩ and set the resultingm linear functions of theCn to zero. The resulting equations will
be identical to (52) if the weight functions are chosen to be identical to the shape functions.

6.3. Castigliano’s second theorem

The strain energyU can be written as a function of the stress components, using the final expression
in (39). We obtain

U =
1

2

∫

Ω
sijklσijσkldΩ . (53)

If we now perturb the stress field by a small variationδσij , the corresponding perturbation inU will
be

δU =
∫

Ω
sijklσklδσijdΩ =

∫

Ω

∂ui

∂xj

δσijdΩ . (54)

The divergence theorem gives
∫

Γ
uiδσijnjdΓ =

∫

Ω

∂

∂xj

(uiδσij) dΩ =
∫

Ω

∂ui

∂xj

δσijdΩ +
∫

Ω

∂δσij

∂xj

uidΩ (55)

and the second term on the right-hand side must be zero, sincethe stress perturbationδσij must satisfy
the equilibrium equation (16) with no body force. Using (54,55), we then have

δU =
∫

Γu

uiδσijnjdΓ =
∫

Γu

uiδtidΓ , (56)

where the integral is taken only overΓu, since no perturbation in traction is permitted inΓt whereti
is prescribed. It follows that thecomplementary energy

C = U −
∫

Γu

uitidΓ (57)
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must be stationary with respect to all self-equilibrated variations of stressδσij . This isCastigliano’s
second theorem. As with the Rayleigh-Ritz method, Castigliano’s theorem can be used to obtain
approximate solutions to otherwise intractable analytical problems. The first step is to define a self-
equilibrated stress field containing an appropriate numberof degrees of freedomCi. This can often
be done using an appropriate stress function, such as the Airy function of§7.2 or the Prandtl function
of §7.4 below. TheCi are then determined by minimizing the complementary energyC of equation
(57).

6.4. Betti’s reciprocal theorem

When an elastic body is loaded sufficiently slowly, the work done by the external forces is equal to
the total stored strain energy, which in turn depends on the state of stressσij in the body through
equations (39, 40). The stress depends only on the instantaneous loads applied to the body and not
on the history of the loading process, so it follows that the work done by the applied loads must be
independent of the sequence in which they are applied.

Suppose that the surface tractionst(α)
i and body forcesp(α)

i produce the elastic displacement fields
u

(α)
i , whereα takes the values 1 and 2 respectively. We consider two scenarios, one in which the

loadst(1)i , p
(1)
i are applied first, followed byt(2)i , p

(2)
i and the other in which the order of loading is

reversed.

We first applyt(1)i , p
(1)
i , during which the work done will be

1

2

∫

Ω
p

(1)
i u

(1)
i dΩ +

1

2

∫

Γ
t
(1)
i u

(1)
i dΓ .

The loadst(1)i , p
(1)
i are then maintained constant whilst loadst

(2)
i , p

(2)
i are applied. During this second

phase, the work done is

1

2

∫

Ω
p

(2)
i u

(2)
i dΩ +

1

2

∫

Γ
t
(2)
i u

(2)
i dΓ +

∫

Ω
p

(1)
i u

(2)
i dΩ +

∫

Γ
t
(1)
i u

(2)
i dΓ ,

where the last two terms represent the additional work done by t(1)i , p
(1)
i in moving through the dis-

placements caused byt(2)i , p
(2)
i . The total work done is therefore

W =
1

2

∫

Ω
p

(1)
i u

(1)
i dΩ +

1

2

∫

Γ
t
(1)
i u

(1)
i dΓ +

1

2

∫

Ω
p

(2)
i u

(2)
i dΩ +

1

2

∫

Γ
t
(2)
i u

(2)
i dΓ

+
∫

Ω
p

(1)
i u

(2)
i dΩ +

∫

Γ
t
(1)
i u

(2)
i dΓ , (58)

but this must be independent of the order of loading and hencemust remain unchanged if we inter-
change the superscripts(1), (2). This will be the case if and only if

∫

Ω
p

(1)
i u

(2)
i dΩ +

∫

Γ
t
(1)
i u

(2)
i dΓ =

∫

Ω
p

(2)
i u

(1)
i dΩ +

∫

Γ
t
(2)
i u

(1)
i dΓ . (59)

In other words,“The work done by the loadst(1)i , p
(1)
i moving through the displacementsu(2)

i due to
t
(2)
i , p

(2)
i is equal to the work done by the loadst(2)i , p

(2)
i moving through the displacementsu(1)

i due to
t
(1)
i , p

(1)
i .” This is Betti’s reciprocal theorem.

6.4.1. Applications of Betti’s theorem

Betti’s theorem establishes a relationship between two different stress and displacement fields for the
same elastic body. Generally, one of these fields representsthe elasticity problem that we wish to
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solve, whilst the second is anauxiliary solutionwhich in combination with the theorem provides us
with information about the problem. Usually the auxiliary solution is taken as a relatively simple state
such as uniaxial tension or hydrostatic compression and thetheorem then establishes some integral
relation for the original problem. For this reason, Betti’stheorem is always worth considering when
the desired result is defined by an integral, such as the resultant force over some surface or the average
displacement.

For example, suppose we choose as auxiliary solution the state of uniform hydrostatic tension

σ
(2)
ij = Cδij , (60)

with displacements

u
(2)
i =

Cxi

(3λ+ 2µ)
, (61)

whereC is a constant. This field involves no body force (p
(2)
i = 0) and the traction on all surfaces is

one of uniform tensiont(2)i = Cni. Substituting in (59) and cancelling the common constantC, we
therefore have

1

(3λ+ 2µ)

∫

Ω
p

(1)
i xidΩ +

1

(3λ+ 2µ)

∫

Γ
t
(1)
i xidΓ =

∫

Γ
u

(1)
i nidΓ (62)

and the right-hand side represents the change in volume of the elastic body under the action of the
tractionst(1)i and body forcesp(1)

i . Thus, using this auxiliary solution, Betti’s theorem provides a
general expression for the change in volume of a body in termsof the applied loads.

6.5. Uniqueness and existence of solution

A typical elasticity problem can be expressed as the search for a displacement fieldui satisfying
equations (30) such that the stress components defined through equations (22) and the displacement
components satisfy appropriate boundary conditions as discussed in§5. Before embarking upon
this search, it is appropriate to ask whether such a solutionexists for all legitimate combinations of
boundary conditions and if so, whether it is unique.

Suppose the solution is non-unique, so that there exist two distinct stress fields both satisfying the
field equations and the same boundary conditions. We can thenconstruct a new stress field by taking
the difference between these fields, which is a form of linearsuperposition. This new field clearly
involves no external loading, since the same external loadswere included in each of the constituent
solutionsex hyp.It follows from (41) thatU = 0, but sinceU0 must be everywhere positive or zero,
it must therefore be zero everywhere, implying that the stress is everywhere zero. Thus, the two
solutions must be identicalcontra hyp.and only one solution can exist to a given elasticity problem.

The question of existence of solution is much more challenging and will not be pursued here. A
short list of early but seminal contributions to the subjectis given by I.S.Sokolnikoff who states that
“the matter of existence of solutions has been satisfactorily resolved for domains of great generality.”
More recently, interest in more general continuum theoriesincluding non-linear elasticity has led to
the development of new methodologies in the context of functional analysis.

6.5.1. Singularities

In addressing issues of existence and uniqueness, it is critically important to specify the space of
functions in which the solution is to be sought, and in particular to define the degree of continuity
required or the maximum strength of singularity permitted in the displacement and stress fields. If
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a concentrated force is applied to the body either at a point on the boundary or at an interior point,
equilibrium considerations show that the stresses and hence the strain energy densityU0 will increase
without limit as we approach this point. More seriously, we find that the integral ofU0 over a domain
including the loaded point is unbounded, which casts in doubt general theorems that depend on an
energy formulation. E.Sternberg and R.A.Eubanks proposedan extension of the uniqueness theorem
to cover this case. Equation (41) also implies that a concentrated force will do an infinite amount of
work during its application and hence that the displacementunder the load is infinite — a result that
we shall verify in§11 below.

These difficulties can be avoided, at the cost of some increase of complexity in the boundary-value
problem, by replacing the concentrated load by an equivalent finite traction distributed over a small
regionA. The concentrated load solution can then be regarded as the limit of this more practical
problem asA → 0. Saint-Venant’s principle§5.1 implies that only the stresses close toA will be
changed asA is reduced, so the concentrated force solution also represents an approximation to the
stress field distant from the loaded region whenA is finite. Similar arguments can be applied to
stronger singularities, such as those due to a concentratedmoment.

Stress singularities can also be developed as a result of slope discontinuities in the boundaries of
the body, such as a sharp re-entrant notch or the tip of a crack. These are of critical importance
in the failure of brittle materials and will be addressed in more detail in§12 below. The resulting
singularity is always weaker than that associated with a concentrated force and the strain energy
density is integrable, provided this integral is interpreted in the limiting sense

U = lim
V→0

∫

Ω−V

U0dΩ , (63)

whereV is a small region including and surrounding the corner. The energy theorems in this section
remain valid under this interpretation.

