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ARTICLE INFO ABSTRACT

Dataset link: http://www-personal.umich.edu/ Big Bang Nucleosynthesis (BBN), the process of creation of lightest elements in the early universe, is a highly

~aidanmw/ robust, precise, and ultimately successful theory that forms one of the three pillars of the standard hot-Big-Bang

X X cosmological model. Existing theoretical treatments of BBN and the associated computer codes are accurate
eywords: S ] - i . X N

Big bang nucleosynthesis and flexible, but are typically highly technical and opaque, and not suitable for pedagogical understanding

Cosmology of the BBN. Here we present BBN-simple - a from-scratch numerical calculation of the lightest element

abundances pitched at an advanced undergraduate or beginning graduate level. We review the physics of
the early universe relevant for BBN, provide information about the reaction rates, and discuss computational-
mathematics background that is essential in setting up a BBN calculation. We calculate the abundances of the
principal nuclear species in a standard cosmological model, and find a reasonably good agreement with public
precision-level BBN codes. A condensed version of this paper and associated snippets of computer code are
given at http://www-personal.umich.edu/~aidanmwy/.
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The question of when the elements of the periodic table formed is up to millions of years. Stars burn hydrogen to helium (which the
both basic and profound, and has been on scientists’ mind for a long Sun is doing busily at the moment); sufficiently massive stars then

time. The correct answer only arrived around the mid-20th century.
Most of the familiar elements — those up to iron, the most stable
element — formed in stars, in nuclear reactions that take place for

burn helium to carbon and oxygen, et cetera, all the way up to iron.
However, the lightest elements in the universe — hydrogen, helium,
as well as smaller amounts of a few more isotopes (from deuterium up
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to beryllium) were formed in the process of Big Bang Nucleosynthesis
(BBN), occurring within the window of 1 s to 20 min after the Big Bang.

The foundation for BBN calculations was set by the legendary
afy paper (Alpher et al., 1948) which laid out the basics of element
formation in the early universe. The physics of the BBN was refined
and better understood in numerical treatments spearheaded by George
Gamow’s group (Gamow, 1948; Alpher and Herman, 1948; Alpher,
1948; Hayashi, 1950; Alpher et al., 1953), but with the physical rea-
soning that was still not wholly correct (Turner and KICP/UChicago
and Foundation, The Kavli, 2021). The BBN theory took its essentially
modern form in the paper by Wagoner, Hoyle, and Fowler (Wagoner
et al.,, 1967), and by work of Jim Peebles (Peebles, 1966). The key
input to BBN are the nuclear reaction rates which, between the 1960s
and 80s, were found to a (reasonably) high precision by Fowler et al.
in the series of five papers (Fowler et al., 1967; Fowler et al., 1975;
Harris et al., 1983; Caughlan et al., 1985; Caughlan and Fowler, 1988).
These developments, along with the establishment of the standard
cosmological model of the early universe, led to the theory of BBN in
its present form. This theoretical background, along with comparison
to observations, has been summarized in a suite of excellent BBN
review papers (e.g. Copi et al., 1995; Olive et al., 2000; Walker et al.,
1991; Cyburt et al., 2016) and textbooks (e.g. Kolb and Turner, 1990).
Precision-level BBN calculations (e.g. Lopez and Turner, 1999; Burles
et al.,, 1999, 2001b,a), combined with an improved assessment of
nuclear-reaction rates (Adelberger et al.,, 2011) and accurate mea-
surements of the abundances of light elements (Pettini and Bowen,
2001; Fumagalli et al., 2011; Noterdaeme et al., 2012; Izotov et al.,
2014; Aver et al., 2015; Cooke et al., 2018; Mossa et al., 2020) have
enabled very accurate predictions for the physical quantities in the
standard model of cosmology (Nollett and Holder, 2011; Schoneberg,
2024), and can further be used to probe new physics (locco et al.,
2009; Jedamzik and Pospelov, 2009; Pospelov and Pradler, 2010).
Finally, specialized computer codes enable fast and accurate evaluation
of BBN abundances; these include the Kawano code (Kawano, 1992)
which is an extension of Wagoner’s original code, alterbbn (Arbey,
2012; Arbey et al., 2020), PArthENoPE (Pisanti et al., 2008), and
PRIMAT (Pitrou et al., 2018).

The basic blocks of the BBN calculations involve nuclear reactions
governed by laws of early-universe thermodynamics. Due mainly to the
very low baryon-to-photon ratio (about two billion photons for each
baryon), as well as the combination of a rapidly falling temperature
and the consequently increased Coulomb barrier for creating heavier
nuclei, BBN is inefficient and results in non-negligible abundances for
only a handful of the lightest elements in the universe. The end result
of the BBN calculation are quantitative predictions for the abundances
of lightest elements, often shown in a classic plot of the abundances
as a function of baryon density, p,. Measurements of the abundances
of these elements can then be used to constrain the expansion rate
H during the BBN era. The measured abundances also constrain the
physical baryon density today, p, « 2,h%, where @, is the present-
day baryon density relative to critical and 4 is the Hubble constant
in units of 100km s~'Mpc~!. The BBN constraint on £,4> can then be
used as a very powerful prior on other cosmological measurements. The
importance of the BBN determination of baryon density has become
magnified recently, with the realization that a prior on £, enables
a measurement of the Hubble constant that is independent of either
that from the cosmic microwave background anisotropies or distance
ladder measurements (Abbott et al., 2018; Adame et al., 2024), and can
thus help weigh in on the discrepancy between these two kinds of mea-
surements (the “Hubble tension” Di Valentino et al., 2021). Precision
measurements of the abundance of lightest elements, combined with
BBN theory, have therefore essentially fixed one of the key parameters
of the standard cosmological model.

While BBN is therefore a mature and extremely successful cosmo-
logical probe, one remaining challenge is paradoxically pedagogical.
The background theory, and especially the numerical calculation, are
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technical and difficult to adequately explain to students of cosmology in
full detail. Theoretical treatments in textbooks (Kolb and Turner, 1990;
Mukhanov, 2005) and the “no computer” calculations (Esmailzadeh
et al., 1991; Mukhanov, 2004) do produce reasonably accurate results,
but seem too technical and equation-heavy to be reasonably covered
in a graduate course or a homework assignment. Other treatments
(say Ryden, 2017; Huterer, 2023) cover the matter pedagogically, but
without sufficient detail required to actually perform a BBN calcula-
tion. Moreover, the differential equations that governs the temporal
evolution of abundances are “stiff”’, meaning that they include vastly
different temperature scales. Solving these equations is challenging
for a novice, at least when using standard numerical methods (e.g.
default built-in functions in Python’s numpy or scipy); well-known
integrators that students may have learned, such as Runge-Kutta 23
or 45, fail quickly (without unreasonably short time steps) due to this
stiffness.

