Chapter 111

Stirling’s Formula

Our object is to prove the famous formula

NI~ ﬂ(ﬁ)N,

(&

which is to say that the ratio of the left hand side divided by the right hand side tends to
1 as N tends to infinity. We begin by observing that

log N =1log1l+log2+ ---+log N,

which is a right-hand Riemann sum for the integral
N
/ logudu = NlogN — N + 1.
1

Since the integrand is increasing it follows that (N/e)Y < N!. To obtain a more precise
estimate we employ a trapezoidal approximation to the integral instead of the right-hand
Riemann sum. That is, we take 1 f(0) + 3 f(1) to be our approximation to fol f(u) du. If
f is linear in the interval 0 < u < 1 then the approximation is exact, and thus we may
expect that the difference between these two quantities can be expressed in terms of f”(u),
which is a measure of the extent to which f is not linear.

Lemma. If f"(u) is continuous throughout the interval [0, 1] then

/Of(u)du:%f(())—i—%f(l)—%/o w(l —u)f" (u) du.

Proof. By integration by parts we see that the left hand side above is

1

1 1
- [ =12 @du= 570+ 570~ [ - 1/2)7 () du
0 0

= [@=1/2)f(w) >

0
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Chapter III. Stirling’s Formula

By a second integration by parts we see that this latter integral is

1

5 U —iu)f'(u))l—1/01(u2—u)f"(u)du=§/Olu(1—u)f”(u)du.

On substituting this in the former identity, we obtain the stated identity.

To continue with the proof of Stirling’s Formula we let

1
1 1
Cn = / log(n + u) du — (5 logn + 3 log(n + 1)).
0
We take f(u) = log(n + u) in the Lemma, and observe that f”(u) = —1/(n + u)?. Then
by the Lemma we see that
1 [t u(l -
o=t / uld =) o,
0

2 (n+u)?

Hence
1/t 1
O§0n<W Ou(l—u)du:12n2.

On summing this over n, for 1 <n < N — 1, we find that
1 1 N N-—1
—log1+log2+---+log(N—1)+—logN:/ logudu—ch.
2 2 1 —

On adding %logN to both sides we deduce that

N-—1
1
log N!'= Nlog N = N + —log N +1 — > en

n=1

Put C =1—>"°7 | ¢,. The series here is convergent by comparison with the series > 1/n?.
From the above we see that

1 1 -
NlogN—N+§logN+C§logN!:NlogN—N+§logN+C—|— ch.

n=N
To estimate the tail of the series, we note that
= | 1 — 1 = 1 1 1
. < S W oy (RS P —
D nS ) o 12Zn(n—l) I G 12(N —1)
n=N n=N n=N n=N

Thus on exponentiating, we see that

(E)N\/Nec < NIL <E)N\/Necel/(12(N_1)).
e

e
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That is,
NAN
(1) N :eC\/N<—) (1+ O(1/N)),
e
which is a quantitative form of Stirling’s formula, apart from the fact that it remains to

show that e = v/2r. This we establish by means of a sneaky trick. For non-negative
integers n let

I, :/ (sinu)" du.
0
Thus Iy = 7 and I; = 2. We observe that for larger n,

I, = / (sinu)"2(1 — cos®u) du = I,,_y — / (sinu)"~? cos? u du.
0 0

By integration by parts we see that this latter integral is

7T_’_/7r (sinu)™ Ju = I,
0

0 n—1 n—1

n—1
) COosS U

[(sin u

n—1
On combining this with the former identity we deduce that

1
I, ="""r
n

Hence by induction,

(2n—1)2n—3)---1

bn=—GGn=2.2 ™
. (2n)2n—-2)---2
IQn"_l T (2n—|—1)(2n— 1)12

On one hand we observe that 2-4---(2n) = 2"n!, while on the other hand we see that

2n)! 2n)!
1.3-.-(2n—1): 24()(271) = (2”73'

Thus the formulae above can be written as

5o (2n)!
n!222n+1
Iop 1 =

2n)l(2n+ 1)

Since 0 < sinu < 1 for 0 < uw < m, it follows that the numbers I,, are decreasing. In

particular,
2n +1
Iop > Iopt1 2> Iopqo = o 2I2n-
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On dividing through by Is,, it follows that

2n+1 < IQn+1

<1
2n+2 — Ign -

By the “Squeeze Theorem” it follows that lim Io,11/I5, = 1. But by (1) this ratio is

n!424n+1 (n/e)4nn2e4024n+1 620
(2n)12(2n + 1)w - (2n/e)?m2ne?C (2n + 1) T

Thus this last constant is 1, which is to say that e¢ = /2.

There are other ways to determine this constant, one of them being particularly rel-
evant to our intended use of Stirling’s formula to show that the binomial distribution is
approximately normal. If we leave the constant in the form e® in that application, then
the constant is found in the denominator, since the binomial coefficient has one factorial
in the numerator and two in the denominator. That is, we would find that when k is near
np then .

2 2
<Z>pk(1 )R Ee—(k—u) /(202)
where 1 = np and 0 = y/np(1 — p). Here the sum of the left hand side is exactly 1, by the
binomial theorem. The sum of the right hand side is approximately

L7 —@-w?/ee?) g, _ V2TO

eCo | o eCo

Since this constant must be 1, it follows that e¢ = /2.

It should be emphasized that although the ratio of N! divided by v27N(N/e)" tends
to 1, the difference between these two quantities is still large, indeed close to (N — 1)! in
size. For example,

100! = 9.3326215443944 x 10*°7,
while

V2007(100/e)'0 = 9.3244847625269 x 1057,

By taking more care with the analysis our error term can be expanded into further (smaller)
main terms; for example, it can be shown that

N!=+2 N(%)N(l - ﬁ + O(1/N?)).
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