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Abstract

We consider output feedback adaptive stabiliza-
tion for second-order systems in the presence of
bounded exogenous disturbances. This case is of
particular interest as it has been shown that, in the
presence of exogenous disturbances, direct adap-
tive control schemes for minimum phase plants
with relative degree 1 exhibit parameter diver-
gence eventually leading to instability. We present
controllers that guarantee convergence of the mea-
sured output and boundedness of all controller
parameters and signals. The controller has the
form of a 7th-order dynamic compensator for the
relative-degree 1 case. The proof of convergence is
based on a variant of Lyapunov’s method in which
the Lyapunov derivative is shown to be asymptot-
ically nonpositive.

1 Robust Adaptive Control

It has been shown in [9] that several di-
rect adaptive control schemes for minimum phase
plants with relative degree 1 (such as those in
[1, 2]), exhibit parameter divergence eventually
leading to instability. In general, non-identifier
based adaptive controllers based on high gain feed-
back tend to suffer from lack of robustness with
respect to bounded disturbances.
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A minimum-phase system with relative degree 1
can be stabilized by output feedback u = —ky,
provided that k > kg, with kg sufficiently large.
To ensure that k& grows beyond ks the controller
takes the form [1, 2, 6]

u‘: _kya (1)
k=2 (2)

With y — 0 as t — oo it can be proved [1, 6] that &
converges. However, there is a practical limitation
in implementing this controller. In the presence of
sustained plant disturbance or measurement noise,
k diverges eventually leading to instability. There
have been several fixes to amend this problem in
the literature and some of them are summarized
below.

To avoid divergence of the gain k, (2) is replaced
by [3]

k=—ok+vy7, (3)

where o > 0 is a small damping term. This modi-
fication yields bounded k for bounded y. However,
(3) leads to an undesirable response [5] for unsta-
ble systems. To see this, suppose |k| grows so that
it is large enough to stabilize the unstable plant.
As y — 0, the term —ok dominates y? leading
to a decrease in k which destabilizes the system.
This leads to bursting of the plant output. This
behavior occurs regardless of the presence of dis-
turbances.

To avoid bursting, [7] proposes the gain update
law

k= —Blylk +vy?, (4)

where o in (3) is replaced by S|y|, the rationale be-
ing that such a term tends to zero with the mea-
sured output. However,(4) introduces new equi-
libria (p. 312 in [6]) which are functions of the



tuning parameter 5. The analysis of the resultant
adaptive system is considerably difficult.

Another proposed modification to (2) is the dead-
zone modification [6, 8, 11]. This scheme stops the
adaptation process for |y| < ya, where v > 0 and
« is a known bound on the disturbance or mea-
surement noise. This modification assures bound-
edness of all signals, but the disturbance bound «
is required to be known. Furthermore, since the
modification contains a dead-zone, this method
cannot assure asymptotic convergence of the plant
output even when the disturbance is not present.

In this paper, we provide an adaptive controller
that guarantees convergence of the measured out-
put in the presence of measurement noise as well
as plant disturbances. In Theorem 2.1 we provide
a controller for minimum-phase second-order sys-
tems, which guarantees convergence of the mea-
sured plant output and boundedness of all param-
eters for unknown bounded measurement noise d,
and plant disturbance dj,. As in [6, 10] we assume
the plant is minimum phase and that the order of
the system, relative degree, and sign of the high
frequency gain are known. For this case, the cer-
tainty equivalence controller is comprised of three
elements, namely, a stable filter, a parameter esti-
mator, and a disturbance rejection controller. Our
proof of convergence is Lyapunov based. In partic-
ular, we develop a variant of Lyapunov’s method
in which the Lyapunov derivative is asymptotically
nonpositive.

2 Adaptive Disturbance Rejection

Consider the minimum-phase second-order
system

. ) 1. z
g+ aiq+aq=—u——u+d,.
m m

()

We assume that only ¢ is available for feedback via
the measurement
Y =q+dn, (6)

and we assume that

(A1) a; and as are constant but otherwise un-
known;
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(A2) m is nonzero, constant and pu 2 sign(m) is
known but otherwise unknown;

(A3) z < 0 and constant but otherwise unknown;

(A4) The plant disturbance d, is bounded but
otherwise unknown;

(A5) The measurement noise dp, is differentiable
and bounded with bounded derivative but
otherwise unknown.

The disturbance rejection problem constitutes
finding a control input u such that y(¢) — 0 as
t — 00.