7. Two-dimensional problems

We shall consider a problem to be two-dimensional if the stress and displacement components are
independent of one of the coordinates, which we take to bex3. For isotropic materials, the problem
can be partitioned into aplane strainproblem and anantiplaneproblem. This partition can also be
made for orthotropic materials — i.e. those for which thex3-plane is a plane of material symmetry.
For plane strain problems, the out-of-plane displacementu3 is everywhere zero and the only non-zero
stress components areσ11, σ12, σ22, σ33. Also, the condition onu3 implies thate33 = 0 and hence

σ33 = ν(σ11 + σ22) , (64)

from (28). Using this result in (28), we then have

e11 =
(1 − ν2)σ11

E
− ν(1 + ν)σ22

E
; e22 =

(1 − ν2)σ22

E
− ν(1 + ν)σ11

E
; e12 =

(1 + ν)σ12

E
(65)

and the boundary value problem can therefore be expressed entirely in terms of the displacements
u1, u2 and stressesσ11, σ12, σ22. By contrast, for antiplane problems, these components areall zero
and the only non-zero components areu3 andσ31, σ32.

7.1. Plane stress

If a body is bounded by the two traction-free parallel planesx3 = ±h/2, so thatσ3i(x1, x2,±h/2) =
0, and if the distanceh between the planes is small compared with the other dimensions of the body, it
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can be argued that the stress componentsσ3i will be sufficiently small to be neglected. If the remaining
stress components are independent ofx3, this defines a state ofplane stress. As in the case of plane
strain, the boundary value problem can be expressed entirely in terms of the displacementsu1, u2 and
stressesσ11, σ12, σ22, the only difference being that the in-plane strain components are now given by

e11 =
σ11

E
− νσ22

E
; e22 =

σ22

E
− νσ11

E
; e12 =

(1 + ν)σ12

E
, (66)

sinceσ33 = 0. This equation clearly has the same form as (65), but with different multiplying
coefficients, so a plane stress problem can be regarded as equivalent to a plane stress problem for a
material with modified elastic properties.

It should be emphasised that the plane stress assumption is an approximation and the true stress field
in such cases is usually three-dimensional. An alternativeapproach is to define a two-dimensional
problem in terms of the mean stresses and mean displacements

σ̄ij(x1, x2) =
1

h

∫ h/2

−h/2
σij(x1, x2, x3)dx3 ; ūi(x1, x2) =

1

h

∫ h/2

−h/2
ui(x1, x2, x3)dx3 , (67)

wherei = 1, 2. These quantities can be shown to satisfy the plane stress equations exactly. This
formulation is known asgeneralized plane stress.

7.2. Airy stress function

For the plane strain problem, if there are no body forces (pi = 0), one equilibrium equation is identi-
cally satisfied and the remaining two reduce to

∂σ11

∂x1

+
∂σ12

∂x2

= 0 ;
∂σ21

∂x1

+
∂σ22

∂x2

= 0 . (68)

These equations imply the existence of a scalar functionφ(x1, x2), such that

σ11 =
∂2φ

∂x2
2

; σ12 = − ∂2φ

∂x2∂x1

; σ22 =
∂2φ

∂x1
2
. (69)

This is known as theAiry stress function. Substituting (69) into (65) and the resulting strain compo-
nents into (12) shows thatφ must satisfy thebiharmonic equation

∇4φ ≡ ∂4φ

∂x4
1

+ 2
∂4φ

∂x2
1∂x

2
2

+
∂4φ

∂x4
2

= 0 . (70)

In index notation, we can write
∂4φ

∂xi∂xi∂xj∂xj
= 0 , (71)

where the indicesi, j are summed only over (1,2) sinceφ is independent ofx3.

A typical plane strain boundary value problem is thus reduced to the search for a functionφ satisfying
(70), such that the stress components defined by (69) reduce to the required tractions on the boundary.
This method has been applied to a wide range of problems, manyof which permit solution in closed
form. It is particularly effective when the boundaries of the body are defining surfaces in a convenient
coordinate system such as Cartesian or polar coordinates.

Notice that the stress definitions (69) and the governing equation (70) do not contain the elastic prop-
ertiesE, ν. It follows that the stresses in a body of a given shape with prescribed tractions on the
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boundaries are independent of these properties and in particular that the in-plane stressesσ11, σ12, σ22

under the plane stress and plane strain assumptions are the same. This argument fails if there are body
forces or if non-zero displacements are prescribed at any ofthe boundaries.

The Airy function formulation can be extended to problems involving body force provided that the
latter areconservative— i.e. thatpi can be written as the gradient of a scalar body force potential
V (x1, x2) as

pi = −∂V
∂xi

. (72)

In-plane stress components satisfying the equilibrium equations (16) can then be defined as

σ11 =
∂2φ

∂x2
2

+ V ; σ12 = − ∂2φ

∂x2∂x1

; σ22 =
∂2φ

∂x1
2

+ V . (73)

In effect, the expressions (69) are modified by the addition of a two-dimensional hydrostatic stress of
magnitudeV . Using these new definitions in (65, 12), we find thatφ must now satisfy the modified
equation

∇4φ = −
(

1 − 2ν

1 − ν

)

∇2V . (74)

7.2.1. Airy function in polar coordinates

Many two-dimensional problems of practical importance involve bodies defined by surfaces in the
polar coordinate system(r, θ). Examples include stress concentrations due to circular holes and in-
clusions, curved bars and wedge-shaped regions. It is therefore convenient to give here the expressions
for the stress components (in the absence of body force), which are

σrr =
1

r

∂φ

∂r
+

1

r2

∂2φ

∂θ2
; σrθ =

1

r2

∂φ

∂θ
− 1

r

∂2φ

∂r∂θ
; σθθ =

∂2φ

∂r2
. (75)

Notice that the sufficesr, θ here refer to the directions in which these coordinates increase. The
corresponding form of the biharmonic equation (70) is

(

∂2

∂r2
+

1

r

∂

∂r
+

1

r2

∂2

∂θ2

)2

φ = 0 . (76)

J.H.Michell obtained a fairly general Fourier series solution to equation (76) in the form

φ = A01r
2 + A02r

2 ln(r) + A03 ln(r) + A04θ

+(A11r
3 + A12r ln(r) + A14r

−1) cos θ + A13rθ sin θ

+(B11r
3 +B12r ln(r) +B14r

−1) sin θ +B13rθ cos θ

+
∞
∑

n=2

(An1r
n+2 + An2r

−n+2 + An3r
n + An4r

−n) cos(nθ)

+
∞
∑

n=2

(Bn1r
n+2 +Bn2r

−n+2 +Bn3r
n +Bn4r

−n) sin(nθ) , (77)

where the coefficientsAij , Bij are arbitrary constants. The solutions to many problems canbe ob-
tained by substituting this expression into (75), evaluating the tractions on the boundaries and choos-
ing the coefficients to satisfy the boundary conditions. Notice that some of the terms in (77) are
unbounded asr → 0 and hence lead to correspondingly singular stress fields. Inmost cases these are
inappropriate to problems in which the origin is a point in the body, though there are some exceptions,
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as discussed in§§11.3, 11.4, 12. The remaining bounded terms can also be expressed as polynomials
in Cartesian coordinates. For example, the functionr3 cos θ = x3

1 + x1x
2
2.

Example: Circular hole in a body in uniaxial tension

As a simple example, consider the problem of a large body in a state of uniaxial tension perturbed by
the presence of a small traction-free hole of radiusa. Taking the origin of both Cartesian and polar
coordinates at the centre of the hole, the boundary conditions for this problem can be defined as

σ11 → S ; σ12, σ22 → 0 ; r → ∞ (78)

σrr = σrθ = 0 ; r = a . (79)

At large values ofr, equations (78, 69) show that the stress function must take the form

φ =
Sx2

2

2
=
Sr2

4
− Sr2 cos(2θ)

4
, (80)

where we have used the relationx2 = r sin θ to convert the expression into polar coordinates. Com-
parison with (77) shows that this stress function can be obtained from Michell’s solution by choosing
A01 = S/4, A23 = −S/4 as the only two non-zero coefficients. To describe the perturbation in this
stress field due to the hole, we need to superpose appropriateterms from (7) that lead to stresses that
decay asr → ∞. The corresponding stress fields will be singular at the origin, but this is acceptable
because the origin is not a point of the body. Clearly only axisymmetric terms and terms varying with
cos(2θ) are required. Selecting these terms, substituting the resulting stress function into (69, 79) and
solving the resulting equations for the unknown coefficients, we find that the complete solution of the
problem is defined by the stress function

φ =
Sr2

4
− Sa2 ln(r)

2
+ S

(

−r
2

4
+
a2

2
− a4

4r2

)

cos(2θ) . (81)

The corresponding stress components are

σrr =
S

2

(

1 − a2

r2

)

+
S

2

(

3a4

r4
− 4a2

r2
+ 1

)

cos(2θ) (82)

σrθ =
S

2

(

3a4

r4
− 2a2

r2
− 1

)

sin(2θ) (83)

σθθ =
S

2

(

1 +
a2

r2

)

− S

2

(

3a4

r4
+ 1

)

cos(2θ) . (84)

In particular, we note that the maximum tensile stress isσθθ(a, π/2) = 3S showing that the hole
increases the far-field stress by astress concentration factorof 3.