This is where the present paper comes in. We attempt to bridge
the gap between the fundamentally technical nature of BBN physics
and mathematics, and the desire to explain the material in a simple
and easy-to-follow way. We wish to only assume the knowledge of
standard intro-graduate-level cosmology, as well as not assume sophis-
tication with solving intermediate differential equations. Yet we wish
to produce a fully quantitative calculation of BBN abundances.

The paper is organized as follows. In Section 1, we present an
outline of our approach. In Section 2 we lay out the ingredients of
early-universe thermodynamics which contain the physics and provide
the necessary basic equations. In Section 3 we describe the strong,
electromagnetic, and weak nuclear reactions, and the formalism to
keep track of them. In Section 4, we present the results of our basic
calculation, and make comparisons with professional BBN codes. We
conclude in Section 5.

1. Outline of approach

Perhaps the most intuitive way to view BBN and its foundation is
seeing it like baking a cake — one with a lot of fermions and rapid
thermonuclear reactions. A cake comes with a list of ingredients and
a recipe of steps to make it. Here we provide an overview of these
ingredients, and in subsequent sections provide the necessary details.

The basic ingredients for the BBN calculation include:

» Thermodynamics: Early-universe thermodynamics is the under-
lying physical foundation that provides the necessary key equa-
tions for a BBN calculation. In our cake analogy, it is (quite
literally) preheating the oven and setting the timer. Thermody-
namics is of crucial importance, as the reaction equations for the
elements depend only on ambient temperature and density (or,
more generally, temperature of different relativistic species), so
tracking the evolution of temperature(s) with time is essential.
Initial Conditions: Because the evolution of the abundances of
nuclear species is governed by differential equations, it is clear
that initial abundances are required for the BBN calculation.
These initial abundances are given by the nuclear statistical equi-
librium, and they obey Saha-like equations. We will return to
these concepts shortly.

Weak, Strong, and Electromagnetic Rates: Interaction rates
are a crucial input in the nuclear reaction network. These rates
are experimentally determined by measurement of reaction cross
sections at various energies, which are then interpolated as a
function of energy.

Numerical Methods: Lastly, the process of integrating the net-
work of coupled differential equations that govern the abundance
of nuclear species is nontrivial due to different temperature scales
that characterize the different reactions. Therefore, implicit dif-
ferentiation will be required as opposed to more standard explicit
ODE routines, which fail quickly for “stiff” equations. The reason
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for the stiffness can ultimately be traced to the fact that we are
working around equilibrium, with positive and negative terms
that almost — but not precisely — balance.

We will be discussing each of these ingredients at some length in
Sections 2 and 3.

In our calculations, we have adopted the use of natural units,
setting ¢ = h = kp = 1, where ¢ is the speed of light, 7 is the
reduced Planck constant, and kj is the Boltzmann constant (for more
on natural units, see e.g. Chapter 1 and Appendix A of Huterer, 2023).
We restore dimensionful constants where they are illustrative or where
we believe confusion might arise. For the numerical calculations, where
appropriate we have adopted a flat ACDM universe with concordance
values of the cosmological parameters (notably, the present-day baryon
number density), which we quote where appropriate.

2. Thermodynamics

To begin, we must lay the groundwork of thermodynamics in the
early universe. In our cake analogy, this is the equivalent of creating
our oven and preheating it to the appropriate temperature. The evo-
lution of photon, neutrino, electron, and positron temperatures with
respect to time are driven by the expansion of space after the Big Bang.
The expansion, in turn, is governed by the Friedmann equations which
relate the Hubble parameter H and the energy density of mass/energy
components in the universe that are important at that time. Historically,
the foundational thermodynamic equations relating temperature and
energy density in the context of expanding space were laid out by
more than 70 years ago, see for example (Alpher et al., 1953). We now
summarize those results.

2.1. Basics: the time—temperature relation

The first ingredient that we will need is the relation between time
t and thermodynamic temperature of the universe T. To establish that
relation, we will make use of Friedmann’s equations which describe
how matter and energy components in the universe affect its expansion
rate. We adopt the standard notation with a the scale factor,! and
H = a/a to be the Hubble parameter; both of them are a function of
time ¢. Then the two Friedmann’s equations read

2 _ g 2_ 872G
w=(5) =5 ®
a =_ﬁ(p+3p)’ )

a 3

where p is the total energy density of all species, while P is their
total pressure. In the early universe, photons and relativistic neutrinos
dominate the energy budget, and for both of them P = p/3.

In addition to the Friedmann equations, also useful is the continuity
equation

p+3H(p+P)=0 3)

which however is not independent of the former two (any two of the
Egs. (1)—(3) are independent).

We now have all the tools to calculate d7 /dt. Adopting the chain
rule, we obtain
dT _ dT dp dT
E = d_pz _3H(p+P)d_p
“

_1
_ 1/2 dp
= 247Gp)\ % (p + P) (dT ) .

In the era when T > 1MeV, all of the relevant species (electrons and
positrons, neutrinos, as well as photons) are relativistic (T" > m) so that
P = p/3. Moreover, for relativistic species the energy density goes as
temperature to the fourth power

2
z 4
p= ) pi=578T", 5)
Zt i 30°*

1 In historical literature, « was denoted R or, even earlier, #, such as
in Alpher et al. (1953).
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where g, is the effective number of relativistic degrees of freedom. The
parameter g, changes over time, and decreases when the temperature
falls below the mass of each particle. Just before the BBN (at 7" >
1MeV), g, is equal to 10.75 and steadily falls around the time of
electron-positron annihilation. Following prior work (Wagoner et al.,
1967; Kawano, 1992) and for simplicity, we assume a fixed value g, ~
9.2

From Egs. (4) and (5), the temperature-time relation can be easily
integrated to get

45 _
Tzz‘l—t L 6
1673Gg, ©

Note that G=!/2 = mp, = 1.22x 10" GeV in natural units with ¢ = 7 = 1.
Moreover, expressing temperature in units of 10° K and time in seconds,
and using the conversions 1s = 1.519x10% eV and 1K = 8.619x107 eV,
we get

T\’ 12( t\!
~3254¢, — 7
<109 K) & <ls) @)
or, equivalently,
T \? 12t 7!
— ) ~242 — s 8
( MeV) Ex ( 1 s) ®

where, recall, g, ~9.
2.2. Neutrino decoupling

At high temperature (T > 1MeV) and early time (+ < 1s),
weak interactions keep neutrinos in equilibrium with the thermal bath.
However, as the universe expands and cools, the weak-interaction rate
I'(t) falls off faster than the expansion rate H(t). When I' < H,
at a temperature of about an MeV (or 10'°K), neutrinos fall out of
equilibrium, and their temperature thereafter evolves differently from
that of the photons. This so-called neutrino decoupling occurs during
the early stages of BBN (see e.g. Chapter 5 of Huterer, 2023 or, for a
more detailed treatment, Chapter 5 of Kolb and Turner, 1990).