Theorem 2.1 Let A\, r1, 79, f1, fo and k be
positive constants, and let p; = 71/(2f2) and
p2 = (r1 + fare)/(2f1 f2). Consider the Tth-order
dynamic compensator

g = =g+, (7)
ur = —2Zur + o, (8)
ap = —irgr, 9)
Gy = —qr, (10)
m o= —pEw, (11)
2 o= pduez®?, 2(0) > 0, (12)
L (13)
where
F 2 puge + podr, (14)
v 2 (a1~ f1)ie + (a2 — fo)ar — dusign(1L5)

Let the control input u be given by

u (A — 2)ug + M. (16)

Then y, ¢, and ¢r — 0 as t — oco. Furthermore,
a1, Go, m, z and & are bounded, inf;>q 2(t) > 0,
and inftzg &(t) > 0.

Proof: Define the noise filters with filter states
diy, and dy, satisfying
dim = —Adpy + dm, (17)
diy = —Mdp + dy, (18)

with dg, (0) = dgp(0) = 0. It follows from (8) and
(16) that ug satisfies

g —Aug + . (19)



Let s be the Laplace variable and let ¢¢(s), dm($),
drp(s) and ug(s) denote the Laplace transforms of
gr(t), dm(t), dep(t) and wue(t), respectively. Next,
define

£(5) 2 (% +ars + a2)(gr(s) — dm(s))
(25— 2 ) uls) — dyls)- (20

Using (5), (7), (17), (18) and (19
&(s) satisfies (s + N)&(s) = 0.
£(0)eM. Rewrite (20) as

), it follows that
Hence &(t) =

(5% + ays + az)qr(s) = (s* + a15 + as)dgm(s) +
1

E %) wi(s) + diy(s) + (s).(21)

m

Next, define (s) = (s +a13+a2)dfm( s) +dgp(s).

Since A > 0, (mi# and +)\ are stable trans-

fer functions, which yield bounded outputs for
bounded inputs.

Using (17), (18) and noting that dm(t), dp(t) and
dm(t) are bounded, it follows that there exists o >
0 such that

(1) < ldm()] + ‘Ll (@%

+dp(t)| <, t >0, (22

Now equations (8), (15), and (21) yield

zZ+z

) . L m
gr + fige + foqe = a1qr + a2qr + ot
+(¢ — asign(zr)) + &, (23)

usg

~ A L ~ A . ~ A .
where a1 = a1 — a1, as = a2 —as, and m = m —m.

Next, let & £ [q,dr, d1,d2,m,2,4]". Note that
since at, az and m are constant, a; = al, a2 = a9,
and m = m. Therefore the equations defining the
state Z are given by (23) and (9)-(13) in the order
of the components of 7.

Now, define the positive-definite function V : R x
(0,00)2 — R by
A 1 1. 1
2 < — z >
+—(Vi- =
|m] ve
4y/—z 4/«
|m] ko

Ly
Mm
()

(24)

V(%) as +
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Here ¢ 2 [ gr (jf]T and matrix P is the so-
lution of the Lyapunov equation FTP + PF =

—R, where F = [_0 ! ] and R = [” 0].

fo —=f1 0 7o
Then P = [i? Z;], where py = (fir1 +

fifara + fira)/(2f1f2). Note that V is un-
bounded as z,& — 0 and radially unbounded as
zf, G1,02,m, 2, & — oo. Furthermore, V has its
minimum at & = [0,0,0,0,0,—z,¢&]  at which
V(zg) = 0.

Suppose that either Z or & vanishes on (0, 00) and
let £ = min{¢t > 0: 2(¢) = 1 or &(¢) = 1}. Using
(9)-(12), (22) and (23), we obtain for t € [0,%1)

- 1 1 . p2 p2
V(z(t)) < _ZT1Qf2 — 17“2%2 + (ﬁ + i £
pi  p3
< (—1 + —2> &2 (0)e M. (25)
e T

2
EQet Vo(t) 2 V(ic(t)) + %e_z?‘tlwhere B = (% +
i)fQ(O). Then Vo(t) = V(2(t)) — Be M <
Be M — Be ?M = (). Therefore, V; is non-
increasing along the closed-loop state trajectories.
Hence, V(Z(t)) = Vy(t) — %e‘”‘t is bounded
for t € [0,¢1), which implies that z/./Z(t) and
a/+/é&(t) remain bounded for all ¢ € [0,¢1). Hence,
there exist 01,92 > 0 such that Z(¢) > ¢; and
G(t) > 09 for all ¢ € [0,1;), respectively. Since
2(t) and &(t) are continuous, this contradicts
2(t1) = 0 and &(t;) = 0, respectively. Therefore
the inequality (25) is valid for all ¢ € [0,00) and
V(z(t)) is bounded for all ¢ € [0, c0), which implies
inf;>o 2(t) > 0 and inf;>q &(t) > 0. Since Vp(t) >
0 and is non-increasing for all ¢ > 0, limy_, o Vo (t)
exists. Noting that lim;_,o 2’%\6’2At = 0, it follows
that V(Z(t)) has a limit as ¢ — oo. Hence all
components of Z(t) are bounded for ¢ € [0, 00).