7.3. Complex variable formulation

Two drawbacks to the Airy stress function method are (i) thatmethods of solution of the resulting
boundary value problem forφ are somewhatad hocand (ii) it is less convenient for problems where
displacement boundary conditions are specified, since the corresponding displacement components
cannot be written in terms of simple derivatives ofφ. A powerful alternative method for the plane
strain problem is to combine the coordinatesx1, x2 into the complex variableζ and its conjugatēζ,
defined as

ζ = x1 + ıx2 ; ζ̄ = x1 − ıx2 , (85)
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whereı =
√
−1. The inversion of (85) is

x1 =
ζ + ζ̄

2
; x2 = − ı(ζ − ζ̄)

2
. (86)

If f is some function of position, it then follows that

∂f

∂ζ
=

1

2

(

∂f

∂x1
− ı

∂f

∂x2

)

;
∂f

∂ζ̄
=

1

2

(

∂f

∂x1
+ ı

∂f

∂x2

)

. (87)

The components of vector quantities are combined as the realand imaginary parts of a complex
function — for example the in-plane displacement vectoru = iu1 + ju2 will be written

u = u1 + ıu2 . (88)

One consequence of this relation and (87) is that the gradient operator

∇f ≡ i
∂f

∂x1
+ j

∂f

∂x2
=

∂f

∂x1
+ ı

∂f

∂x2
= 2

∂f

∂ζ̄
, (89)

from (87). We also have

∇2φ =

(

∂

∂x1
+ ı

∂

∂x2

)(

∂

∂x1
− ı

∂

∂x2

)

φ = 4
∂2φ

∂ζ∂ζ̄
. (90)

It follows that the general solution of the Laplace equation

∇2φ = 4
∂2φ

∂ζ∂ζ̄
= 0 (91)

is
φ = f1(ζ) + f2(ζ̄) , (92)

wheref1, f2 are arbitrary holomorphic functions ofζ and ζ̄ only respectively. In the same way, a
general biharmonic function (solution of (70)) can be writtenφ = f1(ζ) + f2(ζ̄) + ζ̄f3(ζ) + ζf4(ζ̄).

In this notation, the equilibrium equation (31) takes the form

2(λ+ µ)
∂

∂ζ̄

(

∂u

∂ζ
+
∂ū

∂ζ̄

)

+ 4µ
∂2u

∂ζ∂ζ̄
+ p = 0 (93)

and in the absence of body forces (p = p1 + ıp2 = 0), a general solution for the displacement can be
written

2µu = −(3 − 4ν)χ+ ζχ̄′ + θ̄ , (94)

whereχ, θ̄ are arbitrary holomorphic functions ofζ, ζ̄ only respectively, the overbar represents the
complex conjugate function and the prime differentiation with respect to the argument. The stress
components can then be obtained by substitution into (27), giving

Θ ≡ σ11 + σ22 = −2(χ′ + χ̄′) (95)

Φ ≡ σ11 + 2ıσ12 − σ22 = 2(ζχ̄′′ + θ̄
′
) . (96)

These expressions can also be written in terms of the single complex function

ψ(ζ, ζ̄) = χ+ ζχ̄′ + θ̄ . (97)

19



We then have

Θ = −2
∂ψ

∂ζ
; Φ = 2

∂ψ

∂ζ̄
. (98)

The complex functionsχ, θ can be related to the Airy stress function of equation (69). We first
integrate the functionθ to obtain a holomorphic functiong such thatg′ = θ. The corresponding Airy
function can then be written down as

φ = −1

2

(

g + ḡ + ζ̄χ+ ζχ̄
)

(99)

and it can be expressed as a (real) function ofx1, x2 using (85). We can also perform the inverse
procedure of determining the complex potentialsχ, θ equivalent to a given Airy functionφ. We first
expressφ as a function ofζ, ζ̄, using (86). Differentiating (99) with respect toζ andζ̄, we then obtain

χ′ + χ̄′ =
∂2φ

∂ζ∂ζ̄
, (100)

which is easily solved forχ. Onceχ is known, it can be substituted into (99) and the resulting equation
solved forg and henceθ. This is a convenient way of determining the displacements associated with
a given Airy stress function.

7.3.1. Boundary tractions

The boundary tractions on an arbitrary boundary can be written in the complex form

T (s) ≡ T1 + ıT2 , (101)

wheres is a curvilinear coordinate along the boundary. Equilibrium of a small triangular element
then shows that

T1ds = σ11dx2 − σ12dx1 ; T2ds = σ12dx2 − σ22dx1 (102)

and hence

Tds = (σ11 + ıσ12)dx2 − (σ12 + ıσ22)dx1 =
1

2
(Θ + Φ)dx2 −

ı

2
(Θ − Φ)dx1 , (103)

using the notation of equation (95).

Substituting forΘ,Φ from (98) and rearranging the terms, we then have

Tds = ı

{

∂ψ

∂ζ̄
(dx1 − ıdx2) +

∂ψ

∂ζ
(dx1 + ıdx2)

}

= ı

{

∂ψ

∂ζ̄
dζ̄ +

∂ψ

∂ζ
dζ

}

= ıdψ , (104)

or

T = ı
dψ

ds
. (105)

Thus, the boundary values ofψ can be obtained directly from the tractions and in particular, ψ will
be constant along any region of boundary that is traction-free.

7.3.2. Laurant series and conformal mapping

A general solution for the problem of the annulusa ≤ |ζ| ≤ b can be obtained by writing the
holomorphic functionsχ, θ in the form ofLaurent series

χ =
∞
∑

−∞

Anζ
n ; θ =

∞
∑

−∞

Bnζ
n , (106)
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whereAn, Bn are a set of complex constants. This is essentially the complex-variable equivalent of
the Michell solution (77). Alternatively, the complex functions can be obtained directly from the
boundary conditions making use of the properties of Cauchy integrals. The solutions for bodies of a
wide range of other shapes can then be obtained using the technique ofconformal mapping. These
methods require results from the theory of functions of the complex variable that are beyond the scope
of this chapter.

7.4. Antiplane problems

We shall describe a deformation field as antiplane if the onlynon-zero displacement and stress com-
ponents areu3, σ31, σ32 and these are all independent ofx3. In this case, the stress components are

σ31 = µ
∂u3

∂x1
; σ32 = µ

∂u3

∂x2
, (107)

from (27) and the only non-trivial equilibrium equation reduces to

∂σ31

∂x1

+
∂σ32

∂x2

+ p3 = 0 . (108)

Substituting (107) into (108) we find thatu3 must satisfy the two-dimensional Poisson equation

∂2u3

∂x1
2

+
∂2u3

∂x2
2

= −p3

µ
. (109)

If there are no body forces (p3 = 0), the stresses can be represented in terms ofPrandtl’s stress
functionϕ through

σ31 =
∂ϕ

∂x2

; σ32 = − ∂ϕ

∂x1

. (110)

If we define a coordinate system local to a point on the boundary such thatn, t are respectively normal
and tangential to the boundary, the boundary traction will beσ3n and this will be zero if thetangential
gradient

∂ϕ

∂t
= 0 . (111)

It follows that lines of constantϕ represent traction-free surfaces and this is very convenient in the
solution of boundary-value problems.

Equating corresponding stress components from (107, 110) respectively, we obtain

µ
∂u3

∂x1

=
∂ϕ

∂x2

; µ
∂u3

∂x2

= − ∂ϕ

∂x1

, (112)

which are recognizable as examples of the Cauchy-Riemann equations, showing thatµu3, ϕ can be
combined to form the real and imaginary parts of a holomorphic function of the complex variableζ.
It also follows thatϕ is harmonic

∂2ϕ

∂x1
2

+
∂2ϕ

∂x2
2

= 0 , (113)

when there are no body forces.

8. Solution of boundary-value problems

The stress functions introduced in§7 effectively reduce the typical two-dimensional elasticity problem
to a boundary-value problem for one or more potentials. For example, the Airy function represen-
tation of §7.2 reduces the problem to the determination of a real scalarpotentialφ that satisfies the
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biharmonic equation (70) and for which appropriate derivatives take specified values on the bound-
aries.

Classical techniques for the solution of such problems for real stress functions generally start with
the search for separated-variable solutions of the governing equation. For example, in Cartesian
coordinates, it is easily verified that the function

φ(x1, x2, λ) =
[

(A +Bx2) cosh(λx2) + (C +Dx2) sinh(λx2)
]

cos(λx1) (114)

satisfies (70) for all values ofA,B,C,D andλ. More general biharmonic functions can then be
written down as an integral such as

φ(x1, x2) =
∫

∞

0

[

(A(λ) +B(λ)x2) cosh(λx2) + (C(λ) +D(λ)x2) sinh(λx2)
]

cos(λx1)dλ , (115)

which can be regarded as the superposition of terms such as (114) with different values ofA,B,C,D,
λ. The form (115) is of course equivalent to taking the Fouriercosine transform of the problem and it
has sufficient degrees of freedom to satisfy the boundary conditions on the two edges (x2 = ±b) of the
rectangular bodya < x1 < a,−b < x2 < b exactly if the boundary conditions are symmetric about
x2 = 0, since there are four functionsA,B,C,D to satisfy four boundary conditions (two tractions on
each edge). Antisymmetric problems would require the cosine to replaced by a sine and unsymmetric
problems can be decomposed into the sum of a symmetric and an unsymmetric problem.