Our goal is to establish the relation between the neutrino temper-
ature 7, and photon temperature 7 = T, as a function of time. We
need this because both of these temperatures are required as an input
in weak interaction rates that we describe in Section 3.

It turns out that the relation between the neutrino and photon
temperatures depends on the energy densities and pressures of the
dominant components in the universe. As shown in Wagoner et al.
(1967), the relation between the photon and neutrino temperature is
T, (11 oyt P >1/3

4 Prad t Prad |

T,

v

= ©)]
where p,,q = p, + p+ + p~ is the total radiation energy density, and
similar for P, .

Asymptotic values of the ratio in Eq. (9) are well known: for T >
1 MeV, the neutrinos are in equilibrium with the cosmic radiation fluid
and 7,/T, = 1. And, at temperatures below an MeV, electrons and
positrons annihilate (since m,- = m,+ ~ 0.5MeV) and give their energy
to the photons, but (to a good approximation) not to the neutrinos
which had just decoupled. For the electron-positron-photon bath, a a

2 The effective number of relativistic species g, clearly depends on the
number of neutrino species as these particles are very relativistic during BBN.
In the standard model of particle physics, there are three neutrino species,
but due to subtle quantum effects the number that enters g, evaluates to a
non-integer, N, = 3.046. If there are new particles that decay into photons
or additional relativistic species in their own right, then N, can be different
from the standard value. Therefore, measurements of the abundances of light
elements compared to BBN theory (which is sensitive to the expansion rate
H and hence g, and N, ;) provide important information in constraining
this parameter. For our key results summarized in Section 4, we assume the
standard value N = 3.046.
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simple accounting of the relativistic degrees of freedom (e.g. Huterer,
2023) gives

7 11

24+ -X%X2x2=— (T2

gh=9 78 7 (TRm) 10
2 (T $m,).

where, in the latter case, only two polarizations of photons contribute,
while in the former case the factors of two are also accounting for the
electrons and positrons, each with two spin states. Because the entropy
S = gﬁﬁhs(aTy)3 is conserved, a step down in g implies a step up in the
photon temperature, so that T, /T, = W3 = (11/4)'/3;
see Fig. 1.

A full numerical, time-dependent relation for the 7, /7, ratio can be
obtained as follows. We need to evaluate the expression in Eq. (9), for
which we need to know the energy densities and pressures of photons,
electrons/positrons, and neutrinos. For photons, the expression for the
energy density is the familiar

71'2 4
py = ETV an
which is the expression in Eq. (5) with two relativistic degrees of
freedom (g = 2 for photons because they have two polarizations). This
can be further cast in units of T, (temperature in units of 10° K), where
it becomes p, ~ 8.42 T;‘. Similarly, the photon pressure and energy
density obey the familiar relationship

1

For non-degenerate neutrino species, the expression for their energy
density is similarly given by

_ 1z
Py = g E
where g = 7/8 is the effective number of relativistic degrees of freedom,
and N is the number of neutrino species. We take to be N = 3.046.

(g*s Tzm, /g*s T<m,

Ngt T 13)

Electrons and positrons start out relativistic, but we cannot ignore
their rest masses. For each of these species,

g ® E@p 3
= — _d°p, 15
Q)3 ,/0 Y as)

where p is momentum, related to energy by the familiar relativistic
relation E = y/p? + m2. [To convert this expression and those below to
MKS units, we would multiply each power of T by (fc)/k.] Further,
the pressure is given by

). 16
- 55 / P5Ed 6)

where f is the phase-space distribution function. For particles that
exchange energy and momentum efficiently, the distribution function
is

fp) =

1

EW/T 41’ a7z

where the plus sign in the denominator indicates that electrons and
positrons are fermions. Introducing the substitutions

X (18)

Il
|
~<
1l
I

and adopting g = 4 (two spin states for both electrons and positrons),
the sum of the electron and positron energy densities can be rewritten
as

20 /%2 + 2
2 Yy Vx“+y

Pe- + P+ = 2T;‘/ ——
T 0 exp(v/x2 +y?) + 1

while their combined pressure becomes

2 2 d
Pe‘+e+ = _T4 Y Y

372 Y/O \/xz—-i-yz(exp(\/m)+l).

The integrals in Egs. (19) and (20) need to be evaluated at each
temperature/time step, so speeding up these evaluations is useful. An
early such treatment was discussed by Fowler and Hoyle (1964) in

dy (19)

(20)
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Fig. 1. Neutrino and photon temperatures as a function of time. The neutrino
decoupling happens at r ~ | — 10 s after the Big Bang. The late-time ratio of photon
and neutrino temperatures is (11/4)'/3.

their Appendix B, as well as Kawano (1992) who made use of the
modified Bessel functions.® Another approach would be to use Gaussian
quadrature,* which is what we adopted in our code.

With the expressions for the electron/positron and photon density
and pressure as a function of temperature, Eq. (9) gives the desired
expression for the neutrino temperature. Its evolution vs. the photon
temperature is shown in Fig. 1.

3. Nuclear reactions

At temperatures greater than 10 MeV, rapid weak interactions keep
protons and neutrons in nearly equal abundance. As the universe cools
below an MeV, these particles fall out of thermal equilibrium, causing
the neutrons to “freeze-out” when the temperature can no longer
sustain the weak reactions, at around 0.8 MeV. [The abundance of free
neutrons continues to fall slowly at this time due to their beta decay.]

As the universe sufficiently cools and weak interactions slow, pro-
tons and neutrons begin to fuse through strong and electromagnetic
interactions, marking the onset of BBN. This phase occurs within a
narrow time window due to the rapid cooling and expansion of the
universe. By the time the temperature drops to around 30 keV, the
universe is no longer hot enough to sustain a significant rate of nuclear
reactions.

Hydrogen (nucleus with just one proton) and helium-4 (two protons,
two neutrons) are the most significant products of BBN owing to their
high binding energy and stability. Deuterium and tritium, nuclei with
one proton and (respectively) one and two neutrons, are also produced,
though most of these nuclei quickly fuse into helium-4. Lithium and
beryllium form in small quantities (their BBN abundances are ballpark
10710 relative to hydrogen), and all nuclei heavier than them form
in trace amounts, as their formation is limited by the decreasing
temperature.

The rapid cooling of the universe curtails the synthesis of ele-
ments much heavier than beryllium. These heavier elements are instead
formed in later astrophysical processes, primarily stellar fusion.