Next, note that

/ZT‘qudT—{—/ 7"2Qfd7' < V('%(O))_V(‘%(t))
+ [ e (o

along the trajectories of the closed-loop system.
Since the right-hand-side of (26) is bounded as ¢t —
00, it follows that gr € Lo and ¢ € L9. Since ¢f
is bounded it follows from Barbalat’s lemma [12]
that ¢ — 0 as t — oo.



Next, using (8) it follows that

wr(t) = & (2, ur(0) + /0 " B(5,t — )iin(r)o(r)dr. (27)

where ®(2,t) = exp (— fgé(a)da). Let 0 > 0 be
such that z(¢) > § for all ¢ > 0. Then it can be
shown that

1

(1) :

< ug(0)] + < sup |i(7)o(7)].

0<7<t

Since mv is bounded it follows that u; is bounded.
Hence, it follows that the right-hand-side of (23)
is bounded and therefore §r is bounded. Therefore
Barbalat’s lemma [12] implies that ¢f — 0 as ¢ —
00. Therefore, (7) implies that y — 0 as ¢t — oo.
[

Remark 2.1 The variable & given by (13) at-
tempts to estimate the overall disturbance bound
characterized by « in (22). The variable & in con-
junction with the switching term in (15) achieves
disturbance rejection. However, if d,, = d, = 0,
then it suffices to omit (13) and set & = 0 in (15).
The resulting simplified controller can be shown to
guarantee ¢, ¢, g, and ¢r — 0 as t — oo. Therefore
the controller presented in Theorem 2.1 achieves
two purposes simultaneously, namely, adaptive
stabilization and adaptive disturbance rejection.

Remark 2.2 Since q is available for feedback and
gr is obtained from the filter (7), ¢r can be com-
puted using (7). Therefore, the parameter up-
date laws (9)-(12) and equation (15) are imple-
mentable. Finally, the controller implementation
(7)-(12) requires only ¢ for feedback and does not
require knowledge of ay, ag, z or |m|. However, as
required by (A2), m must be nonzero and p must
be known.

Remark 2.3 Consider the case d,, = d, = 0 so
that we omit (13) and set & = 0 in (15). Then
(21) simplifies to
N . 1. z
gr + a1ge + azqr = —ur — —ug + ¢, (28)
m m
where ¢ = £(0)e=*. The controller (7)-(16) can

be viewed as the combination of three elements.
First, a stable filter represented by (7) generates
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the filter state gr which mimics the state ¢ as in-
dicated by (28). Next, equations (9)-(12) consti-
tute the parameter update laws. Finally, the con-
troller can be regarded as a certainty-equivalence
controller which attempts to place the closed-loop
poles at the eigenvalues of the Hurwitz matrix
r=10
parameters ap, ag, ™, and 2 converge to the pa-
rameters a1, as, m and —z, respectively. In this
case, the controller simplifies to the linear time
invariant form

_1]01}. To see this, assume that the

u(s) = —Ge(s)q(s), (29)

where G¢(s) = mw Defining the
plant transfer function G(s) = m we ob-

tain the stable sensitivity function
1 _ s+ a1s+ ay
1+ G(s)Ge(s) 82+ fis+ fo’

whose poles are given by the eigenvalues of F.

3 Numerical Examples

Consider the minimum-phase unstable second-
order system

i = 4@ —10.5z + 4.50 4 13.5u + dp, (30)
Y T + dm. (31)

To apply Theorem 2.1, let A = 10, f; = 11 and
fo = 36. In the following simulations we compare
Theorem 2.1 to the controllers presented in Section
1. For convenience we refer to the controller in
(1), (2) by ‘controllerl’, the controller in (1), (3)
by ‘controller2’, and the controller in (1), (4) by
‘controllerd’; respectively.

3.1 No exogenous disturbances

Let d, = dm 0. The closed-loop re-
sponses, shown in Figures 1, 2, indicate that Theo-
rem 2.1, ‘controllerl’; and ‘controllerd’ successfully
stabilize the system in (30), (31). Although ‘con-
troller2’ guarantees boundedness, it does not yield
convergence of the output even in the absence of
disturbances. It is further observed (not shown)
that the gain £k corresponding to ‘controllerl’,
‘controller2’ and ‘controllerd’ remains bounded.
The parameter estimates a1, ag, m and 2 (see Fig-
ure 2) converge to constant values that are not the
true values of a1, ag, m or z. This is consistent
with Theorem 2.1.