The boundary conditions on the other edgesx1 = ±a then remain to be satisfied. In some special
cases, this can be done by restrictingλ to specific values leading to a series solution. For example,
the function defined by the Fourier series

φ(x1, x2) =
∞
∑

n=0

[

(An +Bnx2) cosh
(

nπx2

a

)

+ (Cn +Dnx2) sinh
(

nπx2

a

)]

cos
(

nπx1

a

)

(116)

is symmetrical about each of the planesx1 = ±a and will therefore identically satisfy the symmetry
boundary conditions

σ12 = 0 ; u1 = 0 ; x1 = ±a . (117)

8.1. The corrective problem

To complete the solution, we usually need to solve a boundary-value problem with traction-free con-
ditions on the edgesx2 = ±b and prescribed non-zero tractions onx1 = ±a. The classical approach
is to solve this ‘corrective’ problem in two steps. We first superpose the stress function

φ1 = C1x
2
2 + C2x

3
2 + C3(x1x

3
2 − 3b2x1x2) , (118)

for which the stress components are

σ11 = 2C1 + 6C2x2 + 6C3x1x2 ; σ12 = 3C3(b
2 − x2

2) ; σ22 = 0 , (119)

from (69). It is easily verified thatφ1 satisfies the biharmonic equation (70) and it is clear from (119)
that it leaves the surfacesx2 = ±b traction-free. After this superposition, the three free constants
C1, C2, C3 can then be used to satisfy the weak (force-resultant) boundary conditions (35) onx1 =
±a. Notice that if the weak boundary conditions are satisfied atone endx1 = a, they will then
automatically be satisfied at the other endx1 = −a. This arises because the Airy stress function
ensures that every particle of the body satisfies the equilibrium equations (16) and hence the whole
body must also be in equilibrium. Thus, if weak or strong boundary conditions are satisfied over any
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regionΓ1 of Γ, weak boundary conditions must necessarily be satisfied over the remainder of the
boundaryΓ − Γ1.

8.2. The Saint-Venant problem

Saint-Venant’s principle (see§5.1) suggests that the error incurred by satisfying equations (35) instead
of thestrong(pointwise) boundary conditions (34) will decay with distance fromx2 = a and will be
small at a distance that is comparable withb. To investigate the nature of these decaying fields, we
consider the problem of the semi-infinite stripx1 > 0,−b < x2 < b subject only to a set of self-
equilibrated tractions on the endx1 = 0. We anticipate that the stresses will decay with increasingx1

and hence we start by seeking a stress function of the separated variable form

φ = f(x2) exp(−λx1) , (120)

whereλ is an unknown parameter representing the decay rate. Substituting into the biharmonic equa-
tion (70), cancelling the common exponential factor, and solving the resulting ordinary differential
equation forf(x2), we obtain

f(x2) = A1 cos(λx2) + A2 sin(λx2) + A3x2 cos(λx2) + A4x2 sin(λx2) . (121)

Notice that the first and last terms are even functions ofx2, whereas the second and third terms are
odd functions. The symmetry of the geometry aboutx2 = 0 naturally partitions the problem into a
symmetric and an antisymmetric problem. We require the resulting stress field to satisfy the traction-
free condition onx2 = ±b and after substituting (121) into (69), this provides four homogeneous
linear algebraic equations (two tractions to be zero on eachof two surfaces) for the four constants
A1, A2, A3, A4. These equations have a non-trivial solution if and only if the characteristic determi-
nantal equation

(sin(2λb) + 2λb)(sin(2λb) − 2λb) = 0 (122)

is satisfied. This equation has a denumerably infinite set of eigenvaluesλi, for each of which there
exists a non-trivial eigenfunction

φi(x1, x2) = Cifi(x2) exp(−λix1) , (123)

whereCi is the one remaining free constant (since the degeneracy associated with the determinant
being zero generally reduces the system of four algebraic equations to three). We can then construct
a more general stress function as an eigenfunction series

φ(x1, x2) =
∞
∑

i=1

Cifi(x2) exp(−λix1) . (124)

R.D.Gregory has shown that this function provides a generalsolution to the problem where the semi-
infinite strip is loaded by arbitrary self-equilibrated tractions on the endx1 = 0.

The eigenvaluesλi of (122) are all complex and hence the fields corresponding toeach term in (124)
exhibit oscillatory decaying behaviour withx1, the decay rate corresponding to the real part ofλi. The
eigenvalue with the smallest (negative) real part defines the most slowly decaying term and hence the
region over which the use of the weak boundary conditions hasa significant influence on the solution.
The lowest eigenvalues correspond toℜ(λ)b = 2.1 for the symmetric problem and toℜ(λ)b = 3.7
for the antisymmetric problem.
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9. The prismatic bar under shear and torsion

Consider a prismatic bar with axis in thex3-direction, whose cross-sectionΩ is defined by a closed
curveΓ in thex1x2-plane. If the surfaceΓ is traction-free, the most general state of stress corresponds
to the transmission of arbitrary force resultants (three forces and three moments) along the bar. If these
resultants are applied at the endx3 = 0 (say), Saint-Venant’s principle assures us that the stressfield
will depend on the exact traction distribution (the strong boundary conditions) only in a region near
the end. In this section, we shall discuss the stress state distant from the ends, which therefore has
only six degrees of freedom corresponding to the six resultants.

Three of these resultants — the axial forceF3 and the two bending momentsM1,M2 cause only the
simple state of stress

σ33 = C1 + C2x1 + C3x2 , (125)

where the remaining stress components are everywhere zero andC1, C2, C3 are constants determined
from equilibrium considerations. This stress field clearlysatisfies the traction-free boundary condition
on Γ and the strains derived from Hooke’s law (24) are linear functions of the coordinates which
therefore satisfy the compatibility equations (11).

9.1. Torsion

If the bar transmits only a torqueM3, every segment (except near the ends) is loaded in the same way,
so the stress field will be independent ofx3. However, the bar will twist under the action of the torque,
so adjacent transverse planes will experience a relative rigid body rotation, leading to displacements
of the form

u1 = −βx3x2 ; u2 = βx3x1 , (126)

whereβ is the angle of twist per unit length. If these were the only displacements (i.e. ifu3 = 0)
the resulting stress components would not generally satisfy the traction-free boundary condition on
Γ. Saint-Venant recognized that cross-sectional planes would all warp to the same shape, so that

u3 = f(x1, x2) . (127)

Substitution of these results into Hooke’s law (27) yields

σ31 = µ

(

∂f

∂x1

− βx2

)

; σ32 = µ

(

∂f

∂x2

+ βx1

)

(128)

as the only non-zero stress components. Substitution into the equilibrium equations then shows that
the warping functionf must satisfy the two-dimensional Laplace equation

∂2f

∂x1
2

+
∂2f

∂x2
2

= 0 . (129)

Solution of the resulting boundary-value problem is greatly facilitated by the use of Prandtl’s stress
function of equation (110). Equating the corresponding stress components between equations (128)
and (110) and eliminating the unknown functionf , we find that the Prandtl functionϕ must satisfy
the equation

∂2ϕ

∂x1
2

+
∂2ϕ

∂x2
2

= −2µβ . (130)

Also, in view of (111) the traction-free boundaryΓ must be a line of constantϕ and for a simply-
connected bar this constant can be taken as zero without lossof generality, giving

ϕ = 0 ; onΓ . (131)
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The torqueM3 is given by

M3 =
∫

Ω
(x1σ32 − x2σ31)dx1dx2 = −

∫

Ω

(

x1
∂ϕ

∂x1
+ x2

∂ϕ

∂x2

)

dx1dx2 , (132)

using (110). Integrating by parts and using (131), we obtain

M3 = 2
∫

Ω
ϕdx1dx2 . (133)

The torsion problem is thus reduced to the search for a function ϕ satisfying (130) in the two-
dimensional domainΩ that satisfies the boundary condition (131). This is a standard boundary-value
problem in potential theory. One technique is to choose any particular solution of (130) (for example
a second degree polynomial inx1, x2) and superpose a general two-dimensional harmonic function in
the form of the real or imaginary part of a holomorphic function of the complex variableζ — e.g.

ϕ = −µβx2
1 + ℜ (g(ζ)) . (134)

The functiong(ζ) can then be chosen so as to satisfy the boundary conditionϕ = 0 onΓ.