In this section we cover the basics of nuclear reactions that play
important roles during BBN. This enables us to set up the formalism
to track the abundance of elements in cosmic time during the time of
BBN.

3 In fact, expansions of the Fermi-Dirac integrals in terms of modified Bessel
functions date back to the 1930s (Chandrasekhar, 1942).

4 More precisely, we used Gauss-Laguerre quadrature to handle the limits
of the integral.
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Background. Equation (27) lists the weak interactions between the protons and neutrons. The rates for these reactions are given in
Egs. (28)-(29) and explained in Section 3.1, but these integrals are somewhat cumbersome to evaluate efficiently at every value of the
photon and neutrino temperature.

Kawano approximation. To speed up the computation, an optional approximation of these rates was offered in Kawano (1992):

i _1 1 0.565 6.382 11.108 36.492 27.512
e

i _ 15252 16.229 o 18.059 o 34.181 " 27.617\ _,-
pon T z 2 z3 z4 z5 ¢

where ¢ = (m, — m,)/m, is the neutron-proton mass difference in units of the electron mass, z = m,/T, is the ratio of electron mass
and photon temperature, and z is the lifetime of the neutron. Replacing an integral with the polynomial above vastly improves the

computational speed of these rates, and leads to only fractions of a percentage loss of accuracy in the final abundances.

Evaluation with Gaussian quadratures. Here, however, we employ a comparably efficient method with a higher accuracy than the
analytic expressions above. We express the integrals in Egs. (28)-(29) as using Gaussian quadratures, which approximate each integral as
a sum. Specifically, the integral of some function f over some interval can be written as

/ f(x) dx » 2 w f(x), (14)

where w; are the Gaussian-quadrature weights, and x; are the roots of the N-th degree Legendre polynomial. The choice of N is arbitrary,
with a higher N being more accurate at the cost of computational speed. Even for large numbers of weights, this method will still be
much faster than solving the integral analytically. This method is also offered in Kawano’s code.

Accuracy. The plot on the left shows the accuracy of the calculated cross-section
for conversion of neutrons to protons (4,_, pasa function of temperature around
the time of the BBN. The accuracy of the Kawano approximation is only about
10% and depends on T, while that of our quadrature calculation stays constant at
about 0.5%. Our numerical evaluation approximation (with N = 64 quadrature
points), while slower than the analytic expressions above, remains quite fast
(about 2.7 ms for each temperature step).

We find that the final element abundances (shown in Fig. 3) are not strongly
affected by accuracy of the weak-interaction rates. Nevertheless, we find that
the inaccuracy in the Kawano approximation leads the final abundances that
are about 0.5% different from those using the quadrature to compute the rate
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3.1. Nuclear statistical equilibrium

At high temperatures (T > 1MeV) that exceed the Q values (the
amounts of energy absorbed or released) of nuclear reactions, all nuclei
are in equilibrium that is governed by the ambient temperature as
well as the binding energy and spin state of each species. In this so-
called nuclear statistical equilibrium, the number density of nuclear
species is governed by the Maxwell-Boltzmann distribution. Likewise,
the derivatives of their number densities is zero, a fact that will prove
important later. Consequently, we can express the mass fraction of
elements at the epoch just before the BBN by knowing only the basic
quantum-mechanical properties of each nuclear species.

The most consequential species in this limit are protons and neu-
trons, which we consider first. They start out in chemical equilibrium
at high temperature. As the universe cools, the neutron-to-proton ratio
falls out of equilibrium, as the reactions keeping them in equilibrium
cannot keep up with the expansion of the universe.

In equilibrium, the ratio of protons and neutrons is

L = 9/, (21)

integrals. Therefore, there is no reason not to use the latter methodology.

where Q is the mass difference of the neutron and the proton, Q =
m, —m, = 1.29 MeV.

More generally, the abundance of all species in nuclear statistical
equilibrium is governed by the Maxwell-Boltzmann distribution. For
example, for deuterium - nucleus with one proton and one neutron
— the Maxwell-Boltzmann expressions be evaluated to be (see e.g.
Chapter 7 of Huterer, 2023)

3/2
Np _ & (2”’”1)) oMt my=mp)/T

N,,N], - 8n&p m,,mpT

(22)
In this expression:

* N,, N,, Np are the number densities of neutrons, protons, and
deuterium respectively;

* m,, my, mp are the masses of neutrons, protons, and deuterium,
and

* T is the temperature in MeV.

In equilibrium, it is often more convenient to express the number
density of a species, N;, with respect to the number density of all
baryons, N,. This expression works out to be (e.g. Dodelson and
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Schmidt, 2020; Huterer, 2023)

I <1)3/2 hih 23)
N, b m,

Here 7, = N,/N, is the baryon-to-photon ratio, which we take to be
M, = 6.12 x 10710 (Zyla et al., 2020), A, is the mass number of species
i, and B, is that species’ binding energy. This relation is accurate when
n, dominates over the exponential term, which is during the epoch
preceding the BBN. Finally, note that #, and the baryon density can
be traded off; specifically, 2,h> ~ 3.662 x 107 5, (see e.g. Eq. (7.43)
in Huterer, 2023).

It is helpful to introduce some additional notation here: it is cus-
tomary to denote the mass fraction of a baryonic species as its number
density over the total sum of baryons. We extend the notation of the
mass fraction from Eq. (26) for all species i as
X; = A N 24

1 U Nb ?
which must satisfy the condition

Y X =1 (25)

that enforces the contribution of all baryonic mass fractions be 100% of
the total. For elements of higher mass number than deuterium, the mass
fraction expressions have many more terms than Eq. (22); the general
expression for X; for any mass number is given in Chapter 4 of Kolb
and Turner (1990).

A few more words about conventions in the BBN field: an abundance
of a species i is often reported relative to that of hydrogen (that is,
X;/X,). Moreover, it is also customary to denote the mass fraction of
helium-4 as ¥}, = Xuy;,, and not divide it by X,.

3.2. Weak interactions and neutron decoupling

We next track the evolution of protons and neutrons as the tem-
perature falls to become less than their mass difference Q. First, let
us introduce the main quantities of interest, contributions to number
density of protons and neutrons, with the general expressions defined
in Eq. (24). At high temperature when protons and neutrons are the
only nuclei of relevance, these evaluate to

NP
Y =N, AN,
"t (26)
Nn
X, = —"—.
N,+N,

There are six primary weak interactions between protons and neu-
trons (including forwards and reverse), namely

n+v, <= p+e”
n+et «—p+v, 27)
ne—p+e +Vv,,

where ¢~ and et refers to electrons and positrons, and v, and v to
electron neutrinos and anti-neutrinos, respectively.

