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Abstract

In this paper we investigate the consistency of parameter
estimates obtained from least squares identification with a
quadratic parameter constraint. For generality, we consider
infinite impulse response systems with arbitrarily colored
output noise. In the case of finite data, we show that there
always exists a generally indefinite quadratic constraint that
yields the true parameters of the system when a persistency
condition is satisfied. When the autocorrelation matrix of
the output noise is known to within a scalar multiple, we
show that the QCLS estimator is consistent. Furthermore,
we develop a heuristic iterative method for applying QCLS
identification. when the noise statistics are unknown. Fi-
nally, we give an example comparing this method to stan-
dard least squares identification, as well as an instrumental
variable technique.

1 Introduction

A critical issue associated with least squares identification
is the effect of noise on the parameter estimates [1,2]. A
desirable property of any system identification procedure is
that the estimator be consistent, that is, the parameter esti-
mates converge with probability one to the true parameters
as the number of data points increases. In the case of stan-
dard least squares it is well known that the estimator is not
generally consistent. As a result, there exist many variants
of the least squares method that attempt to remedy this lack
of consistency. One example is generalized least squares
which is consistent, but the cost is nonquadratic in the pa-
rameters and requires numerical optimization procedures.
Another example is the instrumental variable method which
is generically consistent. For finite data the accuracy of this
method may be poor [3], and, consequently, the choice of
good instruments depends on the system and the noise in
question [1,2,4].

For least squares identification, the transfer function param-
eterization has an inherent ambiguity that results from si-
multaneous scaling of the numerator and denominator poly-
nomials. It is traditional to normalize the leading denomina-
tor coefficient of the transfer function to be unity (ag = 1),
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and most treatments of least squares identification proceed
with the tacit assumption that this normalization entails no
loss of generality with respect to the consistency of param-
eter estimates.

An alternative normalization, considered in [5-7], has the
form of a quadratic constraint on the transfer function coef-
ficients. In [3, 6] the authors consider the problem of under-
modeling in a deterministic, noise-free setting, where the
true system to be identified may not belong to the model
set. In more recent work involving quadratic constraints in
deterministic, noise-free identification [7], the authors con-
sider a positive-definite Euclidean parameter constraint and
show that this leads to statistically biased pole estimates.
This case, which invokes constraint (20) in [6], corresponds
to N = yh,42 in the present paper.

The least squares problem with a quadratic constraint was
considered in [8]. This problem has the form

min||Ax—?|], subjectto ||Cx—d|z=0a, (1)
X

where Ac R"*9 xe R4, Cc RP*Y, bec R", d € RP, and
o > 0. In the present paper we consider the quadratically
constrained least squares (QCLS) problem

rrgneTMG subjectto  OTNO =1, )

where M € R@+2)x(2n+2) g nonnegative definite, N €
R +2)x(@n+2) i5 symmetric, 6 € R¥**2 and y > 0. It can
be seen that (1) with b = 0 and 4 = 0 has the same form
as (2) with M = ATA and N = CTC. However, for the case
of system identification, N may be indefinite, which is not
allowed in the framework of [8].

For the case of finite data, we show that, when a persis-
tency condition is satisfied, there always exists a generally
indefinite quadratic constraint matrix N such that (2) yields
the true parameters of the system as a solution. However,
since the appropriate constraint matrix N depends on the
noise realization, this solution cannot be implemented in
practice. Nevertheless, when the output error noise statis-
tics are known to within a scalar multiple and a persistency
condition is satisfied, we construct a definite quadratic con-
straint matrix N, such that the QCLS estimate is consistent.
Note that the assumption that the output error noise statis-
tics are known is weaker than the widely invoked assump-
tion that the equation error noise statistics are known. For
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practical implementation when the output error noise statis-
tics are unknown, we develop a heuristic iterative method
which involves an indefinite constraint matrix. This con-
straint matrix approximates the constraint matrix that gives
the true parameter values. Proofs of the results in this paper
appear in [9].

2 Null Space Condition

Consider the single-input single-output system
yo(k) = G(q ™" ®)u(k), (3)

where u(k) is the system input, yo(k) is the system output,
and G(q~';9) is the nth-order proper transfer function

A Bo-!-qu*l + -+ Pag
0o+ 0nq '+ 0g

Glq~";) G
where q ! is the backward-shift operator and the system pa-
rameter vector & € R?***2 is defined by

A T
9=[ap - o Bo o Bal - (5)
We assume that op # 0, which is equivalent to the as-
sumption that G(q~!;9) is causal. Furthermore, we define

cone(7) 2 {ox: 0. > 0,x € T} and note the following.