Example: Equilateral triangular cross-section

Solutions for several simple geometries can be obtained in closed form. For example, it is easily
verified that the polynomial stress function

ϕ =
µβ

2
√

3a
(x2

1 − 3x2
2)(

√
3a− 2x1) (135)

satisfies (130) and it clearly goes to zero on the three straight linesx1 =
√

3x2, x1 = −
√

3x2 and
x1 =

√
3a/2, defining the boundary of an equilateral triangle of sidea. Substituting (135) into (133)

and evaluating the integral, we find that the torque transmitted is related to the twist per unit lengthβ
through

M3 =

√
3µβa4

80
. (136)

9.1.1. Multiply-connected bodies

If the cross-sectional domainΩ is multiply-connected — i.e. if the bar has one or more axial holes
— the boundaryΓ will comprise two or more closed curvesΓ1,Γ2, .... The traction-free boundary
condition requires thatϕ be constant around each of these curves, but the values on theseparate
curves are not necessarily equal, so only one of them can be set to zero. We therefore have one
additional unknown constant for each hole in the body. The equations for determining these constants
are obtained from the Cesaro integrals of§1.4.

9.2. Shear and bending

If a transverse shear force with componentsF1, F2 is transmitted along the bar, the global equilibrium
equations require that

dM1

dx3
= F2 ;

dM2

dx3
= −F1 (137)
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and hence the bending momentsM1,M2 must be linear functions ofx3. It can be shown that the
resulting axial stressesσ33 are still linear functions ofx1, x2, so that (125) is generalized to

σ33 = C1 + C2x1 + C3x2 + (C4x1 + C5x2)x3 , (138)

where the constantsC1, ...C5 can be determined from equilibrium considerations. The in-plane stress
componentsσ11, σ12, σ22 remain zero and the Prandtl stress function of equation (110) must be mod-
ified to satisfy the differential equations of equilibrium (16) (with no body force) by writing

σ31 =
∂ϕ

∂x2
− C4x

2
1

2
; σ32 = − ∂ϕ

∂x1
− C5x

2
2

2
. (139)

Substitution in the compatibility equations then show thatϕ must satisfy the governing equation

∂2ϕ

∂x1
2

+
∂2ϕ

∂x2
2

=
ν

(1 + ν)
(C4x2 − C5x1) + C6 , (140)

whereC6 is an arbitrary constant which will be zero if no torque is transmitted. IfC4, C5 are set to
zero, butC6 is retained, the formulation reduces to the Saint-Venant torsion problem of§9.1. Since the
terms involvingC4, C5 are known functions, the resulting boundary-value problemis similar to that
encountered in§9.1 except that a different particular integral is requiredfor the inhomogeneous equa-
tion (140) andϕ will now be a known function rather than zero on the boundaryΓ. S.P.Timoshenko
developed a modified form of this representation so as to reinstate the homogeneous boundary condi-
tion onΓ.

10. Three-dimensional problems

For three-dimensional problems, it is more conventional toseek a potential function representation of
the displacement vectorui, in which case the governing equation for the correspondingpotential is
obtained by substitution into (31). For example, if the displacement is defined such that

2µui = 2(1 − ν)
∂2Fi

∂xj∂xj
− ∂2Fj

∂xi∂xj
, (141)

substitution into (31) using (29) shows that the vector potentialFi must satisfy the equation

∇4Fi ≡
∂4Fi

∂xj∂xj∂xk∂xk

= − pi

(1 − ν)
(142)

and in particular thatFi is biharmonic if there is no body force. Expressions for the stress components
in terms ofFi can be obtained by substituting (141) into the constitutivelaw (27), giving

σij = νδij
∂3Fk

∂xk∂xl∂xl
+ (1 − ν)

∂2

∂xk∂xk

(

∂Fi

∂xj
+
∂Fj

∂xi

)

− ∂3Fk

∂xi∂xj∂xk
. (143)

The potentialFi is sometimes known as theGalerkin vector. For the special case where the stress and
displacement fields are symmetric about thex3-axis,Fi can be reduced to a single biharmonic axisym-
metric potentialF3. This formulation of axisymmetric problems was first introduced by A.E.H.Love.

10.1. The Papkovich-Neuber solution

If a functionf(x1, x2, x3) is harmonic, then

∂2

∂xj∂xj

(xif) = 2
∂f

∂xi

+ xi
∂2f

∂xj∂xj

= 2
∂f

∂xi

(144)
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and it follows that the functionxif is biharmonic. This relation enables us to write a fairly general
biharmonic function in the formxif + g wheref, g are two harmonic functions and it can be used to
replace the biharmonic functions in the Galerkin solution (141) by harmonic functions, leading to the
representation

2µui = −4(1 − ν)ψi +
∂

∂xi

(xjψj + φ) , (145)

generally known as the Papkovich-Neuber solution. Substitution in (31) using (29) shows that the
vector potentialψi and the scalar potentialφ must satisfy the equation

xk
∂3ψk

∂xi∂xj∂xj
− (1 − 4ν)

∂2ψi

∂xk∂xk
+

∂3φ

∂xi∂xj∂xj
= −(1 − 2ν)pi

(1 − ν)
(146)

and a particular solution can be obtained by choosing

∂2ψi

∂xj∂xj

=
pi

2(1 − ν)
;

∂2φ

∂xj∂xj

= − xjpj

2(1 − ν)
. (147)

If the body forcepi is conservative, so that we can write

pi = −∂V
∂xi

, (148)

whereV is a scalar body force potential, a simpler representation can be obtained by choosing

∂2ψi

∂xj∂xj
= 0 ;

∂2φ

∂xj∂xj
=

(1 − 2ν)V

(1 − ν)
. (149)

If there are no body forces, the Papkovich-Neuber potentials ψi, φ are both harmonic and this is
convenient because it enables one to call on the extensive mathematical literature concerning the
theory of harmonic potentials in the solution of boundary-value problems. The expressions for the
stress components can then be obtained from (145, 27) as

σij = −2νδij
∂ψk

∂xk
+ xk

∂2ψk

∂xi∂xj
− (1 − 2ν)

(

∂ψi

∂xj
+
∂ψj

∂xi

)

+
∂2φ

∂xi∂xj
. (150)

10.2. Redundancy and completeness

The perceptive reader will notice that if (148) is substituted into (147), the resulting equations do
not reduce to (149). This occurs because the representation(145) is redundant. In other words,
more than one set of potentials can be found for a given displacement field and this redundancy can
sometimes be used to simplify the resulting expressions. Similar considerations apply to the Galerkin
formulation (141). In problems governed by a single scalar harmonic potential (for example, in
steady-state heat conduction), a boundary-value problem is well-posed if and only if one boundary
condition is specified at every point on the boundary. In three-dimensional elasticity, we have three
boundary conditions at each point on the boundary (for example, the three traction components, the
three displacement components, or some combination of each). It is natural therefore to expect that
a complete representation of the displacement field should be possible using only three harmonic
potential functions, rather than the four functions comprising the three componentsψi andφ. Many
authors have attempted to develop such a representation. H.Neuber originally proposed a method
for eliminating any one of the four components, but I.S.Sokolnikoff showed that this procedure fails
unless the shape of the bodyΩ meets certain conditions. One component ofψi (sayψj) can be
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eliminated only if any straight line segment parallel to thexj-axis which connects two points ofΩ
must lie wholly withinΩ. The scalar potentialφ can be eliminated only if (i)ν 6= 1/4 and (ii) the
bodyΩ is ‘star shaped’, meaning that there exists at least one point in the interior ofΩ such that a
straight line drawn from this point to any other point inΩ lies entirely withinΩ.

10.3. Solutions for the thick plate and the prismatic bar

Two special geometries meeting the condition for the elimination of the componentψ3 in equation
(145) are the thick plate bounded by the parallel planesx3 = ±h/2 and the prismatic bar whose
axis is aligned with thex3-direction. The remaining boundary of the plate or the curvedefining the
cross-section of the bar can be of quite general form, including cases of multiply-connected bodies.

For problems of this class, it is convenient to make use of an extension of the complex variable for-
malism introduced in§7.3. We combine the non-zero componentsψ1, ψ2 into the complex harmonic
function

ψ = ψ1 + ıψ2 , (151)

after which the displacement and stress components from (145, 150) can be written

2µu = 2
∂φ

∂ζ̄
− (3 − 4ν)ψ + ζ

∂ψ̄

∂ζ̄
+ ζ̄

∂ψ

∂ζ̄
; 2µu3 =

∂φ

∂x3
+

1

2

(

ζ̄
∂ψ

∂x3
+ ζ

∂ψ̄

∂x3

)

, (152)

Θ = − ∂2φ

∂x3
2
− 2

(

∂ψ

∂ζ
+
∂ψ̄

∂ζ̄

)

− 1

2

(

ζ
∂2ψ̄

∂x3
2

+ ζ̄
∂2ψ

∂x3
2

)

(153)

Φ = 4
∂2φ

∂ζ̄
2 − 4(1 − 2ν)

∂ψ

∂ζ̄
+ 2ζ

∂2ψ̄

∂ζ̄
2 + 2ζ̄

∂2ψ

∂ζ̄
2 (154)

σ33 =
∂2φ

∂x3
2
− 2ν

(

∂ψ

∂ζ
+
∂ψ̄

∂ζ̄

)