We denote the rate of conversion of neutrons into protons as 4,_,,
and likewise 4,_,, as the rate of conversion of protons into neutrons.
Each of these is the sum of their three respective reactions of the six
primary reactions above. These rates can be analytically expressed, as
described by Scherrer (1983); the rates are the integrals®

® x(x + g)*(x2 — D)!/?
Apn = K dx
1 (I +e™3) [1 + elxtz ]
@ x(x — q)*(x2 = DH/2
+K / dx (x —q)( )
1 (1 4 ex2)[1 4 e~ (=24

(28)

5 It is worth noting that these rates are still an approximation neglecting
nuclear recoil and QED corrections; the approximations lead to some inaccu-
racies, for example a 2% underestimate in the abundance of “He (Lopez and
Turner, 1999).
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and
Apsp = Apon(=q,=&,). (29)

Here we have introduced the following variables:

*q=(m,—my)/m,=Q0/[m,, the neutron-proton mass difference in
units of the electron mass;

* z=m,/T, is the ratio of electron mass and photon temperature;

» z, =m,/T,, which is the same as z but for the neutrino tempera-
ture;

* K is the normalization constant set so that these integrals asymp-
tote at late (post-BBN) times to the inverse of the neutron decay
lifetime, 1/7;

« £, is the chemical potential of the electrons. We have taken it to
be zero, as relative to other contributions it is negligible.

Egs. (28) and (29) describe the rates for all six reactions in Eq. (27).
It is somewhat cumbersome to evaluate the integrals in Egs. (28) and
(29) at every value of the photon and neutrino temperature, so approxi-
mate and fast methods to do so have been devised. A comparison of the
approximations for the reaction rates, and the effect on the numerical
abundances of the lightest nuclei, are further discussed in Box 1.

The resulting weak-reaction rates for the conversion of neutrons to
protons and vice versa are given in the left panel of Fig. 2 . Both re-
action rates decrease sharply with time (or decreasing temperature 7)),
but the neutron-to-proton rate never falls below the rate corresponding
to the neutron decay lifetime = 880.2 s (Zyla et al., 2020).

The discussion above introduced the rates of weak interactions as
a function of temperature. The time evolution of the mass fractions of
protons and neutrons that result from these reactions are in turn given
by a set of coupled differential equations:

dx,
dr = A’paan - Anapxp’

X, 30)

L = hup Xy = Ay X,

Here, the first terms on the right-hand sides indicate the creation rate
of neutrons or protons, while the second terms encodes the destruction
of that species. These ODEs can be integrated to give the percentage
of total mass of each species as a function of time or temperature. We
will introduce a more general form of this type of ODE in the following
subsection, when we talk about strong interactions.

The temporal evolution of the mass fractions of neutrons and pro-
tons is shown in the right panel of Fig. 2. It shows the neutron
decoupling — their departure from the equilibrium abundance — at 7" ~
10! K. Thereafter, the neutron abundance is much higher than it would
be in equilibrium, though it eventually falls sharply as the free neutrons
are incorporated in other nuclei, in reactions that we consider next.

3.3. Reaction network

Species begin to depart nuclear statistical equilibrium when the
universe sufficiently cools; they undergo strong and electromagnetic
nuclear reactions. The changes in abundances of the elements are
characterized by a reaction network, represented by a set of coupled
first-order nonlinear differential equations. These equations include
information about the mass fraction of each species and its reaction rate
as a function of temperature. The initial conditions for these differential
equations are the equilibrium abundances of the species, which are the
values of each N; for which the left-hand side — and, consequently,
also the right-hand side - in Eq. (38) is zero due to the forward and
reverse rates canceling in NSE. In this section, we will build a simple
yet general reaction network (which is further illustrated in Box 2), and
discuss how to solve it.
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Nuclear reactions. Here we compile and list all twelve reactions for the associated principal elements that our simple BBN code contains.
The rates are given in the table below, and the right column has references to papers where equations and expressions for these rates
can be found. All the reactions between nuclei were taken from the ReacLib database Cyburt et al. (2010). This is essential input for any

from-scratch BBN calculation.

Number Reaction(s) Source

1 Equation (27) Appendix F of Kawano (1992)
2 p+n=D+y Cyburt et al. (2010)
3 D+p=°>He+y Cyburt et al. (2010)
4 D+D = n+3He Cyburt et al. (2010)
5 D+D<sp+T Cyburt et al. (2010)
6 T+D = n+*He Cyburt et al. (2010)
7 T+%He = "Li+y Cyburt et al. (2010)
8 ‘He+ns=p+T Cyburt et al. (2010)
9 He +D = p + *He Cyburt et al. (2010)
10 3He +*He = "Be + y Cyburt et al. (2010)
11 "Li +p = “He + *He Cyburt et al. (2010)
12 "Be+n = p+Li Cyburt et al. (2010)

These reactions are also shown more graphically in the left panel just below. Note that the reaction number 1 comprises all weak-decay

reactions, listed in Eq. (27).

"Be
1010 L | p+n—y+d
12 ~ —r— e d+p—7y+°He
T — —
10 7Li < 107 ?:—'s.\. . \'\. | =— d+d-n+°He
E ~. \.\ d+d—p+t
11 & 100 B \\, .. S t+d—n+*He
/ iE), "\-\. \.\ = t+*He—>vy+Li
3 1 ~ \
He —9-> ‘He ! g2 100 F '\, N 7 SHe4+n—p+t
Y * & >
3 4 6 S 1021 \.\ \ — 3He+d—>p+4He
[ ! =] BBN . \ 3He + *H B
S N . e+*He—y+Be
p 2> d 5> t S5k \ \ "Li+p— “He + *He
E \ —: "Be+n +Li
l 10—8 11 Il | NN 1 [T 1 HHNI 1 Il _)p
10! 10° 10! 102
n Temperature (10° K)

Nuclear rates. The right panel above shows the principal reaction rates as a function of temperature around the time of the BBN. [This
plot is a recreation of Figure 10 of Smith et al. (1993).] The rates are in units of cubic centimeters per second per mole (cm? s~'mol™1).

The reactions in the legend follow the same ordering as the enumerated reactions in the table above (and the chart on the left).

3.3.1. Nuclear cross-sections

The reaction rates governing the evolution of nuclear species are
essential for calculating BBN abundances, yet they are not directly
measurable (as that would require doing experiments in a gas with
temperature T ~ 10° K), nor can they be predicted from theory alone.
Therefore, some combination of experimental and theoretical treatment
is required. We now present the basics of how nuclear reactions are ob-
tained; a more in-depth treatment is given in standard nuclear-physics
textbooks such as Rolfs and Rodney (1988).