Remark 2.1 G(q~1;9) = G(q~;m®) for all nonzeron €
R or equivalently, G(q~1;0) = G(q %;0) for all 8 €
cone (9) Ucone (—1). This nonuniqueness of the system pa-
rameterization can be removed by choosing 6 € cone (%) U
cone (—) such that the first component of 0 is unity, that
is, G(q~1;0) = G(q7';8), where 0 = (1/0)0. Although
this normalization yields a unique system parameterization,
we choose not to do this in order to facilitate the following
analysis.

We assume that the system output yo(k) is corrupted by w(k)
so that the measured output y(k) is given by

(k) = yo(k) +w(k) = G(g~" s Dulk) +w(k),  (6)

which corresponds to the output error case in [1]. Through-
out this paper, we assume that the noise sequence w(k) sat-
isfies

w(k) = H(q~")v(k), 0]
where H(q™!) is a stable transfer function and v(k) is a se-
quence of independent random variables with zero mean,
variance 62, and bounded fourth moments. Moreover, for
later use, we give the following definition.

Definition 2.1 The input sequence {u(k)}y_, is quasi-
stationary if it is bounded and
!

lim % S u(lu(k—1) (8)

[—roo =1

exists and is bounded for allt=0,1,2,....

Next we write (6) in regression form as
n n n
N ok —i) =Y Biulk—i) =Y ouw(k—i)  (9)
i=0 i=0 i=0
which can further be written as

0T (k)0 =y (K)o, (10)

where the regression vector ¢(k) € R***2 is defined as

Ok) 2 [y(k) - ylk—n) —u(k) - —u(k—n)]" (11)

and the noise vector y(k) € R*"t? is defined as

w(k) 2 [ wik) wk—n) 0 - 0] (12)

Henceforth, we consider a finite measured output sequence
{y(k)} _o generated by (6) with system input sequence
{u(k)},_, and noise sequence {w(k)}!_, Assuming! > n,
we define the regression matrix ® € RU—+1)x(2142) py

o' (n)
2| (13)
o (1)
and the noise matrix ¥ € RU-7HDx(2n42) py
v (n)
E N T (14)
vi(D)
It then follows from (10) that
Y (15)

Next, we define the noise-free regression matrix @y €
RU—n+1)x(2n+2) by

g (n)
@ D, (16)
o ()

where the noise-free regression vector ¢g(k) € R2"*? is de-
fined as

do(k) 2 [yok) -~ yolk—n) —u(k) ---

—u(k—n)] T

an
Noting @ —¥ = @y, (15) can be written as P = 0, which
yields the null space condition

B € N(Do). 18)

Finally, define the nonnegative definite matrix Mo €
R t2)x(2n42) by My E @[ ®y, and note that rank Mo =
rank @ and A (M) = N (Pp). Therefore, the null space
condition (18) can equivalently be written as & € N (My).

We now give the following definitions.

3685



Definition 2.2 The input sequence {u(k) }._, is persistently
exciting for G(q~1;9) if rank @y = 2n+ 1.

Assume {u(k)},_, is persistently exciting for G(q~';9). It
then follows that the dimension of A_(®g) equals one, and
in accordance with Remark 2.1 G(q~!;®) is uniquely deter-
mined by the null space condition (18).

Definition 2.3 The input sequence {u(k)}!_, and noise
sequence {W(k)}§<=o are jointly persistently exciting for
G(q " 9) if rank ® = 2n+2.

The assumption that {u(k)}._, is persistently exciting for
G(q~1;9) and {u(k)},_, and {w(k)},_, are jointly persis-
tently exciting for G(q_l;l‘}) are independent, that is, one
does not in general imply the other.

3 Standard Least Squares

In this section we review the standard least squares prob-
lem in order to provide a framework for developing QCLS
identification. First, define the output vector Y € RI="+1 by

T
() ] (19)
and the standard least squares regression matrix Prs €
RU-n+1)x(2n+1) by
oLs(m)
A .
D g = : ) (20)
oLs(0)
where the standard least squares regression vector d1s(k) €
RZH is defined by

Ous(K) = [~y(k—1) -+ —y(k—n) u(®) - u(k—n)]"
2D

Partitioning @ we note that
O=[®; D |=[Y -Ds |. (22)

Now consider the model G(q~';0) of G(q~!;9), where the
model parameter vector € R*"+2 is defined by

A T

0=[a -+ an bo -+ b ], (23)

and where Remark 2.1 is also valid for 8. Note that the
definition of 6 assumes that the system order # is known.