+
1

2

(

ζ̄
∂2ψ

∂x3
2

+ ζ
∂2ψ̄

∂x3
2

)

(155)

Ψ = 2
∂2φ

∂ζ̄∂x3

− (1 − 2ν)
∂ψ

∂x3

+ ζ
∂2ψ̄

∂ζ̄∂x3

+ ζ̄
∂2ψ

∂ζ̄∂x3

, (156)

where
Θ = σ11 + σ22 ; Φ = σ11 + 2ıσ12 − σ22 ; Ψ = σ31 + ıσ32 . (157)

10.4. Solutions in spherical harmonics

The Papkovich-Neuber solution (145, 150) reduces the elasticity problem to the determination of
several harmonic potential functions with prescribed derivatives on the boundaries. For axisymmetric
bodies such as cylinders, spheres, spherical holes and cones (including the half space), appropriate
potentials can be expressed in terms of thespherical harmonics

RnPm
n (cos(β)) exp(ımθ) ; RnQm

n (cos(β)) exp(ımθ)

R−n−1Pm
n (cos(β)) exp(ımθ) ; R−n−1Qm

n (cos(β)) exp(ımθ) ,

whereR, θ, β are spherical polar coordinates,m,n are positive integers andPm
n , Q

m
n are the two

solutions ofLegendre’s equation

(1 − x2)
d2f

dx2
− 2x

df

dx
+

(

n(n + 1) − m2

(1 − x2)

)

f = 0 . (158)
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The same functions can also be expressed in cylindrical polar coordinates(r, θ, z) or Cartesian coor-
dinates, using the relations

R =
√
r2 + z2 =

√
xixi ; θ = arctan

(

x2

x1

)

; β = arccos
(

z

R

)

= arccos

(

x3√
xixi

)

.

The potentialsRnPm
n (cos(β)) exp(ımθ) are bounded functions that can be expanded as polynomials

in x1, x2, x3, whilst R−n−1Pm
n (cos(β)) exp(ımθ) are singular at the originR = 0. If each of the

Papkovich-Neuber potentials is expressed as a series including these terms for all integer values of
m,n, the resulting field provides a general solution for the problem for the hollow sphere with arbi-
trary loading on the boundaries. If the loading is also axisymmetric, a sufficiently general solution
can be obtained by restricting the series to the terms withm = 0 and using only the potentialsφ, ψ3

from Papkovich-Neuber’s solution. For the solid sphere, the singular potentials must be excluded.
This solution can be used in much the same way as Michell’s solution (77) in two dimensions.

The spherical harmonics involving the functionsQm
n are singular at all points on thex3-axis. These

and other functions derived from them can be used to solve problems involving hollow cylinders and
cones.

11. Concentrated forces and dislocations

11.1. The Kelvin problem

ConsiderKelvin’s problemin which a concentrated forceF acts at an interior point of an infinite
elastic body. There is no length scale in this problem and we can conclude that the stress field is
self-similar. In other words, contours defining the stresses at some distanceR1 from the point of
application of the force will have the same shape as those at some other radiusR2. It follows that the
stress components in spherical polar coordinates can be written in the separated variable form

σij = f(R)gij(θ, β) . (159)

If we then consider the equilibrium of the sphereR < a, we have

Fi +
∫

Γ
njσijdΓ = 0 (160)

where the elemental surface areadΓ = a2 sin βdθdβ. Substituting this result and (159) into (160), we
obtain

Fi +
∫

Γ
njf(a)gij(θ, β)a2 sin βdθdβ = 0 (161)

and this will be satisfied for alla if and only if f(R) is proportional toR−2 and we can wrap the
constant of proportionality intogij without loss of generality, leavingf(R) = R−2. Thus the stresses
are singular asR → 0. It follows from Hooke’s law that the strain components willalso vary with
R−2 and since strains are defined in terms of displacement gradients through (6), the displacement
components must be proportional toR−1.

If we then use equations (39, 40) to calculate the strain energy in the sphere of radiusa, the resulting
integral

U =
∫ π

0

∫ 2π

0

∫ a

0
sijklσijσklR

2dR sin βdθdβ =
∫ π

0

∫ 2π

0

∫ a

0
sijklgijgklR

−2dR sin βdθdβ (162)

is unbounded. This causes the concentrated force problem tobe ill-posed in the context of variational
methods, as explained in§6.5.1. However, in the spirit of Saint-Venant’s principle (§5.1), the resulting
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stress fields can be regarded as a limiting form of the effect of a localized distribution of body force at
a distance that is large compared with the extent of the loaded region. Also, concentrated forces can be
used as Green’s functions to describe distributions of external forces, in which case the unacceptable
singularity is removed by the corresponding convolution integral.

The solution of Kelvin’s problem is very easily obtained using the Papkovich-Neuber solution of
equations (145, 150). We first note that the stresses are obtained by one differentiation of the vector
potentialψi, so in order to obtain stress components varying withR−2, we need to start with a potential
of the formR−1f(θ, β). The potential is also required to be harmonic and this can beachieved by
settingm = n = 0 in the singularP -series spherical harmonic of§10.4, giving

ψi =
Ci

R
=

Ci√
xjxj

, (163)

whereCi are arbitrary constants which can be determined by (i) finding the stress components by sub-
stituting (163) into (150), (ii) substituting these into the equilibrium equation (161), and (iii) solving
the resulting system of equations. We obtain

Ci = − Fi

8π(1 − ν)
(164)

and the corresponding stress components in Cartesian coordinates are

σij = − 1

8π(1 − ν)

(

(1 − 2ν)(Fixj + Fjxi − Fkxkδij)

(xlxl)3/2
+

3Fkxixjxk

(xlxl)5/2

)

. (165)

This solution can be used as a Green’s function to obtain a particular solution — i.e. a solution that
satisfies the governing equations in the the bodyΩ, but not necessarily the boundary conditions on the
surfaceΓ — for the case where there exists a general distribution of body forcepi(x1, x2, x3). The
external force applied in some small regionδx1δx2δx3 is piδx1δx2δx3 and by superposition, we can
sum the effect of the entire body force distribution to obtain

σij = − 1

8π(1 − ν)

∫

Ω

(

(1 − 2ν)(pi(xj − ξj) + pj(xi − ξi) − pk(xk − ξk)δij)

[(xl − ξl)(xl − ξl)]3/2

+
3pk(xi − ξi)(xj − ξj)(xk − ξk)

[(xl − ξl)(xl − ξl)]5/2

)

dξ1dξ2dξ3 . (166)

Once this integral has been evaluated, the corresponding tractions on the boundaryΓ from (32) can be
compared with the required values and a corrective problem can be defined which when superposed
on (166) gives the solution of the original problem. The corrective problem involves no body force,
so this technique essentially reduces a body force problem to one without body force.

11.2. The problems of Boussinesq and Cerrutti

A related problem of considerable interest is that in which aconcentrated forceFi is applied at a
point P on the boundary of the body. We can choose the inward normal tothe body atP to be
the x3-direction without loss of generality. If we focus attention on a region very close toP , the
remaining boundaries of the body are relatively distant andif the local region of the boundary has a
smoothly turning tangent, we can to a first approximation represent the body as thehalf spacex3 > 0.
If the boundary has some curvature, this approximation may still involve errors that are singular as
the point of application of the force is approached, but the singularity is weaker than that in the half-
space approximation. If the force is normal to the plane surfacex3 = 0 (and hence the only non-zero
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component isF3), the resulting stress field is axisymmetric. The solution to this problem was first
given by J.Boussinesq. The companion problem in which the force is tangential to the surface (for
example applied in thex1-direction) was solved by V.Cerrutti.

As in §11.1, considerations of self-similarity show that the stress field for both Boussinesq and Cerrutti
problems must have the form (159) withf(R) = R−2. However, the solution is not represented by
equation (165), since this does not leave the unloaded partsof the boundaryx3 = 0 traction-free.
Solutions can be obtained by starting from the stress field (165) and superposing additional singular
potentials to satisfy this boundary condition. An alternative approach is to establish relationships
between the Papkovich-Neuber potentials that guarantee that appropriate traction components on the
surface are zero, after which a single potential with the correct power law dependence onR provides
the solution. Yet another approach due to H.M.Westergaard starts from the observation that equation
(165)doesgive zero tractions on the surfacex3 = 0 (except at the origin) in the special case where
Poisson’s ratioν = 0.5. Westergaard then uses a transformation known as the ‘twinned-gradient
method’ to generalize the resulting stress field to other values of Poisson’s ratio.

As with the Kelvin solution, the solutions due to Boussinesqand Cerrutti can be used as Green’s
functions to write integral expressions for the half space subjected to general distributions of surface
traction. The same solutions can also be used to develop integral equation formulations for problems
involving bodies of more general shape and form the basis of theBoundary Element Methodfor the
numerical analysis of elastic bodies.