The reaction rate between two species i and j determines the rate
at which nuclear reactions occur as a function of temperature during
BBN. This rate is represented as the thermal average of the product
ov, where the reaction cross section ¢ is a function of velocity (or,
alternatively, energy), and v is the velocity. Given this cross-section,
o;;(v), the thermal average is given by the integral

(ov);; = / dv o;; (V)0 f (), (34)
0
where f(v) is the Maxwell-Boltzmann distribution,
_ i \3? uv?
o =an( =) exp- £, (35)

and where p is the center of mass of the interaction. In the non-
relativistic limit appropriate in this case, energy and velocity can be
related via E = uv?/2. With a change of variables from v to E, we can
alternatively write

8\ 1
(ov);; = T —(kT)3/2

The experimentally determined reaction cross-section o;;(E) is a key
input to the reaction rate. This cross-section is measured over a range of
energies, and interpolated in between the measured values. Using the
measured cross-section values, the reaction rate as a function of tem-
perature can be obtained from Eq. (36). Since all the forward reactions
have corresponding reverse reactions, they must also be computed, and
are found generally in the same way. In practice, these integrals are
often approximated as polynomial fits as a function of temperature.
They can be found, for example, in the JINA ReacLib database (Cyburt
et al., 2010) which we have adopted in our code.

« E
/0 dE aij(E)Eexp(—ﬁ). (36)
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Fig. 2. Proton-neutron weak interactions and their effects. Left panel: Weak rates as a function of temperature. The black line shows the neutron-to-proton rate, while the red
line shows the proton-to-neutron rate. The blue dashed line shows the inverse neutron decay time; note that the neutrons never decay slower than this limit. Right panel: mass
fractions of protons and neutrons as a function of temperature. The equilibrium fractions would have followed dashed lines. Note that the (free) neutrons survive in an appreciable

abundance longer than they would in equilibrium.

3.3.2. Assembling the network

Consider the general two-body nuclear reaction; it involves four
species, labeled i, j, k and /, where i and j are the reactants and k and
I are the products. This reaction can be organizationally expressed as

i+jsk+1 37)

The rate of change of the number density of one of these species, say
N;, can be expressed as (see e.g. Arnett, 1996)
dNn,

a = NiN/(‘TU)i/,kl - NkN1(5U>k1,i/ (38)

where (ov);; , is the thermally averaged product of the reaction cross
section and relative velocity in the center-of-mass system in the forward
direction and, correspondingly, (ov),, ;; is the same for the reverse. The
quantities (ov) have MKS units of length cubed per time or, in natural
units (where length is equivalent to time), just length squared.

There are however some subtle corrections to Eq. (38) when identi-
cal particles are considered. For the case when i = j, so that the reaction
is
itisk+1, (39)

we must multiply the velocity-cross section quantity with a prefactor,
as NI.2 /2! {(ov);; 44> in order to avoid double counting. The rate of change
of the number density N; then becomes

dN; N}
ar = 7<au>ii,kl - NkN1<5U>k1,ij- (40)

The same logic extends to the three-body reaction. We do not consider
any three-body reactions in our treatment of BBN, but a full treatment
of BBN or stellar nucleosynthetic networks have a number of three-
body reactions (such as the triple-alpha process in stellar physics). A full
explanation of double and triple counting of species is offered in Fowler
et al. (1967).

One more special type of reaction to consider is the one that
produces one nucleus and one photon, or

i+j=sk+y, 41)

which is also known as a “radiative capture” reaction. In this case, the
rate of change of the number density of a species, say N, is
dN,

Ti = NiNj<‘7U>ij,k/ - Nk<°'”>ky,ijs (42)

10° =
1072+ 1 — p(®)
g — n
'_8 10_4* T — D(ZH)
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F 10_6* ] —— 3He
g s — Y, (*He)
2 10 — T 7Be
7Li
10—10* |
=120 | Y
107 or 100

Temperature (10°K)

Fig. 3. Abundances of the elements created during BBN, produced using BBN-simple.
For this calculation we adopt the baryon-to-photon ratio 7 = 6.12 x 107!, the effective
number of relativistic species N ; = 3.046, and the mean lifetime of the neutron,
7, ~ 880.2 s. See text for other details.

where (ov)y, ;; is the reverse rate. The reverse rate in this case corre-
sponds to either f-decay, electron capture, or the photodisintegration
rate, depending on the specific reaction.

With these reactions in hand, we can construct the reaction network.
By applying Eq. (24) to Eq. (38), we can express the general four-
species reaction in terms of mass fraction, X;, instead of number
density, N;. This yields the differential equation
d

X.
d_t’ = X;X;pp N a(o0)ij 0 — XicX1p5N 400 k13- (43)

It is customary and convenient to use the shorthand notation
lijli = ppN 4{o0);js 44

where, again, p, is the baryon density and N, is Avogadro’s number.
Conveniently, [ij];;° has units of reactions per time and thus can
naturally be called the “reaction rate” of a given reaction.

© This is also expressed in some literature as the symbol I' (or some
variation such as I};_,) for forwards reactions.
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Box 3: Solving Stiff Differential Equations

Background. The network of equations governing BBN comprises a set of coupled first-order linear ordinary differential equations. Despite
the apparent simplicity of these equations, standard ordinary differential equation (ODE) solvers often struggle to handle these equations
due to their “stiff” nature. Stiffness occurs when the solution of an equation varies significantly over the input variable. We encounter
stiff equations in BBN (and, more generally, in stellar nucleosynthesis Arnett (1996)) because we are working around equilibrium where
positive and negative terms (in e.g. Eq. (47)) nearly cancel, and because reactions occur across vastly different temperature scales, with
rates varying by many orders of magnitude. Since reducing the step size arbitrarily is highly inefficient and sometimes unfeasible, the
standard explicit methods for solving differential equations, where a finite difference is taken to approximate the solution, are usually
inadequate for stiff-equation cases. The most basic explicit method — Euler’s method — employs a discretely sized step (denoted as 4) to
approximate the solution. For instance, Euler’s method approximates the solution of the differential equation: y' = f(y,1), y(ty) = y, is
written as

Yutl B Yy + RSy, y), (31
where, t, = t, + nh for n steps (assuming a constant h). More sophisticated, multi-step explicit methods, like the Runge-Kutta method,
follow this same general principle but vary in their approach. However, explicit methods are prone to instability in certain situations,
as errors can propagate and lead to uncontrolled oscillations. This instability poses a challenge in solving stiff equations using explicit
methods.