We partition @ as 0 = [ ag 6T ]T, where 6 € R+,

Next, we follow the standard approach in which ag is fixed
(typically set to unity), and we define the standard least
squares cost

J(6) £ ||agY — @563 (24)

Noting (22), it follows that (24) can be written as
J(8) = ||lap®; + @283 (25)
The standard least squares problem is then given by

éé&& o (). (26)

Solutions to (26) are given by the following result.

Proposition 3.1 Let {u(k)}\_, and {y(k)}i_, satisfy (6),
and assume {u(k)}._, and {w(k)}._, are jointly persis-
tently exciting for G(q1; ). Then

2 —1
6 = —ap (@1 D2) D3P 27)

is the unique solution of (26).

The resulting model using (27) is then given by G(q~1; él),
X N 1 17T
where 0; is defined by 6; £ { ao é;r ] .

Next we define the parameter estimation error by
A N
AB; = (ag/0p) B -8y, (28)
and the standard least squares bias by
~ A ~ F23
AB; = (ao/0p) 3 —6;. 29)

Furthermore, assuming G(gq~';9) is stable and {u(k)} 7,
is quasi-stationary, we define the asymprotic standard least

squares bias by _ ~
Ab., = llim AG;. 30)
ey

If AB.. = 0 with probability one, then 0, is consistent. In
general, the standard least squares estimator (27) is not con-
sistent.

4 Quadratically Constrained Least Squares

In this section we develop an alternative approach to de-
termining ¥. Instead of fixing ag, we minimize the least
squares cost (24) with a quadratic constraint on 6. Hence,
we consider the generalized least squares cost

7(8) £ ||@8|13 = [|laoY — @LsB| 3. 31)

By defining M € R2)x(n42) 45 pr 2 @T, it then fol-
lows that (31) can be rewritten as

9(8) =0TMo. (32)

Next, let ¥ > 0, let N € RZ"+2)x2m+2) pe symmetric, and
define the parameter constraint set Dy(N) by

D,(N) £ {6 € B2 : 0"NO = y}. (33)
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The quadratically constrained least squares (QCLS) prob-
lem is then given by

S o

The existence of solutions to (34) is treated in [9].

Next, define Nig € R@t2)x(2n+2) py

mss| T (35)
0 -« - 0

Setting N = Ny g it can be seen that the QCLS problem (34)
is equivalent to the standard least squares problem (26).
Specifically, note that the parameter constraint set Dy(Nis)
is equivalent to fixing ag = +1. Other choices of N lead
to alternative parameter constraints and yield different solu-
tions to (34).

Next we define AM € R(n+2)%(2m+2) by Ap 2 M — Mg and
consider the QCLS problem with N = AM. In the noise-free
case AM =0, and thus Dy(N) = & for N = AM. In the noisy
case, however, the following result gives conditions under
which the QCLS problem correctly identifies G(q ;).

Theorem 4.1 Let {u(k)}._, be persistently exciting for
G(q™1;9), assume Dy(AM) # @, and assume N (M) N
N (AM) = {0}. Then G(q~';9) = G(q%;0) for all O that
solves (34).

Note that if {u(k)},_, and {w(k)}._, are jointly per-
sistently exciting for G(q~!;9), it follows that A (M) N
AN (AM) = {0}. Thus, Theorem 4.1 holds in this case and
G(q~1;9) = G(q~!;0) for all  that solve (34).