11.3. Two-dimensional point force solutions

Corresponding solutions can be developed for two-dimensional bodies in plane strain, using the Airy
stress function of§7.2. Similarity and equilibrium considerations show that the stress components
must vary withr−1 and if the force acts in the directionθ = 0, symmetry requires thatφ be an even
function ofθ. Solutions satisfying these conditions can be obtained from Michell’s solution (77) by
selecting the terms

φ = A12r ln(r) cos θ + A13rθ sin θ . (167)

We first consider the special case whereA12 = 0 and the only non-zero constant isA13. The corre-
sponding stress components are then

σrr =
2A13 cos θ

r
; σrθ = σθθ = 0 (168)

and we observe that all surfacesθ = α are traction-free. In particular, if we apply this solutionto the
half plane−π/2 ≤ θ ≤ π/2, the surface will be traction-free except for a concentrated force at the
origin. By considering the equilibrium of a semi-circular region, we find that the magnitude of this
force isπA13 and that it acts in the directionθ = −π. More generally, we find that if a forceF of
arbitrary direction is applied to the half plane at the origin, the resulting stress field is

σrr = −2F cos θ

πr
; σrθ = σθθ = 0 , (169)

where the angleθ is measured from the line of action of the force. This is knownas theFlamant
solution.

The same stress function can be used to determine the stresses due to a point force acting at the
apex of a wedge of arbitrary angle and it might be thought thatwe can proceed to the solution for
a force applied to an interior point of an infinite body (the two-dimensional Kelvin problem) by
selecting a wedge of subtended angle2π. However, in this case, we find that the Flamant stress field

31



corresponds to elastic displacements that are discontinuous across the two faces of the wedge, which
is unacceptable in a continuous body.

We therefore return to the more general stress function (167) and find the corresponding displacements
by expressing the Airy function in terms of complex potentials using (99, 100) and then substituting
these potentials into (94). We obtain

2µur = [2(1 − ν)A12 + (1 − 2ν)A13] θ sin θ + [(1 − 2ν)A12 + 2(1 − ν)A13] ln(r) cos θ

2µuθ = [2(1 − ν)A12 + (1 − 2ν)A13] θ cos θ − (A12 + A13) sin θ

− [(1 − 2ν)A12 + 2(1 − ν)A13] ln(r) sin θ , (170)

where an arbitrary rigid-body displacement has been omitted. The termsθ sin θ, θ cos θ in these ex-
pressions are multivalued, sinceθ + 2nπ defines the same physical point for all integer valuesn. For
the wedge, this difficulty can be overcome by defining a uniqueprincipal value forθ, but this cannot
be done for the infinite space without introducing a line along which at least one of the displacements
is discontinuous. For the two-dimensional Kelvin problem,we must therefore eliminate the multival-
ued terms by setting2(1−ν)A12 +(1−2ν)A13 = 0. The remaining constant is then determined from
equilibrium considerations and we obtain

φ =
F

2π

[

(1 − 2ν)r ln(r) cos θ

2(1 − ν)
− rθ sin θ

]

, (171)

with stress components

σrr = −(3 − 2ν)F cos θ

4π(1 − ν)r
; σrθ =

(1 − 2ν)F sin θ

4π(1 − ν)r
; σθθ =

(1 − 2ν)F cos θ

4π(1 − ν)r
, (172)

where the angleθ is measured from the line of action of the forceF .

11.4. Dislocations

The terms involving multi-valued displacements in equation (170) can be used to develop the solution
for adislocationat the origin. We consider the situation in which a cut is madealong the semi-infinite
line θ = 0, thus converting the infinite plane into a wedge of subtendedangle2π. The two plane
faces of the wedge are then forced apart by tractions chosen so as to ensure that a gap is opened up of
uniform magnitudeδ. This condition is satisfied by demanding that

uθ(r, 0) − uθ(r, 2π) = δ . (173)

We then insert a thin strip of the same material of thicknessδ into the gap and join up the surfaces,
leaving a state of stress in the body. This is analogous to thedefect in a crystal caused by the insertion
of an additional row of atoms up to some interior point and is known as anedge dislocation. If we
also impose the condition that no external force be applied at the origin, we find thatA13 = 0 and
equations (173, 170) then giveA12 = −µδ/2π(1 − ν) and

φ = − µδ

2π(1 − ν)
r ln(r) cos θ = − µδ

4π(1 − ν)
x1 ln(x2

1 + x2
2) . (174)

The corresponding stresses are

σrr = σθθ = − µδ cos θ

2π(1 − ν)r
; σrθ = − µδ sin θ

2π(1 − ν)r
. (175)

32



or in Cartesian coordinates

σ11 =
µδx1(x

2
2 − x2

1)

2π(1 − ν)(x2
1 + x2

2)
2

; σ12 =
µδx2(x

2
2 − x2

1)

2π(1 − ν)(x2
1 + x2

2)
2

σ22 = − µδx1(x
2
1 + 3x2

2)

2π(1 − ν)(x2
1 + x2

2)
2
. (176)

In this solution, the choice of principal value and hence thelocation of the discontinuity in displace-
ment is arbitrary. For example, the same stress function could be applied using a principal value for
θ in the rangeπ/2 < θ < 5π/2. We would then find a discontinuity of magnitudeδ in the tangential
displacementur atθ = π/2, thus describing aglide dislocationof magnitudeδ along this line.

Apart from giving a continuum approximation to the stress field due to a crystal dislocation, this
solution can be used as a Green’s function for the solution oftwo-dimensional crack problems. The
technique is to place an as yet unknown distribution of climband glide dislocations along the line of
the crack and write the resulting stress field as a convolution integral. For example, if the crack is
defined by the set of points(ξ1, ξ2) ∈ S ands is a curvilinear coordinate defining position alongS,
we can write

φ(x1, x2) = φ0(x1, x2)

+
∫

S

[

(x1 − ξ1)B1(s) + (x2 − ξ2)B2(s)
]

ln
[

(x1 − ξ1)
2 + (x2 − ξ2)

2
]

ds (177)

whereB1, B2 are two unknown functionss andφ0(x1, x2) is a stress function characterizing the
stresses due to the external loads in the absence of the crack. If the crack is open, the surfaces will
be traction-free. This provides two conditions for eachs leading to a well-posed integral equation
for B1(s), B2(s). More general crack face conditions, such as a crack-bridging traction or frictional
contact conditions can also be incorporated.

A similar technique can be used to treat two-dimensional problems in which a regionΩP of an other-
wise elastic bodyΩ experiences plastic deformation. In this case, dislocations are distributed over the
domainΩP and their distribution is determined from the yield criterion and the corresponding flow
rule. This has significant advantages in numerical implementations, since only the plastic zone needs
to be discretized. Similar techniques have been applied to the analysis of crystal plasticity, where the
evolution of the distribution is described by an appropriate rate law.

12. Asymptotic fields at singular points

One of the success stories of linear elastostatics in the last century has been its rôle as the basis
of Linear Elastic Fracture Mechanics (LEFM) which is now widely used in design against brittle
fracture. The method depends on the fact that the stresses ina cracked body increase without limit
as we approach the crack tip. M.L.Williams developed a method for expanding the stress field in the
vicinity of a crack tip or a sharp notch as an asymptotic series in which each term has power-law
dependence on distancer from the tip. It then follows that at sufficiently small values of r, only the
first (i.e. most singular) term in this series makes a significant contribution to the stress field. The
form of the local field is therefore the same for all problems involving sharp cracks and the multiplier
on the most singular term, known as thestress intensity factorK is a measure of the severity of
stress state. Brittle failure is predicted whenK reaches some critical valueKc, known as thefracture
toughnesswhich can be determined from an appropriate laboratory experiment.

33



12.1. The eigenvalue problem

To explain the mathematics of the method, we first consider the semi-infinite wedge of Figure 2,
bounded by the linesθ = ±α in polar coordinates(r, θ).

α

α

θ

Figure 2: The semi-infinite wedge.

We seek a stress field of the separated variable form

σ = rλ−1f (θ) , (178)

which in view of (75) implies that the Airy stress functionφ takes the form

φ = rλ+1g(θ) , (179)

whereg is a scalar function ofθ only. In the Michell solution (77), the Fourier terms were restricted
to integer values ofn to guarantee that the stress components are single-valued functions ofθ, but this
is not necessary for the wedge since we can define a principal value of a multivalued function in the
range−α < θ < α.