Implicit Methods. Implicit methods offer an alternative approach by modifying how step sizes are evaluated. For instance, the implicit
Euler method approximates the solution of the above differential equation as:

yn+1 Nyn+hf(tn+l’yn+l) (32)
Here, f is evaluated at n + 1, representing a backward differencing approach where each step looks backward in time. Although this
change significantly slows down the solver, as it involves solving or approximating nonlinear systems, it drastically enhances stability.
Implicit methods allow us to prevent divergence by “looking ahead” before taking a step, making them suitable for solving stiff equations.

Worked example. To illustrate the need for stiff integration in a simple example, consider the so-called Robertson Problem. This is a
model for chemical reactions for three species x, y, and z, and thus not unlike the reactions for species in BBN. An example is given by
the coupled set of ODEs

* =-0.04x+1x10%yz
y =—0.04x — 1 x 10*yz — 3 x 107y? (33)
z =3x1002
where a dot is the derivative with respect to time. The coefficients in this problem are many orders of magnitude different, leading
to the desired property of having vastly different time-scales in the problem. We implement an explicit method (in Python, using

scipy.integrate and solve_ivp, with the Runge-Kutta RK45 method), and an implicit one (implemented via the same Python
package, which relies on the Radau method).

—— Explicit Method (RK45)
—— Implicit Method (Radau)
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The plots above show that the explicit method (RK45) applied to this problem encounters difficulties: the solution for x(¢) diverges (left
panel), while that for y(¢) oscillates (right panel); neither problem is resolved by reducing the step size arbitrarily. If, instead, we use the
implicit (Radau) method, these problems disappear, and the variables quickly converge to stable values.

Likewise, the reverse reaction rate, [k/];;, can be expressed in terms

of the forward reaction rate [ij]; as rate [ky];; can be expressed as’

3/2 3/2

8i8j AiAj (0] . 8i8; AiAj C13/2ys o

kl);; = — e — , 45 kyl;; = ———— T; € — ). 46
[k1;; Py <AkAI Xp iyT Lij)u (45) [ky1ij T+6,8 \ A py Ty [ijl,exp iy T (46)
where g; is the number of spin states of each nucleus, A; is its atomic
number, and Q is the mass difference of the products and the reactants.

4;;, but we adopt the notation [k/];, for consistency and clarity.

In the case of the photodissociation reaction in Eq. (41), the reverse

7 Note that the photodissociation reactions are denoted in the literature as
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The Kronecker delta function §;; serves in this case to avoid double
counting the product k. Generally, the reverse reactions are far slower
than the forward reactions and they contribute little to the final abun-
dances, with the exception of D + y — p + n. Nevertheless, we include
them, as they are straightforward to implement.

Rewriting Eq. (37) in terms of these X; and using Egs. (44) and
(45), we can write express the reaction equation of four species more
transparently as

(i1t
X, +X | -‘l—‘—‘

ij

X, + X, 47)

The differential equation for the mass fraction of a species i in such a
four-species reaction is
dX

d—t" ==X, X [ijl,y + X, X, (k1.

Similarly, in the case of photon emission, with X; + X; = X, +y, the
differential equation for X; looks the same as Eq. (48), except with the
last term’s rate is proportional to X rather than X, X;.

We are now in a position to adopt these rates and make use of
the compact notation for reaction equations to create the full reaction
network. The change of the mass fraction of species i in a four body
reaction the can be expressed as the sum over all nuclear reactions,
essentially by summing each term of Eq. (48). The result is
dx, My Ni Nix

i k i i J
—L =Y N | kil -
dt Jz,:f, N,'N,! N;IN;!

(48)

[ij1ks (49)
Note the appearance of factorials N; which are required to avoid double
counting (as discussed around Eq. (40)), while the appearance of N; in
the exponents allows for the possibility of two or more identical nuclei
in a reaction. This, when written down for each species i, gives us a set
of coupled first-order non-linear ordinary differential equations.

Let us give a specific worked example. Consider tracking the abun-
dance of protons. Let us only consider the reactions with protons,
neutrons and deuterium (reactions 1. and 2. from Box 2)

P (50)
p+n=D+y,
and ignore, for simplicity, the higher-order reactions. [Note that the
first reaction above represents all six of the weak proton-neutron
reactions from Eq. (27).] We then have a system of three coupled dif-
ferential equations, one for each species. Applied to protons’ reactions
in Eq. (50), Eq. (49) becomes

dx,

el =[pl, X, + [n], X,

(51)

— Xplnplp, + X, X,[Drl,,.

where, to link the bracket notation to commonly adopted one in weak
reactions, [pl, = 4,., and [nl, = Aoy The first line in Eq. (51)
corresponds to the first reaction in Eq. (50), where the two terms in the
former equation respectively account for the rate at which the protons
are destroyed or created. The same is true for the respective second
lines these two equations.

Similar equations can be written for neutrons and deuterium.

3.4. Nuclear interactions

The final piece to solve for the mass abundances in BBN is specify-
ing the thermally averaged nuclear interaction cross sections (ov);;
introduced in Section 3.3, which are required for the reaction network.
As mentioned around Eq. (36), the thermally averaged cross-sections
are obtained from nuclear cross-sections which are experimentally mea-
sured in accelerators at a range of energies, then tabulated, and finally
connected to a theoretical model that allows thermal averaging. Much
of the effort to measure these cross-sections and determine nuclear rates
has been motivated by studies of stellar nucleosynthesis, as well as
fusion energy and nuclear weapons research.
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Table 1

Final element abundances in our fiducial calculation (2nd column), compared to outputs
by the historically influential Kawano code (Kawano, 1992), and modern codes Primat
(Pitrou et al.,, 2018), A1lterBBN (Arbey, 2012), and PArthENoPE (Pisanti et al.,
2008). For all calculations, we have assumed a consistent, fixed choice of the baryon-
to-photon density and other relevant input parameters, as discussed in the text.

SPECIES Our Resutts  Kawano  PRIMAT  ArterBBN  PARTHENOPE
H (p) 0.7565 0.7530 0.7528 0.7526 0.7543
Yp(“He) 0.2434 0.2466  0.2471 0.2473 0.2469

D/H x10° 2.152 2.569 2.459 2.422 2.525
3He/H x10° 0.945 1.035 1.066 1.029 1.034

T/H x108 7.337 8.171 7.961 7.654 8.169

("Be + "Li)/H x10'°  5.207 4.509 5.381 5.308 4.381

Here we adopt the rates from the ReacLib database (Cyburt et al.,
2010), and ignore any uncertainties in them. This choice provides a
straightforward one-stop-shop for the rates. Our emphasis on simplicity
rather than precision justifies the ignorance of any updated best-fit
values in these rates, or the uncertainties in them (see e.g. Krauss
and Romanelli (1990) for early work where the rate uncertainties
were incorporated). For a comprehensive historical overview of rate
computation and the nuclear physics involved, see Angulo et al. (1999).