To graphically illustrate the QCLS problem, consider
{u(B)Y._, and {y(k)}._, generated from the zero-
order (static) system G(q~!;8) = Po/o, where O =
[ o0 Bo ]T, so that y(k) = Bo/oou(k) +w(k). Hence,
the model parameter vector © € R? is given by 6 =
[ @ bo ]T. Furthermore, we assume that {u(k)}._, and
{w(k)},_, are jointly persistently exciting for G(q~1;9),
so that M > 0. Next, consider the solution éLS to the QCLS
problem using N = Ny g (standard least squares). Figure 1
shows the O-plane with level sets of 7(0), cone(9), the
parameter constraint set Dy(Mis), and cone(Bys), all cor-
responding to a specific input-output data set. The angle
between cone (9) and cone(bys), represented by Z0ys, il-
lustrates the bias in the estimate of ¥. Next, by choos-
ing N = AM = M — M) it turns out that the constraint set
D,(AM) is given by the hyperbolas shown in Figure I,
which are tangent to the level set 7(0) = . In this case, the
solution to the QCLS problem is an element of cone (8). In
other words, the set Dy(AM) quadratically constrains 6 such

bO 1 1
| |
: cone () | e
level set ! ! LS
J(8)= ! solution to\ \ .
i 0 "min 7(0 f
iy © i ® A\l {
level set \‘ ‘ cone (éLS)
9(0).= ‘
O=v \\ w\
X 1 O
1
~ ]‘ o _‘r ___________ _
- P ao
Dy(AM)

Figure 1: 0-plane of the QCLS problem.

that the minimizer of the least squares cost J(8) is a scalar
multiple of 0.

However, this approach is not possible in practice since AM
is not known. Thus, we consider the solution to the QCLS
problem (34) with arbitrary constraint matrix N.

Theorem 4.2 Assume that the QCLS problem (34) has a so-
lution, and consider {u(k)}fczo and {y(k)} 2:0 satisfying (6).
Furthermore, consider the generalized eigenvalue problem

(M —AN)8 =0. (36)

Then there exists a smallest positive generalized eigenvalue
7‘*::11[1- Furthermore, let 8 € RZ2 be an element of the gen-
eralized eigenspace corresponding to k;;in. Then the QCLS
estimator

A “Y
=44/ =— 3
6, == GTNQG 37

solves (34), and J(;) =\, .

Corollary 4.1 Assume Dy(N) # @, consider {u(k)}._,
and {y(k)}._, satisfying (6), and let {u(k)}._, and
{W,(k)}izo be jointly persistently exciting for G(q~1;9).
Furthermore, let hmax be the largest (positive) eigenvalue
of M~Y2NM~12 where g € R2"*2 is an associated eigen-
vector. Then

0=+ qTAZ_IqM*I/Zq (38)

solves (34), and ](él) = Y/ Amax-

We note that it was shown in [9] that G(q’l;él), where 0;
is given by (37), is independent of y. Moreover, the solution
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of the QCLS problem is unaffected by positive scaling of
M. Therefore, for numerical accuracy, it may be desirable
to scale M such that ||M]| = 1 while choosing ||N]|| = 1.

5 Consistency of QCLS

In this section we establish conditions for the consistency of
the QCLS estimator (37).

Noting Theorem 4.1, it is desirable to choose N close to AM.
Thus, we consider N = Q, where Q € R(2#2)x(2n+2) ig de-

fined by O A E[AM]. Furthermore, assuming that {u(k)}_,
and {w(k)}._, are uncorrelated,

_ Tun _ | Bww  Ongs
0 =E¥ V] = [ Ont1 Opgr |’ (39)

where R, € ROHD* (1) §g defined by

w2 (k) wik)w(k—1) w(k)w(k—n)
A wk)w(k—1) w2 (k) w(k)w(k—n+1)
Ry = E : : . :
wilwlk—n)  wlkwlk—nt1) w2 (k)

(40)

Next, we examine the error in the QCLS estimator 6; as the
number of measurements / gets large. The QCLS estimator
0; of ¥ is consistent if, with probability one,

6, — cone() Ucone(—0) as [ —soo.  (41)

We then have the following consistency result.

Theorem 5.1 Let G(q~';®) be stable, and consider
{u(l) }r_o and {y(k)}r_, satisfying (6), where {u(k)}y_,
is quasi-stationary. Furthermore, for all 1 > 3n, assume
{u(k)Y._o is persistently exciting for G(q~1;9), assume
{u(k)}i_y and {w(k)}._, are uncorrelated and joiﬁtly per-
sistently exciting for G(q~1;9), letm > 0, and let ©; be the
QCLS estimator (37) with N = InNQ. Then ©; is consistent.

‘We note that Theorem 5.1 holds for arbitrary 11 > 0. This
implies that Q or, equivalently, Ry, need only be known to
within a scalar multiple.