The most general function of the form (179) is

φ = rλ+1{A1 cos(λ+ 1)θ + A2 cos(λ− 1)θ + A3 sin(λ+ 1)θ + A4 sin(λ− 1)θ} , (180)

and the corresponding stress components from (75) are

σrr = rλ−1{−A1λ(λ+ 1) cos(λ+ 1)θ − A2λ(λ− 3) cos(λ− 1)θ

−A3λ(λ+ 1) sin(λ+ 1)θ − A4λ(λ− 3) sin(λ− 1)θ}
σrθ = rλ−1{A1λ(λ+ 1) sin(λ+ 1)θ + A2λ(λ− 1) sin(λ− 1)θ

−A3λ(λ+ 1) cos(λ+ 1)θ −A4λ(λ− 1) cos(λ− 1)θ}
σθθ = rλ−1{A1λ(λ+ 1) cos(λ+ 1)θ + A2λ(λ+ 1) cos(λ− 1)θ

+A3λ(λ+ 1) sin(λ+ 1)θ + A4λ(λ+ 1) sin(λ− 1)θ} , (181)

whereA1, A2, A3, A4 are arbitrary constants. Ifλ < 1, the stress field will be singular asr → 0 and
the admissible strength of this singularity is limited by the requirement that the strain energy (40) in
a finite region including the corner should be bounded. This condition can be shown by integration to
require thatλ > 0.
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Substituting (181) into the traction-free boundary conditions

σθr = σθθ = 0 ; θ = ±α, all r , (182)

we obtain four homogeneous linear algebraic equations forA1, A2, A3, A4 which have a non-trivial
solution if and only if

{λ(sin 2α) + sin(2λα)} {λ sin(2α) − sin(2λα)} = 0 . (183)

This procedure and the resulting characteristic equation is clearly very similar to that used for the
semi-infinite strip problem in§8.2. As in that case, we construct a more general solution as aseries

φ(r, θ) =
∞
∑

i=1

Cir
λi+1gi(θ) , (184)

whereλi are the eigenvalues of (183) andgi are the corresponding eigenfunctions. R.D.Gregory has
shown that this defines the general solution to the problem where the wedge of Figure 2 is finite
with prescribed tractions on a distant circular boundaryr = a. It follows rigorously that sufficiently
near the corner (i.e. for sufficiently smallr), the stress field is well-approximated by the single term
corresponding to the eigenvalueλ1 with smallest real part and the severity of the stress field (which
will therefore characterize the conditions for failure) isdetermined by the single coefficientC1.

The wedge of Figure 2 represents a crack tip if we setα = π, in which case the admissible eigenvalues
of equation (183) are

λ =
1

2
, 1,

3

2
, 2,

5

2
, ..., (185)

each of which is repeated, so that there are two eigenfunctions (one symmetric and one antisymmetric
with respect toθ = 0) corresponding to each value ofλ. The dominant stress field is that associated
with λ = 1/2. The symmetric eigenfunction involves purely normal tractionsσθθ on the planeθ = 0
and the antisymmetric involves purely shear tractionsσθr. The corresponding stress intensity factors
are conventionally defined such that

KI = lim
r→0

σθθ(r, 0)
√

2πr ; KII = lim
r→0

σθr(r, 0)
√

2πr . (186)

12.2. Other geometries

Similar techniques can be applied to other geometric features producing singular or discontinuous
stress fields, such as sharp re-entrant notches, terminal points on an interface between dissimilar
materials, or the transition between contact and separation at a contact interface. When the local
stress field is singular, generalized stress intensity factors can be defined as the multiplier on the first
(dominant) term and can then be used in combination with appropriate experimental measurements
to predict the conditions for local failure. Knowledge of the form of the local fields is also extremely
useful for numerical (e.g. finite element) solution of such problems, since this is a good guide to the
degree of mesh refinement required for convergence of solution and can also be used to develop an
appropriate ‘singular element’ to patch into the corner.

13. Anisotropic materials

So far we have restricted attention to isotropic materials,but with increasing interest in elasticity at
very small scales where crystal structure plays a rôle, there is increasing emphasis on anisotropy.
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Other important applications of anisotropic elasticity include engineered materials such as fiber-
reinforced composites.

Two distinct strategies have been developed for the solution of two-dimensional problems involving
anisotropic materials. S.G.Lekhnitskii defines the stressfield in terms of the Airy and Prandtl stress
functions, thereby satisfying the equilibrium equations.He then uses the generalized Hooke’s law
(22) to find the strains and substitutes the resulting expressions into the compatibility equations (11),
obtaining coupled partial differential equations that canbe combined to define a sixth order partial
differential equation which is then solved by factorization.

By contrast, A.N.Stroh seeks a representation of displacement as a function of a modified form of
the complex variable, chosen so as to ensure that the resulting stress fields satisfy the equilibrium
equations.

13.1. The Stroh formalism

We consider the two-dimensional case in which the displacementsui and the stress componentsσij

are functions ofx1, x2 only and independent ofx3. Following J.D.Eshelby, Stroh investigated the
conditions under which equation (30) admits a two-dimensional solution of the form

uk = ℜ{akf(z)} , (187)

wheref is any holomorphic function of the modified complex variable

z = x1 + px2 (188)

andp is a complex scalar parameter. Substituting into (30) with no body force (pi = 0), we obtain
(

ci1k1 + p(ci2k1 + ci1k2) + p2ci2k2

)

akf
′(z) = 0 (189)

and this equation is satisfied for any functionf and allx1, x2 provided
(

ci1k1 + p(ci2k1 + ci1k2) + p2ci2k2

)

ak = 0 . (190)

This constitutes three homogeneous algebraic equations for the three constantsak which will have
only the trivial solutionak = 0 unless the determinant

∣

∣

∣ci1k1 + p(ci2k1 + ci1k2) + p2ci2k2

∣

∣

∣ = 0 . (191)

In this special case, the three equations are not linearly independent and a non-trivial solution exists.
The determinantal equation (191) expands to a sixth degree polynomial in p which for physically
realistic material properties always has three pairs of complex conjugate roots, those with positive
imaginary part being denotedp(1), p(2), p(3) respectively. If these roots (eigenvalues) are distinct, a
general solution of the two-dimensional problem can then beconstructed by superposition in the
form

uk = ℜ
{

3
∑

α=1

a
(α)
k f (α)

(

z(α)
)

}

, (192)

wherez(α) = x1 + p(α)x2 anda(α) is the eigenvector of (190) corresponding to the eigenvaluep(α).
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13.2. The Lekhnitskii formalism

Lekhnitskii chooses to satisfy the equilibrium equations without body force by representing the stress
components in terms of the Airy and Prandtl stress functionsφ, ϕ of equations (69, 110) respectively
— i.e.

σ11 =
∂2φ

∂x2
2

; σ12 = − ∂2φ

∂x2∂x1
; σ22 =

∂2φ

∂x1
2

; σ31 =
∂ϕ

∂x2
; σ32 = − ∂ϕ

∂x1
. (193)

The remaining stress componentσ33 can be eliminated by noting thatu3 is independent ofx3, so
e33 = 0. To achieve this elimination, it is convenient to use a condensed form of Hooke’s law that
recognizes the symmetry of the stress and strain components. We define the matrixa through the
equation

{e11, e22, e33, 2e23, 2e31, 2e12} =

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

a11 a12 a13 a14 a15 a16

a21 a22 a23 a24 a25 a26

a31 a32 a33 a34 a35 a36

a41 a42 a43 a44 a45 a46

a51 a52 a53 a54 a55 a56

a61 a62 a63 a64 a65 a66

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣







































σ11

σ22

σ33

σ23

σ31

σ12







































, (194)

where the coefficientsaij can be defined in terms ofsijkl by comparison with (24). The condition
e33 = 0 then permits us to eliminateσ33, obtaining

{e11, e22, 2e23, 2e31, 2e12} =

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

b11 b12 b14 b15 b16
b21 b22 b24 b25 b26
b41 b42 b44 b45 b46
b51 b52 b54 b55 b56
b61 b62 b64 b65 b66

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣































σ11

σ22

σ23

σ31

σ12































(195)

where the5 × 5 matrixb is obtained froma by the relations

bij = aij −
ai3aj3

a33

(196)

with i, j = 1, 2, 4, 5, 6.

Since no displacement components vary withx3, the six compatibility conditions (11) reduce to

∂2e11
∂x2

2
+
∂2e22
∂x1

2
= 2

∂2e12
∂x1∂x2

;
∂e23
∂x1

=
∂e13
∂x2

. (197)

Substituting for the strains, using (193, 194, 196), we obtain

L4φ+ L3ϕ = 0 ; L3φ+ L2ϕ = 0 , (198)

where the differential operatorsLi are defined as

L4 = b22
∂4

∂x4
1

− 2b26
∂4

∂x3
1∂x2

+ 2(b12 + b66)
∂4

∂x2
1∂x

2
2

− 2b16
∂4

∂x1∂x3
2

+ b11
∂4

∂x4
2

L3 = −b24
∂3

∂x3
1

+ (b25 + b46)
∂3

∂x2
1∂x2

− (b14 + b56)
∂3

∂x1∂x2
2

+ b15
∂3

∂x3
2

L2 = b44
∂2

∂x2
1

− 2b45
∂2

∂x1∂x2

+ b55
∂2

∂x2
2

. (199)
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Eliminating eitherϕ or φ between (198), we conclude that both functions must satisfythe sixth order
equation

(L4L2 − L2
3)f = 0 . (200)

Particular solutions of this equation can be obtained by substitutingf = f(x1 + px2) and canceling
the common factorfV I(x1 + px2), leaving a sixth order algebraic equation forp. As in the Stroh
formalism, it can be shown that the roots of this equation always occur in three complex conjugate
pairs. If the roots are distinct, the general solution can then be obtained by writing

φ = ℜ
{

3
∑

α=1

f (α)
(

z(α)
)

}

, (201)

wherez(α) = x1 + p(α)x2 andp(α) are the three roots with positive real part. Onceφ is written in this
way,ϕ can be recovered by backsubstitution into (198).
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