3.2 Measurement Noise

Next we investigate the performance of the
controllers in the presence of measurement noise.
Specifically, we consider dual-tone measurement
noise given by dp,(t) = 0.1sin(¢) + 0.2sin(3.33t)
and d, = 0. The closed-loop responses, shown in
Figures 3-4, indicate that the algorithm in The-
orem 2.1 successfully stabilizes the system (30),
(31). Figure 4 indicates that although the output
remains bounded for ‘controllerl’, ‘controller?2’,
and ‘controllerd’, the gain k for ‘controllerl’ di-
verges in the presence of measurement noise. The
gains for ‘controller2’ and ‘controller3’ remain
bounded as predicted. The time histories of aq,

Gz, ™ or z are similar to the ones shown in Figure
2.

3.3 Plant Disturbance

Next we investigate the performance of the
controllers in the presence of plant disturbance.
Specifically, we consider a single-tone plant dis-
turbance given by d,(t) = 10sin(3¢) and dp, = 0.
The closed-loop responses, shown in Figure 5 and
Figure 6, indicate that the algorithm in Theorem
2.1 successfully stabilizes the system (30), (31)
and achieves complete regulation. In contrast,
‘controllerl’, ‘controller2’, and ‘controllerd’ yield
only boundedness. Figure 5 and Figure 6 indicate
that the gain k for ‘controllerl’ diverges without
bound in the presence of measurement noise and
the gain k for ‘controller2’ and ‘controller3’ remain
bounded as predicted.
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Figure 1: Adaptive stabilization small of the unstable
second-order minimum-phase plant (30), (31) with no
exogenous disturbances. Comparison of performance
between controller presented in Theorem 2.1 depicted
by ‘Theorem 2.1°; controller (1), (2) depicted by ‘con-
trollerl’, controller (1), (3) depicted by ‘controller2’
and controller (1), (4) depicted by ‘controller3’.



350 - 4
sk |
4
o I
3 250 P |
-2 PRI
2 < ot
s - PR - i
I 1 3 o=
: ' A A r/\ ’«\ " N\ ~ i
. 15r- o N 1 \ T LY H
¢ ° ,1’1\\//\/ [N \v\ \,' ' /\/’ N /I ' NN TV
-10 -1 N e e Y PR Y Y )
0 2 (4) 6 8 0 2 (g) 6 8 ik |
aj
|l controllerl
! controller2
5 12 05 M controller3 b
4 10 r‘
oll ; ; ; ;
2 8 0 5 10 15 20 25
£ o N 6 time in seconds
-2 4
" z Figure 4: Time-history of gain k for various schemes
0 . . .
-6 - - - . . - : - . corresponding to results in Figure 3.
©) (d)
time in (s:econds time in seconds
1
—_— Th‘eorem 21
— - controller 1
. . ~ ~ ~ I
Figure 2: Parameter estimates (a) a1, (b) az, (¢) m ~ contoller3

and (d) 2 for Theorem 2.1 controller corresponding to
Figure 1.

plant measurement y(t)

0.5 : -0.5 1 1 1 1 ! 1 1
— Theorem 2.1 0 2 4 6 8 . 10 12 14 16
— — controller 1 time in seconds
E controller 2
o4 J — - controller 3

Figure 5: Adaptive stabilization of the unstable
second-order minimum-phase plant (30), (31) with
plant disturbance d,,(t) = 10sin(3t).

plant measurement y(t)

8
s i
6 4
5r Loooisiiiod
-03- e
= JRREE O
o4 \ ; \ ; i i qab L 1
[} 2 4 6 8 10 12 14 s ad
time in seconds &0 L
3b 4
. . 1. . o /\\/\ /\/r\//‘ M ’\\ WA ’\\ p\/\ /\//‘ (\//\/“\ 0 ’\\
Figure 3: Adaptive stabilization of the unstable , AT JANAVAVE FRVAVAVAVEANAVANANAY
! i
second-order minimum-phase plant (30), (31) with ! —
controller:
dual-tone measurement noise dn(t) = 0.1sin(t) + 1’:‘ ool 1
0.2sin(3.331). 1 | | | |
0 5 10 15 20 25

time in seconds

Figure 6: Time-history of gain k for various schemes
corresponding to results in Figure 5.

1186



	MAIN MENU
	PREVIOUS MENU
	---------------------------------
	Search CD-ROM
	Search Results
	Print

	header1: 
	footer: 