The primary reactions between nuclei are shown in Box 2, which
also includes diagrams visually illustrating these reactions (following a
similar such figure in Smith et al., 1993) and showing their rates as a
function of temperature.

4. Summary and results

To summarize the procedure described in the paper thus far, com-
putation of BBN element abundances requires the following actions:

* Derive the time-temperature relationship (Eq. (4)) in the early
universe by making use of the Friedmann equations (Egs. (1) and
(2)), as well as the continuity equation (Eq. (3)). This calculation
requires the energy densities and pressures of relevant species
(photons, neutrinos, electrons, and positrons).

Derive the relationship between the photon and neutrino temper-
atures, T, and T,, that is governed by the decoupling of neutrinos,
electrons, and positrons from photons around T > m, (Eq. (9)).
Set up the nuclear statistical equilibrium following Eq. (23) at
some temperature 7 > 1MeV. In addition to the temperature
(and the species’ masses and binding energies), the required
input is the baryon density or, equivalently, the baryon-to-photon
number 7.

Set up the weak rates between the photons and neutrons resulting
in the integrals in Egs. (28) and (29). Due to the complexity of
the integral, it is necessary to implement the numerical methods
described in Box 1.

Evaluate the forwards and reverse rates [k/]; ; and [ijl; see
Egs. (44) and (45).

Evolve the mass fractions of species, X;, in time. The general
equation that governs this is Eq. (49), with details and pos-
sible simplifications as discussed in Section 3.3. The required
input are the forwards and reverse rates, as well as the photon
and neutrino temperatures and the time-temperature equation.
Because the coupled ODEs are “stiff” as they involve vastly dif-
ferent timescales, specialized techniques described in Box 3 are
recommended.

We do this for some of the lightest nuclei (H, “He, D, T, >He, "Li,
7Be) and consider the 12 principal reactions listed in Box 2. For our
fiducial calculation, we adopt the baryon-to-photon ratio n = 6.12 X
10710 (Aghanim et al., 2020), which corresponds to physical baryon
density Q,h> = 0.0224, which is consistent with the measurements
from the temperature and polarization anisotropies in the CMB when
compared to the standard cosmological model (Aghanim et al., 2020)
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and the deuterium abundance compared to BBN theory (e.g. Mossa
et al. (2020)). We also assume the effective number of relativistic
species N = 3.046 recall from footnote that N affects the expansion
rate during BBN, and hence the elemental abundances and the mean
lifetime of the neutron 7, ~ 880.2s (Zyla et al., 2020). The results of
this calculation, with steps and assumptions as described above, are
shown in Fig. 3. It shows the familiar results of BBN in the hot Big Bang
cosmological framework: dominant fractions of hydrogen and helium,
smaller abundances of deuterium, tritium, helium-3, trace amounts of
lithium-7 and beryllium, and a rapidly vanishing abundance of free
neutrons. [We follow a common practice to show only the sum of the
abundances of lithium-7 and beryllium-7, because "Be quickly (with
a lifetime of about 53 days) decays into ’Li, so that only the sum is
observable today.®]

Our calculation also reflects familiar dependencies of the elements’
abundance on the physical conditions during BBN (which we do not
show separately, but find it easy to verify with our code). A faster
exit from weak equilibrium would imply a higher neutron-to-proton
ratio (as the neutrons have less time to beta-decay to protons; see
the right panel of Fig. 2), and hence a higher final “He abundance. A
faster expansion rate H during BBN (for a fixed baryon density) that
is enabled, for example, by higher value of N, or a lower  (both
indicating more radiation density), would lead to less time to burn
deuterium, and hence a larger observed abundance of deuterium.

We next discuss the accuracy of our (admittedly very simple!)
calculation, and compare it to professional BBN codes. This is shown
in Table 1. To do so, we ran the leading BBN codes Primat (Pitrou
et al.,, 2018), A1terBBN (Arbey, 2012), and PArthENoPE (Pisanti
et al., 2008); we have assumed the same values of 7, N, and 7, as
in Fig. 3 that were listed just above. The Table shows that, despite our
explicitly pedagogical approach not aimed at high precision, the results
are in a reasonably good agreement with the other codes: our helium-
4 abundance agrees to about a percent, the deuterium and helium-3
abundances are accurate to a few percent, and the tritium abundance
is accurate to within 10%. These accuracies are respectable given that
we have ignored quantum corrections and adopted approximations
at several stages of the analysis. It is also noteworthy that there are
non-negligible mutual differences in the abundances computed by the
other three codes as well. Given that the three modern professional-
grade codes (Primat, A1terBBN, and PArthENoPE) use newer rates
and more robust statistical analyses, the accuracy of our code seems
respectable, and is sufficient for many basic applications in cosmology.

5. Conclusions

We have presented a pedagogical, from-scratch numerical calcula-
tion of the abundances of lightest elements created during the big bang
nucleosynthesis (BBN). We outlined a step-by-step procedure to estab-
lish all required quantities in order to carry out the BBN calculation.
The code that we developed, BBN-simple, is made available in a
transparent and easy-to-use graphical user interface.

The principal ingredients to BBN include setting up the thermo-
dynamical relations between temperature, time, and energy densities
of different species (discussed in Section 2), and establishing the tem-
perature dependence of the various relevant weak and strong nuclear
reactions (discussed in Section 3). The results, presented in Section 4,
culminate in the familiar plot of evolution of the abundances in cos-
mic time (or decreasing temperature), shown in Fig. 3 for the input
parameters of the standard cosmological model.

We also discussed in some depth specific challenges that a studen-
t/researcher would encounter in setting up the BBN calculation. In Box

8 The same is actually true of helium-3 and tritium, as T decays into *He
in about 12 years; we however choose to show the abundances of these two
species separately.
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1, we discuss a simple and effective way to implement weak-interaction
rates into the calculation. In Box 2, we lay out a basic BBN reaction
network, with references to where the rates can be found. Perhaps
the most non-trivial part of the calculation is the “stiff” nature of
ordinary differential equations in the reaction network; computational
techniques to overcome this are discussed in Box 3. The accuracy of
our calculation is also studied, and we present basic comparisons in
Table 1. We find that the accuracy is reasonably good — percent-level
for helium, deuterium, and helium-3 for example. The accuracy of the
final abundances could be further improved with the use of modern,
experimentally measured nuclear-reaction rates, but we do not do so
in this paper.

We hope that this presentation will be useful to students who would
like to write their own BBN code from scratch, or else to beginning
researchers in the field who would like to get hands-on experience and
who wish to better understand the high-precision codes that are on the
market. We have provided numerical code and basic explanations at
http://www-personal.umich.edu/~aidanmwy/.
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