6 Iterative QCLS Identification and Numerical
Examples

In this section we develop a heuristic iterative QCLS iden-
tification algorithm and illustrate its use with a numerical
example. For the case in which the noise statistics are un-
known, the matrix AM can be iteratively estimated and used
within QCLS identification in the following manner.

First, assume that a model estimate G(q~:0) exists,
and define the estimated model outpur $o(k) by Fo(k) 2

G(q;0)u(k). Next, consider the sequence {Fo(k)}._,

~

generated using {u(k)}!_,, let & > 0, and define @ €
RU-n—u+1)x(2n+2) by

¢ (n+9)
B 2 : : (42)
o' (1)
where
6(k) 2 [Jo(k) - Jolk—n) —u(®) --- —u(k—n)]".
(43)

Furthermore, define My € RZ2)x(2n+2) py jf, e @g@o
and AM € R®+2)x(2+2) by AM 2 M — Mo, which is gen-
erally indefinite.

Now, welet N () denote the ith constraint matrix, and let él(i)

denote the solution to the QCLS problem with N =N We
then give the following iterative procedure for performing
QCLS identification when the statistics of the noise w(k)
are unknown.

Iterative QCLS Algorithm
1. Seti=0and NO = N,
2. Obtain the QCLS estimate 8\ with N = N(),
3. Compute AM using 6 = égi).
4. Set NU+D) = AM.

5. Increment i and go to 2.

Numerical results suggest that & should be chosen larger
than the time constant associated with any transients of the
model G(q~';8).

Next, consider the output sequence {y(k)}{_,, where I =
500, of the 2nd-order system

1 1
= k k 44
YO = T a2 O T Tk G4
where the input sequence {u(k)}._, is given by
. 1. T
u(k) = sin.2k + 3 sin(.8k + Z), (453)

and the variance of the noise v(k) is given by 62 = 8.39 x
10~* with a resulting signal-to-noise ratio SNR = 15 (std.).
Simulations were repeated with 100 different realizations
of the white noise sequence {v(k)},_,. Next, the QCLS
identification algorithm (using & = 25 with 5 iterations) was
compared to standard least squares identification (N = Npg)
and the instrumental variable (IV) method.

For the instrumental variable method, the instruments were
chosen as in [1, 2]. First, the model resulting from the stan-
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dard least squares method was used with {u(k)}!_, to gen-
erate {$o(k)};_,. Next, the instrument was chosen as

T (n)
E= : , (46)
oT(D)
where
6(k) = [folk—1) - Polk—n) —u(k) - —u(k—n)]".
47

The instrumental variable estimate was then computed us-
ing

By, = — (87®,) " 2T, (48)

Additionally, for comparison purposes, QCLS identifica-
tion was performed assuming that the noise statistics were
known. For this example, Ry, = G‘Z,wa, where

1 9 81
Ruw=] 9 1 9 |. (49)
B8l 9 1
Thus, Q was chosen as
wa 0n+1
= . 50
Q [ Ont1 Ont1 ] (50)

In these examples ag = 09 = 1 when computing the param-

eter estimate error, so that A9; = él — & =0;— 3 for each
method.

Figure 2 shows the evolution of the parameter estimation er-
ror for a single run of each identification method considered.
The iterative QCLS algorithm and QCLS with known statis-
tics both exhibit less parameter error than standard least
squares. Note that iterative QCLS does slightly better than
QCLS with known noise statistics since the former method
exploits information concerning the actual noise realization.
Furthermore, the parameter estimate error of iterative QCLS
is similar to that of QCLS with known statistics.

2

»
i
'

[1A®4 ]2
1

Figure 2: Parameter estimation error. ( ---- LS;; ---IV; —
iterative QCLS ; ---- QCLS with known statistics)

Table 1 shows the average A8; (plus or minus one standard
deviation) over the 100 runs considered, as well as the num-
ber of runs resulting in unstable models. The results show
that the instrumental variable method yields highly uncer-
tain estimates, and 37% of the identified models were unsta-
ble for this example. Moreover, the standard least squares
method produced models with large bias. In contrast, the it-
erative QCLS algorithm produced models that had less bias
than both the standard least squares and instrumental vari-
able methods. Additionally, 2% of the models were unstable
in the iterative QCLS case.

| Method | [[A8l2 [ Unstable Models (%) |
LS 2.35+.0036 0
v 1.094+2.19 37
iterative QCLS | .2814.020 2
QCLS .150 £.0068 0

Table 1: Average parameter estimation error.
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